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Null Distribution Properties Of Some Goodness Of Fit

Statistics For Logistic  Regression

by

Z. Al-Sarrafand D.H. Young

Summary

The null distribution moment and percentile properties of several
goodness of fit statistics for logistic regression models are considered.
Small sample approximations to the critical values of the statistics are
evaluated for the case of a single explanatory variable with equally

spaced values.
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1. Introduction

Let Yi, Y> ,..., Y, represent g independent binomial random variables
where Y; is the number of successes in a set of n; independent trials.
For the t" group, we let P, denote the unknown probability of success
in each trial. This probability is assumed to depend on the values
X¢1,....X tk , of k explanatory variables which are measured for each group.
A commonly used model for the above situation is the linear logistic

regression model.

log (P/Q;) =X B , t=12,..g (1.1)
~t

where Q¢ = 1 - Py X = (1 ,x¢1,... ,.x¢x) and B'" = (Po.P1, .-.Px). A

~t
very broad area of application of this model is described by Cox (1970).

The parameters in [ are usually all unknown and there are three
commonly used methods for estimating them, namely maximum likelihood (ML),
minimum chi-square (MC) and weighted least squares (WLS). The methods
are defined here, and a more detailed discussion of them is given in

section 2.

The ML estimate g is the value of B which maximises the kernel
~1

of the log-likelihood given by

g , xB
L(E) = tZ Yt i;tE—ntlog(1+e )¢ - (1.2)
The MC estimate g is the value of B which minimises
~2

_ 2
R(E) _ % (yt ntpt)

(1.3)
t=1 ng Pt Qt

where from (1.1),

py = exp(x'; P11+ exp(x'y P)}. (14)

The ML and MC estimates both require an iterative method of solution.
A non-iterative solution can be found by weighted least squares, this
method sometimes being referred to as minimum logit chi-square est-
imation.  Defining the group empirical logits by

z. = log{y:/ (ne-y¢ )} t = 12,..8 (1.5)



the WLS estimate p is the value B which minimises
~ 3 ~

g
S(E) = tglntptqt(zt _§'t E)z

(1.6)
where P, =y, /ny and q¢ = 1 - Py . Because z is undefined when y; = 0
or yi - ng, modified empirical logits defined by
z{ =log{(yy +)/(ng —y +5)}, t=12,..8 (1.7)

are often used, the factor '2 being selected to minimise the large sample

bias in estimating x'(f . An esimate of the large sample variance of z* s

~t
(n, +1)(n, +2)
VvV, =
t— 3
ny (g + )@+ )
(Gart and Zweifel (1967)), The modified WLS estimate B, is therefore
the value of B which minimises
3 -1 -1
g ny(pg+ng )qg+n; )

t=1 (ny +1)(ng +2)
The ML, MC and WLS methods of estimation for the logistic regression
model were first considered by Berkson (1955), who showed that the WLS
estimator gave smaller mean square errors of estimation for a number of
parameter configurations when g = 3 and n, = 10, t = 1,2,3. In a fairly
large scale simulation investigation covering a much wider range of
models and sample sizes, we have also found that the WLS estimator is
often more efficient than the ML and MC estimators. The results of
this investigation will be given in a separate report.
In applications, it is of course important to assess the goodness

of fit of the logistic regression model. Two well-known statistics

have been proposed for this purpose. The first statistic is R(ﬁl),
the sum of squares of the residuals Rt(l) obtained from a ML fit where

1
1 ~(1 ~(1) A(1 _
Rg )=(yt—nt pE ))/{ntPt( )QE )}2’ t= 12,..¢ (1.9)
where f)gl) denotes the ML estimate of P; . The second statistic is the

likelihood ratio statistic for comparing the fit of the logistic regress-

ion model with that of the general alternative in which the {P } can
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vary freely over the parameter space 0< P, < 1,t=1,2,....g.
Denoting the statistic by p(g) we have
~1

(1.10)

g
D(B) —22 ylog +(ny —y)log
t (1) t Q(l)

~ g
Writing D(B)1 =3 {Dgl)}2 . individual group measures of fit are pro-
~1 t=1

vided by

1 N (1.11)
D( ) _ 492 y¢log (1) +(ny —y)log Q(l) ,

Following Pregibon (1980), we shall refer to D(f})1 as the deviance

statistic and to the {D "V} as the deviance components. If the goodness
of fit statistics are linked to the estimation procedures for fitting

the model, it is natural to use D(fﬁ)l, but more natural to use R([AB2 )
than R(B,).
Other goodness of fit statistics are clearly provided by S([§3) and

S*(ﬁ 4 ). An alternative class of goodness of fit statistics based on the

sample logits is obtained by replacing the sample proportions by fitted
probabilities in the weights and is defined by

0B rn Qg +nh .

.
(n+1)n, +2) X P) (1.12)

T(p)

where we use [§ to represent a general estimate of 3. The use of unmod-

ified empirical logits is not considered because the associated statistic
would be undefined when y = 0 or y; = n

All the goodness of fit statistics mentioned previously have limiting
chi-square distributions if the assumed logistic regression model is
correct. However, little work appears to have been done to investigate
the small sample properties of the statistics and in particular to deter-
mine how rapidly the null distribution of the statistics approach their
limiting forms. We have therefore performed a fairly large scale simula-
tion investigation to examine the small sample properties of the statistics

D(BN)1 R(B)., R(B, ), S(B3), S"(B, ). T(B,) and T(B,) under the logistic
regression model

log(P/Q:) = Bo + Bi(t-1), t = 1,2,..¢g

(1.13)



which occurs when there is a single explanatory variable having equally
spaced values-  The results of the investigation are given in section 4.

The model given by (1.13) might arise in a time-series context
with binary data sets collected at equally spaced time points, there
being a trend in the probability of success. The model might also be
appropriate in the context of a controlled experiment with binary responses,

the {x.} representing equally spaced levels of a single test wvariable.

In section 3, asymptotic distribution results for the residuals
and deviances, R\" and D" respectively based on an ML fit are given
for a general class of models. The results are used in section 5 to
derive approximations to the critical values of goodness of fit statistics
based on the extreme values of the {R, "} and {D,'") }. The approximations

are then evaluated under the model given by (1.13).

2. Review of Estimation Procedures for the Linear [ ogistic Regression Model
In this section, we discuss the computational procedures that may be
used for determining the ML, MC and WLS estimates of . A new method is

presented showing how the MC estimate can be calculated using GLIM.

2.1 Maximum Likelihood Estimates

From (1.2), the first derivatives of the log-likelihood are

OL(B) Kb
B . =2th Y¢ — Dy §'tB )
J 1+ e

J=01,. K 2.1)

Setting OL(B)/0B; = O for j = 0,1,...,k, the ML estimate 3; is obtained

as the solution of the k+ 1 equations

$x (g, -0, D)0 i=0.1,.,k
S YT e : J= 50 & 2.2)

. ~(1 =(1 , - ~(1 -1 ~-(1
Settlng Y£) = nt Pt() s Z = (y1:y255 Yg) and Z] = (Yg) 9y(2) LEREY) y(g))a

the set of equations given by (2.2) may be written in matrix form as
X'(y-y)=0 (2.3)

The likelihood equations are nonlinear in Bl and are solved by an
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iterative method based on a Newton-Raphson approach For this we need

the negative values of the second order derivatives of the log-likelihood

which are given by

x'. B 2.4)
62L(E) o . AE
_aﬁ.aﬁ.':tzlntxu G’ )
e A+e ~ )2
for j,j = 0,1,..k. Thus
(2.5))
O°L(p) g S(1) 5 (1)
- = 2 nex.x.. Pl Qy
5[3]5[3]' R t=1 vy
b
for j,j3' = 0,1,...k. In matrix form, we may write the (k+1) x (k+1)
terms given by (2.5) as
O%L(P)
-————=X'VX (2.6)
b1y
where ) -
n B oM 0 0
5 (1) 4 (1)
0 n P37 Q% 0 AP
V= = diag =1 2.7)
\ 0P
' ' NOFYO
0 0 Pg Qg |

To find ﬁl by the Newton-Raphson method, if we let [31 () denote

the approximation to Bl at the fth stage of iteration, we have

(2.8)
CNRIUNG
2
0“L oL
(1) _ a(l) (B ) (El )
S E Y () ey (O R P
of "op g
Q ' - ' & f
=B vy x0T -9t
where v ’ and 91 denote v and 91 evaluated at Bl &)
The above iterative process may be viewed as a method of iter-
atively reweighted least squares. Thus if we let
~ (1) 1 (2.9)
Z =XEI +V (y y( ))

'

denote a 'pseudo ' observation vector at the (th stage, equation (2.8)



may be written as
(2.10)
~0~/

From generalised least squares theory, this formula corresponds to
that for the best linear unbiased estimate of Bl(€+1) in the linear

~

B L+ =XV, X)XV, Z

model Z / =X [31 (C+1) 4 ¢ where ¢ has zero mean and known covariance

~

matrix V /-
At convergence we have z :XB +X'1(y—§1 )and the ML estimate

may be written as the solution of
b=V XYVZ @11)
It should be noted that this does not provide an explicit expression

for [§1 sinceV =V (61) and z = 2 (61 .) are both functions of [§1

2.2  Minimum Chi-Square Estimation
The MC estimate [32 is the value of [ which minimises R(ﬁ 2) given

by (1.3). We have

OR(P) ¢ ~n, P, ) oP
~ 5 (yt nt t) t{(yt_ntpt){L_L}_znt} (212)

GBJ- t=1 ntPtQt GBJ- Qt Pt

where

GI theXP(E't B)
- ~ _—x.P.Q,. 2.13
B;  1+exp(x'y )} e @19

Substitution of (2.13) in (2.12) and simplification gives
8R(E) ~ g (Pt _Pt)ntxtj(Qtpt +Ptqt

op i tél Pt Qt

Hence the MC estimates are given by the solution of the k +1 equations

g A ) . . . _
$ 0,0, _Pt(z) )(Pt(z)qt +QE2)pt)(Pt(2)QE2)) I _o (2.14)



) . - 2.15
B = ewp(x By llvep(x By) (=120 R

The solution of (2.14) must be found by iteration. The following approach
shows how GLIM can be used to calculate ﬁz

We may write

2 \

g |y; X{B (m,-y)° xX'B 2y.(n -y,

R(BY= 5 {2t t=Yt) Y\ T Yy

~ t=1| ny n, n,
If we put

_ 2 _ 2 2.16
Y =Yi/nyg , Y =@ —y) iy (2.16)
Ry = exp( x'¢ B), Ry =exp( —x"¢ B) (2.17)

then minimisation of R(P) is equivalent to minimisation of

g -1 -1
* —

R (E)_tél(ytlutl TYphp ) (2.18)
Now consider 2g independent random variables (Y(;,Y¢2 ), t=1,2,....g
where Y:; . has an exponential distribution with mean u:;;. For realised
values y¢; t = 1,2,,.,,g, j = 1,2, the log-likelihood is

S ity oud) =R )

& uta Tt P (2.19)

since Wi Wiz =1 from (2.17). Thus minimisation of R*(B) is equivalent

to maximisation of the log-likelihood treating the {y:;} as observ-
ations on independent exponentially distributed random variables.

To use GLIM, the data are entered as g pairs of vectors of observ-
ations, the vectors being (yu,l.xt1,....xX«) and (Y2 ,-1, X ¢1 5..e.X (k)

for the t™ pair. An exponential error distribution is declared and a

logarithmic link function is used since log,; = X'

2,3 Weighted Least Squares Estimation

The justification for the WLS and MWLS estimation procedures using

the unmodified and modified empirical logits is as follows. If we let



Pt + —
B y¢ta B ny
z(a) —log(—nt_yt+a]—log —_— (2.20)

a Taylor series expansion about the value P, gives

(P + ) (1+2%
1 Nt P, —p.) Nt
Zt(a)— 0g a +( t Pt a a
(Qt +—) (pt +7)(Qt +—)
Ny g g
(1+22p 1)
5 ~a _
P — t
+ ( t pt) nt + ...

2@ e’
Mt Mt

Using the results E(p;) = P , var(p: ) = p:Qi/ny we obtain

E{z ;(a)} =x' ﬁ+m(l__a) n 0(1_)
t ZthP n P, Q 2 n (2.21)
X'
showing that the bias of estimation of -~ A is O(n;') when the unmod-

ified empirical logits are used (a=0) but is o(n-1) when the modified
empirical logits are used (a=%).

The approximate large sample variance ofz: is (n¢P: Q: )'1 A
least squares approach with empirical weights given by the reciprocals

of the large sample variances evaluated at p; leads to the criterion
of minimisation of S(B) as defined by (1.6).The normal equations for

obtaining the WLS estimate ﬁ3 are

g \
P a Xy (g -x' (B =0 I=01..K (2.22)

Similar arguments applied to the {z*;} lead to the modified WLS esti-

mation procedure based on minimisation of S*f given by (1.8).

~

3. Asymptotic Distribution Theory For The {R,‘”} and {D "}

The residuals Rt(l) and the deviance components Dt(l) from a maxi-
mum likelihood fit of a logistic regression model are often used as
individual group measures of fit. In particular, normal probability

plots of the ordered R{" are commonly used to provide an informal

graphical assessment of goodness of fit.
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In this section, we derive the asymptotic joint distribution of
the {R("} and {D;‘"} under a general model in which the group prob-
abilities of success are assumed to depend on £ unknown parameters,

say 0,,0,,....,0¢. Putting 9 = (01,02, ...,0¢) we now let P (0)
denote the probability of success for each trial in the t™ group,

g
t = 1,2,..,g. We denote the total number of trials by N = % n;
t=1
and let A¢n = n/N, t = 1,2,....g.

We shall now denote the number of successes in the t'" group by

Y.~ and the sample proportion of successes in the th group by

P¢n = YN /n¢ . The notational dependence on N is needed as we
wish
to establish limiting distribution results for the case when
Nli_r)nookt’N=kt t = 1,2,.....g (3.1)
where the A are fixed numbers satisfying 0 < A, < 1, t = 1,2,....g.

We shall make use of the following theorem.
Theorem 1 LetT = (T: nT2.8n ,....,Tgn ) be a g-dimensional random
~N

variable such that

1 1 1
3.2
N2(T =0 = IN2(T) =iy N2 (T, )] 3-2)
has a limiting multivariate normal (MN) distribution with zero mean
vector and covariance matrix )N( , that is
o d
N2(T ~W—>MN(Q, V). (3.3)
Let h; (x1.,X2,...,Xg )s...o.hg (X1 ,X2,...,Xg) be € functions of g variables
where each function is totally differentiable. Then setting
h, T
h_ (T
AN (3.4)
h(T )= :
B IN))
we have

N2 {h(T )~ h(w);—>MN(O,HVH)

where
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H= ((H:s)) = (Sh/0pns))
is an €x g matrix and
ahr/a“S = {ahr(xl,x2,...,xg)/ﬁxs}zzg. 3.7)
We now apply theorem 1 taking IN = P where E’N = (P .,N, Pa,n,

....pg,n) 1is the vector of sample proportions of successes. We have
EPn) = P, var(pin) = PQy¢ ny
and
1 d
Nz@nN—m)ANKLPQHM)

Since the {PTN} are independently distributed, we have

1 d
Nz(pN—pHMN(Q,y)
where p° = (P1,P> ....,Py) and

Y fr—

diag(P1Q1/A4...,P.Qu/Ay)
Using theorem 1, if hy(p ),....,h¢ (p ) denote € functions of the g
~N ~N

variables pl,N ,...... peN Whose derivatives exist at p = p, then
NN ~

1
N2{g(pN)—g(p)}f>MN( O,HVH)

where H=((H,s )) is £ Xgand

. Oy (P s Py )
rs = op 5 r=1,..... L, s=1,..... ,g.
S,N -
Pn=P
e above results apply to arbitrary functions h () which are diff-
erentiable at p = P. We now examine a special case which arises from

consideration of the standardised residuals which we now denote by

(3.6)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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Y, — n,P (0)
t —tt 2
Rip = T t=12,.,8
{n P, (0)Q(8)}2
W
NP PO
t,N Ut N t ’ (=120 (3.14)
{Pt(Q)Qt(Q)}z

Since the ML estimate §= Q (pn) is a function of the sample proportions

only, we write

_1 1
AR N =N2ht(BN), t=12,. 8 (3.15)
where
P, —P. ()
t.N t =
h, (P P = t=12,.., g
( 2:7 N) ] ] %a 949y g (3.16)
P (6)Q ()
We have
h :h :O t = 1929"':g 317
t(E) t(EN)EN:E ( )
Putting IS'N = (RI,N’RQ,N...,Rg,N) and &N = diag(kl,N,kz,N, ....... A g,N)
use of (3.12) gives
_% d
AP Ry > MNCOHVHY (3.18)
where H = ((H¢,)) i1s g x g with
oh, (P )
H, —d_ t~=N7 , wt = 1.2,..2 . (3.19)
e e N
> PN—P
Now
ohi (P ) 1
~ — 2
o= PN P @ P D)0 ()
pu,N ’
A . -t 0 .
+HP(0)Q (O} 2 N PN~ PO
u,

SO
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oh, (P ) 1
t\~ 0 n
_ 2 _
{ oP } (PtQ¢) oP {Pt,N Pt@} Py =P
wWN jp =p : 3
INTE
) 3.20
_% / 6p‘[ aej ( )
:(PtQt) 6'[ -2 A
u J=189J 6Pu’N
EN:
for u,t = 1,2,...,g where
5 1 if t=u
W0 if t2u
If ¢ PO —op /00, and 8 =136 /0P, 1 may write (3.20) as
WE S¢€ t = t _] an ~J = J t,N EN:EV w¢e y WTr1te .
_ 0 -1 ]
PN PN Py N 0
oh,  oh, oh, 1
PN PN PN | (PyQy) 2
: O
chy  ohg ohg
PN PoN PN -1
L 5 5 g, i ] (PgQg) 2_
R Ol T 1 (@ O ][4 a0 2(@) ]
~ p%l) p%l) Coe p%@ 6% 91 S 91
A A(2) A(2)
1 p2 p2 e P2 61 92 .. 92
0 .
I @ O | |5 5@ A(@)
i 1_ pg pg * * * pg | _ef ef . . . eg ]
Putting A = diag(A1 ,\2,...,A; ), we therefore have
1 M
H=(v) >(1-P707) (321
where
pr = ((Pt(l))) and 9*:((aéj/aPu,N))BN=B' (3.22)

Ixg
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Noting that for a given model OP; /00; will be known, we see that to find H

we need to evaluate the matrix # * which consists of the derivatives 06 j /Opu

evaluated at po_p- ToO do this, we consider the likelihood equations
INTE

which have the form

g (P —P(0)) [oP(0)
ng 0. A =0,
J 9:

=1~ p(0)Q(0)
Differentiating the likelihood equations with respect to p,n we get

%n{P )y ! T
& BN RSP )0, 0) | DO [, s

i=1,..0

~

% 1 oP(0) g oP¢(0) ﬁék
+ ) ng . - — A
=1 P(0)Q(0) | P; ocp | K31 00, PUN

Lo [e@]
Pu®Qu® | P Jo5

for j = 1,2,..., L,u = 1,2,...,g. Evaluating (3.24) at gNzg gives

& ny OP(0) aﬂ(@)[a(ék)} ny oPy
1P @)Que) DO K= B [Py, o Pu@)Qu®) 9
for j = 1,2,...,6, u = 1,2,...,g, or equivalentlyEN:E
§ o & nu (i), () _ Du

K SPu Q@ T Pu (0)Qu(@

for j = 1,2,...,8, u = 1,2,...,g. In matrix form these £ X g equations
may be written as

1 1

P*V "RvOr=P*V

SO

0*=@xv T pr) ey

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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and hence from (3.21),
1
H=V) 2(1-p* v pe)lpryl,

Using mer%WStMK&YY:&Yami@fy_uf34j=@fY_H”34x

We have
_1
HVH'=(LV) 2{I-prv I psy~lpry~h

_1
Vi=vIes@sy ey y) 2

| 1 | 1
=17-0.v 2prerviem ey 2 (3.28)

We have therefore shown that the joint asymptotic distribution of the
1

scaled standardised residuals {;L;f R N} is multivariate normal with

N
zero mean and covariance matrix given by (3.28).

The above asymptotic distribution result may be used to provide
an approximation to the distribution of the standardised residuals

{R N} for 'large' samples. Thus if we letV = diag((P; Q:/A:n)), we
~N

have
approx
R~ MN(O,CR ) (3.29)
N 7 ~N
where CR denotes the approximate covariance matrix of R and from (3.28)
T =N ~N
is given by
% 1 _% 1 1 ‘% %
= T Py L px)Lp*
C AR NGy V) 2Ro@ VI e v 230
_% 1 1 _% (3.30)
=1 -V _#P*(P*V__P*) " p* . :
~g ~N~(~~N~) ~YN

This covariance matrix has an interesting property which we will make
use of later, namely

-1 1

- _ 2 px(px _lp*v _lp* 2
HCp )= L)~y PV Py ey )

1 1
) -1 -1
— o tr{P*V 2 2 pw(px P*
g-trpry 2V 2pe(pr v P
=g-tr(L,)
=g—/.
(3.31)

It follows that the sum of the large sample variances of the standardized
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residuals is equal to g- ¢,
model assumed for the success probabilities

To utilise (3.30), the matrix P*

(Pt}.

model specification for the {P;}.
model we have

this result holding quite generally for any

is required which depends on the

For the Ilinear logistic regression

P, X g exp( X'y B)
= = =x.P.Q., j=0,1,., k (3.32)
, 5 it Nt .
OB ; {1+ exp( x'y B)} J
giving
P RQ PgQg
P,Q,x P,Q5x P;Qox
. <1711 7222721 gxg8%¢l (3.33)
PQIXpc PaQpx oy PgQgX,y
and B _ N -
XWpo RWiXy WXk
2
2WeXg o ZWiXy WX X ik 3.34
pry L pr— (3.34)
~ ~N ~
2
FVEK 2Vt 2V |
where
= ts ) = 9Lige oo o .
Wi = ANt t=12,...g (3.35)
When there is only one explanatory variable, we may write X =X
t = 1,2,...,g and a straightforward calculation gives
1 > W X 2 - > W. X
(pry L pwyl _ = Wtk = WXt
~ ~N~ Zthwt(xt—xw)2 2 WXy LWy (3.36)
T t t
. _1 ! _1
where xw = Et‘,wtxt/%wt. The (i, j)th element in yN2 P (P*V g*')‘l g*yN2

1s found to be
1

2 2
(Win) %tht —(xi +xj)thwtxt +xisztjwt

Et‘,tht‘,wt(xt —;w)2
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and the negative value of this element gives the asymptotic covariance
between R; v and R n .The asymptotic value of the correlation coefficient
between R.;nx and R N 1is

1 I
— 2 2 1

where
1
Ci :{%Wt%wt(xt —Xw)2 —wi(%‘,wtxt2 _2Xi%WtXt +X12%wt)}2 (3.38)

The asymptotic correlation structure of the residuals under the model
given by (1.12) has been examined using (3.37) with x, =t-1, t = 1,2,....g,
with g = 3(1)10. The results showed that the correlations were negative
for most pairs of observed residuals but that small positive correlations
occurred for residuals associated with groups having markedly different
indices. These findings are illustrated in Table 1 for one particular para-

meter configuration.

Table 1
Correlation coefficients for the standardised residuals {R; } for the case
g=10, t =1, ...... 10, Bo = -2, B1 -0.2 (PpL =0.119, P, = 0.142,
P; = 0.168, P, = 0.198, Ps = 0.231, Ps = 0.269, P; = 0.310, Pg = 0.354,
Py = 0.401, P, o = 0.450)

R, R; R, R; Rq R, Ry R, Rio
R, -0.320 -0.276 -0.226 -0.172 -0.112 -0.048 0.025 0.109  0.213
R> -0.249 -0.207 -0.163 -0.114 -0.060 -0.001  0.068  0.153
R; -0.189 -0.154 -0.116 -0.074 -0.028  0.025  0.089
R, -0.144 -0.115 -0.089 -0.058 -0.023 0.018
R -0.119 -0.105 -0.091 -0.076 -0.056
Re -0.122  -0.127 -0.132  -0.143
R; -0.167 -0.196 -0.236
Rs -0.269  -0.343
Ro -0.471

Turning to the deviance components, we write

A A

D2 =2n | (B, +p, —P,) 1y Pl +{1 =D )= (p, - B, )og {1 -
t = 4y t TPt t )1og 13— { t)— Dy ¢ )}1log —
t
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and using a Taylor series expansion for the logarithmic terms we obtain

after some simplification

D2 =RZ(1+8,) (3.39)
where
o 2% P, -PO)2[a-B-DT P, |
=3 i(r — 1) lstr—z a _lst)r—2 (3.40)

oy p ~ p
Since py—-P;—>0ad P —> Py we have &;—> 0 and hence the joint

distribution of the {D;} is asymptotically the same as that of the joint
distribution of the {R.}.

4. Small Sample Properties Of The Goodness Of Fit Statistics

Under The Logistic Regression Model

In section 2, we defined seven test statistics R 43y, R v, D .z .,
By) B,) B)

S (33), S” (ﬁ4)’ T ) and T B, which may be used for testing the goodness
of fit of the logistic regression model. These may be considered as general
purpose statistics since none were derived by considering specific altern-
atives to the logistic model. [Each of the seven statistics has a limiting
chi-square distribution under the logistic regression model. We give the
proof for the first statistic only, this following straightforwardly from
the results established in the previous section.

-1

Putting Zt,N —Xt’NRt’N,t—l,..., g and gN _(ZI,N’Z2,N""’ Zg,N)’

we may write

Ao 8 2 \
R(Bl) = t§17‘t,NZt,N =ZN AN EN (4.1)
Hence
~ d
RB)—>Z212 (42)

where from (3.18)

Z~MNO,HVH) (4.3)

~ o~ ~ o~ o~

and HVH is given by (3.28). Now Z'AZ is distributed as x* iff

~ o~ ~

&HVH' is idempotent. @ We have

~ o~ o~
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1.1 1 pan—1 3
MHVH=1 22V 2P @*V' P oy)
=1 —A, say.
L =4, say
A simple calculation shows that A> = A so A is idempotent and hence so
is AHVH . We also have
1 _1 i _1
w(A) = A2 V_2PH(P*VT P pr(Ly) 2
11 _1 !
—tr{p*(hV) 222V 2PV P*) T
— v PRV P T S,

Hence

tr(&I;IYIi):tr(lg)_tr(lg):g_g (44)

showing that g’&g~§§_ /- Hence R(ﬁl) converges in distribution to

Eé_ e this result holding for the general class of models considered

in section 3.
The goodness of fit statistics under consideration have the desirable

property that their asymptotic distributions do not depend on the unknown
B and hence on the unknown {P:;} when the logistic model holds. However
for finite sample sizes this will not be the case and it is therefore
important to investigate how rapidly the sampling distributions of the
statistics approach the ng_k_l distribution. We have therefore performed
a fairly large scale simulaton investigation for the case when the logi-
istic regression model given by (1.13) holds, the group probabilities of

success being
P. = exp{Bo +Pi(t-1)}/[1 +exp{Po + P1(t-1)}] t = 1,....g . (4.5)

The steps in the simulation consisted of:

(a) Specifying the model by fixing the values of o .B:, and hence {P;}.

(b) Generating and checking the binomial observations {y:} obtained by

Monte Carlo sampling.

(c) Determining the ML, MC, WLS and modified WLS estimates of Bo, Bi.

(d) Constructing the empirical sampling distributions of the goodness

of fit statistics and examining their moment and percentile properties.
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Group numbers g = 5, 10 and samplesizesn = 25, 50 and 100 were used,
A simulation run size of 1000 was used in each case. Checks on the gen-
erated binomial observations {y:} were made by applying the binomial dis-
persion test and the ordinary chi-square goodness of fit test to them.
Three pairs of wvalues (Po,B1) were examined for each value of g to give
coverage for markedly different configurations for the group probabilities
of success. The configurations used are shown in table 2.

Table 2

Parameter values (Bo,B;) and group probabilities of success {P;} used in

the simulation investigation.

g= 5 (P
i Po =-2.0 B =0.4 0.119 0.168 0.232 0.310 0.401
(i) Bo =H,0 B =05 0.269 0.378 0.500 0.623 0.731
(iii) Bo =0.5 B =05 0.623 0.731 0.818 0.881 0.924
g= 10 { P}
(iv) Bo =-2.0 B =02 0.119 0.142 0.168 0.198 0.231
0.269 0.310 0.354 0.401 0.450
(v) PBo =-04 B =0.2 0.401 0.450 0.500 0.550 0.591
0.646 0.690 0.731 0.769 0.802
(vi) Bo = 05 B =0.2 0.623 0.668 0.711 0.750 0.785
0.818 0.846 0.870 0.891 0.908

In tables 3 to 9, values of the mean, variance, skewness and kurtosis
coefficients for the empirical distributions of the seven goodness of fit
statistics are given for the six parameter configurations shown in table 2.

The statistics asymptotically have a chi-square distribution with g-2 degrees
of freedom under the logistic regression models being considered, the values
of the mean, variance, skewness and kurtosis coefficients of the asymptotic

distribution being g-2, 2(g-2), 8/(g-2) and 12/(g-2) respectively.
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Table 3

. o B .
Moment measures for the empirical distributions of the R L7 statistic

under six logistic regression models

Configuration Mean Variance Skewness Kurtosis
(i) 3.001 5.838 2.65 3.86

n=25 (i1) 3-232 8.288 3.06 2.86
(iii) 3.009 5.487 2.66 4.24

(i) 3.115 5.888 1.69 1.95

n=50 (i) 3.011 5.426 1.67 2.04
(ii1) 2.951 5.877 2.92 4.27

(i) 2.884 5.048 1.55 1.56

n=100 (i) 3.045 6.065 3.50 6.31
(i) 2.958 5.926 2.57 3.78

Asymptotic Values 3.000 6.000 2.67 4.00
(iv) 7.992 14.53 0.76 1.38

n=25 (v) 8.103 16.11 0.93 1.11
(vi) 8.065 15.65 0.84 1.20

(iv) 8.124 16.29 1.13 1.70

n=50 (v) 8.119 15.24 0.74 0.85
(vi) 7.982 15.81 0.85 1.12

(iv) 8.186 16.19 1.34 2.27

n=100 (v) 7.696 14.86 0.96 1.20
(vi) 8.099 15.46 0.63 0.47

Asymptotic Values 8.000 16.00 1.00 1.50
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Table 4
By
Moment measures of the empirical distributions of the D 17 statistic
under six logistic regression models
Conf iguration Mean Variance Skewness Kurtosis
(i) 3.159 7.037 2.93 4.05
n=25 (i1) 3.114 6.348 3.23 5.29
(iii) 3.264 6.699 2.06 2.41
(1) 3.181 6.393 1.90 2.38
m=50 (i1) 3.038 5.654 1.87 2.45
(ii1) 3.051 6.485 2.68 3.49
(i) 2.907 5.185 1.56 1.54
n=100 (i1) 3.058 6.159 3.57 6.43
(iii) 3.000 6.253 2.90 4.61
Asymptotic Values 3.000 6.000 2.67 4.00
(iv) 8.351 17.04 0.80 1.11
n=25 (v) 8.286 17.46 1.00 1.18
(vi) 8.532 18.27 0.81 1.21
(iv) 8.259 16.90 1.07 1.51
n=50 (V) 8.217 15.98 0.78 0.89
(vi) 8.183 17.78 1.18 1.94
(iv) 8.266 16.88 1.37 2.24
n=100 (V) 7.739 15.16 0.95 1.16
(vi) 8.190 16.01 0.65 0.53
Asymptotic Values 8.000 16.00 1.00 1.50



Moment measures of the empirical distributions of the R(j,) statistic

under six logistic regression models

Table 5

Conf igurat ion Mean Variance Skewness Kurtosis
(1) 2.937 5.343 2.34 3.62

n=25 (i1) 3.131 5.771 2.06 2.75
(ii1) 2.940 4.990 2.49 3.99

(1) 2.188 5.108 1.51 1.71

n=50 (i1) 2.845 5.420 2.84 4.04
(ii1) 2.922 5.257 1.80 2.30

(1) 2.948 5.187 2.61 3.97

n=100 (i1) 3.034 6.047 2.23 2.89
(ii1) 2.931 5.120 2.29 3.56

Asymptotic Values 3.000 6.000 2.67 4.00
(iv) 8.081 14.28 0.70 0.86

n=25 (v) 8.054 15.05 1.05 1.42
(vi) 7.987 14.42 0.84 1.50

(iv) 7.747 13.57 0.69 1.10

n=50 (v) 8.245 15.81 0.91 1.14
(vi) 7.963 14.82 0.99 1.46

(iv) 8.105 15.83 0.85 1.12

n=100 (v) 7.988 15.98 0.95 1.09
(vi) 7.983 15.41 0.83 1.00

Asymptotic Values 8.000 16.00 1.00 1.50
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Table 6

Moment measures of the empirical distribution of the S(B,) statistic under

six logistic regression models

Configuration Mean Variance Skewness Kurtosis
(1) 2.632 4.224 2.20 3.23
n=25 (i1) 3.023 5.021 1.71 2.19
(ii1) 2.376 3.519 2.29 3.61
(1) 2.898 4.611 1.33 1.33
n-50 (i1) 2.801 5.053 2.48 3.34
(i) 2.753 4.349 1.51 1.83
(1) 2.913 4.922 241 3.69
n=100 (i1) 3.012 5.878 2.15 2.75
(iii) 2,880 4,758 2.01 3.02
Asymptotic Values 3.000 6.000 2.67 4.00
(iv) 7.323 11.02 0.45 0.51
n=25 (v) 7.671 12.31 0.75 0.81
(vi) 6.860 10.22 0.75 1.30
(iv) 7.519 12.09 0.61 1.01
n=50 (V) 8.071 14.50 0.81 0.99
(vi) 7.588 12.75 0.93 1.33
(iv) 7.997 15.05 0.80 1.05
n=100 (v) 7.909 15.34 0.90 1.03
(vi) 7.850 14,45 0.77 0.94
Asymptotic Values 8.000 16.00 1.00 1.50
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Table 7
Moment measures of the empirical distributions of the S*(B,) statistic
under six logistic regression models
Configuration Mean Variance Skewness Kurtosis
(1) 2.802 4.764 2.03 2.96
n=25 (i) 2.950 4.941 1.83 2.34
(i) 2.376 3.519 2.29 3.61
(i) 2.897 4.696 1.39 1.46
n=50 (11) 2.755 4.955 2,63 3.65
(111) 2.842 4.901 1.66 1.96
(1) 2.894 4.916 2.42 3.69
n=100 (11) 2.985 5.778 2.15 2.75
(iii) 2.879 4.862 2.14 3.25
Asymptotic Values 3.000 6.000 2.67 4.00
(iv) 7.643 12.28 0.45 0.51
n=25 (v) 7.556 12.62 0.91 1.15
(v1) 7.626 12.86 0.70 1.10
(1v) 7.480 12.30 0.62 0.97
n=50 (v) 7.954 14.25 0.83 1.01
(vi) 7.695 13.45 0.88 1.24
(1v) 7.945 14.93 0.80 1.05
n=100 (v) 7.841 15.13 0.90 1.04
(vi) 7.819 14.50 0.78 0.94
Asymptotic Values 8.000 16.00 1.00 1.50
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Table &

Moment measures of the empirical distributions of the T(B,) statistic
under six logistic regression models

Configuration Mean Variance Skewness Kurtosis
(1) 3.418 10.53 9.38 18.79
n=25 (i) 3.258 7.184 3.10 4.42
(ii1) 3.635 11.18 7.05 11.57
(1) 3.208 7.269 4.65 8,82
n=50 (i1) 2.909 6.342 4.42 7.31
(iii) 3.365 10.67 12.92 26.91
(1) 3.059 6.385 4.93 9.08
n=100 (ii) 3.061 6.297 2.32 2.95
(iii) 3.159 7.455 7.98 18.95
Asymptotic Values 3.000 6.000 2,67 4.00
(iv) 9.434 32.21 4.16 7.97
n=25 %) 8.643 24.10 3.48 6.33
(vi) 9.846 36.66 2.63 3.68
(iv) 8.413 21.62 3.05 7.37
n=50 v) 8.529 19.17 1.47 2.39
(vi) 9.114 31.71 4.30 6.95
(iv) 8.414 18,84 1.47 2.92
n=100 (V) 8.148 17.83 1.15 1.38
(vi) 8.451 19.88 1.27 1.66

Asymptotic Values 8.000 16.00 1.00 1.50
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Table 9
Moment measures of the empirical distribution of the T(§,) statistic

under six logistic regression models

Configuration Mean Variance Skewness Kurtosis
(i) 3.872 17.61 11.92 21.04
n=25 (i1) 3.374 8.384 3.61 5.18
(i11) 4.323 21,44 8.70 14.27
(1) 3.488 10.67 8.64 16.60
n=50 (i1) 2.967 7.148 6.26 11.59
(iii) 3.848 18.29 16.86 30.47
(i) 3.208 8.287 11.18 25.50
n=100 (i1) 3.088 6.502 2.36 2.99
(iii) 3.415 10.92 19.76 48.02
Asymptotic Values 3.000 6.000 2.67 4.00
(iv) 10.53 48.84 5.00 8.61
n=25 (v) 9.024 29.78 491 8.94
(vi) 11 .49 61.78 2.85 3.58
(iv) 8.993 28.56 4.53 10.75
n=50 (V) 8.751 21.52 1.97 3.88
(vi) 10.12 49.02 6.44 10.16
(iv) 8.135 21 .85 2.13 5.22
n=100 (V) 8.258 18.83 1.24 1.53
(vi) 8.944 24.90 1.76 2.63

Asymptotic Values 8.000 16.00 1.00 1.50
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When the moment properties are compared with those of the approximating
chi-square distribution, it is seen that the statistics fall into three

groups, namely,

groupl tR( B ).RC B, ).DC By)
group2 tSC B3 ).S*(By)
group3 :T([gl),T([i4).

For the statistics in group 1, the agreement between the means and variances
of their sampling distributions and the coresponding moments of their

asymptotic distribution is good, even for n as small as 25. The agreement
for the skewness and kurtosis coefficients 1is less good, but this may be
partly ascribed to the fairly large sampling errors in these coefficients

for the run-size used in the investigation.

For the statistics in group 2, the agreement 1is less good, the means
and variances being consistently smaller than those of the asymptotic
distribution.

The sampling distributions of the statistics in group 3 clearly approach
the asymptotic chi-square distribution much more slowly than the statistics
in the other two groups. The means, and to a greater degree, the variances
are larger than the corresponding moments of the chi-square distribution,
but there is a marked improvement at n = 100.

Finally, it is seen that the chi-square approximations to the moments
work best for configuration (ii) when g=5 and configuration (v) when
g = 10. In these configurations none of the {P;} are close to zero or to one.

Since the main application of the statistics under consideration is
to test the goodness of fit of the logistic regression model, it 1is useful
to assess the adequacy of approximations to their critical values based
on the limiting chi-square distribution. In tables 10-14, the upper 10%,

5%, 2%% and 1% critical values of the statistics R(Bl), D ([31), R(ﬁz),

~

S (ﬁ3) and T (Bl) are shown for the logistic regression models specified in

table 2. Estimates of the actual significance levels associated with the
chi-square approximating critical values are also given. The results for

the statistic S* (B4) and T([§4) are similar to those of S ([33) and T(Bl)

respectively and so are not presented here.

The findings are in agreement with those already noted for the moments.
For the statistics R (Bl), D (Bl) and R (Bz), the agreement between the
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estimated actual significance levels and nominal significance levels 1is
generally good even for the smallest sample size n = 25. Changes in the
configurations for the {P;} have only marginal effects. For S([_?SS) the

actual significance levels are appreciably less than the nominal levels
for the smaller sample sizes, particularly for the configurations with

small or large values for the {P;}. For T(Bl), it is seen that the chi-

square approximating critical values give actual significance levels
appreciably higher than the nominal values, particularly for configur-
ations with small or large values for the {P;} .

On the basis of these results, the use of the S or T classes of
statistics cannot be recommended for sample sizes n < 100, if reasonable
control of the significance level of the test is required.
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Table 10

Upper critical values of the R([ﬁ%l) statistic under the logistic regression

model (4.5). Actual significance levels associated with the chi-square
approximating critical values are shown in parentheses
Configuration a=0.10 a=20.05 a = 0.025 a=0.01
(1) 5.96(0.090) 7.57(0.048) 9.58(0.026) 11.08(0.10)
n=25 (i1) 6.16(0.097) 7.40(0.042) 9.25(0.025) 12.24(0.011)
(iii) 5.98(0.090) 7.67(0.049) 9.03(0.021) 10.83(0.007)
(1) 6.64(0.119) 7.82(0.051) 9.30(0.024) 10.79(0.070)
n=50 (i1) 6.21(0.095) 7.47(0.044) 8.74(0.019) 10.55(0.007)
(ii1) 6.16(0.097) 7.40(0.042) 9.25(0.025) 12.24(0.011)
(1) 6.05(0.091) 7.37(0.039) 8.80(0.017) 10.24(0.003)
n=100 (i) 5.93(0.091) 7.46(0.043) 8.92(0.022) 10,80(0.009)
(iii) 6.08(0.093) 7.58(0.047) 9.17(0.018) 11.43(0.001)
Asymptotic 6.25 7.81 9.25 11.34
(iv) 12.94(0.086) 15.13(0.042) 16.54(0.016) 18.03(0.006)
n=25 (v) 13.43(0.101) 15.62(0.053) 17.87(0.029) 20.57(0.013)
(vi) 13.60(0.105) 15.36(0.045) 16,87(0.018) 19.93(0.009)
(iv) 13.80(0.112) 15.57(0.053) 17.64(0.027) 20.47(0.012)
n=50 (V) 13.22(0.094) 15.62(0.054) 17.39(0.025) 19.52(0.008)
(vi) 13.44(0.106) 15.35(0.047) 17.46(0.025) 19.41(0.007)
(iv) 13.28(0.100) 15.67(0.034) 17.72(0,027) 19.93(0.010)
n=100  (v) 12.88(0.094) 15.17(0.045) 17.00(0.020) 19.27(0.006)
(vi) 13.67(0.103) 15.83(0.059) 17.17(0.024) 19.00(0.007)
Asymptotic 13.36 15.51 17.53 20.09
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Table 11

Upper critical values of the D(ﬁl)statistic under the logistic regression

model (4.5).Actual significance levels associated with the chi-square
approximating critical values are shown in parentheses

Configuration a=0.10 a=0.05 a=0.025 a=10.01
(i) 6.64(0.111) 8.26(0.063) 9.82(0.032) 13.13(0.016)
n=25 (i) 6.48(0.111) 8.12(0.055) 9.71(0.030) 11.86(0.014)
(1i1) 6.59(0.118) 8.78(0.068) 10.38(0.038) 11.79(0.015)
(i) 6.78(0.127) 8.14(0.055) 9.54(0.029) 11.08(0.10)
n=50  (ii) 6.17(0.098) 7.60(0.047) 8.85(0.023) 10.72(0.008)
(iii) 6.48(0.111) 8.12(0.055) 9.71(0.030) 11.86(0.010)
(i) 6.18(0.094) 7.54(0.041) 8.66(0.017) 10.36(0.004)
n=100 (i) 5.95(0.091) 7.42(0.045) 8.83(0.022) 10.87(0.009)
(iii) 6.34(0.102) 7.70(0.048) 9.18(0.024) 11,07(0,010)
Asymptotic 6.25 7.81 9.35 11.34
(iv) 13.99(0.123) 16.25(0.065) 18.48(0.034) 20.57(0.015
=25 () 13.64(0.111) 16.30(0.068) 18,10(0.037) 21.31(0.017)
(vi) 14.36(0.131) 17.44(0.076) 19.73(0.048) 23.01(0.024)
(iv) 13.40(0.103) 15.82(0.059) 18.15(0.030) 20.95(0.011)
=50 (V) 13.61(0.108) 15.55(0.052) 17.30(0.023) 20.32(0.014)
(vi) 13.65(0.108) 15.87(0.060) 18.25(0.028) 20.91(0.014)
(iv) 13.03(0.092) 15.16(0.045) 17.92(0.029) 20.14(0.011)
=100 (V) 13.30(0.100) 15.97(0.062) 17.87(0.029) 19.43(0.008)
(vi) 13.58(0.108) 15.92(0.060) 17.86(0.030) 21.33(0.017)

Asymptotic

13.36

15.51

17.53

20.09
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Table 12

Upper critical values of the R(B,) statistic under the logistic regression

model (4.5),

approximating critical values are shown in parentheses

Actual significance levels associated with the chi-square

Configuration a=0.10 a=0.05 a=0.025 a=10.01
(1) 6.17(0.099) 7.38(0.040) 8.47(0.016) 9.76(0.004)
n=25 (i1) 6.31(0.104) 7.49(0.041) 9.38(0.026) 11.60(0.011)
(i) 5.59(0.076) 7.05(0.034) 8.51(0.021) 10.31(0.006)
(1) 6.23(0,100) 7.45(0.037) 8.41(0.014) 9.65(0.003)
n=50 (i1) 5.79(0.080) 7.41(0.044) 9.27(0.023) 10.67(0.006)
(ii1) 6.20(0.096) 7.14(0.039) 8,36(0.014) 10.10(0.004)
(1) 5.75(0.084) 7.18(0.040) 8,58(0.017) 11.25(0.010)
n=100 (i) 6.29(0.104) 7.75(0.048) 9.05(0.022) 11.47(0.011)
(ii1) 5.92(0.082) 7.08(0.039) 8.40(0.015) 10.14(0.006)
Asymptotic 6.25 7.81 9.35 11.34
(iv) 13.05(0.091) 15.05(0.043) 17.20(0,023) 19,79(0.010)
n=25 (v) 12.93(0.091) 15.33(0.046) 17.90(0.027) 20.25(0.011)
(vi) 13.13(0.091) 14.80(0.033) 16.26(0.016) 18.46(0.006)
(iv) 12.47(0.073) 14.48(0.032) 16.28(0.018) 19.36(0.005)
n=50 (v) 13.37(0.102) 15.94(0.057) 17.33(0.025) 20.54(0.014)
(vi) 13.18(0.093) 15.07(0.042) 16.26(0.017) 19.34(0.010)
(iv) 13.41(0.105) 15.84(0.054) 17.59(0.028) 19.69(0.006)
n=100 (v) 13.34(0.100) 16.00(0.054) 17.96(0.031) 19.80(0.009)
(vi) 13.25(0.099) 15.43(0,048) 17.10(0,020) 20.19(0.011)
Asymptotic 13.36 15.51 17.53 20.09
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Table 13

Upper critical values of the S(§,) statistic under the logistic regression

model (4.5). Actual significance levels associated with chi-square approx-
imating critical values are shown in parentheses

Configuration a=0.10 a=0.05 a=0.025 a=0.01
(i) 5.52(0.066) 6.67(0.022) 7.47(0.008) 9.15(0.004)
n=25 (i1) 6.00(0.086) 7.10(0.039) 8.58(0.020) 11.05(0.009)
(i) 4.87(0.041) 5.94(0.016) 7.14(0.007) 8.52(0,001)
(1) 6.02(0.087) 7.19(0.028) 7.97(0.011) 9.39(0,002)
n=50 (i1) 5.66(0.076) 7.20(0.041) 8.95(0.021) 10.41(0.005)
(111) 5.85(0.068) 6.70(0.023) 7.77(0.009) 8.74(0.002)
(i) 5.71(0.083) 7.07(0.038) 8.30(0.015) 10.77(0.009)
n=100 (i) 6.23(0.100) 7.69(0.047) 8.90(0.020) 11.30(0.010)
(ii1) 5.81(0.069) 6.93(0.035) 8.25(0.012) 10.01(0.004)
Asymptotic 6.25 7.81 9.35 11.34
(iv) 11.82(0.056) 13.61(0.021) 15.03(0.006) 16.67(0.000)
n=25 v) 12.24(0.068) 14.30(0.032) 15.92(0.017) 18.19(0.003)
(vi) 11.09(0.031) 12.70(0.010) 13.63(0.005) 15.04(0.003)
(iv) 11.99(0.060) 13.77(0.025) 15.35(0.014) 18.10(0.003)
n=50 (v) 13.09(0.091) 15.42(0.049) 16.64(0.020) 19.62(0.009)
(vi) 12.51(0.072) 14.31(0.024) 15.45(0.013) 18.48(0.005)
(iv) 13.20(0.091) 15.61(0.051) 17.30(0.020) 18.95(0.006)
n=100 (v) 13.20(0.091) 15.84(0.052) 17.48(0.025) 19.47(0.008)
(vi) 12.90(0.089) 15.00(0.038) 16.40(0.019) 19.77(0.007)
Asymptotic 13.36 15.51 17.53 20.09
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Table 14

Upper critical values of T(B,) statistic under the logistic regression

model (4.5).

Actual

approximating critical values are shown in parentheses

significance levels associated with the chi-square

Configuration a=0.10 a=0.05 0=0.025 a=0.01
(1) 7.43(0.147) 8.80(0.084) 11.53(0.050) 14.75(0.026)
n=25 (i1) 6.71(0.115) 8.16(0.059) 10.52(0.035) 12.74(0.018)
(iii) 7.48(0.145) 9.84(0.089) 13.08(0.057) 17.06(0.037)
(1) 6.60(0.121) 7.96(0.056) 9.59(0.027) 12.13(0.015)
n=50 (i1) 5.88(0.090) 7.74(0.050) 10.10(0.034) 11.38(0.011)
(ii1) 6.99(0.139) 8.86(0.073) 10.77(0.043) 14.90(0.022)
(1) 5.97(0.092) 7.66(0.045) 9.24(0.024) 12.56(0.013)
n=100 (i1) 6.51(0.111) 7.92(0.054) 9.24(0.025) 11.59(0.011)
(iii) 6.57(0.116) 8.15(0.062) 9.48(0.028) 11.79(0.011)
Asymptotic 6.25 7.81 9.35 11.34
(iv) 15.85(0.171) 19.91(0.107) 24.76(0.079) 29.16(0.050)
n=25 (v) 14.29(0.128) 17.72(0.078) 20.97(0.051) 25.91(0.033)
(vi) 17.29(0.207) 22.46(0.144) 25.84(0.096) 31.06(0.064)
(iv) 14.14(0.124) 16.95(0,068) 19.92(0.043) 22.72(0.022)
n=50 (v) 14.11(0.120) 16.99(0.073) 18.73(0.037) 23.04(0.020)
(vi) 15.71(0.166) 19.28(0.106) 22.93(0,067) 31.85(0.043)
(iv) 14.12(0.126) 16.33(0.059) 18.82(0.038) 21.76(0.015)
n=100 (v) 13.76(0.112) 16.07(0.061) 19.29(0.035) 21.38(0.017)
(vi) 14.35(0.134) 17.07(0.079) 19.30(0.043) 22.34(0.021)
Asymptotic 13.36 15.51 17.53 20.09
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5. The Extreme Standardised Residuals And Deviance Components

In a preliminary assessment of the adequacy of fit of a logistic
regression model, the ordered values of the standardised residuals are
usually computed and often plotted on normal probability paper. In
particular, the extreme values

R = max R.,R_. = min R., R = max R 5.1
max t=1,..., g t min t=1,..., g t m t=1,..., g ‘ t‘ SR
would be examined to see if any outliers are present. If these statis-

tics are to provide alternatives to the R goodness of fit statistic,
approximations to at least the tail probabilities of their null dis-
tributions are required- The following non-rigorous approach which
we illustrate for the statistic Rpya.x appears to give useful approx—
imations.

By the Bonferroni inequality we have

g gl g g
> PR, 21— X > PR, =21, Ry 21r)< PR >1)< > PR, 21).
=1 (=1 u=t+l = ° " max = (5.2)
For the six logistic model configurations given in table 2, the large
majority of pairs of residuals are negatively correlated and it seems
reasonable to assume that this property will hold over a very wide range
of configurations. = We shall therefore assume that
T f R eeRezn<T § PR 20PR Y 20
>, >r1) < > > 1).
t=1 u=t+l t u t=1 u=t+l1 t u (5.3)
This inequality may be replaced by the weaker inequality
e-1 g 1 TN 2
2 PR 2rRy21<—(I-g )N X PR 21, . (5.4)
t=1 u=t+l 2 t=1
For r large and hence P(R; >r) small, we use the approximation
g
PR max =1 = tz—:l PR ; 2 1) (5.5)

2

2
_ g
the error being less than l—(1 - g 1){ >~ PR, 2 r)} if the assumed

inequality given by (5.3) is correct.
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From (3.29), the residuals {R;} are approximately distributed as
multivariate normal with zero means and covariance matrix given by (3.30).
Since the elements in this matrix and in particular the variances depend
on the {P{} which are unknown, we standardise the residuals using their

average variance 1 - £/g and take

o % approx
g R¢ ~ N(O,D). (5.6)
Hence from (5.5) we obtain
)
PR pax 21) ~g/1-@ (gng r (5.7)

where ®( ¢ ) is the c.d.f. of the N(0,1) distribution. If r ,.x (@) denotes
the upperl00a % point of the distribution of R ,x we therefore have
the approximation

>
g—/ -1 o
: (a)z[_j o (1__}
max o 2 (5.8)
Similar arguments give the approximation
1
g—0)2 a
r . (a)=|=—] & |1-——
min (*) [ g J ( 2gJ (5.9)
to the lower 100a % point of distribution of R ,;, and
1
_ 5.10
rm(a)z(—g gjzd)_l(l—ij ( )
g 2g

to the upper 100a % point of the distribution of R, , when the assumed
logistic model is correct. Tables 15 and 17 give upper critical

values of the statistics Rpn.x and Ry respectively and table 16 gives
the lower critical values for the statistic R i, for the logistic
models specified in table 2.  Estimates of the actual significance
levels associated with the use of the approximate critical values

given by (5.8), (5.10) and (5.9) as obtained by simulation are shown
in brackets. The results indicate that the use of these simple
approximations based on the use of average asymptotic variance to
standardise the residuals will be satisfactory.
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Since the {R:;} and {D.} have the same asymptotic distribution, the
approximations given by (5.8), (5.10) and (5.9) may also be used to approx-
imate the upper critical values of the extremes Dmax and D, and the lower
critical values of Dy, , respectively. Tables 18, 19 and 20 give the exact
and approximate critical values of the statistics and the approximations
again appear to give satisfactory results.
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Table 15

Upper critical values of the Rmax statistic under the logistic regression
model (4.5). Actual significance levels associated with the approximating

critical values given by (5.8) are shown in parentheses.

Configuration a=0.10 a =0.05 a=0.025 a=0.01
(1) 1.65(0.117) 1.95(0.073) 2.27(0.038) 2.45(0.030)
(ii) 1.67(0.119) 1.91(0.066) 2.15(0.039) 2.26(0.014)
(ii1) 1.52(0.073) 1.68(0.039) 1.86(0.013) 2.02(0.004)
(1) 1.65(0.111) 1.90(0.070) 2.07(0.033) 2.34(0.016)
(i1) 1.61(0.110) 1.85(0.058) 2.05(0.033) 2.23(0.010)
(ii1) 1.58(0.095) 1.79(0.048) 1.96(0.021) 2.08(0.007)
(1) 1.63(0.115) 1.91(0.072) 2.07(0.035) 2.33(0.016)
(ii) 1.61(0.111) 1.79(0.049) 2.02(0.026) 2.21(0.010)
(iii) 1.57(0.092) 1.74(0.042) 1.90(0.016) 2.14(0.006)
- (58 1.60 1.80 2.00 2.23
(iv) 2.11(0.108) 2.34(0.059) 2.63(0.030) 2.77(0.011)
v) 2.00(0.080) 2.20(0.032) 2.43(0.018) 2.59(0.070)
(vi) 1.90(0.045) 2.06(0.010) 2.19(0.001) 2.29(0.000)
(iv) 2.11(0.108) 2.34(0.058) 2.55(0.028) 2.87(0.014)
v) 2.02(0.087) 2.29(0.045) 2.47(0.023) 2.66(0.006)
(vi) 2.01(0.072) 2.19(0.031) 2.33(0.012) 2,52(0.004)
(iv) 2,13(0.116) 2.41(0.065) 2.69(0.040) 2.91(0.017)
v) 2.00(0.075) 2.19(0.036) 2.39(0.014) 2.64(0.009)
(vi) 2.01(0.080) 2.24(0.040) 2.41(0.015) 2.68(0.007)
(5.8) 2.08 2.30 2.51 2.76
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Table 16

Lower critical values of the R, i, statxistic under the logistic regression
model (4.5). Actual significance levels associated with the approximating
critical values given by (5.9) are shown in parentheses.

Configuration a=0.10 0=0.05 a =0.025 a=0.01
(1) -1.54(0.085) -1.73(0.035) -1.87(0.013) -2.16(0.007)
n=25 (i1) -1.60(0.101) -1.82(0.053) -2.00(0.023) -2.33(0.012)
(ii1) -1.71(0.135) -1.94(0.080) -2.19(0.041) -2.50(0,020)
(1) -1.65(0.111) -1.83(0.055) -2.09(0.029) -2.38(0.016)
n=50 (i1) -1.54(0.081) -1.75(0.041) -1.96(0.021) -2.36(0.012)
(iii) -1.66(0.121) -1.94(0.071) -2.20(0.045) -2.61(0.024)
(i) -1.61(0.108) -1.81(0.051) -2.00(0.023) -2.17(0.008)
n=100  (ii) -1.61(0.109) -1.85(0.056) -2.01(0.026) -2.18(0.009)
(iii) -1.64(0.110) -1.84(0.058) -1.99(0.023) -2.34(0.012)
Approx. (5.9) -1.60 -1.80 -2.00 -2.23
(iv) -1.97(0.055) -2.1(0.027) -2.33(0.009) -2.5(0.001)
n=25 (v) -2.10(0.104) -2.33(0.054) -2.51(0.025) -2.80(0.011)
(vi) -2.28(0.146) -2.52(0.095) -2,84(0.051) -3.10(0.030)
(iv) -2.03(0.08) -2.20(0.032) -2.36(0.012) -2.59(0.007)
n=50 (v) -2.14(0.119) -2.35(0.058) -2.57(0.031) -2.70(0.009)
(vi) -2,22(0,133) -2.46(0.077) -2.61(0,039) -2.87(0.015)
(iv) -2.00(0.078) -2.22(0.033) -2.36(0.009) -2.51(0.002)
n=100 (v) -2.13(0.110) -2.41(0.061) -2.66(0.039) -2.90(0.015)
(vi) -2.13(0.111) -2.36(0.059) -2.59(0.031) -2.93(0.013)
Approx. (5.9) -2.08 -2.31 -2.51 -2.77
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Table 17

Upper critical values of the R, statistic under the logistic regression
model (4.5). Actual significance levels associated with the approximating

critical values given by (5.10) are shown in parentheses.

Configuration a=0.10 a =0,05 a=0.025 a=0.01
(1) 1.79(0.100) 1.99(0.048) 2.33(0.036) 2.45(0.017)
n=25 (i1) 1.83(0.105) 2.04(0.058) 2.23(0.033) 2.39(0.010)
(iii) 1.82(0.108) 2.00(0.051) 2.21(0.030) 2.55(0.018)
(1) 1.83(0.105) 2.01(0.055) 2.27(0.037) 2.61(0.015)
n=50 (i1) 1.73(0.085) 1.97(0.047) 2.14(0.025) 2.44(0.012)
(iii) 1.82(0.103) 2.04(0.062) 2.29(0.032) 2.58(0.015)
(1) 1.81(0.107) 2.02(0.055) 2.18(0.026) 2.43(0.012)
n=100 (i1) 1.79(0.096) 1.99(0.048) 2.11(0.020) 2.32(0.008)
(iii) 1.78(0.093) 1.95(0.033) 2.17(0.022.) 2.49(0.011)
Approx. (5.10) 1.80 2.00 2.18 2.40
(iv) 2.23(0.082) 2.43(0.038) 2.63(0.023) 2.83(0.010)
n=25 (v) 2.29(0.092) 2.51(0.051) 2.72(0.027) 2.93(0.010)
(vi) 2.27(0.088) 2.42(0.039) 2.65(0.023) 2.90(0.008)
(iv) 2.24(0.088) 2.44(0.044) 2.65(0.022) 2.88(0.008)
n=50 (V) 2.27(0.086) 2,47(0.047) 2.66(0.023) 2,87(0,009)
(vi) 2.27(0.094) 2,53(0.055) 2.7(0.026) 3.04(0.013)
(iv) 2.29(0.097) 2.52(0.057) 2.73(0.032) 2.97(0.012)
n=100 (v) 2.26(0.087) 2.46(0.044) 2.72(0.030) 2.91(0.008)
(vi) 2.33(0.110) 2.52(0.054) 2.73(0.032) 2.93(0.01)
Approx. (5.10) 2.30 2.51 2.69 2.94
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Table 18

Upper critical values of the Dnax statistic under the logistic regression
model (4.5).

critical values given by (5.8) are shown in parentheses.

Actual significance levels associated with the approximating

Configuration a=0.10 a=0.05 a =0.025 a=0.01
(1) 1.58(0.098) 1.77(0.046) 1.99(0.024) 2.24(0.011)
n=25 (i1) 1.56(0.086) 1.78(0.046) 1.97(0.023) 2.22(0.009)
(iii) 1.84(0.177) 2.09(0.112) 2.37(0.061) 2.63(0.035)
(1) 1.55(0.092) 1,81(0.051) 2.03(0.027) 2.30(0.012)
n=50 (i1) 1.60(0.103) 1.81(0,053) 2.10(0.031) 2.46(0.018)
(i) 1.76(0.144) 2.13(0.089) 2.34(0.063) 2.72(0.038)
(1) 1.55(0.084) 1.77(0.044) 1.94(0.019) 2.16(0.008)
n=100  (ii) 1.60(0.101) 1.85(0.059) 2.05(0.033) 2.25(0.012)
(iii) 1.67(0.125) 1..90(0.068) 2.15(0,039) 2.47(0.021)
(iv) 1.98(0.072) 2.19(0.034) 2.43(1.017) 2.62(0.01)
n=25 (v) 2.12(0.118) 2.46(0.073) 2.78(0.041) 3.04(0.28)
(vi) 2.07(0.099) 2.29(0.049) 2.55(0.026) 2.74(0.10)
(iv) 2.11(0.111) 2,32(0.053) 2.51(0.027) 2.82(0.014)
n=50 (v) 2.09(0.104) 2.36(0.056) 2.64(0.036) 2.98(0.018)
(vi) 2.04(0.090) 2.34(0.056) 2.54(0.029) 2.68(0.008)
(iv) 2.07(0.10) 2.34(0.056) 2.52(0.030) 2.67(0.000)
n=100 (v) 2.12(0.113) 2.35(0.058) 2.56(0.035) 2.77(0.011)
(vi) 2.14(0.130) 2.41(0.069) 2.55(0.030) 2.78(0.012)
Approx. 2.08 2.30 2.51 2.76
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Table 19

Lower critical values of the D,,;, statistic under the logistic regression
model (4.5). Actual significance levels associated with the approximating

critical values given by (5.9) are shown in parentheses.

Configuration a=0.10 a=0.05 a =0.025 a=0.01
(i) -1.84(0.166) -2.10(0.110) -2.42(0.071) -2.68(0.030)
n=25 (ii) -1.57(0.096) -1.90(0.057) -2.14(0.036) -2.45(0.019)
(iii) -1.54(0.096) -1.79(0.047) -1.96(0.020) -2.20(0.009)
)] -1.63(0.11) -1.90(0.067) -2.13(0,035) -2.40(0.02)
n=50 (i) -1.67(0.121) -1.90(0.070) -2.18(0.037) -2.51(0.023)
(iii) -1.53(0.083) -1.76(0.045) -2,05(0,030) -2.30(0.012)
(i) -1.62(0.109) -1.83(0.052) -2.08(0.031) -2.36(0.014)
n=100 (i) -1.57(0.087) -1.78(0.044) -2.04(0.025) -2.29(0.012)
(iii) -1.55(0.098) -1.78(0.044) -2.03(0.029) -2.31(0.012)
Approx. -1.60 -1 .80 -2.00 -2.23
(iv) -2.28(0.168) -2.52(0.092) -2,72(0.051) -2.98(0.020)
n=25 (v) -2.09(0.10) -2.32(0.051) -2.48(0.023) -2.65(0.006)
(vi) -1.90(0.064) -2.19(0.033) -2.45(0.020) -2.69(0.008)
(iv) -2.12(0.108) -2.39(0.06) -2.65(0.033) -3.12(0.021)
n=50 (v) -2.08(0.097) -2.25(0.044) -2.49(0.023) -2.73(0.006)
(vi) -1.94(0.059) -2.12(0.028) -2,37(0.015) -2.55(0.004)
(iv) -2.07(0.097) -2.27(0.041) -2.48(0.021) -2.87(0.011)
n=100  (v) -2.11(0.104) -2.31(0.050) -2.53(0.027) -2.83(0.011)
(vi) -2.05(0.091) -2.28(0.045) -2.55(0.027) -2.95(0.012)
-2.08 -2.31 -2.51 -2.77

Approx.
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Table 20

Upper critical values of the D, statistic under the logistic regression
model (4.5). Actual significance levels associated with the approximating
critical values given by (5.10) are shown in parentheses.

Configuration a=0,10 o =0,05 o =0.025 o =0.01
(1) 2.00(0.139) 2.22(0.090) 2.52(0.055) 2.75(0.030)
n=25 (11) 1.78(0.092) 2.01(0.053) 2.34(0.032) 2.55(0.014)
(111) 1.93(0.142) 2.16(0.075) 2.41(0.048) 2.63(0.020)
(1) 1.82(0.105) 2.06(0.058) 2.29(0.035) 2.55(0.017)
n=50 (i1) 1.81(0.106) 2.11(0.062) 2.32(0.039) 2.55(0.022)
(111) 1.91(0.118) 2.22(0.085) 2.48(0.056) 2.73(0.031)
(1) 1.79(0.089) 1.99(0.048) 2.16(0.025) 2.51(0.013)
n=100 (11) 1.77(0.091) 2.01(0.051) 2.18(0.026) 2.41(0.012)
(111) 1.80(0.097) 2.05(0.060) 2.32(0.037) 2.55(0.015)
Approx, 1.80 2.00 2.18 2.40
(iv) 2.40(0.124) 2.59(0.066) 2.80(0.037) 3.00(0.013)
n=25 (V) 2.36(0.114) 2.55(0.061) 2.84(0.038) 3.14(0.019)
(vi) 2.23(0.079) 2.47(0.044) 2.67(0.023) 2.86(0.007)
(iv) 2.32(0.105) 2.57(0.059) 2.90(0.038) 3.17(0.023)
n=50 (v) 2.27(0.096) 2.54(0.058) 2.75(0.031) 3.07(0.016)
(vi) 2.22(0.084) 2.48(0.044) 2.62(0.016) 2.77(0.003)
(iv) 2.28(0.095) 2.51(0.051) 2.67(0.025) 2.87(0.009)
n=100 (v) 2.31(0.104) 2.56(0.062) 2.74(0.031) 3.00(0.012)
(vi) 2.31(0.104) 2.53(0.053) 2.74(0.029) 3.11(0.016)
Approx. 2.30 2.51 2.69 2.93
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