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Master equations govern the time evolution of a quantum system interacting with an environment,
and may be written in a variety of forms. Time-independent or memoryless master equations, in
particular, can be cast in the well-known Lindblad form. Any time-local master equation, Markovian
or non-Markovian, may in fact also be written in a Lindblad-like form. A diagonalisation procedure
results in a unique, and in this sense canonical, representation of the equation, which may be used to
fully characterize the non-Markovianity of the time evolution. Recently, several different measures of
non-Markovianity have been presented which reflect, to varying degrees, the appearance of negative
decoherence rates in the Lindblad-like form of the master equation. We therefore propose using the
negative decoherence rates themselves, as they appear in the canonical form of the master equation,
to completely characterize non-Markovianity. The advantages of this are especially apparent when
more than one decoherence channel is present. We show that a measure proposed by Rivas et al. is
a surprisingly simple function of the canonical decoherence rates, and give an example of a master
equation that is non-Markovian for all times t > 0, but to which nearly all proposed measures are
blind. We also give necessary and sufficient conditions for trace distance and volume measures to
witness non-Markovianity, in terms of the Bloch damping matrix.

PACS numbers: 03.65.Yz, 03.65.Ta, 42.50.Lc

I. INTRODUCTION

An open quantum system is a quantum system whose
dynamics is determined both by interactions internal to
the system, and by influences from an environment. As
no physical system is truly isolated, this is a situation
which applies very widely. Time-independent or mem-
oryless behavior leads to Markovian master equations
in the so-called Lindblad form [1, 2]. Lindblad master
equations have been extensively used to describe phe-
nomena in e.g. quantum optics, semiconductor physics
and atomic physics, ranging from the decay of an atom
to a quantum-mechanical description of Brownian mo-
tion [3–5].

The non-Markovian case is less well understood, but
is becoming increasingly relevant as our ability to exper-
imentally control quantum systems develops. Simple ex-
amples are a damped harmonic oscillator and a damped
driven two-level atom [3, 4]. Also, the vast majority
of calculations of error thresholds for quantum comput-
ing makes the assumption that the noise processes are
Markovian. This is not necessarily physically realistic [6].

Recently, several different measures of non-Markov-
ianity have been proposed [7–15]. For example, the mea-
sure in [8] is based on whether it is possible for the trace
distance between two initial states to increase as a func-
tion of time. If the time evolution starting from a time t0
is completely positive, then the trace distance cannot ex-
ceed its inital value at t0, but it could first decrease and
then increase again. This would be a signature of non-
Markovian behavior. Other signatures of this type are
based on increases in entanglement [9, 11, 12], Fisher in-

formation and Bures distance [10, 13, 14], and the volume
of states [15]. Measures directly based on the definition
of complete positivity, such as the amount of isotropic
noise needed to make the evolution completely positive
[7], have also been suggested [7, 9].

The above measures are all compatible with a defini-
tion of Markovianity corresponding to being able to write
the master equation in a local-in-time Lindblad-like form,
such that all decoherence rates γk(t) are positive at all
times. Mathematically equivalent characterizations for
finite-dimensional systems are that the evolution is divis-
ible into a sequence of infinitesimal completely positive
evolutions [9, 16] (analogous to the classical Chapman-
Kolmogorov equation [17]), and that the evolution can
be modelled by standard quantum jump trajectories for
the system [18–20]. Hence, a natural definition of non-
Markovian time evolution is the unavoidable appearance
of one or more negative decoherence rates in the master
equation.

In order to obtain a fundamental characteriza-
tion underlying the many proposed measures of non-
Markovianity, it follows that one should focus on their
common point of origin, i.e., the negative decoherence
rates γk(t) themselves. We will show that this leads to
a unique measure that gives a complete picture of non-
Markovianity even when there are several decoherence
channels present. Also, it does not require solving the
master equation to obtain the time evolution of the sys-
tem, or optimising over initial states.

Any function of the γk(t) that can witness their neg-
ativity in at least some cases will be a valid measure of
non-Markovianity, and the measures in [7–13, 15] can be
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viewed in this way. Corresponding signatures, such as
increasing trace distance or increasing entanglement, are
useful as experimentally accessible indicators of the pres-
ence of negative decoherence rates [21, 22]. If only one
decoherence channel is present, these measures are more
or less equivalent to knowledge of γ(t) [8, 9]. However,
more generally, they may not witness non-Markovian evo-
lution even when it is present.
If one is to base a measure of non-Markovianity di-

rectly on the negativity of decoherence rates in a master
equation, it is essential to have a unique form of the equa-
tion, since each master equation may be written in many
ways. This is indeed a reason cited in [8] for not bas-
ing a definition of non-Markovanity directly on a master
equation. Fortunately, there is such a unique and canon-
ical form. This result is a straightforward extension of
the treatment in [2]. General forms of time-local master
equations have been used previously e.g. in [16, 18, 23],
but the significance and usefulness of the unique diago-
nal form of the equation has, as far as we are aware, not
been emphasized. Neither is the generality of time-local
master equations [24] as widely recognised as it should
be. We will therefore start by presenting the canonical
form of a time-local master equation in Sec. II, before
discussing how this gives rise to a natural means of com-
pletely quantifying non-Markovianity in Sec. III, in terms
of the canonical decoherence rates.
In Sec. IV we consider various proposed measures of

non-Markovianity [7–13, 15], and assess their relative
abilities to witness non-Markovianity. We find, surpris-
ingly, that none of the measures based on an increas-
ing distance, volume or entanglement can witness the
non-Markovianity of a simple qubit example. However,
the Choi-matrix based measures of Wolf et al. [7] and
Rivas et al. [9] are always faithful witnesses of non-
Markovianity, and are shown to be simple functions of
the canonical decoherence rates. We also give simple
necessary and sufficient conditions for trace distance and
volume measures to be able to witness non-Markovianity,
in terms of the Bloch damping matrix.
Conclusions are presented in Sec. V. Technical details

are largely deferred to the Appendices.

II. FORMS OF MASTER EQUATIONS

A. Memoryless master equations

Under fairly general conditions, a master equation for
a system density operator ρ takes the form [25, 26]

ρ̇(t) = − i

~
[HS , ρ(t)] +

∫ t

0

Ks,t[ρ(s)] ds. (1)

Here HS is the system Hamiltonian, and the memory
kernel Ks,t is a linear map describing the effects of the
environment on the system. The Born-Markov approxi-
mation amounts to approximating the memory kernel (in

the interaction picture) by Ks,t ≈ δ(t − s)Kt. Further,
any explicit time dependence in Kt typically comprises
rapidly fluctuating terms, that may be removed via a
secular (or random wave) approximation to give a mem-
oryless master equation of Lindblad form [3]:

ρ̇ = − i

~
[H, ρ] +

∑

k

γk

(

L̂kρL̂
†
k −

1

2

{

L̂†
kL̂k, ρ

}

)

. (2)

Here the γk are positive constants, called decoherence
rates, and the unitary part of the time evolution corre-
sponding to H may include effects arising from the en-
vironment [3]. The Lindblad form in Eq. (2) may also
be derived under the assumptions that the evolution is
completely positive and generated by a dynamical semi-
group [1].

B. Time-local master equations

More generally, even when the system ‘remembers’
its previous evolution, it has been shown via the time-
convolutionless projection operator method [27, 28] that
a general master equation (1) often can be written in
a time-local form, ρ̇(t) = Λt[ρ(t)], where Λt is, among
other requirements, a linear map such that Λt[ρ] is Her-
mitian and traceless for all ρ. An alternative approach,
for the class of master equations obtained from the re-
duced memoryless evolution of a system plus ancilla, is
given in [35]. Such a description of the evolution is not
only convenient, but appears necessary, for example, to
construct a quantum trajectory unravelling in terms of
possible ‘paths’ the time evolution of the system may
take [18, 19, 29–31].
For an alternate and very simple proof that memory-

kernel master equations can typically be written in time-
local form [32], consider some evolution process described
by the linear (usually completely positive) map ρ(t) =
φt[ρ(0)], which satisfies a memory-kernel master equation
of the general form in Eq. (1). If it is assumed that
the map φt is invertible for the time interval considered,
i.e., that there exists a linear map φ−1

t satisfying φ−1
t ◦

φt = 1 where 1 is the identity map, then one can write,
absorbing the Hamiltonian component into Ks,t,

ρ̇(t) =

∫ t

0

ds (Ks,t ◦ φs)[ρ(0)]

=

∫ t

0

ds (Ks,t ◦ φs ◦ φ−1
t ){φt[ρ(0)]}

= Λt[ρ(t)], (3)

where Λt :=
∫ t

0
dsKs,t ◦ φs ◦ φ−1

t , which is of time-local
(albeit in general complicated) form.
The assumption that the evolution is invertible is not

strong, and is violated only if two initially distinct states
evolve to the same state at some finite time t (e.g., if an
‘equilibrium state’ is reached within a finite time rather
than asymptotically). As shown in [32], even in this case
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it is sometimes possible to describe the evolution by a
time-local master equation. Typically, decoherence rates
approach infinity at times when the evolution is not in-
vertible [32–35]. Note also that even if the time evolu-
tion is not invertible for isolated points in time, but a
time-local master equation exists for other times, it can
still be used for a characterization of non-Markovianity.
Physically relevant examples where the time evolution is
invertible for all times include spontaneous emission and
optical phase diffusion [36], where the latter is also an
example of a time-local master equation corresponding
to non-Markovian evolution.

C. Canonical form for master equation

The Lindblad form for memoryless master equations
in Eq. (2) is non-unique, as γk and Lk can be chosen in
infinitely many different ways, corresponding to different
Kraus decompositions of completely positive maps [1].
Nevertheless, as shown in Appendix A by explicit con-
struction, any time-local master equation, ρ̇ = Λt[ρ(t)] =
∑

k Ak(t)ρBk(t), can be cast in a canonical Lindblad-like
form that uniquely defines a set of corresponding ‘canon-
ical’ decoherence rates. Hence, this form is suitable for
characterizing non-Markovianity.
The key to obtaining the canonical form is to first

rewrite the master equation in terms of a corresponding
time-dependent ‘decoherence matrix’. The eigenvalues
and eigenvectors of this matrix directly determine the
canonical decoherence rates γk(t) and decoherence oper-
ators Lk(t), and the corresponding canonical decoherence
channels are mutually orthogonal in the sense defined be-
low. The derivation is a straightforward extension of the
approach in [2] (see [16, 38]), and deserves to be more
generally known.
In particular, as shown in Appendix A, any local-in-

time master equation, for a quantum system having a
d-dimensional Hilbert space, can be written in the canon-
ical form

ρ̇ = − i

~
[H(t), ρ] +

d2−1
∑

k=1

γk(t)
[

Lk(t)ρL
†
k(t)

−1

2

{

L†
k(t)Lk(t), ρ

}

]

(4)

where the Lk(t) form an orthonormal basis set of traceless
operators, i.e.,

Tr[Lk(t)] = 0, Tr[L†
j(t)Lk(t)] = δjk, (5)

and H(t) is Hermitian [37].
Equation (4) may be recognised as being similar to

the Lindblad form for memoryless master equations in
Eq. (2). However, unlike Eq. (2):

(i) the decoherence rates γk(t) and the decoherence op-
erators Lk(t) are in general time dependent;

(ii) the decoherence rates γk(t) are uniquely determined,
and, moreover, remain invariant under any unitary
transformation ρ → V (t)ρV (t)† (e.g. to an ‘inter-
action’ picture);

(iii) the decoherence rates can be negative, correspond-
ing to interactions between the environment and
the system in such a way that the system may re-

cohere, reversing earlier decay processes [19, 31, 32,
39]; and

(iv) the decoherence operators Lk(t) are restricted to
correspond to a set of ‘orthogonal’ decoherence
channels, as per Eq. (5).

Note that constraints on γk(t) and Lk(t) to ensure that
the time evolution is completely positive, or even posi-
tive, have not been considered here. Thus, for instance,
while all time-local master equations can be written in
the above canonical form, there is no guarantee that an
arbitrary master equation of this form will yield only
positive eigenvalues for ρ for all times. Conditions for
time-local qubit master equations to generate completely
positive evolution are discussed in [40].

III. CHARACTERIZING

NON-MARKOVIANITY

A. Definition

It is seen that time-local master equations are widely
applicable, and that any such master equation may be
rewritten in the canonical form (4). Further, this form
uniquely determines a set of corresponding canonical de-
coherence rates, γk(t), given by the eigenvalues of the
decoherence matrix d in Eq. (A7). An alternative means
for determining the γk(t) is given in Appendix C.
If the canonical decoherence rates are positive at all

times, then the evolution over any time interval is com-
pletely positive. This has been termed ‘time-dependent
Markovian’ evolution, e.g., in [7–9], and clearly gener-
alises the completely positive evolution guaranteed for
memoryless master equations in Eq. (2). Moreover, for
finite systems, having positive decoherence rates for all
times is equivalent to the divisibility of the evolution into
a sequence of infinitesimal completely positive evolutions
[9, 16]; and to being able to model the evolution by stan-
dard quantum jump trajectories for the system [18–20].
In light of the above, and as foreshadowed in the in-

troduction, we are led to the following.

Definition : A time-local master equation isMarkovian,
at some given time, if and only if the canonical
decoherence rates are positive. Correspondingly,
the evolution is non-Markovian if one or more of
the canonical decoherence rates is strictly negative.

To illustrate the importance of using the canoni-
cal form of the master equation to characterize non-
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Markovianity, consider the evolution corresponding to

ρ̇ = [2γ(t) + γ̃(t)] [2σxρσx + 2σyρσy − 4ρ]

−γ(t) [2σ−ρσ+ − σ+σ−ρ− ρσ+σ−]

−γ(t) [2σ+ρσ− − σ−σ+ρ− ρσ−σ+] .

At first sight this may appear to be non-Markovian when-
ever γ(t) > 0 or 2γ(t)+ γ̃(t) < 0. However, the canonical
form of this equation may be written as

ρ̇ = [γ(t) + γ̃(t)] [2σxρσx + 2σyρσy − 4ρ] ,

and hence the evolution is non-Markovian if and only if
γ(t) + γ̃(t) < 0.
A more general example showing the necessity of using

the canonical form is the master equation

ρ̇ = LρL† − 1

2
(L†Lρ+ ρL†L)

−
[

L†ρL− 1

2
(LL†ρ+ ρLL†)

]

,

where the second line appears, prima facie, to generate
non-Markovian evolution for any nonzero L. However,
making the choice L = (1+iH/~)/

√
2, for any Hermitian

operator H , this master equation reduces to the Hamil-
tonian form

ρ̇ = − i

~
[H, ρ],

corresponding to unitary (and hence trivially Markovian)
evolution.
Finally, it is worth emphasising again that the canon-

ical decoherence rates, and hence the above characteri-
zation of non-Markovianity, are not only unique, but are
invariant under any time-dependent unitary transforma-
tion of the system (see previous section and Appendix A).

B. Canonical measures of non-Markovianity

Since the defining feature of non-Markovianity is
whether any of the γk(t) in the canonical form (4) be-
come negative, it is natural to make use of the functions

fk(t) := max[0,−γk(t)] ≥ 0 (6)

to describe the non-Markovanity in individual decoher-
ence channels. We can either use the fk(t) directly, as
canonical measures of non-Markovianity at time t, or a
function such as

f(t) =

d2−1
∑

k=1

fk(t) =
1

2

d2−1
∑

k=1

[

|γk(t)| − γk(t)
]

(7)

(rescaled by some function of d if we wish).
We can similarly use the corresponding integrals

Fk(t, t
′) =

∫ t′

t

ds fk(s) (8)

to characterize the “total amount of non-Markovianity
in channel k over the time interval [t, t′]”, and the corre-
sponding sum

F (t, t′) =

d2−1
∑

k=1

Fk(t, t
′) =

∫ t′

t

ds f(s) (9)

as a measure of the “total amount of non-Markovianity
over the interval [t, t′]”. Either of these quantities may be
rescaled – e.g., by the total elapsed time t′− t. Note that
f(t) and F (t, t′) are strictly positive if and only if the
evolution is non-Markovian. It will be shown in Sec. IV
that a measure proposed by Rivas et al. [9] is equal to
2d−1F (0,∞), thereby providing a simple formula (and
interpretation) for the proposed measure, in terms of the
canonical decoherence rates.
We also define a canonical discrete measure of non-

Markovianity, as the number of strictly negative deco-
herence rates, i.e.,

n(t) := #{k : γk(t) < 0} = #{k : fk(t) > 0}. (10)

Thus, n(t) is a “non-Markov index”.
In the sense that Tr[Lj(t)

†Lk(t)] = δjk, as per Eq. (5),
the non-Markovian part of the dynamics takes part in
a region of ‘evolution space’ which is orthogonal to the
Markovian region. For example, for a two-level system,
if Markovian behavior is generated by the x direction of
the Bloch vector, then non-Markovian behavior can be
generated by the y and z directions. The non-Markov
index therefore characterizes the dimension of the space
of non-Markovian evolution.

C. Example: single decoherence channel

The simplest case to consider is a master equation with
only one non-zero decoherence rate, i.e., of the form ρ̇ =
− i

~
[K(t), ρ] + α(t)

[

A(t)ρA(t)† − 1
2{A(t)†A(t), ρ}

]

. The
corresponding canonical form is easily checked to be

ρ̇ = − i

~
[H(t), ρ] + γ(t)

(

L(t)ρL(t)† − 1

2
{L(t)†L(t), ρ}

)

,

(11)
with L(t) := (A − a)/{Tr[(A† − a∗)(A − a)]}1/2, γ(t) :=
αTr[(A† − a∗)(A − a)], H(t) := K − 1

2 i~α
[

aA† − a∗A
]

,

and a(t) := d−1Tr[A(t)]. These definitions ensure that
that Tr[L(t)] = 0 and Tr[L(t)†L(t)] = 1, as required by
Eq. (5).
Hence, from the definition of non-Markovianity in

Sec. III A, the evolution of a system with a single deco-
herence channel is non-Markovian, at time t, if and only
if γ(t) < 0 (or, equivalently, α(t) < 0). The total amount
of non-Markovianity over an interval [t, t′] follows from
Eq. (9) as

F (t, t′) = −
∫

γ(t)<0

ds γ(s). (12)
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Further, from Eq. (10), the non-Markov index is unity
when γ(t) < 0 and zero otherwise.
The case of a single decoherence channel appears to

be the prototypical example used in the literature to as-
sess various proposed measures of non-Markovianity [7–
13, 15]. However, this case is too simple to assess the
relative strengths of the proposed measures, as they are
all functionals of γ(t) that are sensitive to its sign. For
example, the rate of change of trace distance for the qubit

example in [8] is −γ(t) exp[−
∫ t

0
ds γ(s)], while the Choi-

matrix based measure I in [9] evaluates to F (0,∞) with
F as in Eq. (12).
For this reason, examples of master equations with

multiple decoherence channels are required to prop-
erly assess and compare proposed measures of non-
Markovianity (see also Sec. IV).

D. Example: eternal non-Markovianity

The qubit master equation

ρ̇ =
1

2

3
∑

k=1

γk(t) [σkρσk − ρ] , (13)

where the σk are the Pauli sigma matrices and

γ1(t) = γ2(t) = 1, γ3(t) = − tanh t, (14)

is of particular interest, as it provides a simple example
of a completely positive evolution that is non-Markovian
at all times t > 0, yet which is not detectable as non-
Markovian by the majority of proposed measures in the
literature (see Sec. IV).
Complete positivity of the map from ρ(0) to ρ(t), for

a master equation of the form in Eq. (13), corresponds
to Γj + Γk ≤ 1 + Γl for all permutations j, k, l of 1, 2, 3,

with Γj(t) := exp{−
∫ t

0
ds [γk(s) + γl(s)]} [32, 40], which

is always satisfied by the above example. Such master
equations are straightforward to solve, and in terms of
the Bloch vector x, with xk := Tr[ρσk] and ρ = 1

2 [1+σ.x],
one finds

xj(t) =
1

2
(1 + e−2t)xj(0) (j = 1, 2), x3(t) = e−2tx3(0).

Thus, the initial Bloch vector asymptotically evolves to
its projection on the xy-plane, scaled by a factor of 1

2 .
Equation (13) is in canonical form (identifying Lk(t) =

σk/
√
2), and thus the system has three orthogonal de-

coherence channels. It is clearly non-Markovian for all
t > 0, so that the third channel could even be termed
a ‘recoherence’ channel. The canonical measure of to-
tal non-Markovianity over the interval [0, t] follows from
Eq. (9) as

F (0, t) = −
∫ t

0

ds tanh s = ln cosh t. (15)

Thus, the average non-Markovianity, F (0, t)/t, ap-
proaches unity as t → ∞. The non-Markov index fol-
lows from Eq. (10) as n(t) = 1 for all t > 0, corre-
sponding to non-Markovian behaviour with respect to
the z-direction. Even so, this ‘eternal’ non-Markovianity
cannot be detected by various distance, volume and en-
tanglement measures, as shown in the following section.

IV. RELATIVE STRENGTHS OF DIFFERENT

MEASURES OF NON-MARKOVIANITY

Previous measures of non-Markovianity in the litera-
ture are based on the relationship between Markovian
evolution and completely-positive maps [7–15]. In par-
ticular, for Markovian evolution at time t, the decoher-
ence rates in Eq. (4) are all positive, by definition, and
hence the infinitesimal map taking the system from time
t to time t+ dt must be completely positive [16]. It fol-
lows, for example, that any quantity that decreases under
completely-positive maps provides a suitable signature of
non-Markovianity: if this quantity is found to increase at
time t, then the evolution must be non-Markovian.
Proposed signatures of the above type leads to mea-

sures of non-Markovianity that fall into three broad cat-
egories – distance based measures, volume based mea-
sures, and entanglement based measures. A fourth cate-
gory of interest is based on the Choi-matrix representa-
tion of completely positive maps. These categories are
examined in turn below. Of the measures examined,
only those based on the Choi matrix can detect the non-
Markovianity of the example in Eqs. (13) and (14).

A. Distance measures

1. Trace distance

Breuer et al. have suggested using the increasing of
trace distance between two states as a signature of non-
Markovianity [8], and this signature has subsequently
been experimentally investigated for qubits [21, 22].
In the Bloch representation, the square of the trace

distance between any two infinitesimally separated qubit
density operators, ρ and ρ+ δρ, is

(δsTr)
2 :=

1

4
(Tr|δρ|)2 =

1

4
δx · δx, (16)

corresponding to a Euclidean metric on the space of
Bloch vectors. For qubits, it is well known that any mas-
ter equation can be rewritten in the Bloch representation
as

ẋ = D(t)x + u(t), (17)

where x denotes the Bloch vector, and D and u are re-
ferred to as the damping matrix and drift vector, respec-



6

tively. Hence, δẋ = Dδx, and so

d

dt
(δsTr)

2 =
1

4
[δẋ · δx+ δx · δẋ] = 1

4
δxT (D +DT )δx,

where the superscript T denotes the transpose.
Now, the trace distance can increase between some pair

of density operators if and only if it can increase between
some pair of infinitesimally separated density operators.
But the above equation shows that latter is possible if and
only if the matrixD+DT has a positive eigenvalue. That
is, the qubit trace distance can witness non-Markovianity

at time t if and only if the damping matrix satisfies the

condition

λmax

[

D(t) +DT (t)
]

> 0 (18)

where λmax(A) denotes the maximum eigenvalue of A.
This result subsumes the previously-considered special
case of random unitary evolution [41].
For the case of a single decoherence channel the above

condition is equivalent to γ(t) < 0, and hence non-
Markovianity can always be witnessed for such channels.
However, for the qubit example in Eqs. (13) and (14),
the damping matrix may be calculated as [40]

D(t) =





−1 + tanh t 0 0
0 −1 + tanh t 0
0 0 −2



 ≤ 0. (19)

Hence, the trace distance can never witness the non-
Markovianity of this example.

2. Bures distance and Fisher information

Other measures of distance which decrease under com-
pletely positive maps, such as the Bures and Hellinger
distance, have similarly been suggested as signatures of
non-Markovianity. [10, 13, 14]. Such distances are typ-
ically generated by some monotone metric G ≡ gjk on
the space of density operators [42], and for qubits have
the infinitestimal form

(δs)2 = gjk(x)δxjδxk = δxTG(x) δx (20)

for Bloch vectors x and x + δx (the higher-dimensional
case is similar, but will not be explicitly considered here).
For example, the qubit Bures distance corresponds to
the (maximally symmetric) quantum Fisher information
metric [43]

4(δsB)
2 =

(x · δx)2
1− x · x + δx · δx. (21)

Note while attention can be restricted to families of den-
sity operators defined by some real parameter, θ or λ say
[10, 13], we consider arbitrary density operators here, pa-
rameterised by the Bloch vector, for full generality.
Just as for the trace distance, a given distance mea-

sure can witness non-Markovianity at time t if and only

if the distance between some pair of infinitesimally sep-
arated density operators is increasing. For qubits, using
Eqs. (17) and (20), this corresponds to the existence of
Bloch vectors x and x+ δx such that

d

dt
(δs)2 = δxT

[

Ġ+GD +DTG
]

δx > 0.

This is equivalent to to the existence of a positive eigen-
value of the symmetric matrix J := Ġ+GD+DTG, i.e.,
to

λmax

[

Ġ+GD +DTG
]

> 0 (22)

at time t, which clearly generalises Eq. (18) for the trace
distance.
For the case of the Bures distance in Eq. (21), and a

qubit master equation of the form of Eq. (13), the corre-
sponding matrix JB follows via differentation of Eq. (21)
with respect to time. Using Eq. (17) with u(t) = 0, this
yields

4JB = D̄ +
D̄xxT + xxT D̄

1− x · x +
(xT D̄x)xxT

(1 − x · x)2 , (23)

where D̄ := D + DT . We have checked numerically, for
D as in Eq. (19), that JB is negative definite for all times
t > 0. Hence, just as for the trace distance, the Bures
distance cannot witness the non-Markovianity of the ex-
ample in Eqs. (13) and (14). It remains an open question
as to whether some other distance measure can do so.

B. Bloch volume measure

Lorenzo et al. have proposed using the increase of vol-
ume of the set of states of a system as a signature of
non-Markovianity [15]. Here, the volume measure corre-
sponds to the determinant of the evolution map in the
(generalized) Bloch representation of the system, which
cannot decrease under completely positive evolution [16].
We show here that this volume signature can witness non-
Markovianity if and only the trace of the (generalized)
Bloch damping matrix satisfies a simple condition. For
qubits, this condition is strictly stronger than the trace
distance condition in Eq. (18). Hence, the volume pro-
vides a weaker signature of non-Markovianity than the
trace distance.
As is well known, a d-dimensional quantum system

may be represented by a generalized Bloch vector x of
dimension d2 − 1, and the corresponding master equa-
tion by a generalized Bloch equation of the same form of
Eq. (17) as for qubits [15, 23]. This equation is linear,
and hence the evolution of the system is given by a linear
map of the form

x(t) = M(t)x(0) +w(t). (24)

Substitution into Eq. (17) then yields the equivalent evo-

lution equations Ṁ = DM , ẇ = u + Dw, with initial
conditions M(0) = I and w(0) = 0.
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The determinant of M(t) determines the Jacobian of
the map in Eq. (24), and hence the ‘Bloch volume’ of
the states of the system evolves as V (t) = V0 detM(t)
[15]. Now, to first order in ǫ, the above evolution
equations imply detM(t + ǫ) = det(M + ǫDM) =
(detM)

∏

j(1+ ǫDjj) = (detM)(1+ ǫ tr[D]) [37]. Hence,
d
dt detM = tr[D] detM , which immediately implies that
the Bloch volume can increase at time t, thus witnessing

non-Markovianity, if and only if the trace of the damping

matrix is positive, i.e., if and only if

tr[D(t)] > 0. (25)

Note that one also immediately obtains the formula

V (t) = V0 exp

(∫ t

0

ds tr[D(s)]

)

(26)

for the Bloch volume.
For the case of qubits, condition (25) is clearly al-

ways stronger than the corresponding trace distance con-
dition (18). As a direct consequence, or alternatively
via Eq. (19), the Bloch volume cannot witness the non-
Markovianity of the example in Eqs. (13) and (14).
More generally, as shown in Appendix B,

tr[D(t)] = −d
∑

k

γk(t). (27)

Hence, condition (25) may equivalently be written in
terms of the canonical decoherence rates as

∑

k γk(t) < 0.
Thus, any measure of non-Markovianity based on the
Bloch volume is only sensitive to the sum of the canonical
decoherence rates, both positive and negative.

C. Entanglement measures

The entanglement between two quantum systems can-
not increase under local completely positive operations
(and/or classical communication), and hence Rivas et al.
have proposed using the increase of any entanglement
measure E, under local evolution, as a signature of non-
Markovianity [9]. This signature has been experimentally
investigated for the case of concurrence [21]. The use of
logarithmic negativity [9, 11] and quantum mutual in-
formation [12] have also been proposed. Here we show
that none of these entanglement measures can witness
the non-Markovianity of the example in Eqs. (13) and
(14).
In particular, writing the system master equation as

ρ̇s = Λt[ρs], we follow Rivas et al. and consider the
entanglement between the system and an ancilla under
the evolution

ρ̇sa = (Λt ⊗ 1)[ρsa], (28)

for an initial maximally entangled state ρsa(0) =
|Ψ〉〈Ψ|[9]. For the qubit master equation in Eqs. (13)

and (14), we may take |Ψ〉 = (|+〉⊗ |+〉+ |−〉⊗ |−〉)/
√
2,

with |±〉 denoting the eigenstates of σ3. Relative to the
basis {|+〉⊗|+〉, |+〉⊗|−〉, |−〉⊗|+〉, |−〉⊗|−〉}, the joint
state at time t is then easily found to be

ρsa(t) =
1

4







1 + e−2t 0 0 1 + e−2t

0 1− e−2t 0 0
0 0 1− e−2t 0

1 + e−2t 0 0 1 + e−2t






.

The corresponding concurrence, logarithmic negativity
and quantum mutual information can all be evaluated
analytically, as

C[ρsa(t)] = e−2t, EN [ρsa(t)] = log2(1 + e−2t), (29)

and

IQ[ρsa(t)] = 2−H

(

1− e−2t

2
,
1 + e−2t

2

)

− 1− e−2t

2
,

(30)
respectively, where H(p, 1 − p) denotes the entropy
−p log2 p− (1− p) log2(1− p). These quantities are man-
ifestly monotonic decreasing with time. Hence, none
of them provide a signature that witnesses the non-
Markovianity of the example in Eqs. (13) and (14).

D. Choi-matrix measures

Any linear map describing the evolution of the density
operator of a finite d-dimensional quantum system has a
corresponding d2×d2 Choi matrix S, where the evolution
is completely positive if and only if S ≥ 0 [44]. Since
Markovianity is equivalent to divisibility into a sequence
of infinitesimal completely positive evolutions [16], this
naturally leads to measures of non-Markovianity based
on properties of the Choi matrix [7, 9]. We show here that
the proposed measures are simply related to the canonical
measures of non-Markovianity defined in Sec. III B, and
that they are faithful witnesses, in the sense of always
detecting non-Markovianity when it exists.
First, choosing an orthonormal basis {|α〉} on the

Hilbert space, with α = 1, . . . , d, the action of any linear
map φ on the states of the system can be expanded as

φ[ρ] =
∑

α1,β1

|α1〉〈α1|φ[ρ]|β1〉〈β1|

=
∑

α1,β1,α2,β2

|α1〉 〈α2|ρ|β2〉 〈β1| 〈α1|φ[|α2〉〈β2|]|β1〉

=
∑

a,b

Sab τaρ τ
†
b , (31)

where a and b denote the pairs (α1, α2) and (β1, β2), re-
spectively, and

Sab := 〈α1|φ[|α2〉〈β2|]|β1〉, τa := |α1〉〈α2|. (32)
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The d2 × d2 matrix S is called the Choi matrix corre-
sponding to φ [44, 45]. Note that the Choi matrix of the
identity map, 1, is

S1

ab = vavb, va := δα1α2
. (33)

It is also straightforward to check that d−1S is the matrix
representation of the operator (φ⊗1)[|Ψ〉〈Ψ|] in the basis
{|a〉 = |α1〉⊗|α2〉}, where |Ψ〉 is the maximally entangled
state d−1/2

∑

α |α〉 ⊗ |α〉 [45], i.e.,

Sab = d 〈a|(φ⊗ 1)[|Ψ〉〈Ψ|]|b〉. (34)

Thus, S is Hermitian if φ maps Hermitian operators
to Hermitian operators, and tr[S] = d if φ is trace-
preserving [37].
As mentioned, φ is completely positive if and only if

S ≥ 0 [44, 45]. Hence, the infinitesimal map φǫ = 1+ǫΛt,
generated by the master equation ρ̇ = Λt[ρ], is completely
positive, corresponding to Markovian evolution at time
t, if and only if

Sǫ = S1 + ǫR(t) ≥ 0. (35)

Here R(t) denotes the Choi matrix of Λt, obtained by
replacing φ by Λt in Eq. (32) or (34).

1. Trace-norm measure

It follows from Eq. (35) that (trace preserving) evolu-
tion is Markovian at time t if and only the eigenvalues
of Sǫ = S1 + ǫR(t) are positive and sum to d. Hence,
defining the trace-norm rate of change [9]

g(t) := lim
ǫ→0+

d−1‖S1 + ǫR(t)‖1 − 1

ǫ
, (36)

one has g(t) ≥ 0, with g(t) = 0 if and only if the evolution
at time t is Markovian. This led Rivas et al. to propose

I :=

∫ ∞

0

ds g(s) (37)

as a formal measure of non-Markovianity [9].
It is shown in Appendix C that the trace-normmeasure

g(t) has a surprisingly simple interpretation. In particu-
lar, it is just the sum of the negative canonical decoher-
ence rates, up to a multiplicative factor:

g(t) = d−1
d2−1
∑

k=1

[|γk(t)| − γk(t)] =
2

d
f(t), (38)

Here f(t) is the canonical measure defined in Eq. (7). It
follows immediately that

I =
2

d
F (0,∞), (39)

where F (t, t′) is the canonical measure of total non-
Markovianity defined in Eq. (9). It further follows that

g(t) and I can always detect non-Markovian evolution
[9], including the example in Sec. III D in particular.
The formal connection between the canonical and

trace-norm measures follows from a relationship between
the decoherence matrix and a projected form of the Choi
matrix (Appendix C). However, the canonical approach
not only provides a physical interpretation of I, but also
has the advantage of identifying all of the individual de-
coherence channels and corresponding decoherence rates
– allowing, for example, the definition of the discrete non-
Markov index n(t) in Eq. (10).

2. Isotropic noise measure

Wolf et al. considered the minimal amount of isotropic
noise that must be added to a given quantum channel,
to allow its simulation by a memoryless master equation
[7]. This may be adapted to obtain a natural measure
of the non-Markovianity of a given evolution, at time t,
corresponding to the smallest amount of isotropic noise,
ǫν, that must be added to the infinitesimal evolution φǫ

to make it completely positive. Here ν = ν(t) denotes
the rate at which the noise is added at time t. As for the
trace-norm measure above, ν(t) turns out to be a simple
function of the canonical decoherence rates.
In particular, adding isotropic noise ǫν(t) is equivalent

to mixing the state of the system with the maximally-
mixed state, i.e., to the infinitesimal mixing map

µǫ[ρ] := (1− ǫν)ρ+ ǫν Tr[ρ] d−11̂ = ρ+ ǫν(d−11̂− ρ).

The corresponding Choi matrixN ǫ follows from Eqs. (32)
and (33) as [7]

N ǫ = S1 + ǫν(t)
[

d−1I − vvT
]

, (40)

where I denotes the d2 × d2 identity matrix.
As shown in Appendix C, the minimum rate of noise

ν(t) that must be added to the master equation to give
completely positive evolution at time t has the explicit
simple form

ν(t) = dmax
k

{0,−γ1,−γ2, . . . } = dmax
k

{fk(t)}, (41)

where fk(t) is the canonical decoherence measure for the
kth decoherence channel, defined in Eq. (6). Thus, the
minimum noise rate is determined by the value of the

most negative canonical decoherence rate. For the exam-
ple in Eqs. (13) and (14), ν(t) = tanh t > 0 for all t > 0.
More generally, Eq. (41) implies that non-Markovianity
is always detected by the isotropic noise measure. Note,
however, it is not sensitive to all of the negative decoher-
ence rates, in contrast to the canonical measures F (t, t′)
and n(t) and the trace-norm measure I.

V. CONCLUSIONS

The canonical form for time-local master equations al-
lows a complete characterization of the non-Markovianity
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of open quantum systems, in terms of a set of uniquely
determined canonical decoherence rates. These rates are
invariant under time-dependent unitary transformations
of the system, and for a given master equation they may
be evaluated as the eigenvalues of the decoherence ma-
trix d in Eq. (A7), the matrix R⊥ in Eq. (C1), or the
operator R⊥ in Eq. (C8).

A positive (negative) canonical decoherence rate cor-
responds to Markovian (non-Markovian) evolution in the
respective decoherence channel. This leads naturally to
well-defined canonical measures of the degree of non-
Markovianity of each channel, and to corresponding mea-
sures of the total non-Markovianity of the evolution, as
per Eqs. (6)-(9). We have also defined a discrete non-
Markov index, in Eq. (10), which characterizes the di-
mension of the space of non-Markovian evolution.

Signatures of non-Markovianity proposed in the liter-
ature can be assessed, both qualitatively and quantita-
tively, in terms of their relative sensitivities to the pres-
ence of negative canonical decoherence rates. For exam-
ple, we have shown that signatures based on witnessing
an increase in trace distance, Bures distance, Bloch vol-
ume, concurrence, logarithmic negativity and quantum
mutual information are completely insensitive to the non-
Markovianity of a simple qubit evolution. It would be of
interest to determine whether there are any measures of
distance or entanglement, preferably physically measur-
able, from which this evolution cannot successfully hide.

In contrast, proposed measures based on properties
of Choi matrices are always faithful witnesses of non-
Markovianity, and we have obtained simple formulas and
corresponding physical interpretations of these measures
in terms of the canonical decoherence rates. Thus, the
trace-norm measure of Rivas et al. is proportional to the
sum of the negative decoherence rates, integrated over
the time period of the evolution, while the isotropic noise
measure of Wolf et al. is proportional to the most nega-
tive decoherence rate.

We have also found simple necessary and sufficient con-
ditions for trace distance and Bloch volume to witness
non-Markovian qubit evolution, and that the former pro-
vides a strictly stronger signature. Further, for arbitrary
dimensions, we have explicitly determined the Bloch vol-
ume as a function of the canonical decoherence rates.

The above results clearly demonstrate the value of the
canonical approach in providing a fundamental charac-
terization of non-Markovianity. It would be of interest
to extend this approach to infinite dimensional systems,
if possible, and compare with approaches based on divis-
ibility and quantum trajectories in this case. The main
technical difficulty appears to be related to non-finite op-
erator traces in this regard. Finally, it would also be of
interest to experimentally characterise the canonical de-
coherence rates, e.g., via process tomography.
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Appendix A: Derivation of the canonical form for

master equations

A general time-local master equation, such as in
Eq. (3), equates ρ̇ with a linear map Λt acting on ρ,
and hence can always be written in the form [2]

ρ̇ = Λt[ρ] =
∑

k

Ak(t)ρB
†
k(t). (A1)

The canonical form in Eq. (4) essentially then follows via
the requirements that ρ remain Hermitian for all time
and that the trace of ρ be preserved.
First, for a state space of dimension d, define N :=

d2 and introduce a complete set of N basis operators
{Gm;m = 0, 1, 2, . . .N − 1}, with the properties

G0 = 1̂
/
√
d; Gm = G†

m; Tr[GmGn] = δmn,
(A2)

where 1̂ is the identity operator. Choosing n = 0 in the
last condition implies that Tr[Gm] = 0 for m 6= 0.
For brevity, we will suppress the time dependence in

quantities below, but everything except the basis opera-
tors Gm may be time dependent. We can expand

Ak =
∑

i

Giaik, Bk =
∑

j

Gjbjk

so that Eq. (A1) becomes ρ̇ =
∑

i,j

∑

k aikb
∗
jkGiρGj .

Defining the quantities cij =
∑

k aikb
∗
jk then yields the

unique decomposition [2]

ρ̇ =
N−1
∑

i,j=0

cijGiρGj . (A3)

Using the fact that ρ and hence ρ̇ are Hermitian, then

∑

i,j

cijGiρGj =
∑

i,j

c∗ijGjρGi =
∑

i,j

c∗jiGiρGj ,

so that cij = c∗ji. Thus the cij are the elements of an
N ×N Hermitian matrix.
Separating out the i = 0 and j = 0 terms, the above

decomposition for ρ̇ reduces to

ρ̇ =
c00
d

ρ+

(

N−1
∑

i=1

ci0√
d
Gi

)

ρ+ ρ





N−1
∑

j=1

c0j√
d
Gj





+

N−1
∑

i,j=1

dijGiρGj ,
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where dij := cij for i, j > 0 are elements of an (N − 1)×
(N − 1) ‘decoherence’ Hermitian matrix d. Defining

C :=
1

2

c00
d

+
∑

i

ci0√
d
Gi, (A4)

and noting Hermiticity implies that c00 is real and c0j =
c∗j0, this reduces to

ρ̇ = Cρ+ ρC† +

N−1
∑

i,j=1

dijGiρGj . (A5)

Taking the trace of Eq. (A5), and noting that trace
preservation implies that Tr[ρ̇] = 0, yields

C + C† = −
N−1
∑

i,j=1

dijGjGi.

Hence, defining H := 1
2 i~(C − C†), Eq. (A5) can be

rewritten as

ρ̇ =
1

2

[

(C − C†)ρ+ ρ(C† − C)

+(C + C†)ρ+ ρ(C† + C)
]

+

N−1
∑

i,j=1

dijGiρGj

=− i

~
[H, ρ] +

N−1
∑

i,j=1

dij(t)

(

GiρGj −
1

2
{GjGi, ρ}

)

.

(A6)

This is the kind of structure obtained in Theorem 2.2
of [2], although because they are considering quantum
semigroups, their decoherence matrix d is independent
of time, as is H . Note that one has the two explicit
expressions

dij =
∑

k

Tr[GiAk] Tr[GjB
†
k] =

d2−1
∑

m=0

Tr[GmGiΛt[Gm]Gj ]

(A7)
for the elements of the decoherence matrix, where the
first follows directly from the above construction, and
the second via the proof of Lemma 2.2 of [2].
We now observe a crucial feature of this last result (see

also [16, 38]) that seems not to be widely appreciated, but
which enables us to derive the main results of this paper.
In particular, we take advantage of the Hermitian nature
of the decoherence matrix to write it in diagonal form,

dij =
∑

k

UikγkU
∗
jk, (A8)

where the eigenvalues γk of d are real, but not nec-
essarily positive at all times, and the Uik are unitary
(N − 1)× (N − 1) matrices formed by the corresponding
eigenvectors of d, with

∑

k UikU
∗
jk = δij . Defining the

time dependent operators

Lk(t) :=

N−1
∑

i=1

Uik(t)Gi, (A9)

and restoring explicit time-dependence, we finally obtain
the canonical form in Eqs. (4) and (5)of the text via
Eqs. (A2) and (A6). Noting that only the traceless part
of H(t) can contribute to the commutator in Eq. (4), one
may further assume Tr[H(t)] = 0 without any loss of
generality.
The decoherence rates γk(t) are always uniquely de-

fined, as a consequence of the diagonal decomposition in
Eq. (A8). Similarly, the decoherence operators Lk(t) are
unique up to unitary transformations that preserve any
degenerate subspaces of the decoherence matrix d. For
the case of a nondegenerate decoherence matrix, this im-
plies uniqueness of Lk(t) up to multiplication by a trivial
phase factor, and hence that the canonical form of the
master equation in Eq. (4) is fully fixed in this case.
It is of interest to note that under any unitary trans-

formation ρ → V (t)ρV (t)†, e.g. to an ‘interaction’ pic-
ture, the γk(t) are invariant (whereas both H(t) and the
Lk(t) will typically change), since any such transforma-
tion corresponds to an orthogonal transformation of the
decoherence matrix. This has the consequence that non-
Markovianity can be defined independently of the oper-
ator H .
It is also worth noting that is not in general possible

to transform to a picture in which the Lk are time inde-
pendent. This is because although a suitable (time de-
pendent) orthogonal transformation of the Lk(t) always
exists in the linear space of traceless operators, that pre-
serves the relations in Eq. (5), such a transformation will
not always correspond to some unitary transformation on
a d× d density matrix (unless d = 2).

Appendix B: Bloch volume and the decoherence

matrix

In Sec. IV B it was shown that the condition for the
Bloch volume to increase at time t is that the trace of the
damping matrix D(t) is positive. To show this is equiva-
lent to the trace of the decoherence matrix d being nega-
tive, as per Eq. (27), define the generalised Bloch vector
x by xm := Tr[ρGm], m = 1, 2, . . . , d2−1, with Gm as per
Eq. (A2) [15, 23]. It follows from ρ =

∑

n≥0 Tr[ρGn]Gn

that

ẋm = Tr[Λt[ρ]Gm] =
∑

n≥0

Tr[ρGn] Tr[Λt[Gn]Gm].

Hence, the damping matrix coefficients follow as Dmn =
Tr[Λt[Gn]Gm] for m,n ≥ 1, and so, using the canonical
form of the master equation,

Dmm = − i

~
Tr[[H,Gm]Gm]

+
∑

k

γkTr[L
†
kGmLkGm − L†

kLk(Gm)2].

The first term trivially vanishes. Further, the complete-
ness property

∑

m≥0 GmXGm = Tr[X ]1̂ [2] implies that
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∑

m≥1GmXGm = Tr[X ]1̂ − d−1X , and hence, choosing

X = Lk and X = 1̂ as appropriate, the trace of the
damping matrix evaluates to [37]

tr[D] =
∑

m≥1

Dmm = −d
∑

k

γkTr[L
†
kLk].

Finally, Tr[L†
kLk] = 1 from Eq. (5), and the claimed

equivalence between Eqs. (25) and (27) follows as de-
sired.
Note that the sum of the canonical decoherence rates

in Eq. (27) only requires evaluation of the trace of the
decoherence matrix d in Eq. (A7). This implies that no
diagonalization of d (nor writing the master equation in
Bloch form) is needed to determine the Bloch volume
V (t) in Eq. (26).

Appendix C: Choi matrix and canonical decoherence

rates

The Markovianity condition (35) can be rewritten, us-
ing Eq. (33), as Sǫ = vvT + ǫR ≥ 0. This clearly holds
(for infinitesimal ǫ) if and only if wTR(t)w ≥ 0 for all w
orthogonal to v, i.e., if and only if

R⊥ := (I − P )R(I − P ) ≥ 0, (C1)

where P = d−1vvT denotes the projection on to the di-
rection of v. Further, recalling tr[Sǫ] = d [37], it also
follows from Eq. (35) that

0 = tr[R] = tr[PRP ] + tr[(I − P )R(I − P )]

= d−1vTRv + tr[R⊥]. (C2)

Now, the eigenvalues of vvT are trivially d, 0, 0, . . . .
Choosing the corresponding eigenvectors as d−1/2v, w1,
w2, . . . , where wk = (1 − P )wk is the kth eigenvector of
R⊥, the eigenvalues of Sǫ = vvT + ǫR follow from stan-
dard perturbation theory as d+ ǫd−1vTRv = d− ǫtr[R⊥]
and

ǫwT
k Rwk = ǫwT

k (1− P )R(1− P )wk = ǫwT
k R

⊥wk = ǫ rk,

to first order in ǫ, where r1, r2, . . . , rd2−1 denote the
eigenvalues of R⊥. It follows immediately that the quan-
tity g(t) defined in Eq. (36) can be written as

g(t) = d−1

[

−tr[R⊥] +
∑

k

|rk|
]

= d−1
∑

k

[|rk| − rk] .

(C3)
We now show that rk = γk. Expanding R = [(P +(I−

P )]R[(P + (I − P )] and using Eq. (C2) gives

R = αvvT + vw† + wvT +R⊥,

where w is orthogonal to v and α = −d−1tr[R⊥]. Recall-
ing R is defined to be the Choi matrix of Λt, it immedi-
ately follows from Eq. (31) that the master equation can

be written as

ρ̇ = Λt[ρ] =
∑

a,b

Ra,b(t) τaρ τ
†
b

= ρ(
1

2
α+W †) + (

1

2
α+W )ρ+

∑

k

rkWkρW
†
k ,

in terms of W :=
∑

a waτa, Wk :=
∑

a wk,aτa and the

eigenvalue decomposition R⊥ =
∑

k rkwkw
†
k, where we

have used Eq. (33) to write
∑

a vaτa = 1̂. Decompos-
ing 1

2α + W = J − i~K into Hermitian and antiHermi-
tian parts, and applying the trace-preserving condition

Tr[Λt[ρ]] = Tr[ρ], yields 2J = −
∑

k rkW
†
kWk. Thus,

restoring explicit time dependence,

ρ̇ = − i

~
[K(t), ρ] +

d2−1
∑

k=1

rk(t)
[

Wk(t)ρW
†
k (t)

−1

2

{

W †
k (t)Wk(t), ρ

}

]

.(C4)

Note also, using v · wk = 0 and wk · wl = δkl, that

Tr[Wk(t)] = 0, Tr[W †
j (t)Wk(t)] = δjk. (C5)

Comparison with Eqs. (4) and (5) shows that Eq. (C4)
is in canonical form. Hence, since the canonical decoher-
ence rates are uniquely determined by the canonical form
(Appendix A), we have

γk(t) = rk(t) (C6)

for some suitable ordering of the eigenvalues of R⊥.
Note that while R⊥ has the same eigenvalues as the

decoherence matrix d in Eq. (A7), allowing the canon-
ical decoherence rates to be calculated in two different
ways, these matrices are not equal, but are related by a
(nontrivial) unitary transformation. However, the corre-
sponding defining conditions for Markovianity, d ≥ 0 and
R⊥ ≥ 0, are of course equivalent, and thus the above re-
sult explicitly demonstrates the equivalence of Markovian
evolution with completely positive infinitesimal maps.
The formulas in Eqs. (38) and (39) of the main text, for

the trace-norm measures g(t) and I proposed by Rivas
et al. [9], follow immediately from Eqs. (C3) and (C6).
Moreover, from Eqs. (35) and (40), the infinitesimal

evolution generated by the addition of isotropic noise at
rate ν(t) to Λt has the corresponding Choi matrix

T ǫ = S1 + ǫ
[

R+ ν(d−1I − vvT )
]

.

Similarly as for Eq. (C1), this corresponds to completely
positive evolution if and only if

0 ≤ (I − P )
[

R+ ν(d−1I − vvT )
]

(I − P )

= R⊥ + νd−1(I − P )

=
∑

k

[rk + d−1ν]wkw
T
k .
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Since ν(t) ≥ 0 is, by definition, the smallest noise rate for
which the evolution is completely positive (Sec. IV D.2),
one immediately has

ν(t) = dmax
k

{0,−r1,−r2, . . . }, (C7)

and Eq. (41) follows via Eq. (C6).
Finally, we remark that the projected Choi matrix

R⊥ in Eq. (C1) can alternatively be written as R⊥
ab =

〈a|R⊥|b〉, analogously to Eq. (34), with

R⊥ := d
(

1̂− |Ψ〉〈Ψ|
)

(Λt ⊗ 1)[|Ψ〉〈Ψ|]
(

1̂− |Ψ〉〈Ψ|
)

.
(C8)

Thus the canonical decoherence rates can also be calcu-
lated as the eigenvalues of this operator, for any maxi-
mally entangled state |Ψ〉.
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