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Multi-step iterations with errors for common fixed
points of a finite family of nonself asymptotically

nonexpansive mappings∗
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and Feng Gu
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Abstract. In this paper we established strong and weak conver-
gence theorems for a multi-step iterative scheme with errors for nonself
asymptotically nonexpansive mappings in the real uniformly convex Ba-
nach space. Our results extend and improve the ones announced by Lin
Wang [Lin Wang, Strong and weak convergence theorems for common
fixed points of nonself asymptotically nonexpansive mappings, J. Math.
Anal. Appl.(2005)].
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1. Introduction

Let K be a nonempty closed convex subset of a real normed linear space E. A
self-mapping T : K → K is said to be nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖ for
∀x, y ∈ K. A self-mapping T : K → K is called asymptotically nonexpansive if
there exist sequences {kn} ⊂ [1,∞), kn → 1 as n → ∞ such that

‖T nx− T ny‖ ≤ kn‖x− y‖ (1)

for ∀x, y ∈ K and each n ≥ 1.
Being an important generalization of the class of nonexpansive self-mappings,

the class of asymptotically nonexpansive self-mappings was introduced by Geobel
and Kirk [3] in 1972, who proved that if K is a nonempty closed convex subset

∗The present studies were supported by the Natural Science Foundation of Zhejiang Province
(Y605191), the Natural Science Foundation of Heilongjiang Province (A0211), the Scientific Re-
search Foundation from Zhejiang Province Education Committee (20051897).

†Department of Mathematics, Hangzhou Normal University, Hangzhou, Zhejiang 310036, China
‡Department of Mathematics, Hangzhou Normal University, Hangzhou, Zhejiang 310036,

China, e-mail: gufeng99@sohu.com
§The corresponding author

brought to you by COREView metadata, citation and similar papers at core.ac.uk

https://core.ac.uk/display/14391207?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


138 X. Ju and F.Gu

of a real uniformly convex Banach space and T is an asymptotically nonexpansive
self-mapping on K, then T has a fixed point.

Iterative techniques for approximating fixed points of nonexpansive self-mapp-
ings have been studied by various authors (see, e.g., [3,4]), using the Mann iteration
process or the Ishikawa iteration process. For nonself nonexpansive mappings, some
authors (see, e.g., [5,6]) have studied the strong and weak convergence theorems
in Hilbert space or uniformly convex Banach spaces, using one or two-step itera-
tion. The concept of nonself asymptotically nonexpansive mappings was introduced
by Chidume [1] in 2003 as the generalization of asymptotically nonexpansive self-
mappings. The nonself asymptotically nonexpansive mapping is defined as follows:
Definition 1.1[1]. Let K be a nonempty subset of real normed linear space E.
Let P : E → K be the nonexpansive retraction of E onto K. A nonself mapping
T : K → E is called asymptotically nonexpansive if there exist sequences{kn} ⊂
[1,∞), kn → 1 as n → ∞ such that

‖T (PT )n−1x− T (PT )n−1y‖ ≤ kn‖x− y‖ (2)

for ∀x, y ∈ K and each n ≥ 1.
By studying the following iteration process:

x1 ∈ K,xn+1 = P ((1 − αn)xn + αnT (PT )n−1xn), (3)

Chidume [1] got the following strong and weak convergence theorems for nonself
asymptotically nonexpansive mappings.
Theorem 1[1]. Let E be a real uniformly convex Banach space and K a nonempty
closed convex subset of E. Let T : K → E be a completely continuous and asymptot-
ically nonexpansive map with sequence {kn} ⊂ [1,∞) such that

∑∞
n=1(k2

n − 1) < ∞
and F (T ) = ∅. Let {αn} ⊂ (0, 1) be such that ε ≤ 1 − αn ≤ 1 − ε, ∀n ≥ 1 and
some ε > 0. From arbitrary x1 ∈ K, define the sequence {xn} by (3). Then {xn}
converges strongly to some fixed point of T .
Theorem 2[1]. Let E be a real uniformly convex Banach space which has a Fréchet
differentiable norm and K a nonempty closed convex subset of E. Let T : K →
E be an asymptotically nonexpansive map with sequence {kn} ⊂ [1,∞) such that∑∞

n=1(k2
n − 1) < ∞ and F (T ) = ∅. Let {αn} ⊂ (0, 1) be such that ε ≤ 1 − αn ≤

1 − ε, ∀n ≥ 1 and some ε > 0. From arbitrary x1 ∈ K, define the sequence {xn} by
(3). Then {xn} converges weakly to some fixed point of T .
Remark 1.1. If T is a self-mapping, then P becomes the identity mapping so that
(2) reduces to (1).

By studying the following iterative process:


x1 ∈ K,
xn+1 = P ((1 − αn)xn + αnT1(PT1)n−1yn),
yn = P ((1 − βn)xn + βnT2(PT2)n−1xn), n ≥ 1,

(4)

Lin Wang [2] constructed an iteration scheme for approximating common fixed
points of two nonself asymptotically nonexpansive mappings and got the follow-
ing strong and weak convergence theorems for such mappings in uniformly convex
Banach spaces.
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Theorem 3[2]. Let K be a nonempty closed convex subset of a real uniformly
convex Banach space E. Suppose T1, T2 : K → E are two nonself asymptotically
nonexpansive mappings with sequences {kn}, {ln} ⊂ [1,∞) such that

∑∞
n=1(kn −

1) < ∞,
∑∞

n=1(ln − 1) < ∞ and kn → 1, ln → 1, as n → ∞, respectively. Let {xn}
be defined by (4), where {αn}, {βn} are two sequences in [ε, 1 − ε) for some ε > 0.
If one of T1 and T2 is completely continuous, and F (T1)

⋂
F (T2) = ∅, then {xn}

converges strongly to a common fixed point of T1 and T2.
Theorem 4[2]. Let K be a nonempty closed convex subset of a real uniformly
convex Banach space E satisfying Opial’s condition. Suppose T1, T2 : K → E
are two nonself asymptotically nonexpansive mappings with sequences {kn}, {ln} ⊂
[1,∞) such that

∑∞
n=1(kn − 1) < ∞,

∑∞
n=1(ln − 1) < ∞ and kn → 1, ln → 1,

as n → ∞, respectively. Let {xn} be defined by (4), where {αn}, {βn} are two
sequences in [ε, 1 − ε) for some ε > 0. If F (T1)

⋂
F (T2) = ∅, then {xn} converges

weakly to a common fixed point of T1 and T2.
Remark 1.2. As T1 = T2 and βn = 0 for all n ≥ 1, the iteration scheme (4)
reduces to (3).

The purpose of this paper is to construct an iteration scheme for approximating
common fixed points of m nonself asymptotically nonexpansive mappings and to
prove some strong and weak convergence theorems for such mappings in uniformly
convex Banach spaces.

2. Preliminaries

Let E be a real uniformly convex Banach space and K a nonempty closed convex
subset of E, which is also a nonexpansive retract of E with retraction P . Let
Ti : K → E be nonself asymptotically nonexpansive mappings. For approximating
the common fixed points of m nonself asymptotically nonexpansive mappings, we
generalize the iteration scheme as follows:

x
(1)
n = P (α(1)

n T1(PT1)n−1xn + β(1)
n xn + γ(1)

n µ(1)
n )

x
(2)
n = P (α(2)

n T2(PT2)n−1x(1)
n + β(2)

n xn + γ(2)
n µ(2)

n )

x
(3)
n = P (α(3)

n T3(PT3)n−1x(2)
n + β(3)

n xn + γ(3)
n µ(3)

n )
...

x
(m−1)
n = P (α(m−1)

n Tm−1(PTm−1)n−1x(m−2)
n + β(m−1)

n xn + γ(m−1)
n µ(m−1)

n )
xn+1 = x(m)

n = P (α(m)
n Tm(PTm)n−1x(m−1)

n + β(m)
n xn + γ(m)

n µ(m)
n ) (5)

where {µ1
n}, {µ2

n}, . . . , {µm
n } are bounded sequences in K, and {α(i)

n }, {β(i)
n }, {γ(i)

n }
are appropriate real sequences in [0, 1] such that α

(i)
n + β

(i)
n + γ

(i)
n = 1 for each

i ∈ {1, 2, . . . ,m}.
For the sake of convenience, we restate the following concepts results:

Let E be a Banach space with dimension E ≥ 2. The modulus of E is the function
δE : (0, 2] → [0, 1] defined by

δE(ε) = inf{1 − ‖1
2

(x + y)‖ : ‖x‖ = 1, ‖y‖ = 1, ε = ‖x− y‖}.
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Banach space E is uniformly convex if and only if δE(ε) > 0 for all ε ∈ (0, 2].
A subset K of E is said to be retract if there exists continuous mapping P :

E → K such that Px = x for all x ∈ K. Every closed convex subset of a uniformly
convex Banach space is a retract. A mapping P : E → E is said to be a retraction
if P 2 = P .

Remark 2.1. If a mapping P is a retraction, then Pz = z for every z ∈ R(P ),
range of P .

A Banach space E is said to satisfy Opial’s condition if for any sequence {xn} ⊂
E, xn ⇀ x implies that lim supn→∞ ‖xn − x‖ < lim supn→∞ ‖xn − y‖ for all y ∈ E
with y = x, where xn ⇀ x denotes that {xn} converges weakly to x.

A mapping T : K → E is said to be semi-compact if for any sequence {xn} in
K such that ‖xn −Txn‖ → 0(n → ∞), there exists subsequence {xnj} of {xn} such
that {xnj} converges strongly to x∗ ∈ K.

A mapping T with domain D(T ) and R(T ) in E is said to be demiclosed at p if
whenever {xn} is a sequence in D(T ) such that {xn} converges weakly to x∗ ∈ D(T )
and {Txn} converges strongly to p, then Tx∗ = p.

Lemma 2.1[7]. Let{αn} and {tn} be two nonnegative sequences satisfying

αn+1 ≤ αn + tn for all n ≥ 1.

If
∑∞

n=1 tn < ∞, then limn→∞ αn exists.

Lemma 2.2[8]. Let E be a real uniformly convex Banach space and 0 ≤ p ≤
tn ≤ q < 1 for all positive integers n ≥ 1. Also suppose that {xn} and {yn}
are two sequences of E such that lim supn→∞ ‖xn‖ ≤ r, lim supn→∞ ‖yn‖ ≤ r and
lim supn→∞ ‖tnxn + (1 − tn)yn‖ = r hold for some r ≥ 0, then lim supn→∞ ‖xn −
yn‖ = 0.

Lemma 2.3[1]. Let E be a real uniformly convex Banach space, K a nonempty
closed subset of E, and let T : K → E be nonself asymptotically nonexpansive
mapping with a sequence {kn} ⊂ [1,∞) and kn → 1 as n → ∞. Then I − T is
demiclosed at zero.

3. Main results

Lemma 3.1. Let K be a nonempty closed convex and bounded subset of a real
normed linear space E. Let Ti : K → E be m nonself asymptotically nonexpansive
mappings with sequences k

(i)
n ⊂ [1,∞) such that Σ∞

n=1(k(i)
n − 1) < ∞, k

(i)
n → 1 as

n → ∞, i ∈ {1, 2, · · · ,m}. Suppose that {α(i)
n }, {β(i)

n } and {γ(i)
n } are three real

sequences in [0, 1), {xn} is defined by (5) with the following restrictions:

(i) α
(i)
n + β

(i)
n + γ

(i)
n = 1 for all i ∈ {1, 2, · · · ,m}, n ≥ 1.

(ii) Σ∞
n=1γ

(i)
n < ∞ for all i ∈ {1, 2, · · · ,m}, n ≥ 1.

If
⋂m

i=1 F (Ti) = ∅, then limn→∞ ‖xn − q‖ exists for each q ∈ ⋂m
i=1 F (Ti).
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Proof. Setting k
(i)
n = 1 + l

(i)
n . Since Σ∞

n=1(k(i)
n − 1) < ∞, so Σ∞

n=1l
(i)
n < ∞. For

any q ∈ ⋂m
i=1 F (Ti), by (5), we have

‖x(1)
n − q‖ = ‖P (α(1)

n T1(PT1)n−1xn + β(1)
n xn + γ(1)

n µ(1)
n ) − q‖

≤ ‖α(1)
n T1(PT1)n−1xn + β(1)

n xn + γ(1)
n µ(1)

n − q‖
≤ α(1)

n ‖T1(PT1)n−1xn − q‖ + β(1)
n ‖xn − q‖ + γ(1)

n ‖µ(1)
n − q‖

≤ α(1)
n (1 + l(1)n )‖xn − q‖ + β(1)

n ‖xn − q‖ + γ(1)
n ‖µ(1)

n − q‖
= (α(1)

n + β(1)
n )‖xn − q‖ + α(1)

n l(1)n ‖xn − q‖ + γ(1)
n ‖µ(1)

n − q‖
≤ ‖xn − q‖ + d(1)

n (6)

where d
(1)
n = α

(1)
n l

(1)
n ‖xn − q‖ + γ

(1)
n ‖µ(1)

n − q‖, since Σ∞
n=1l

(1)
n < ∞, Σ∞

n=1γ
(1)
n < ∞,

and {α(1)
n }, {‖xn − q‖}, {‖µ(1)

n − q‖} are bounded, we see that Σ∞
n=1d

(1)
n < ∞. It

follows from (6) that

‖x(2)
n − q‖ ≤ α(2)

n (1 + l(2)n )‖x(1)
n − q‖ + β(2)

n ‖xn − q‖ + γ(2)
n ‖µ(2)

n − q‖
≤ α(2)

n (1 + l(2)n )(‖xn − q‖ + d(1)
n ) + β(2)

n ‖xn − q‖ + γ(2)
n ‖µ(2)

n − q‖
= (α(2)

n + β(2)
n )‖xn − q‖ + α(2)

n l(2)n ‖xn − q‖ + γ(2)
n ‖µ(2)

n − q‖
+α(2)

n (1 + l(2)n )d(1)
n

≤ ‖xn − q‖ + α(2)
n l(2)n ‖xn − q‖ + γ(2)

n ‖µ(2)
n − q‖ + α(2)

n (1 + l(2)n )d(1)
n

= ‖xn − q‖ + d(2)
n

where d
(2)
n = α

(2)
n l

(2)
n ‖xn − q‖ + γ

(2)
n ‖µ(2)

n − q‖ + α
(2)
n (1 + l

(2)
n )d(1)

n , since Σ∞
n=1l

(2)
n <

∞,Σ∞
n=1γ

(2)
n < ∞, Σ∞

n=1d
(1)
n < ∞, and {α(2)

n }, {‖xn−q‖}, {‖µ(2)
n −q‖} are bounded,

we see that Σ∞
n=1d

(2)
n < ∞.

By continuing the above method, there are nonnegative real sequences {d(i)
n }

such that Σ∞
n=1d

(i)
n < ∞ and

‖x(i)
n − q‖ ≤ ‖xn − q‖ + d(i)

n , (7)

for all i ∈ {1, 2, · · · ,m}. This together with Lemma 2.1 gives that limn→∞ ‖xn−q‖
exists. This completes the proof. ✷

Lemma 3.2. Let K be a nonempty closed convex subset of a real uniformly con-
vex Banach space E. Let Ti : K → E be m nonself asymptotically nonexpansive
mappings with sequences k

(i)
n ⊂ [1,∞) such that Σ∞

n=1(k(i)
n − 1) < ∞, k

(i)
n → 1, as

n → ∞, i ∈ {1, 2, · · · ,m}. Suppose that {α(i)
n }, {β(i)

n } and {γ(i)
n } are three real

sequences in [0, 1), {xn} is defined by (5) with the following restrictions:

(i) α
(i)
n + β

(i)
n + γ

(i)
n = 1 for all i ∈ {1, 2, · · · ,m}, n ≥ 1.

(ii) Σ∞
n=1γ

(i)
n < ∞ for all i ∈ {1, 2, · · · ,m}, n ≥ 1.

If
⋂m

i=1 F (Ti) = ∅, then limn→∞ ‖xn − Tixn‖ = 0 for all i ∈ {1, 2, · · · ,m}.
Proof. Setting k

(i)
n = 1 + l

(i)
n . Taking q ∈ ⋂m

i=1 F (Ti), i ∈ {1, 2, · · · ,m}, by
Lemma 3.1, we see that limn→∞ ‖xn−q‖ exists. Assume limn→∞ ‖xn−q‖ = a, a ≥
0. From (7), we note that

‖x(m−1)
n − q‖ ≤ ‖xn − q‖ + d(m−1)

n , ∀n ≥ 1
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where {d(m−1)
n } is a nonnegative real sequence such that Σ∞

n=1d
(m−1)
n < ∞. It

follows that

lim sup
n→∞

‖x(m−1)
n − q‖ ≤ lim sup

n→∞
‖xn − q‖ = lim

n→∞ ‖xn − q‖ = a, (8)

from where we have

lim sup
n→∞

‖Tm(PTm)n−1x(m−1)
n − q‖ ≤ lim sup

n→∞
(1 + l(m)

n )‖x(m−1)
n − q‖ ≤ a.

Next, we deserve that

‖Tm(PTm)n−1x(m−1)
n − q + γ(m)

n (µ(m)
n − xn)‖ ≤ ‖Tm(PTm)n−1x(m−1)

n − q‖
+‖γ(m)

n (µ(m)
n − xn)‖.

Thus we have

lim sup
n→∞

‖Tm(PTm)n−1x(m−1)
n − q + γ(m)

n (µ(m)
n − xn)‖ ≤ a. (9)

Also,

‖x(m−1)
n − q + γ(m)

n (µ(m)
n − xn)‖ ≤ ‖x(m−1)

n − q‖ + ‖γ(m)
n (µ(m)

n − xn)‖
gives that

lim sup
n→∞

‖x(m−1)
n − q + γ(m)

n (µ(m)
n − xn)‖ ≤ a (10)

and note that

a = lim
n→∞ ‖x(m)

n − q‖
= lim

n→∞ ‖α(m)
n Tm(PTm)n−1x(m−1)

n +(1−α(m)
n )xn−γ(m)

n xn+γ(m)
n µ(m)

n

−(1−α(m)
n )q−α(m)

n q‖
= lim

n→∞ ‖α(m)
n Tm(PTm)n−1x(m−1)

n − α(m)
n q + α(m)

n γ(m)
n µ(m)

n − α(m)
n γ(m)

n xn

+(1 − α(m)
n )xn − (1 − α(m)

n )q − γ(m)
n xn + γ(m)

n µ(m)
n

−α(m)
n γ(m)

n µ(m)
n + α(m)

n γ(m)
n xn‖

= lim
n→∞ ‖α(m)

n (Tm(PTm)n−1x(m−1)
n −q+γ(m)

n (µ(m)
n −xn))

+(1−α(m)
n )(xn−q+γ(m)

n (µ(m)
n −xn))‖.

This together with (9), (10) and Lemma 2.2, gives

lim
n→∞ ‖Tm(PTm)n−1x(m−1)

n − xn‖ = 0 (11)

In addition,

‖xn − q‖ ≤ ‖xn − Tm(PTm)n−1x(m−1)
n ‖ + ‖Tm(PTm)n−1x(m−1)

n − q‖
≤ ‖xn − Tm(PTm)n−1x(m−1)

n ‖ + (1 + l(m)
n )‖x(m−1)

n − q‖
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Taking liminf on both sides in the inequality above, by(11) we have

lim inf
n→∞ ‖x(m−1)

n − q‖ ≥ a. (12)

Thus, it follows from (8) and (12) that

lim
n→∞ ‖x(m−1)

n − q‖ = a.

Since

‖x(m−1)
n − q‖

= ‖P (α(m−1)
n Tm−1(PTm−1)n−1x(m−2)

n + β(m−1)
n xn + γ(m−1)

n µ(m−1)
n ) − q‖

≤ ‖α(m−1)
n (Tm−1(PTm−1)n−1x(m−2)

n − q + γ(m−1)
n (µ(m−1)

n − xn))
+(1 − α(m−1)

n )(xn − q + γ(m−1)
n (µ(m−1)

n − xn))‖
≤ ‖α(m−1)

n (1 + l(m−1)
n )‖x(m−2)

n − q‖ + (1 − α(m−1)
n )‖xn − q‖

+γ(m−1)
n ‖µ(m−1)

n − xn‖
≤ α(m−1)

n (1 + l(m−1)
n )(‖xn − q‖ + d(m−2)

n ) + (1 − α(m−1)
n )‖xn − q‖

+γ(m−1)
n ‖µ(m−1)

n − xn‖
= (1 + α(m−1)

n l(m−1)
n )‖xn − q‖ + α(m−1)

n (1 + l(m−1)
n )d(m−2)

n

+γ(m−1)
n ‖µ(m−1)

n − xn‖ (13)

where Σ∞
n=1d

(m−2)
n < ∞, taking lim on both sides in the inequality above, we have

lim
n→∞ ‖α(m−1)

n (Tm−1 (PTm−1)n−1x(m−2)
n − q + γ(m−1)

n (µ(m−1)
n − xn)

+(1 − α(m−1)
n )(xn − q + γ(m−1)

n (µ(m−1)
n − xn)‖ = a.

Then by Lemma 2.2, we obtain,

lim
n→∞ ‖Tm−1(PTm−1)n−1x(m−2)

n − xn‖ = 0. (14)

We now prove that limn→∞ ‖xn+1 − x
(m−1)
n ‖ = 0:

‖xn+1 − x(m−1)
n ‖

= ‖P (α(m)
n Tm(PTm)n−1x(m−1)

n + β(m)
n xn + γ(m)

n µ(m)
n ) − x(m−1)

n ‖
≤ ‖α(m)

n Tm(PTm)n−1x(m−1)
n + (1 − α(m)

n − γ(m)
n )xn + γ(m)

n µ(m)
n − x(m−1)

n ‖
≤ α(m)

n ‖Tm(PTm)n−1x(m−1)
n − xn‖ + γ(m)

n ‖µ(m)
n − xn‖ + ‖xn − x(m−1)

n ‖
≤ α(m)

n ‖Tm(PTm)n−1x(m−1)
n − xn‖ + γ(m)

n ‖µ(m)
n − xn‖

+α(m−1)
n ‖Tm−1(PTm−1)n−1x(m−2)

n − xn‖ + γ(m−1)
n ‖µ(m−1)

n − xn‖.

Taking lim on both sides in the inequality above, by (11) and (14) we have

lim
n→∞ ‖xn+1 − x(m−1)

n ‖ = 0,
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and therefore

lim
n→∞ ‖xn − x

(m−1)
n−1 ‖ = 0. (15)

Further by(11), we still have

lim
n→∞ ‖xn+1 − Tm(PTm)n−1x(m−1)

n ‖ = 0 (16)

and

‖xn − Tmxn‖
= ‖xn − Tm(PTm)n−1x(m−1)

n + Tm(PTm)n−1x(m−1)
n − Tmxn‖

≤ ‖xn − Tm(PTm)n−1x(m−1)
n ‖ + ‖Tm(PTm)n−1x(m−1)

n − Tm(PTm)n−1x
(m−1)
n−1 ‖

+‖Tm(PTm)n−1x
(m−1)
n−1 − Tmxn‖

≤ ‖xn − Tm(PTm)n−1x(m−1)
n ‖ + (1 + l(m)

n )‖x(m−1)
n − x

(m−1)
n−1 ‖

+(1 + l
(m)
1 )‖Tm(PTm)n−2x

(m−1)
n−1 − xn‖. (17)

It follows from (16) that

lim
n→∞ ‖Tm(PTm)n−2x

(m−1)
n−1 − xn‖ = 0. (18)

In addition,

‖x(m−1)
n − x

(m−1)
n−1 ‖

= ‖x(m−1)
n − Tm−1(PTm−1)n−1x(m−2)

n + Tm−1(PTm−1)n−1x(m−2)
n − x

(m−1)
n−1 ‖

≤ ‖x(m−1)
n − Tm−1(PTm−1)n−1x(m−2)

n ‖ + ‖Tm−1(PTm−1)n−1x(m−2)
n − xn‖

+‖xn − x
(m−1)
n−1 ‖

≤ (α(m−1)
n + 2)‖Tm−1(PTm−1)n−1x(m−2)

n − xn‖ + γ(m−1)
n ‖µ(m−1)

n − xn‖
+‖xn − x

(m−1)
n−1 ‖

Taking lim on both sides in the inequality above, by (14) and (15) we have

lim
n→∞ ‖x(m−1)

n − x
(m−1)
n−1 ‖ = 0. (19)

By (11), (18) and (19), it follows from (17) that limn→∞ ‖xn − Tmxn‖ = 0. Simi-
larly, we may show that limn→∞ ‖xn − Tixn‖ = 0, i ∈ {1, 2, · · · ,m}. The proof is
completed. ✷

Theorem 3.3. Let K be a nonempty closed convex and bounded subset of a real
uniformly convex Banach space E. Let Ti : K → E be m nonself asymptotically
nonexpansive mappings with sequences k

(i)
n ⊂ [1,∞) such that Σ∞

n=1(k(i)
n − 1) <

∞, k
(i)
n → 1 as n → ∞, i ∈ {1, 2, · · · ,m}. Suppose that {α(i)

n }, {β(i)
n } and {γ(i)

n } are
three real sequences in [0, 1), {xn} is defined by (5) with the following restrictions:
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(i) α
(i)
n + β

(i)
n + γ

(i)
n = 1 for all i ∈ {1, 2, · · · ,m}, n ≥ 1.

(ii) Σ∞
n=1γ

(i)
n < ∞ for all i ∈ {1, 2, · · · ,m}, n ≥ 1.

If one of Ti is completely continuous, and
⋂m

i=1 F (Ti) = ∅, then {xn} converges
strongly to a common fixed point of {Ti}m

i=1.
Proof. By Lemma 3.1, the sequence {xn} is bounded. In addition, by Lemma 3.2,

limn→∞ ‖xn − Tixn‖ = 0, then {Tixn}m
i=1 are also bounded. If T1 is completely

continuous, there exists subsequence {T1xnj} of {T1xn} such that T1xnj → q
as j → ∞. It follows from Lemma 3.2 that limj→∞ ‖xnj − Tixnj‖ = 0. Then
limj→∞ ‖xnj − q‖ = 0. So by Lemma 2.3 we have q ∈ ⋂m

i=1 F (Ti). Furthermore, by
Lemma 3.1 we get that limj→∞ ‖xn − q‖ exists. Thus limj→∞ ‖xn − q‖ = 0. The
proof is completed. ✷

Theorem 3.4. Let K be a nonempty closed convex and bounded subset of a real
uniformly convex Banach space E satisfying Opial’s condition. Let Ti : K → E be
m nonself asymptotically nonexpansive mappings with sequences k

(i)
n ⊂ [1,∞) such

that Σ∞
n=1(k(i)

n −1) < ∞, k
(i)
n → 1 as n → ∞, i ∈ {1, 2, · · · ,m}. Suppose that {α(i)

n },
{β(i)

n } and {γ(i)
n } are three real sequences in [0, 1), {xn} is defined by (5) with the

following restrictions:

(i) α
(i)
n + β

(i)
n + γ

(i)
n = 1 for all i ∈ {1, 2, · · · ,m}, n ≥ 1.

(ii) Σ∞
n=1γ

(i)
n < ∞ for all i ∈ {1, 2, · · · ,m}, n ≥ 1.

If
⋂m

i=1 F (Ti) = ∅, then {xn} converges weakly to a common fixed point of {Ti}m
i=1.

Proof. For any q ∈ ⋂m
i=1 F (Ti), it follows from Lemma 3.1 that limj→∞ ‖xn−q‖

exists. We now prove that {xn} has a unique weak subsequential limit in
⋂m

i=1 F (Ti).
Firstly, let q1 and q2 be weak limits of subsequence {xnj} and {xnk

} of {xn},
repectively. By Lemma 3.2 and 2.3 we know that q1, q2 ∈ ⋂m

i=1 F (Ti). Secondly,
assume q1 = q2, then by Opial’s condition we obtain

lim
n→∞ ‖xn − q1‖ = lim

k→∞
‖xnk

− q1‖ < lim
k→∞

‖xnk
− q2‖ = lim

j→∞
‖xnj − q2‖

< lim
k→∞

‖xnk
− q1‖ = lim

n→∞ ‖xn − q1‖, (20)

which is a contradiction, hence q1 = q2. Then {xn} converges weakly to a common
fixed point of {Ti}m

i=1. The proof is completed. ✷
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