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ysis 
The authors review the main types of uncertainties occuring in con- 

nection with geological investigations. The general concepts of handling 
these uncertainties are outlined. The particular features of scalar, spatial 
and spatid-temporal evaluations are presented. Limitations of the tradi- 
tional mathematical approaches - deterministic and probabilistic - ap- 
plied to geological investigations are discussed. In the second part of the 
paper new mathematical methods are presented that are more suitable to 
handle uncertainties than the traditional ones. The fuzzy set theory seems 
to be one of the most efficient for geological purposes, among these 
methods. The problems of uncertainty in risk analysis are shortly dis- 
cussed. Finally, results of test calculations performed by fuzzy arithme- 
tic are presented. 
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It is well known that all geological activities contain some 
types of uncertainty. They are mentioned in geological ar- 
ticles and reports, but surprizingly, little has been done so 
far to determine them and to take them into account (M a n n 
1993). Even their definition is lacking fiom geological glos- 
saries and therefore the terms of uncertainty and error are 
often confounded. In our opinion, uncertainty is the recog- 
nition that the results of measurements and observations 
may deviate more or less from natural reality. On the other 
hand, error is the difference between a true value and an 
estimate of that value. In this context accuracy expresses 
the closeness of the estimate to the true value. The term 
bias expresses the consistent under- or overestimation of 
the true value. 

In pure scientific geological research uncertainties may 
result in false, spurious models, hypotheses and theories. 
The general scientific evolution sooner or later identifies 
them and leads to their rectification. In applied geology 
the consequences of uncertainties and errors may be quick 
and serious, sometimes even catastrophic: A mining invest- 
ment based on false geologic assumptions will lead to an 
economic failure; a false calculation of landslide hazard 
may have catastrophic consequences for a community; a 
false safetv assessment of a radioactive waste raositorv 
may endGger all kinds of life in a region. conseq;ently, it 
is highly reasonable to make efforts for a better understand- 
ing of uncertainties in geology, for their quantification, and 
if possible, for their reduction. The aim of this article is to 
review these problems and to offer new ways for their han- 
dling. 

v p e s  of uncertainties in geology 

Two main sources of uncertainty can be distinguished 
in geology: 

KljuZne rijelii: Nesigurnost, GreSke, Geostatistika, Fazi-postupci*, 
Analiza (rudarskog) rizika 

Autori prikazuju glavne oblike nesigumosti geoloSkih istrdivanja. 
U glavnim su crtama izloieni postupci za rjeSavanje tih nesigurnosti. 
Posebno su prikazani rezultati skalame, prostorne i prostorno-vremen- 
ske obrade. Ocijenjena su ograniEenja tradicionalnihpristupa interpretac- 
iji rezultata geoloSkih istraZivanja - deterministitnog i probabilistiEnog. 
U drugom dijelu Elanka prikazane su nove matematiEke metode, prik- 
ladnije od tradicionalnih za obradu interpretacijskih nesigurnosti. Cini 
se da je medu tim metodama teorija fazi-postupka najefikasnija. KritiEno 
su, ukratko, prikazani i problemi nesigurnosti u analizi rudarskog rizika. 
KonaEno, prikazani su i rezultati nekih test-kalkulacija izvedenih fazi- 
aritmetikom. 

* Od engl. "fuzzy", prekriven finim prahom (fuzz), dakle praSan, 
neproziran, nejasan, mutan, nesiguran. 

1. The inherent variability of Nature 
2. The uncertainties of the geologic investigations 
Natural variability is an inherent feature of all geologi- 

cal objects and processes. There are no completely homo- 
geneous geological objects, even the minerals are not ho- 
mogeneous, as their real crystal structure differs from the 
theoretical one. The degree of variability of a geological 
object may be highly different depending on the geologi- 
cal processes. There is a further important aspect: When 
studying the variability of geological objects, structured 
and unstructured features can be distinguished. The former 
ones are often called trends. Trends can be mathematically 
described by the well known methods oftrend-surface-anal- 
ysis. Spatial, temporal and combined four dimensional 
trend-surfaces can be distinguished. Examples of spatial 
trends are gradual compositional transitions of an igne- 
ous rock into another, or cyclic structures of some sedi- 
mentary sequences. On the other hand, on local scale un- 
structured features may occur unexpectedly and their spa- 
tial position and magnitude cannot be exactly predicted. 
There are no perfectly structured or unstructured objects 
and processes in geology, rather a mixture of the two types. 
The higher the degree of variability and the more it is un- 
structured, the larger is the inherent uncertainty related to 
the studied geological object. 

The main uncertainties related to the geological investi- 
gations are due to incomplete knowledge and limited pos- 
sibilities of the investigations. The main types of these un- 
certainties are as follows: 

Sampling errors. The features of a geological object 
cannot be investigated at every possible point. Temporal 
and financial constraints allow only a limited number of 
bore holes, pits or trenches for sampling purposes. "Repre- 
sentative sampling", depicting in unbiased manner the fea- 
tures of a geological object, can be achieved very rarely. 

Errors offleld observations. Most geological features 
are observed in outcrops. Even these observations are of- 
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ten incomplete, due to unfavourable climatic conditions, 
dense vegetation cover or haste. Observations may be bi- 
ased by lack of experience or by preferred personal inter- 
est and curiosity. 

Errors of laboratory measurements. They consist of ran- 
dom and systematic components. The sources of measure- 
ment errors are: the imperfection of the instrument and of 
sample preparation (sample size, grain size, homogenisa- 
tion, preferred orientation of some minerals etc), calibra- 
tion errors, imperfection of the method of measurement, 
incomplete skill and attention of the measuring person. 
These problems have been amply discussed in mineralogy, 
geochemistry and engineering geology. 

Errors due to temporal limitations. Geological process- 
es can be directly studied at present time only and for a 
very short time interval, as compared with the length of 
geological periods. The more we go back in time the more 
uncertain are our conclusions about the nature and extent 
of the given geological process. The well known problem 
of actualism (uniformitarianism) adds a further component 
of uncertainty to the study of the geological past. The same 
is valid for the predictions of future processes e.g. in the 
case of safety assessments of toxic and radioactive waste 
disposal. 

Conceptual and model uncertainties. When identifying 
and classifying geological objects, features and processes, 
existing geological concepts are applied necessarily. Are 
they always adequate to the given problem? Complete mis- 
identifications may also occur. Natural analogues broadly 
applied to geological modeling are generally imperfect, as 
they cannot take into account undetected local features. 
Simplifications and generalisations made at geological 
modeling are further sources of uncertainty. Scale models 
(profiles, maps etc.) andfeature models can be checked in 
a certain degree by the so called cross-validation methods, 
but for checking of genetic models only logical reasoning 
and geological experience ("experts opinionyy) can be ap- 
plied. 

When summarizing the sources of uncertainty in geolo- 
gy, it should be stressed that natural variability is a proper- 
ty of Nature, existing independently of us. On the other 
hand, the listed uncertainties of the geological investiga- 
tions are due to imperfect human activity. In our opinion, 
conceptual and model uncertainties are the main sources 
of errors in geological investigations. A further adverse 
component is the subjectivity of scientific judgements. Er- 
roneous theories and declarations of leading scientific au- 
thorities have been followed by the geological community 
at many cases for decades without criticism. It is enough to 
remind the rejection of the plate-tectonics theory for sever- 
al decades. 

General concepts of handling geological uncertainties 

Despite the large number of uncertainties in geology 
there is a possibility to handle them more effifiently than 
before by applying the following successive steps: 

a) Systematic consideration of uncertainties at each step 
of the geological investigation. This means a new attitude 
acknowledgeing that all geological activities comprise more 
or less uncertainty. At this first stage sources of uncertainty 
should be identified and their extent should be described 
by some sentences. 

b) The uncertainties of the input data should be quanti- 
fied, as well as possible. There is a number of new mathe- 
matical methods - to be reviewed later - allowing this quan- 
tification. We are aware of the existence of some unquanti- 
fiable features in geology, called non-statistical uncerfain- 

ties. Let us take an example: Karts bauxite deposits are 
characterized by various forms of deposition, such as stra- 
tiform, blanket-type, lenticular, strip-like, graben fillings, 
canyon fillings, sinkhole fillings, pockets and nests. They 
represent a set of non-statistical features, since no proba- 
bility distributions and other statistical parameters can be 
calculated on them. For these features only adequate de- 
scriptions of their uncertainty can be made. However, ac- 
cording to our experiences, the majority of geological ob- 
ject, features and processes can be quantified by the meth- 
ods to be outlined later. 

i E 
c) Having collected and adequate number of data and F 

having quantified their uncertainties, a mathematical eval- 
uation of this data set should be carried out. It should be 
stressed that no large data set can be quantitatively evalu- 

i 
ated without the application of mathematical methods. On 
the other hand, any mathematical evaluation without the 
comprehension of the geological background is only an 
empty formalism. 

! 
The data taken into consideration can be divided into i 

three groups regarding the degree of their uncertainty: k r 
1) Quantitative data. They are results of measurements, 

their relative error being less than about 25%. 
2) Semi-quantitative data. They are also results of meas- 

urements, but their relative error is more than about 25 %. 
3) Qualitative data. They are the results of observations, i 

expressed either by linguistic descriptions or by some ver- . 
bal expressions of degrees, such as low, medium, high or 1 
very small, small, intermediate, big, very big etc. I 

In the past statistical evaluation of geological data was [ 
generally limited to quantitative, much more seldom to ' 

semi-quantitative data. The new mathematical methods, to 1 
be discussed later, enable us to evaluate qualitative data as 
well. This is of high importance, as according to our expe- : 
rience, qualitative data are very frequent in geological in- 
vestigations. 

All the above listed types of data must be evaluated in 
one of the following three frameworks: 

A Scalar evaluations. These evaluations do not com- 
prise the spatial and temporal position of the samples, only 
the sample values are of interest, e.g. statistical evaluation 
of the chemical and mineralogical composition of a geo- 
logical object, identification of a set of fossils. 

B. Evaluation of spatially determined samples. Each 
case (datum) has X,Y,Z spatial coordinates, e.g. explora- 
tion of mineral deposits, determination of the spatial posi- 
tion of tectonic structures. 

C.  Spatially and temporally determinedsamples. X,Y,Z 
coordinates and results of temporal measurements (time 
series) are related to each case, e.g. hydrogeological flow 
models, paleoclimatic reconstructions, safety assessments 
of radioactive waste repositories. 

Each type of evaluation needs different mathematical 
approaches and different methods to determine the related 
uncertainties. Furthermore, the scale of the study must be 
also taken into account, such as micro-, macro-, regional- 
and global scale of study, as the geological processes may 
be quite different according the listed scales. 

Finally, it must be emphasized, that the incorrect appli- 
cation of mathematical methods is a further source of error 
in geological investigations. The most common source of 
error is the insufficient number of sample elements collect- 
ed. According to leading statisticians and theoretical re- 
sults, the minimum number of a reliable statistical evalua- 
tion is about 30 samples. A further source of error is the 
neglect of mathematical rules, e.g. several statistical calcu- 
lations require a normal distribution of the variable. Nev- 
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eheless, often variables with skewed distribution are eval- 
uated by these methods. Evidently the results are biased. 

Propagation of errors is also an important potential 
source of error. The errors related to the variables propa- 
gate differently depending on the interdependencies of the 
variables. Moreover, the propagation of errors through 
mathematical calculations is also different. With some 
methods it is absolutely necessary to avoid the repetition 
of the parameters in the calculations. For example, equa- 
tion a(b+c) = ab + ac holds only for real numbers. If a 
contains some error than the left side of the equation should 
be used instead of the right side where a appears twice. 
Neglect of error propagation may significantly increase the 
overall uncertainty. Even the computer programs ("codes") 
written for different geological models may contain erro- 
neous assumptions, or programming errors. 

Review of the traditional methods of mathematical 
evaluation in geology 

When applying mathematical methods to solve geolog- 
ical problems, two types of approaches can be followed. 
The fnst is the best guess or best estimate approach, when 
so called point estimates are made, indicating what the au- 
thor considers as the best result. Variability is expressed by 
some statistical parameters, such as variance and standard 
deviation, but no special attention is paid to quantify the 
uncertainties. The second is the uncertainty oriented ap- 
proach. In this case, from the beginning of the investiga- 
tion, at each step, the uncertainty is a matter of special at- 
tention. Even the initial input data should reflect their un- 
certainty. 

The deterministic methods are the most common among 
the best guess approaches. They apply fured, single param- 
eter values, generally one of the measures of central ten- 
dency. Based on these parameter values, the geological 
object or process is described by differential equations. 
These methods are straightforward, but they do not take 
into account the possible error and the error propagation. 
However, in the absence of perfect knowledge of the given 
geological problem one cannot be sure about the exact val- 
ues of the input parameters. All our calculations, although 
seamingly precise, harbor some degree of uncertainty. Con- 
sequently, deterministic methods can furnish unbiased re- 
sults only if all the variables influencing the end results are 
known, their proportion is established and their interde- 
pendencies are known perfectly. In geological investiga- 
tions, where perfect representative sampling is almost im- 
possible and the influence of the different variables is only 
approximately detected, these requirements cannot be per- 
fectly fulfilled. We consider therefore the deterministic 
methods as least suitable for geological applications, par- 
ticularly for the study of uncertainties. 

The worst case analysis (M o r g a n and H e n r i o n 
1990) is an approach that notices the presence of uncer- 
tainty without modeling it explicitly. It works with the up- 
per or lower bounds of a statistical distribution, trying to 
be sure that no larger or smaller value of the parameter 
may occur in the given system. This method is often ap- 
plied for the safety analyses ofradioactive waste repositor- 
ies and in engineering geology. However, experiences 
showed that many worst case analyses produced hyper-con- 
servative results. 

The well lcnownprobabilistic (stochastic) methob found 
abroad application in geology. They operate with real num- 
bers, called also crisp numbers as input data. The proba- 

bility distributions and the different statistics, e.g. averag- 
es, measures of dispersion and skewness, are suitable to 
describe the errors due to natural variability, but their geo- 
logical application has some theoretical limitations: 

a) The additivity axiom - a fundamental law of the prob- 
ability theory - recognizes only mutually exclusive popu- 
lations. As a consequence, the method works with well de- 
fined boundaries between the populations (geological ob- 
jects) and no transitions are admitted. However in geology 
sharp boundaries are rare, gradual transitions with mixed 
features are more frequent. Often there are more transi- 
tional zones in an area than pure objects. 

b) Several statistical procedures require repeated sam- 
pling. In geological investigations this is mostly unrealiza- 
ble. Imagine for instance a set of boreholes drilled in a 
regular grid. For the calculation of confidence intervals 
repeated sampling is required. This would mean repeated 
drilling of the grid after shifting and rotating the original 
drilling places. Obviously, such a procedure is unfeasable. 

c) Closed systems, that is systems characterized by fixed 
sums, such as chemical analyses ofrocks expressed by per- 
centages, furnish biased results when calculating correla- 
tion among the variables. The methods suggested to rectify 
these errors are complicated and it is difficult to interpret 
their results (A i t c h i s o n , 1997). 

d) Several geological features are not exactly defined 
and they can be described only in a semi-quantitative or 
qualitative way. Traditional probabilistic methods are not 
suitable for a mathematical evaluation of these data. 

For the above listed reasons we consider that the deter- 
ministic and probabilistic methods are mathematically cor- 
rect for geological applications, but they are far to offer 
optimal solutions, particularly for the study of uncertain- 
ties. 

Review of the main uncertainty oriented methods 

A common feature of the uncertainty oriented methods 
is that they dissolve the above listed limitations of the tra- 
ditional methods. Their most important feature is that they 
are able to describe mathematically the uncertainty of the 
input data by different types of uncertain numbers. Fur- 
thermore, they assure a correct propagation of the errors 
throughout all the calculations. 

Interval analysis (M o o r e 1979) replaces the crisp 
numbers by uncertainty intervals (Fig. 1). The topic has 
become even more important with the advent of comput- 
ers: the motivation is "the quest for rigor in numerical com- 
putation on machines". It is assumed that the true value is 
somewhere within the interval. Interval analysis lacks gra- 
dations and is the simplest method to express uncertainty 
through arithmetic calculations. The method garantees that 
the true value will always remain within the interval, but 
this goal is achieved at cost of precision. During the calcu- 
lations the intervals become wider and wider and the final 
results become too conservative. 

Possibility theory, a generalisation of interval analysis, 
provides a suitable model for the quantification of uncer- 
tainty by means of the possibility of an event (Z a d  e h 
1978, D u b o i s and P r a d e ,1988). The theory acknowl- 
edges that not all types of uncertainty can be handled by 
probability distributions. Instead, it uses membership h c -  
tions to represent non quantified uncertainty. The member- 
ship value of a number, varying between zero and one, ex- 
presses the plausibility of the occurrence of that number. 
The theory has been applied successfully in biology, health 
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Fig. 2. (a) Crisp set A and its complement non-A. Their intersection is 
empty, and their union is the set of all elements of the universe 
(b) Fuzzv set A and its cornolement non-A Thev over la^ 

00 SI. 2. (;)'~a.san niz A i njegov kdmplernent ne-A. Njihovo je'sjecifte 
3 4 5 6 7 8 9 1 0 1 1  prmno, a njihov spoj niz svih elemenata svernira 

(6) Fazi-niz A i njegov komplement ne-A Oni se preWapaju 
Fig. 1. Two intervals and their sum (A+B) and difference (A-B) 
S .  I .  Dva intervals te njihov zbroj (A+B) i rmlika (A-B) 

andmedicine(Ferson a n d G i n z b u r g  1996,Ferson 
et al. 1999) and in different braches of industry and econo- 
my ( B h r d o s s y  A. a n d D u c k s t e i n  1995, F o d o r  
a n d R o u b e n s  1994). 

The related- set theory expresses uncertainty very 
often by the use offuzzy numbers. They represent estimates 
of uncertainty at different levels of possibility. Fuzzy num- 
bers are by definition unimodal and they have to reach at 
least in one point the possibility level one, that is, the full 
possibility. In geology mainly trapezoidal and triangular 
fuzzy numbers are applied. They can be both symmetrical 
and asymmetrical. The smallest and the largest possible 
values of the given variable represent the lower and the 
upper bounds of the- number. All values of the varia- 
ble must be within these boundaries. The values reaching 
the possibility level one are considered as the most possi- 
ble estimates of the given variable. The fuzzy numbers are 
generalizations of the crisp numbers, as the latter ones can 
be regarded as a fuzzy number with a single point support. 

All arithmetic calculations can be camed out with fuzzy 
numbers. One of their great advantages is that they do not 
require the knowledge of the correlations among the varia- 
bles and the type of their probability distribution (Ta k A c s 
and V A r k o n y i - K 6 c z y 1999a,b). For the sake of nu- 
merical comparisons and ranking, fuzzy numbers can be 
reconverted into crisp numbers. This calculation is called 
defuzzification. But the main advantage of the fuzzy meth- 
od is that prior geological experience can be incorporated 
into the construction of fuzzy numbers. This goal can be 
achieved by joint constructing of the fuzzy numbers by 
geologists and the mathematician. The method allows the 
appropriate evaluation of semi-quantitative and qualitative 
input data as well. The frequent transitions of the geologi- 
cal populations, as mentioned before, can be also repre- 
sented by fuzzy numbers (Fig. 2.). C a g n o 1 i (1998) 
showed the application of the fuzzy set theory in the study 
of volcanic rocks. In the last years it found a broad appli- 
cation in the geographical information systems as well 
( A l t m a n  1994 ,Macmi l l an  1995,Unwin 1995). 

The way of constructing fuzzy numbers raises the prob- 
lem of their robustness. Imagine that several well trained 
and experienced experts are asked to construct fuzzy num- 
bers, based on the same crisp data. It is certain that the 
resulting fuzzy numbers will not be exactly identical. How- 
ever, the differences are expected to be rather small. Luck- 
ily all the mathematical operations one has to cany out with 
fuzzy numbers are stable, that is, small changes in the in- 
put data yealds only small changes in the results. As a con- 
sequence, the final results are not sensitive to small differ- 

ences in the initial fuzzy numbers. 
The probabilip bounds theory (F e r s o n et al. 1999, 

S m i t h 1996, T e s e e m 1992) is a combination of prob- 
ability theory with interval analysis. It expresses uncertainty 
by two cummulative probability distributions. The area be- 
tween the two curves represents the extent of uncertainty 
of the given variable (Fig. 3.). Probability bounds are con- 
sidered as a generalization of crisp numbers, intervals and 
probability distributions. The great advantage of this meth- 
od is that it can apply different probability distributions, 
e.g. normal. lognormal, exponential etc. and correlations 
for the variables to be studied. But the method works also 
without making any prior assumptions. The probability 
bounds get narrower with more empirical information about 
the given geological object. Its disadvantages are the more 
complicated calculations to be carried out. Nevertheless it 
seems for us to be a highly efficient approach in the case of 
safety assessments, when prior information is abundant. 

Fig. 3. Probability bounds 
Sl. 3. Veze PO vjerovatnosti 

Neuralnetworks(A1eksander andMor ton  1990, 
K o s k o 1992) build models directly based on measure- 
ments. They consist of adaptable nodes, which through a 
process of learning from task examples, store experimen- 
tal knowledge and make it available for use. Neural net- 
works are suitable to evaluate complex geological systems 
and processes that are too complicated to be understood 
by traditional modeling. A trained neural network can be 
thought as an "expert" and used to provide predictions for 
new objects or situations. The method, however, requires a 
large number of data about the object or process to be stud- 
ied. Neural networks are particularly suitable for the in- 
vestigation of potential mineral resources. In this case there 
is a great uncertainty in distinguishing potential deposit and 
non-deposit areas for later drilling. S i n g e r and K o u - 
d a (1 999) showed on test examples from the United States 
that this problem can be solved by neural networks. Re- 
cently neuro--zy systems (F u 1 1 e r 2000) were devel- 
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oped, enlarging the method by the aspects of data-uncer- 
Ginty. 

The method of hybrid arithmetic (Cooper et al. 1996, 
F e r s o n and G i n z b u r g 1996) combine probability dis- 
tributions with intervals, fuzzy numbers and probability 
bounds. The method allows the use of all kinds of num- 
bers, this being its greatest advantage. This is the newest 
among the methods of uncertainty analysis and there are 
very few publications on its application. Test calculations 
are foreseen by us for the near future. 

All the above listed methods require for the statistical 
calculations at least about 30 cases as sample size. Below 
this number the results become more and more uncertain 
(Tu k e y 1977). This circumstance represents difficulties 
for many geological applications. The recently developed 
bootstrap method (E f r o n and T i b s h i r a n i 1993, 
D a v i s o n  a n d H i n k l e y  1997)allowstodiminishthe 
sample size to about 10 cases by performing computerized 
random sampling and calculating the statistics of each rep- 
licate. Up to 1000 replicates can be quickly obtained by 
adequate computer programs. The method has been tested 
recently by Z. Sebestykn on a Late Permian geological for- 
mation situated in southern Hungary. The results proved 
the mathematical correctness and efficiency of the method. 
Another method developed for calculation with small sam- 
ple sizes is the jacknife (R o c k 1988). It is similar to the 
bootstrap method with the difference that it produces repli- 
cates by omitting one data in turn and then it averages the 
statistics of the trimmed replicates. 

Calculations of spatial uncertainty 

The calculations with the uncertainty oriented methods, 
outlined above, did not extend to spatial problems. How- 
ever, in geology the spatial position of geological objects 
and features is of primary importance. For any spatial eval- 
uation spatial coordinates (X,Y,Z) must be added to each 
input data and the spatial position must be part of all fur- 
ther calculations. 

The theory of regionalized variables, called also "ge- 
ostatistics" (a term leading to many misunderstandings), 
developed by M a t  h e r o n (1971) offered a method for 
spatial evaluations within the framework of the traditional 
probability theory. The calculation of variograms allowed 
to quantify spatial natural variability and to determine the 
"range of influence" in space for the given variable, that is 
the range of spatial autocorrelation. In our opinion, vario- 
grams are highly important tools to understand and to de- 
termine the spatial variability of any geological feature and 
to diminish their spatial uncertainty, e.g. interpolation be- 
tween two boreholes is reasonable only within the range of 
influence, beyond it is no more than pure formalism. Spa- 
tial predictions can be carried out by point and block-krig- 
ing and even the error of the prediction can be determined 
by the kriging standard deviation. The results can be rep- 
resented on isoline maps. Matheron's theory was a real 
break-through for spatial calculations in geology, mainly 
for reserve estimations and mining-geology, but it also has 
some limitations, such as the requirement of first and sec- 
ond order stationariry in the study area. A further limita- 
tion is, that semi-quantitative and qualitative input data 
cannot be evaluated by this method. Matheron's method 
has been broadly applied during the last decades in petro- 
leum exploration and mining as well. Much has been pub- 
lished on the results that we do not intend to repeat here. 
Only the article of S c h u e n e m e y e r  and P o w e r  
(2000) should be mentioned, as they studied the uncertain- 

ty of coal resource assessment in North Dakota, USA, by 
separating large-scale and local effects of natural variabil- 
ity and applying semi-variograms of coal thickness. 

In our opinion, Matheron's theory is the best solution 
for spatial averageing and for the determination of natural 
variability, but it does not take into consideration the un- 
certainty of the input data, discussed in the first part of this 
paper. The development o f h  geostatistics (B r d o s s y 
A. et al. 1990a,b), particularly of tizzy variograms and 
fuzzy kriging, was an essential step for evaluating spatial 
uncertainty in geology, including the uncertainty of the in- 
put data. In our opinion, spatial equivalents can be devel- 
oped for all the non-spatial uncertainty oriented methods, 
discussed in the foregoing chapter. This is an urgent task 
for the coming years. 

Calculations of spatial and temporal uncertainty 

The study of temporal processes requires the introduc- 
tion of another dimension, that of time. The traditional 
methods of time-trend analysis are well known and applied 
in geologic investigations @ a v i s 1986). New aspects of 
space-time relationships have been developed (R o d d i c k 
and H o r n s b y 2001) and geostatistical methods have 
been expanded to space-time models (K y r i a k i d i s , 
J o u r n e l  1999). B a r d o s s y  A. and D u c k s t e i n  
(1995) applied fuzzy rule based models to time-series anal- 
ysis of hydrogeological problems, e.g. water demand fore- 
casting. Nevertheless, the problems of uncertainties and 
errors have been treated so far in other geological investi- 
gations only by traditional deterministic and probabilistic 
approaches. Here again further theoretical studies are need- 
ed to apply the uncertainty oriented methods to spatial and 
temporal evaluations. Spatial-temporal predictions have a 
particular importance in the safety assessment of radioac- 
tive waste disposal (C r a i g 1988). 

Uncertainty of risk analysis in geology 

Risk is a common tern in science, economy and indus- 
try. According to the definition of the Society of Risk Anal- 
ysis, risk is the potential for realization of unwanted con- 
sequences of a decision or an action. Risk analysis is de- 
fined by the same society as "the process of quantification 
of the probabilities and expected consequences of risks" 
(2001). Risk analysis has been applied to several problems 
in geology, such as mineral exploration, mining projects, 
landslides, floods, volcanic and earthquake hazards. The 
safety assessments of toxic and radioactive waste reposi- 
tories represent particularly important applications of risk 
analysis. All these calculations have been carried out so far 
by traditional deterministic and probabilistic methods (B o - 
n a n o  and C r a n w e l l  1988, C r a i g  1988,Hunter  
and M a n  n 1992). At our knowledge, no uncertainty ori- 
ented methods have been applied for risks of geological 
problems so far. 

The basic requirement of risk analysis is to exclude the 
possibility of under-estimation of risk at the given condi- 
tions. With the traditional method measures of central ten- 
dency (mean, median etc.) are produced. However, experi- 
ence showed that not these measures, but the tail of the 
distributions are of paramount importance, as they repre- 
sent risks of low probability, but of severe consequences. 
Dependency bounds analysis, suggested by F e r  s o n 
(1996), seems to assure sufficiently secure estimates of these 
tail-probabilities. 

The methods of interval analysis and fizzy arithmetic 
have been first applied to risk analysis by F e r s o n and 
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K u h n (1 992) for ecological problems. Our aim is to ap- 
ply these methods for the calculation of geological risks as 
well. 

Test calculations 

During the last year a number of test calculations have 
been carried out by us mainly with fuzzy arithmetic. We 
found this method as most suitable for the study of uncer- 
tainties in geological investigations. Examples of these 
applications are presented in the following: 

Quantitative mineralogical phase analysis of rock sam- 
ples is carried out mostly by X-ray diffractometry and by 
differential thermogravimetry. The methods are well known 
and have been described in many papers and textbooks. 
They complete each other and are applied generally joint- 
ly. We evaluated them separately for methodological pur- 
poses, outlined below. The diferential thermogravimetric 
method is based on changes in weight and entalpy of the 
minerals, occurring during the heating of the rock sample. 
The measurements have been carried out by a MOM Deri- 
vatograph-PC. The heating occurred at IOoClmin speed and 
the TG, DTG and DTA curves were registered by the com- 
puter. The average error of the phase analysis was consid- 
ered so far to be about * 10 weight%, the limit of detection 
varies fiom 1 to 5 percent. It was clear that part of this 
error is due to the apparatus and the imperfection of detec- 
tion and registration. But experience showed that the main 
source of error is the incomplete knowledge of the rock 
forming minerals. Let us stress that minerals showing no 
weight and entalpy changes during the heating, cannot be 
detected at all by this method. 

The test calculations have been carried out on 27 rock 
samples taken from the Late PermianBoda Claystone For- 
mation (BCF), southern Hungary, and on one bauxite sam- 
ple, taken from the Szoc bauxite area in the Balcony Moun- 
tains. Fuzzy numbers have been constructed for every min- 
eral of each sample. This process has been performed to- 
gether by the expert of the derivatography and by the two 
authors of this paper. This is an essential point of all eval- 
uations of this type, as the technical, mathematical and 
mineralogical-geological aspects of the evaluations must 
be discussed and decided together. The characteristic val- 
ues of each f i m y  number, such as the possible minimum 
and maximum of the base (support) and the point or inter- 
val ofthe core, the fUzzy index and the defuzzificated num- 
bers have been determined and compared with the crisp 
numbers, obtained by the traditional evaluation. 

Figure 4. shows a comparison of the traditional and the 
fuzzy evaluation of an albitic claystone sample from the 
BCF. The fuzzy evaluation clearly shows how different are 
the errors of the different minerals. The results of the eval- 
uation of the 27 BCF samples are presented on Table 1. 
Illite-muscovite could be detected with the largest error, 
followed by chlorite, calcite, dolomite and by montmorillo- 

Fig. 4. Comparison of the evaluations by crips and fUzzy numbers. Ther- 
mogravimetry by derivatograph: . 
Borehole BAT - 10.58.7 m, alb~trc claystone, BCF 

SI. 4, Usporedba vrijednosti putern jasnih i f4z-bmjaka. Derivatograf- 
s h  termogravimetrija. 
Buiotina BAT- 10, 58,7 m, albifski glinjak Bodn-formacije 

nite. The lengths of the core (membership value one) in the 
average is much shorter than the support and this express- 
es the real error of the phase analysis. The sum of the ther- 
mally active minerals is only 45-65 weight % and the loss 
of weight is also very limited. Thus this is not a very suita- 
ble rock for thermal investigation. On the other hand, baux- 
ites are generally very suitable being composed mainly of 
thermally active minerals and the loss of weight may reach 
30 %. The sample from Szdc contains 81 % of thermally 
active minerals. As a consequence, the hzzy evaluation 
revealed only relatively little errors of measurement, such 
as i 2 % for boehmite, i 112 % for gibbsite, h1 % for 
goethite and *6 % for kaolinite. 

When summarizing the results, it can be stated that the 
averages of the traditional crisp numbers and those of the 
defuzzificated numbers are in very good agreement. Their 
standard deviation expresses the natural variability of the 
composition fo the BCF. On the other hand, the standard 
deviation of the corresponding fuzzy numbers expresses 
the analytical error of the phase analysis, carried out be 
derivatography. The latter is 2 to 4 times higher in the stud- 
ied samples than the natural variability. On our opinion, 
this is a very important additional information, hrnished 
by the f i zzy  evaluation. The detailed discussion of the eval- 
uation, including all the data obtained, is in press (F 6 1 d - 
v B r i ,  B a r d o s s y ,  F o d o r  2001). 

The well known quantitative phase analysis by X-ray 
difJi.actometry was performed on 32 samples taken from 
the same formation (BCF) as before. The measurements 

Table 1. Characteristic values of the fuuy numbers calculated fiom 27 rock samples of the BCF 
Tablica I .  KarakteristiEne vrijednosti fmi-brojki izraEunatih M temelju 27 uzoraka uzetih u formaciji Boda-glinjaka u juinqj Madarskoj 

Mineral 

1. illite-muscovite 
2. chlorite 
3. dolimite 
4. calcite 
5. montmorillonite 

Support R 
Yo Yo 

1-29 16 
3-26 12 
1-1 1 5 
1-14 6 
1-6 2 

Core x 
- 

Yo Yo 

0-24 6 
0-20 4 
0-4 1 I2 
0-6 1 I2 
0- 1 0 

Average of the 
fuzzy numbers 

Yo 
23 
15 
9 
6 
2 
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were canied out by Philips PW-1730 diffractometer, mono- 
chromatised CuK, irradiation at 45 kV and 35 mA. Chem- 
ical analyses were obtained by X-ray fluorescence analysis 
on each sample. The accepted average error of the tradi- 
tional phase analysis was * 10 % and the limit of detection 
112 to 5 weight %. First the crisp values of each sample 
have been determined by the traditional evaluation method 
(B 6 r d o s s y et al. 1980). In the second step the corre- 
sponding fuzzy numbers were constructed in the same way 
as with the derivatography - outlined above. A comparison 
of the traditional and fuzzy results of an albitic claystone 
sample is presented on Figure 5. The determination of each 
mineral was achieved with different errors of detection. The 
minerals can be ranked according to the amount of this 
error, as presented on Table 2. The sequence of the miner- 
als is the same as that obtained by derivatography, com- 
pleted by the thermally inactive minerals, such as albite, 
quartz and hematite. Here again the length of the coreinter- 
val is much shorter than that of the support. 

The averages of the mineral content, calculated sepa- 
rately fiom the crisp and the defuzzified numbers showed 
an almost perfect coincidence. They express - as in the case 
of derivatography - the natural variability of .the BCF re- 
garding the studied mineral. On the other hand, the stand- 
ard deviations of the fuzzy numbers are 3 to 6 times higher 
than those of the crisp numbers, expressing the analytical 
error of the phase analysis. 

The main benefit of the fuzzy approach is - with both 
types of measurement - that particular features of each min- 
eral and each sample can be evaluated separately and the 
minerals can be ranked according to the error of their de- 
termination. According to our experiences, this approach 
can be applied to any other rock as well. A detailed de- 
scription of the above outlined evaluation, including all 
the data obtained, is actually in press (B a r d o s s y , 
A r k a i ,  F o d o r  2001). 

Reserve estimation of mineral deposits. The reliability 
of reserve estimates is a problem for more than 50 years. 

I 
8 Sum of the minerals 100 % 

t 
3 

J 
u s E 

1 I I L 
I 1 I 

Fuzzy membership ftmctions 

Fig. 5. Comparison of the avaluations by crisp and fizzy numbers. X-ray diffractometry. Albitic claystone, BCF, Borehole BAT - 4, 1169.2 rn 
depth 

SI. 5. Usporedba vrijednosti dobivenih putem jasnih odnosno fazi-brojki. Rendgenska difraktometrija. Albitski glinjak. Bodalformacqa. Bu- 
Sotina BAT-4, 1169.2 m 

Table 2. Characteristic values of the fuzzy numbers calculated from 32 rock samples of the BCF 
Tablica 2. KarakteristiCne vrijednosti fd-brojki izraCunafih no remeou 32 worka uzeta u formacqi Boda-glinjaka u juinoj Madarskoj 

Mineral 

1. illite-muscovite 
2. albite 
3. quartz 
4. chlorite 

Support P 
Yo 'Yo 

5-25 14 

- Core x 
Yo Yo 

1-14 5 

5. dolomite 
6. calcite 
7. hematite 

Average of the 
fuzzy numbers 

Yo 
34 

2-25 12 
2-16 7 
3-14 6 
1-13 4 
2-10 4 
2-5 3 

0-16 3 
0-12 4 
0-6 2 

3 1 
9 
7 

0-10 2 
0-6 2 
0-3 1 

8 
6 
5 
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Hundreds of articles have been ~ublished on this subiect. 
but so far only deterministic and probabilistic appro&hes 
have been applied. The most important development in this 
field was thkapplication of theheory of regionalized var- 
iables, caIled geostatistics. But even geostatistical reserve 
estimates apply traditional crisp input data. The method of 
fUzzy arithmetic has been applied by us first to a large baux- 
ite deposit in Hungary (B B r d o s s y , et al. 2000). This 
work has been continued, in cooperation with the Bakony 
Bauxite Mining Co. by applying it to eight further bauxite 
deposits having different types of deposition. The main re- 
sults are as follows: 

In our opinion, the first step of any reserve estimation is 
a thorough evaluation of the deposit model. Even within 
the group of karst bauxite deposits, this can be very differ- 
ent, e.g. stratiform, lenticular, valley, graben, sinkhole, pock- 
et, string, nests and all their combinations. In a second step 
the ranges of influence must be determined by variograms 
at least for the thickness of the commercial bauxite and its 
main chemical components. The fUzzy evaluation can be 
started only if the ranges of influence cover the entire de- 
posit, not letting in between any undetectable spaces situ- 
ated outside of these ranges. Fuzzy numbers are then con- . 
structed for the productive area, the average thickness and 
the average bulk-density of the deposit. Here again a close 
coooeration of the mathematician and the bauxite-~eolo- 
gis<is of fundamental importance. For the area 
first the minimum and maximum values of the base (sup- 
port) are determined. The maximum area is determined by 
a line connecting the improductive bore holes situated clos- 
est to the deposit. The minimum area is determined by the 
connecting line of the outennost productive boreholes. The 
most possible area - characterized by membership value 
one - has been constructed on the base of isopach maps 
and a close set of geological cross-sections. The above three 
points form a triangualr fuzzy number (Fig. 6lA). 

The average commercial bauxite thickness is evaluated 
by the traditional statistical method, taking into account all 
the boreholes, where the bauxite thickness is more than the 
cut-off value: at present for this mining company 2 2,O me- 
ters. According to our experience, the distribution of baux- 
ite thickness is often very skewed in the direction of high 
thicknesses. This inevitably leads to the overestimation of 
the reserves. To eliminate this bias, instead of the mean, so 
called M-estimators are calculated, being robust, unbiased 
representations of the "central tendency". Tukey's M-esti- 
mator seems to be the most suitable for the karst bauxite 
deposits. The f k z y  number, expressing the average baux- 
ite thickness, is constructed around this M-estimator, tak- 
ing as core the "standard error of the mean". The mini- 
mum and maximum values of the base are calculated by 
the confidence interval at 95 % (a = 0.05) level of confi- 
dence. The resulting fuzzy number is trapezoidal (Fig. 61 
B). The values of the bulk-density are determined in the 
laboratory on relatively small samples, completed by some 
large (112 - 1 m3) ones, measured in the mine. The con- 
struction ofthe fuzzy number, expressing the average buIk 
d e ~ i t y ,  occurred in the same way as with the average baux- 
ite thickness, resulting in a trapezoidal fuzzy number (Fig. 
6lC). 

The amount of geological reserves was calculated by 
multiplication of the above discussed three fUzzy numbers 
(Fig. 6/D). The resulting fuzzy number expresses the total 
error of the reserve estimation in tons. Let us stress that the 
minimum and maximum points of the base express the 
smallest and the largest possible amount of reserves, if all 
components of the reserve calculation are either favoura- 
ble or unfavourable. Obviously, such a coincidence is com- 
pletely improbable, but the fuzzy number expresses just 
the possible extreme values of the reserve estimation. On 
the other hand, the core involves the most acceptable re- 
serve estimates, with equal plausibility. There is no pre- 

438 
Average thicknssas 

wri 
Tonnage of bauxite ore 

Fig. 6. Fuzzy numbers of the reserve estimation of the bauxite deposit Sdrhegy, Hungary (Thin lines show results of the deterministic reserve 
estimation) 

Sl. 6. Fazi-brojke u procjeni rezervi boksitnog leiiiia Szrirhegy u Modarskoj (tanke linue pokazuju rezuliaie deternlinisritke procjene rezervi) 
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ferredpoint within this interval, including the result of the 
traditional point-estimate! The average quality of the ore 
is calculated in the same way, again taking into account the 
very frequent skewness of the distribution. 

A great advantage of the fuzzy evaluation is its clear- 
ness and simplicity. One can easily recognize the weak 
points of the reserve estimate and the amount of related 
error. Based on the reserve and quality estimates, it is easy 
to calculate the risks of the given mining project. If the 
risks are unacceptably high for the investing company, 
complementary exploration can be started. As the proce- 
dure of hzzy evaluation and risk analysis is easily per- 
formed by adequate computer programs, the entire calcu- 
lation can be repeated after the drilling of each new bore- 
hole. Thus exploration can be stopped after reaching the 
required risk-level. This way exploration expenses can be 
minimized. 

Further test calculations were carried out by us on hydr- 
ogeological (transrnissivity) and rock-mechanical data, with 
positive results. The limited extent of this paper does not 
allow to discuss these applications. Maybe the most im- 
portant new application of uncertainty oriented methods 
was performed by us for the safety assessment of radioac- 
tive waste repositories. A completely new methodology has 
been elaborated and suggested for application. Its detailed 
discussion is also in press (B d r d o s s y and F o d o r  
2001). 

Conclusions 

1. Uncertainty has long been considered in geology a re- 
movable adverse circumstance that should gradually dis- 
appear with the overall development of the Earth-Sci- 
ences. However, one must recognize that a part of this 
uncertainty is an inherent feature of Nature. Therefore, 
understanding and appropriate handling of uncertainties 
should be part of all future geological investigations. 

2. The traditional mathematical methods - deterministic and 
probabilistic - applied so far in geological investigations 
are mathematically correct, but by far not optimal for the 
treatment of uncertainties. 

3. The new mathematical methods, developed by theoreti- 
cal mathematicians, are suitable to evaluate in a mathe- 
matically correct way semi-quantitative and qualitative 
("linguistic") input data and to determine the uncertain- 
ties and errors connected with them. 

4. In our opinion the traditional and the new uncertainty 
oriented methods complete each other in the geological 
investigations. 

5. A thorough study of the geological objects and process- 
es is indispensable for any mathematical evaluation in 
geology. Without that even the most sophisticated meth- 
od becomes an empty formalism. 

Received: 2001-05-24 
Accepted: 2001 -1 0-23 

REFERENCES 

A i t c h  i s o n , J. (1997): The one hour course in compositional data 
analysis, or compositional data analysis is simple. In: Pawlowsky, 
V. (editor): Proc. Of the 3d Annual Conf. of the Internat. Assoc. of 
Math. Geol., 3-35 pp. 

A l e k s a n d e r ,  I. & M o r t o n ,  H. (1990): An introduction to neural 
computing. Chapman and Hall, 240 pp, London. 

A 1 t m a n , D. (1 994): Fuzzy set theoretic approaches for handling im- 
precision in spatial analysis. In1 Jour: of Geographical Informa- 
tion Systems, 8, 271-289. 

B d r d o s s y ,  A . ,  B o g a r d i ,  I .  andKelly,W.E.(1990a):Krig- 
ing with imprecise (fuzzy) variograms I. Theory. Math Geol., 22, 
63-79. 

B h r d o s s y ,  A., B o g a r d i ,  I. and K e l l y ,  W.E. (1990b): Kriging 
with imprecise (fuzzy) variograms 11. Application. Marh Geol., 22, 
8 1-94. 

B a r d o s s y , A .  & D u c k s t e i n ,  L. (1995), Fuzzy rule based mode- 
ling with applications geophysical, biological and engineering sys- 
tems. CRC Press, 232 pp, New York. 

B d r d o s s y , G. (1997): Some fields of geomathematics as seen by a 
geologist. In: Pawlowsky-Glahn, V. (editor): Proc. IAMG Conf. Vol. 
I, 36-56 pp., Bqcelona. 

B h r d o s s y ,  G., A r k a i ,  P. and F o d o r ,  J. (2001):Application of 
the fuzzy set theory to the quantitative phase analysis of rocks by 
X-ray difiactometry. Faldtani Kazlony (in press). 

B a r d o s s y , G. & F o d o r ,  J. (2001): New possibilities for the evalua- 
tion of uncertainties in safety assessment of radioactive waste dis- 
posal. Acra Geologica (in press). 

B o n a  n o , E.J. & C r a n w e I 1 ,  R. M. (1988): Treatment of uncertain- 
ties in the performance assessments of geologic high-level radioac- 
tive waste repositories. Marh. Geol., 20, 543-565. 

C a g n  o l i , B. (1998): Fuzzy logic in vulcanology. Episodes, 21,94-96. 
C o o p e r ,  J.A., F e r s o n ,  S. and G i n z b u r g ,  L.R. (1996): Hybrid 

processing of stochastic and subjective uncertainty data. Risk Anal- 
ysis, 16, 785-791. 

C r a i g , R. G. (1988): Evaluating the risk of climate change to nuclear 
waste disposal. EAath Geol., 20, 567-588. 

D a v i s , J. C. (1986): Statistical and data analysis in geology. 2nd edi- 
tion, Wiley, 684 pp, New Yo&. 

D a v i s o n , A .  C. &Hink ley ,D .V .  (1997),Bootstrapmethodsand 
their application. Cambridge University Press, 582 pp, Cambridge. 

D u b o i s , D. & P r a d e , H. (1988): Possibility theory: An approach to 
computerized processing of uncertainty. Plenum Press, 263 pp, New 
York. 

E f r o n , B. & Ti  b s h i r a n i , R. J. (1 993): An introduction to boot- 
strap. Chapman and Hall, 436 pp, New York. 

F e r s o n , S. (1996): What Monte Carlo methods cannot do. Human 
and Ecological Risk Assessment, 2,990- 1007. 

F e r s o n ,  S., R o o t ,  W. and K u h n ,  R (1999): RAMAS Risk Calc: 
Risk assessment with uncertain Numbers. Applied Biomathemat- 
ics, 184 pp, Setauket, New York 

F e r s o n , S. & G in  z b u r g , L.R. (1996): Different methods are need- 
ed to propagate ignorance and variability. Reliability Engineering 
and System Safety, 54, 133-144. 

F e r s o n , S. & K u h n , R. (1992): Propagating uncertainty in ecologi- 
cal risk analysis using interval and fuay  arithmetic. In: Zanetti P. 
(editor): Computer Techniques in Environmental Studies, Elsevier 
Applied Science, 387-401 pp., London. 

F o d o r ,  J. & R o u be  n s , M. (1994): Fuzzy preference modeling and 
multicriteria decision support. Kluwer Academic Publishers, 272 
pp, Dordrecht. 

FBldvf i ry ,  M. ,  B h r d o s s y ,  G .  a n d  F o d o r ,  J.(2001):Ap- 
olication of fuzm arithmetic to the auantitative ohase analysis of 
iock samples by thennoanalytical dethods, app'lied to k- Boda 
Aleurolite Formation, Hungary. Foldrani Kozldny (in press). 

F u 1 1 6 r , R. (2000): Introduction to neuro-fuzzy systems. Physica Ver- 
lag, 289 pp, Heidelberg. 

H u n t e r ,  R . L . & M a n  n , C. J. (1992): Determining probabilities 
of geologic events and Processes. Studies in Mathematical Geolo- 
gy No. 4, Oxford University Press, 306 pp, Oxford. 

K y r i a k i d i s ,  P . C .  & J o u r n e l ,  A.G. (1999): Geostatistical 
space-time models: a review. Math. Geology, 331, 651-684. 

K o s k o ,  B. (1992): Neural networks and fuzzy systems. Prentice Hall, 
Englewood Cliffs, New Yersey. 

M a  c m i 1 l a n  , W. (1 995): Modelling: fuzziness revisited. Progress in 
Human Geography, 19,404-41 3.  

M a n  n , C.J. (1993): Uncertainty in geology. In: Davis, J. C. and Herzfeld, 
U.C. (editors): Computers in Geology - 25 Years of Progress, 241- 
254 pp. 

M a t h  e r o n, G. (197 I): The theory of regionalized variables and its 
applications. Cah. Centre Morph. Math. Fontainebleau, 5, 21 1 pp. 

M o o r e  , R. E. (1979): Methods and applications of interval analysis. 
SIAM Studies on Applied Mathematics, Vo1.2., Philadelphia. 

M o r g a n ,  M . G .  & Henrion,M.(1990):Uncertainty:Aguide 
ta dealing with uncertainty in quantitative risk and policy analysis. 
Cambridge University Press, Cambridge. 

R o c k  , N.M.S. (1988): Numerical geology. Springer, 427 pp, Heidel- 
berg. 

R o d d i c k ,  I .  & H o r n s b y ,  K.(editors)(200l):Pro~.OftheIn- 
temational Workshop on Temporal, Spatial, and Spatio-temporal 
Data Mining. Lecture Notes in Artificial Intelligence 2007. Spring- 
er, Heidelberg. 

S c h u e n e m e y e r ,  J .  & P o w e r ,  H.C. (2000): Uncertaintyesti- 
mation for resouce assessment- an application to coal. Math G a l ,  
32, 521-541. 

S i n g e r ,  D . A .  & K o u d a ,  R. (1999),Acomparison of the  
weights-of-evidence method and probabilistic neural networks. 
Natural Resources Research, 8, 287-298. 



Rud.-geol.-naft. zb., Vol. 13, Zagreb, 2001 
24 Bardossy, Gy. & Fodo,: J.: Uncertainties and risks in geological activities 

S m i t h , J.E. (1996): Generalized Chebychev inequalities: theory and 
applications in decision analysis. Operations Research, 42, 807- 
825. 

T a k h c s ,  0 .  & V a r k o n y i - K o c z y , A . R .  (1999a): Fuzzy han- 
dling of uncertainty in nonlinear systems. In: De Baets, B., Fodor, 
J. and Kbczy, L.T. (editors): Proc. of EUROFUSESIC '99 (Buda- 
pest, May 25/28, 1999), 22-27 pp. 

T a k h c s ,  0. & V i r k o n y  i - K b c z y ,  A.R.(1999b):Information 
processing based on mixed-classical and fuzzy-data models, In: 
IEEE International Workshop on Intelligent Signal Processing (Bu- 
dapest, September 4-7, 1999), 23-27 pp. 

T e  s s e m. B. (1992): Interval probability propagation. Int. Jou,: om- 
proximate Reasoning, 7 , ,  95-120. 

T u k e y  , J. W. (1977), Exploratory data analysis. Addisson-Wesley, 688 
pp, Reading, Mass. 

U n w i n ,  D. (1 995): Geographical information systems and the prob- 
lem of error and uncertainty. Progress in Human Geography, 19, 
549-558. 

Z a  d e h ,  L. (1978): Fuzzy sets as a basis for a theory of possibility. 
Famy Sets and Systems, 1, 3-28. 


