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ABSTRACT

GENERALIZED MULTI-STREAM HIDDEN MARKOV MODELS

Oualid Missaoui

March 2nd, 2010

For complex classification systeins, data is usually gathered from multiple sources of infor-
mation that have varying degree of reliability. In fact, assuming that the different sources have the
same relevance in describing all the data might lead to an erroneous behavior. The classification
error accumulates and can be more severe for temporal data where each sample is represented by
a sequence of observations. Thus, there is a compelling evidence that learning algorithms should
include a relevance weight for each source of information (stream) as a parameter that needs to be
learned.

In this dissertation, we assumed that the multi-stream temporal data is generated by inde-
pendent and synchronous streams. Using this assumption, we develop, implement, and test multi-
stream continuous and discrete hidden Markov model (HMM) algorithms. For the discrete case,
we propose two new approaches to generalize the baseline discrete HMM. The first one combines
unsupervised learning, feature discrimination, standard discrete HMMs and weighted distances to
learn the codebook with feature-dependent weights for each symbol. The second approach consists of
modifying the HMM structure to include stream relevance weights, generalizing the standard discrete
Baum-Welch learning algorithm, and deriving the necessary conditions to optimize all model pa-
rameters simultaneously. We also generalize the minimum classification error (MCE) discriminative
training algorithm to include stream relevance weights.

For the continuous HMM, we introduce a new approach that integrates the stream relevance
weights in the objective function. Our approach is based on the linearization of the probability
density function. Two variations are proposed: the mixture and state level variations. As in

the discrete case, we generalize the continuous Baum-Welch learning algorithm to accommodate



these changes, and we derive the necessary conditions for updating the model parameters. We also
generalize the MCE learning algorithm to derive the necessary conditions for the model parameters’
update.

The proposed discrete and continuous HMM are tested on synthetic data sets. They are
also validated on various applications including Australian Sign Language, audio classification, face
classification, and more extensively on the problem of landmine detection using ground penetrating
radar data. For all applications, we show that considerable improvement can be achieved compared

to the baseline HMM and the existing multi-stream HMM algorithms.
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CHAPTER I

Introduction

The greatest challenge to any thinker is
stating the problem in a way that will

allow a solution

Bertrand Russell

Temporal data is sequential data that is ordered with respect to a given index [1, 2, 3]. The
description and modeling of such data is based on the ordering concept which is not necessarily
time. Time series form a well-known class of sequential data where records are indexed by time.
Other examples of sequential data are text, pixels in an image, gene sequences, protein sequences,
and lists of moves in a chess game. Temporal data has been studied extensively in data mining and
statistics [4]. Classification is one of the main tasks in temporal data mining [1, 5]. Temporal data
classification is needed in many applications such as speech recognition [6], gesture recognition [7]
and handwritten word recognition [8].

One of the most commonly used temporal data classifiers is the Hidden Markov Models
(HMMs) algorithm [6). HMMs were introduced and studied in the late 1960s and early 1970s. They
have great adaptability and versatility in handling sequential signals [9]. They have also been used
for biological sequence classification [10, 11 and finance [12].

A hidden Markov model (HMM) (also known earlier as a probabilistic function of a Markov
chain, or as a Markov source, or as a Markov regime model} is a stochastic process generated by two
interrelated probabilistic mechanisms. The first mechanism consists of an underlying Markov chain
with a finite number of states. At discrete instants of time, the process is assumed to be in some
state and an observation is generated by the random function corresponding to the current state.
The generated observations form the second probabilistic mechanism. The underlying Markov chain
changes its state according to its transition matrix.

In HMM, the observer sees only the output of the random functions associated with each
state and cannot observe the states of the underlying Markov chain directly. Hence, the Markov

chain is hidden and the name for the model family is hidden Markov model.



In principle, the outputs from the states of the hidden Markov chain may be either multi-
variate random processes having some continuous joint probability distribution or a discrete finite
alphabet [13]. The former model is called Continuous HMM and the latter one is called Discrete
HMM.

For complex classification, multiple sources of information may contribute to the generation
of sequences. In the standard HMMs, the different features contribute equally to the classification
decision. However, these features may have different relevance degrees that depend on different
regions of the feature space. Moreover, not all sources are always reliable. Consequently, treating
these sources equally important and simply concatenating them and using a standard HMM might
lead to a suboptimal classifier. Thus, more complex HMM based structures are needed to handle

temporal data with multiple sources of information.

1.1 Related work

Approaches toward the combination of different modalities can be divided into three main
categories: feature level fusion or direct identification, decision level fusion or separate identifica-
tion (also known as late integration) and model level fusion (early/intermediate integration) [14].
In feature level fusion, multiple features are concatenated into a large feature vector and a single
HMM model is trained [15]. This type of fusion has the drawback of treating heterogeneous fea-
tures equally important. It also cannot represent the loose timing synchronicity between different
modalities easily. In decision level fusion, the modalities are processed separately to build inde-
pendent models [16]. This approach completely ignores the correlation between features and allows
complete asynchrony between the streams. Also, it is computationally heavy since it involves two
layers of decision. In model level fusion, an HMM model that is more complex than a standard one
is sought. This additional complexity is needed to handle the correlation between modalities, and
the loose synchronicity between sequences. Several HMM structures have been proposed for this
purpose. Examples include factorial HMM [17], coupled HMM (18] and Multi-stream HMM [19].
Both factorial and coupled HMM structures allow asynchrony between sequences since a separate
state sequence is assigned to each stream [20]. However, this is performed at the expense of an
approximate parameter estimation. In fact, the parameters of factorial and coupled HMMs could
be estimated via the EM (Baum-Welch) algorithm [6]. However, the E- step is computationally
intractable and approximation approaches are used instead [18, 17].

Multi-stream HMM (MSHMM) is an HMM based structure that handles multiple modalities



for temporal data. It is used when the modalities (streams) are synchronous and independent. Since
the streams are supposed to be synchronous, MSHMM assumes that for each time slot, there is a
single hidden state, from which different streams interpret different observations. The independence
of the streams means that their interpretation of the hidden state and their generation of the
observations is performed independently.

To the best of our knowledge, no work that attempts to integrate feature discrimination in the
discrete HMM. However, limited work has been reported for the continuous HMM had been reported
in the literature. In particular, feature weighting was introduced in audio-visual stream weighting
in speech recognition using continuous HMM [21, 22, 23]. In the standard continuous HMM, the
classification decision is related to the probability density of a given observation sample in each state
of the model. The probability density function (pdf} has been treated as a mixture of Gaussians
where each Gaussian is weighted by a relevance coefficient. In particular, the overall feature space is
partitioned into sub-spaces, and partial Gaussian components are learned in the different sub-spaces.
Two general approaches have been proposed. The first one consists of factorizing each mixture into
a product of weighted partial pdf(s) [24], where each pdf models a different feature subset. The
relevance weight of each subset is learnt via the Minimum Classification Error (MCE) approach or
the Generalized Probabilistic Descent (GPD) [24]. There was no reported learning approaches using
the Maximum Likelihood (ML) based Baum-Welch algorithm. In fact, it was shown [24] that it is
not possible to derive the ML learning equations for the exponent weights. The second approach
considers the pdf as a product of exponent weighted mixture of Gaussians [25]. In this case, the pdf
is a product of summation of Gaussians, whereas in the former case, the pdf is a summation of a
product of Gaussians. In the latter case, the exponent weights are either fixed a priori by the user
or learnt via the MCE/GPD approach [26]. The only attempt to learn the exponent weights within
the Baum-Welch learning algorithm had been reported in [27]. However, this approach restricts the

HMM structure to one Gaussian component per state.

1.2 Contributions

In this dissertation, we argue that since the stream relevance weights are parameters of the
HMM structure, it is not meaningful to learn them separately from the rest of the HMM parameters.
For the discrete case, we generalize the discrete HMM by introducing a weight matrix that assigns a
relevance weight to each feature subset of each codebook. We propose two new approaches to train

the discrete HMM. The first one combines unsupervised learning, feature discrimination, standard



discrete HMM and weighted distance to learn the codebook with feature dependent weights for each
symbol. In this case, the set of feature weights are optimized using the Simultaneous Clustering and
Attribute Discrimination (SCAD) algorithm [28]. SCAD is a clustering algorithm that partitions
the data into clusters and learns cluster-dependent feature relevance weights. After learning the
feature relevance weights through clustering, the regular discrete HMM parameters are trained via
the standard Baum-Welch algorithm. To avoid overfitting, the Baum-Welch training is followed by a
discriminative training component using the Minimum Classification Error/Generalized Probabilistic
Descent (MCE/GPD) algorithm.

The second approach consists of generalizing the Baum-Welch algorithm to learn the weight
of each feature subset. We assume that the probability of each codebook is a.combination of
the probabilities of the feature subset. Two forms of codebook probabilities are proposed. The
first is a linear combination of partial probabilities. The second one is a geometric combination.
The standard Baum-Welch learning algorithm is generalized to support both forms. In particular,
we formulate the MLE that includes the feature relevance weights, and we derive the necessary
conditions to maximize this MLE. The MCE/GPD algorithm is also generalized to include stream
relevance weight estimation.

For the continuous HMM case, we treat the pdf as a sum of weighted linear combination of
partial Gaussian components. We generalize the Baum-Welch algorithm and derive the necessary
conditions to maximize the MLE learning equations. In particular, we introduce new structures
of the continuous HMMs based on a linearization of the observation density of probability. This
linearization is introduced to permit deriving the learning equations for all of the model parameters
simultaneously. Two forms of linear pdf are introduced. The first one consists of a linear combination
of the probability densities within different feature subspaces, each of them is a linear combination
of mixture of Gaussians. The second one is a mixture of Gaussians, each is a linear combination of
probability densities of different feature subspaces. For each method, we formulate the MLE that
generalizes the Baum-Welch algorithm to include the necessary conditions to maximize this MLE.
The MCE/GPD algorithm is also generalized to include stream relevance weight estimation.

Figure 1 displays a diagram that summarizes the different multi-stream HMM structures
that we propose. We will refer to them as Generalized Multi-stream HMM (GMSHMM).

Figure (2) shows the diagram of a multi-modal temporal classifier based one of the structures
in figure 1. It sketches the underlying components of a typical classifier. In fact, the data generated

from the different streams is then fed to the GMSHMM. The GMSHMM takes into account the
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Figure 1. Proposed generalized multi-stream hidden Markov model structures.

multi-modal nature of the available sequences for training. In the case of C classes, the generalized
Baum-Welch algorithm learns a separate GMSHMM for each class. A layer of discriminative training
is then performed based on the generalized MCE/GPD to tune the parameters of the different
GMSHMM. Once the C models are learnt, if a testing point occurs, it is assigned to the classes that

produces the higher likelihood.

Figure 2. Architecture of the GMSHMM based classifier for multi-modal temporal data.

The proposed GMSHMM structures are applied to multiple domains. First we evaluate these
GMSHMM models on synthetic data sets. Then, we apply them to classify sequential data in various
applications including landmine detection, sign language classification, music genre classification,

and face classification.



1.3 Dissertation overview

The organization of the rest of this dissertation is as follows. In chapter 2, we present the
basics of Hidden Markov Models and the related optimization algorithms, namely, the Baum-Welch
algorithm (BW) and the MCE/GPD algorithms. In chapter 3, we survey existing methods that
handle multi-modal temporal data and their limitations. In chapter 4, we present our new approach,
the generalized multi-stream discrete HMM (GMSDHMM), and we validate with synthetic data. In
chapter 5, we present and validate, the generalized multi-stream continuous HMM (GMSDHMM). In
chapter 6, we apply the proposed models to the problem of landmine detection, as well as to several
other benchmark data sets widely used in the machine learning community. Chapter 7 presents the

conclusions and future directions.



CHAPTER II

Hidden Markov Models: Fundamentals

Nothing 1s more practical than a good

theory

Vladimir Vapnik

This chapter describes the basics of Hidden Markov Models (HMMs). We start by introduc-
ing the characteristics of the HMMs and the different HMM topologies. Then, we present the three
main problems involved with HMMs and their correspondent solutions. In particular, we sketch
the details of the Baum-Welch and the Minimum Classification Error/Generalized Probabilistic De-
scent algorithms for learning HMM parameters. These discussions form the base of our proposed

generalized multi-stream HMMs.

II.1 Definition of Hidden Markov Models

A hidden Markov model (HMM) is a model of a doubly stochastic process that produces a
sequence of random observation vectors at discrete times according to an underlying Markov chain.
At each observation time, the Markov chain may be in one of N; states s1,--- , sx, and, given that
the chain is in a certain state, there are probabilities of moving to other states. These probabilities
are called the transition probabilities. An HMM is characterized by three sets of probability density
functions: the initial probabilities (7), the transition probabilities (A), and the state probability
density functions (B). Let 1" be the length of the observation sequence (i.e., number of time steps),
let O = [01,--- ,07)] be the observation sequence, and let @ = [q1,--- ,gr]| be the state sequence.
The compact notation

A= (m,A,B) (I1.1.1)

is generally used to indicate the complete parameter set of the HMM model. In (I1.1.1), A = [a]
is the state transition probability matrix, where a;; = Pr(g; = s;]gs—1 = 8,), for i, = 1,--- , Ng;
m = [m;], where m; = Pr(q; = s;) are the initial state probabilities; and B = b;(0:),7 =1, , N,

where b;(0:) = Pr(o¢|g: = s;) is the set of observation probability distribution in state ¢. To simplify



the notation, we will simply use 7 to denote s;.

An HMM is called discrete if the observation probability density functions are discrete and
continuous if the observation probability density functions are continuous. In the case of the dis-
crete HMM, the observation vectors are commonly vector quantized into a finite set of symbols,
{vy,v2,+ -+ ,up}, called the codebook V. Each state is represented by a discrete probability den-
sity function (pdf) and each symbol has a probability of occurring given that the system is in a
given state. In other words, B becomes a simple set of fixed probabilities for each class, that is,
bi(o¢) = bij = Pr(vj|g: = i), where v; is the symbol of the nearest code book of o; .

Figure 3 shows a discrete HMM with 3 states and 3 observations as a graphical model. In
this model, the solid clear nodes represent the hidden states (g1, ¢2,¢q3) and the shaded solid nodes
represent the observed vectors (01, 02, 03). Solid edges represent the conditional dependence between

the nodes. The model parameters are shown as transparent nodes linked to dotted arcs.

Figure 3. A graphical representation of the standard DHMM with 3 states and 3 observations.

In the continuous HMM, b;(0;)’s are defined by a mixture of some parametric probability
density functions. The most common parametric pdf used in continuous HMM is the mixture of
Gaussian density where

M;
bi(ot) =Zuijbij(ot),i= | PRI .NS. (1112)
§=1

In (I1.1.2), M; is the number of components in state ¢, u;; is the mixture coefficient for the jth mixture
component in state i, and satisfies the constraints u;; > 0, and Z;‘ill U =1, for i =1,..., N,, and
bij(o;) is a p-dimensional multivariate Gaussian density with mean p;; and covariance matrix ¥;;.
Without loss of generality, we assume that all the states have the same number of components i.e.,
M; = M,V 1<1i< N,. Figure 4 shows a continuous HMM with 3 states as a graphical model. In
this model, the solid clear nodes represent random variables indicating the hidden states (g1, g2, q3)-

The random variables (my, ma, m3) represent the occurring mixture component in each state. The



shaded solid nodes represent the observed vectors (01,02,03). As for the discrete case, solid edges
represent the conditional dependence between the nodes, and the model parameters are shown as

transparent nodes linked to dotted arcs.

Figure 4. A graphical representation of the standard continuous HMM with 3 states.

II.2 HMM topologies

Depending on the state transition matrix, an HMM can be classified into one of the following
types [9]:
I1.2.1 Ergodic model

An ergodic model, as shown in figure 5, has full state transition. Being in any state, the

model has the flexibility to move toward any other state.

Figure 5. A graphical representation of an Ergodic HMM with 3 states.

11.2.2 Left-to-right model

A left-to-right model has only partial state transition such that a;; = 0 Vj < i. This type of
model is widely used in modeling sequential signals. Figures 6 represent two varieties of left-to-right

HMMs. In figure 6(a), being in a given state, the model can only stay in the same state, or move



forward to the subsequent one. In figure 6(b), a model cannot move backward, and is allowed to

move forward to any subsequent state.

Figure 6. Graphical representations of two types of left-to-right HMM with 5 states. (a) the model
stays in the same state or moves to next state. (b) the model can move to any subsequent state.

11.2.3 Cyclic model

As shown in figure 7, cyclic HMM is the model in which a state transition path represents

a cycle.

Figure 7. A graphical representation of a Cyclic HMM with 4 states.

II.3 Assumptions in the theory of HMMs

The theory of HMMs is based on three basic assumptions that make inference within the

HMM framework tractable.

II.3.1 Markov assumption

Intuitively, the Markov assumption indicates that the future is independent of the past given

the present. In fact, the transition to a next state q;+1, given both the present and the past, depends
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only on the current state ¢;. In particular,
Pr(gi|gt—1,gt—2,- ,q1,A) = Pr(gtlge—1,A) (11.3.1)

11.3.2 Independence assumption

This assumption means that the observations are statistically independent given their cor-

respondent states. In other words,

PT(OIQVA) = P‘r(017021'“ 50T|q17q21"' »QT»)\) (1132)
T

= []Prioda». (11.3.3)
t=1

(IL3.4)

I1.3.3 Stationarity assumption

Here, it is assumed that the state transition probabilities are independent from the actual

time at which the transitions take place. Formally,

Pr(ge, +11qt,s A) = Pr(g,+119t5, A), (11.3.5)

for any t; and ¢5 in the range 1,--- , 7.

II.4 Main problems of HMMs

Given the form of the hidden Markov model defined in (II.1.1), Rabiner [6] defines three key

problems of interest that must be solved for the model to be useful in real-world applications:

I1.4.1 Problem 1: evaluation

The classification problem involves computing the probability of an observation sequence
O = |01, ,o07] given a model A, that is, Pr(O]A). Bayesian methods can be used to obtain the
probability of the model given the observation. This probability can be computed with O(TN?)

computations.

I1.4.2 Problem 2: decoding

The problem of finding an optimal state sequence is also known as the decoding problem.
There are several possible ways of finding an optimal state sequence associated with the given

observation sequence, depending on the definition of the optimal state sequence. That is, there are

11



several possible optimality criteria. One that is particularly useful is to maximize Pr(O, Q|\) over
all possible state sequences Q. The Viterbi algorithm [29] is an efficient formal technique for finding
this maximum state sequence and associate probabilities.In most applications, it often turns out

that computing an optimal state sequence is more useful than Pr(O}\).

11.4.3 Problem 3: classification

The classification problem, also called the training problem, consists of learning the optimal
model parameters given a set of training data. This problem is difficult because there are several
levels of estimation required in an HMM. First, the states themselves must be estimated. This
is usually inferred from the physical characteristics of the problem in hands or performed using a
model selection technique. Then, the model parameters A = (7, A,B) need to be estimated. In
the discrete HMM, first the codebook is determined, usually using clustering algorithms such as the
K-means [6], or other vector quantization algorithms. In the continuous HMM, and for the case
of Gaussian mixture density functions, the mixture component parameters, p;;, 2;;, ui;, are first
initialized (usually by clustering the training data). Then for both cases, the parameters (7, A, B)
are estimated iteratively. Two strategies can be followed to estimate these parameters (m, A, B).
The first one is an iterative method called Baum-Welch algorithm [6] which is an Expectation-
Maximization (EM) [30] based algorithm that maximizes the likelihood function. In this maximum
likelihood estimation (MLE) approach, the parameters of each class are learned independently. The
optimality of the MLE criterion is conditioned on the availability of a large amount of training data
and the correct choice of the model. Indeed, it was shown in [31] that if the true distribution of
the samples to be classified can be accurately described by the assumed statistical model, and if the
size of the training set tends to infinity, the MLE tends to be optimal. However, in practice, neither
of these conditions are satisfied as the available training data is limited, and the assumptions made
about the HMM structure are often inaccurate. As a consequence, the likelihood based training
may not be effective. In this case, minimization of the classification error rate is a more suitable
objective than minimization of the error of the parameter estimates. A common discriminative
training method is the Minimum Classification Error (MCE)[32]. In fact, it has been reported
since the mid nineties that discriminative training techniques were more successful, especially for
automatic speech recognition [32]. The optimization of the error function is generally carried out by
the Generalized Probabilistic Descent (GPD) algorithm [32], a gradient descent based optimization,

and results in a classifier with minimum error probability.
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I1.5 Observation Evaluation: Forward-Backward Procedure

Let O = (0102...07) be an observation sequence where o, is the observation symbol at time
t and let @ = (g1g2...¢r) be a state sequence where q; € S is the state at time t. Given a model
A, and an observation sequence O, we wish to evaluate Pr(O|A). The most straightforward way to
determine Pr(O|)) is to find Pr(0|Q, A) for the fixed state sequence @, multiply it by Pr(@|)), and

then sum up over all possible @’s. We have

o [

Pr(0|@Q,\) = bg, (0:), and (11.5.1)
t=1T~1
Pr@y) = 7 [] tqaen- (11.5.2)
=1
Hence,
Pr(Olx) = > Pr(0|Q,NPr(QI\) (11.5.3)
Q

T-1 T
Z Tq H Agqe41 Hblh (Ot)~ (H-5~4)
t=1 t=1

9192, 4T
From (I1.5.4) we see that the summation involves 2T" — 1 multiplications, and there exists NT
distinct possible state sequences Q. Hence, a direct computation of (IL.5.4) will be in the order
of 2I'N ST multiplications. Even for small values such as, Ny = 5 and T = 100, this would involve
approximately 1072 multiplications which could take eons to complete even for a supercomputer.
Hence, a more efficient procedure to solve problem 1 is required. Such a procedure exists and is
called the forward-backward procedure [6].

Consider the variable o4(7), defined as:
Olt(l) = PT(01702,~-~»0t7(It :’L})\)’ (1155)

i.e. the probability of the partial observation sequence up to time ¢ and the state ¢ at time ¢, given

the model A. The variable (i) can be computed iteratively using the following three steps:

al(i) = ﬂ-ibi(ol)a 1 S i S Ns (1156)

2. fort=1,2,...,T—-1, 1<j<N,

at+1>(j) = [Z at(i)az‘j] b;j(0141) (I1.5.7)
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3. then we have:

N,
Pr(OIx) =Y ar(i) (11.5.8)

In step (2), the goal is the computation of the probability of partial observation sequence up to time
t+1 and state j at time ¢ + 1; state j can be reached (with probability a;;) independently from any
of the N, states at time ¢t. The summation in (I1.5.7) refers to this fact. In step (3), we just sum up
all possible (independent) ways of realizing the given observation sequence.

In the Forward-Backward algorithm, step (1) involves Ns multiplications. Step (2) involves
N multiplications plus one for the out of bracket b;(0;41) term, this has to be done for j =1 to Nj
and t = 1 to T — 1, making the total number of multiplication in step 2 (N, + 1)Ns(T — 1). Since
step (3) involves no multiplications, the total number of multiplications is Ny + Ns(Ns + 1)(T - 1)
i.e. of the order of N2T' as compared to the 2I.NI required for the direct method.

In a similar way, the backward variable (i) is defined as :
5t(2) = PT(Ot+1, Ot42y .-y 0T|Qt = i, )\) (1159)

i.e. the probability of the observation sequence from t + 1 to T given the state 7 at time £ and the
model A. Note that here g, = ¢ has already been given (it wasn’t the case for the forward variable).
This distinction has been made to be able to combine the forward and the backward variables to

produce useful results. £;(¢) could be computed in 3 steps similar to the way «;(z) was computed:

Br(i) =1i,1<i<N, (11.5.10)

2. fort=T—-1,T—-2...,1,1<i<N

Ny
Be(i) = Zaijbj(0t+1)ﬂt+1(j) (11.5.11)
j=1
3.
N
Pr(O[x) =Y " mibi(01)B1(4) (I1.5.12)
i=1

The computation of Pr(O|X) using 8;(¢) also involves the order of N2T calculations. Hence both
the forward as well as the backward method are equally efficient for the computation of Pr(O|)).

This solves problem 1.
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I1.6 State Sequence Decoding: The Viterbi Algorithm

Problem 2 consists of finding the optimal state sequence associated with the given observation
sequence. In other words, we have to find a state sequence @ = (¢1,¢2,...,qr) such that the
probability of occurrence of the observation sequence O = (01,02, . ..,0r) from this state sequence is
greater than that from any other state sequence. The problem is then to find @ that will maximize
Pr(0,Q|A). This can be achieved using the Viterbi Algorithm [6]. From (I1.5.3) and (IL.5.4) we

have

Pr(0,Q|N)

Il

Pr(0|Q, ) Pr(QIA)

T-—1 T
= Mg H Agegera H by, (01)
t=1 t=1

T
= g bg (01) H g, 19¢bg: (0¢)
t=2
By introducing a new variable:
U@ = —In(Pr(0,Q))
T
= — |In(mg,bg, (01)) + Y In(ag, 1q,bq.(01))] , (I1.6.1)
t=2
it can be shown that:
Pr(0,Q|\) = exp(-U(Q)) (11.6.2)

Consequently the problem of optimal state estimation, namely,
max P(O,Q\) (11.6.3)

becomes equivalent to

minU(Q) (11.6.4)

This new reformulation enables us to consider terms like —In(ag,q, bq, (0¢)) as the cost associated
with the transition from state ¢; to state g, at time ¢.

In the following, we describe the Viterbi algorithm which can be used to find the optimum
state sequence. Let —In(a;;b;(0¢)) be the weight on the path from state i to state j where o, is the
observation symbol selected after visiting state j. Let —In(m;b;(0:)) be the weight corresponding to
the selection of the initial state 4.

Finding the optimum sequence is equivalent to finding the path (i.e. a sequence of states )

with the minimum weight through which the given observation sequence occurs. Thus, the Viterbi
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Algorithm is basically a dynamic programming approach for minimizing U(Q). Let 6;(i) denote the
weight accumulated when we are in state 4 at time ¢ as the algorithm proceeds and let 1,(j ) be the
state at time ¢ — 1 which has the lowest cost corresponding to the state transition to state j at time

t. The Viterbi algorithm can be summarized by the following four steps:

1. Initialization: for 1 < i < Ny

51 (Z) = - 111(71'1') — ln(b, (01)) (1165)

(i) = 0 (11.6.6)

2. Recursive computation: for 2<¢t<7T For1 < j < N,

5t(.7) = 15111'1;111\/5 [515‘1(2') - ln(a”)] — ln(bj(ot)) (1167)
Ye(J) = argmin[de—1(i) - In(ay)] (11.6.8)
1<i< N,
3. Termination:
Pro= - zin, 1670)) (IL6.9)
9r = argmin(or(i) (11.6.10)
1<i<N,

4. Tracing back the optimal state sequence For t =T — 1,7 —2,...,1
a; = Yi+1(a54 1) (11.6.11)

Hence, exp(—P*) gives the required state-optimized probability, and Q* = ¢f,q3,... ,qr is the
optimal state sequence. Computationally, the Viterbi algorithm is similar to the forward-backward
procedure except for the comparisons needed to find the maximum value. Therefore, its complexity

is also of the order of N2T. This solves problem 2.

I1.7 The classification problem

The classification problem is to determine a method to estimate the model parameters
(m, A, B) based on the observation sequence O. This is the most difficult problem as there is
no analytical solution to this problem. The general approach is to train the model with the available
training data following some iterative procedure until its convergence. In particular, after an initial
guess, a set of re-estimation formula would be repeated so that the parameter set could gradually

approach the optimal values where the likelihood of the observation sequence is maximal. Similar
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to problem 2, there are different criteria to interpret the problem. The maximum likelihood (ML)
criterion [6] and the minimum classification error (MCE) criterion [32] are the most widely used
ones. In the following, a description is given to both objectives for both the discrete and continuous

HMM.

II.7.1 Maximum Likelihood criterion: Baum-Welch algorithm

The standard approach to estimate the HMM parameters is to use the expectation-
maximization (EM) algorithm [30], also known as the forward-backward or Baum-Welch (BW)
algorithm [6] in this context, to find the maximum likelihood (ML) estimator. Let A represents
the current model and let X represents a candidate model, i.e. the model that we want to built
out of the current model and that optimizes a specific objective function. Our objective is to make
Pr(O|X) > Pr(O|\), or equivalently log(Pr(OfX)) > log(Pr(O|))). Due to the presence of stochas-
tic constraints such that > a;; = 1, it is easier to maximize an auziliary function Q(.) rather than
to directly maximize log(Pr(O|X)). This auxiliary function, also called E-M auxiliary function, is
defined as:

QAR =) Pr(Q0,\) In(Pr(0,Q|X)). (IL.7.1)
Q

The following two propositions show that maximizing of Q(A, A) is equivalent to maximizing Pr(Q|\).

Proposition IL.7.1. If the value of Q(\,A) increases, then the value of Pr(O|\) also increases,
i.€.,

QA X)) > Q(A\A) = Pr(O[X) > Pr(O|)) (11.7.2)

Proposition I1.7.2. X is a critical point of Pr{O|)) if and only if it is a critical point of Q(A,N),

i.e.,

aPr(Ol\) _ 9Q(\, %) (IL7.3)
aap 851’ X:A’ :

where 8, is any individual parameter of A.

The proofs of the proposition (I1.7.1) and (I1.7.2) are sketched in appendix A.
The closed form expression of Q(), X) represents the E-step (Expectation step ) of the Expectation-

Maximization algorithm (EM algorithm).
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11.7.1.1 Discrete HMM

The objective function in (I1.7.1) can be expanded to:

Z PT‘ Q|O7 )‘) IOg(anlIt+1) +
Q

T
D" Pr(QlO, N 10g(bg,qy (00 1.)- (I1.7.4)
Q

By applying the Lagrange multipliers optimization method to the objective function in (I1.7.4), it

can be shown [6] that the parameters 7, A, and B need to be updated using:

m;, = Pr(gn =10,
Zthl Pr(g; =1, g41 = jlO, A)
i Prig = 310, \)
b, = Z=iFrle=70.06Qv(0).5),
YL Pr(g: =710\

In the above, Qv is the quantization operation defined on an observation vector as Qv (o) =

Qi

argmin, ;< s d(0r,v;) and 6(.,.) is the Kronecker delta function defined as:

1 ifi=j
8(i,5) = . (I1.7.5)
0 otherwise

The above expressions of the parameters 7w, A, and B, since they zero the gradient of the objective
function in (I1.7.4), represent a critical point. However, it could be easily shown that this critical
point makes the second derivative of (I1.7.4) negative, and thus is a local maximum.
Let (i) = Pr{g. = 1|0, A), and &(%,7) = Pr(g: = i, q4+1 = j|O, ). As in [6], we can express 7, (%)
and &(i, j) using the forward and backward variables (3} and 5,(j):

0 (1) B4 (%)

(i) = —nt IL7.
7(7) SN ai)6i0) (11.7.6)

o (1)aizbj(0e41)Bey1(5)

&(i,j) = - (11.7.7)
qu Z] 1 0t (1)aijb;(0e41)Be41(4)
Thus, the update equations could be written as:

™ = m(i), (11.7.8)

T ..
a; = Zt? Et(zv‘J)" (I1.7.9)

Zt:l Ye(t)

T . .
by = 2i=1 vt(;)5(Qy(ot),J)_ (11.7.10)
Zt:l Y1 (1)
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11.7.1.2 Continuous Baum-Welch

In the continuous case, we recall that

M
bi(Ot) = PT‘(Ot|qt = i, /\) = Zui]’N(otvﬂijv 2”) (11711)
=1
Let £ = [e1,---,er] be the sequence of random variables representing the mixture component

indices for each time step. In fact, the random variable e; identifies the mixture component index
within a given state at time ¢{. Thus, if ¢ = 7 and e; = k, then at time ¢ state ¢ and mixture
component j occur. The kernel function A" in (I1.7.11) is a multivariate Gaussian that represents
the probability density of a vector of continuous observation o;, given that at time ¢ the underlying

state and mixture component are respectively i and j. In other words,
P’I"(Ot|qt = ’i,@t =j, /\) =N(0tauij72ij)- (11712)
In the Gaussian case, the kernel function A is:

1 1 _ /
N(Ot,/iij, 22]) = Wﬂﬁ exp(—-z—(ot - /,Lij)Zijl(ot - [.LZ]) ) (11713)
)

where |X;;] is the determinant of the covariance matrix. In practice, the off-diagonal variances
are assumed zero. In such case, the determinant |¥;;| is just the product of p scalar variances
555 = [15=, 02,4, and (I1.7.13) reduces to:

1 1~ (0t — tija)®

N (0s, gy Bij) = TR P S dz;: T, (IL.7.14)
Given a state ¢, the system randomly chooses one of its M possible mixture components within the
state with a mixture emission probability Pr(e; = j|g; = ¢, A). This probability is assumed to be
independent of { and thus, it can be represented by a parameter with no time index. In our notation,
we let u;; = Pr(e; = jlg: = i, A) be the weight of the kth mixture component embedded in state
1. The mixture component could be interpreted as low level hidden states e; embedded within high
level hidden states g;. Thus, the objective function in (I1.7.1) is adapted to include the random

vectors @ and E representing the high level and low level hidden states:

M) Pr(Q, E|O,\). (I1.7.15)

QAN =) In(Pr(0,Q,E
Q E

It could be easily proven that this new form of Q still satisfies the propositions in (I1.7.1) and (IL.7.2).
In fact, we only need to consider @ and F as one single hidden vector (@, E) to satisfy the propo-

sitions (I1.7.1) and (IL.7.2). The objective function in (I1.7.15) involves the quantity Pr(O,Q, E|X)
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which has the analytical form:

T
PT‘(O, QvED:) = 7rq1 H Pr(Qt'qtflvx) H que:N(ota ﬂq:Eg?EQQEg)' (11716)

t=2

It follows then that,

QX = Y > Pr(Q,El0,)\)n(7,) +
Q E

T-1

= Z Z PT(Q& E|O= /\) ln(alhfh+1) +
t=1 Q@ F
T-1

= > Pr(Q,E|O, N In(Tg,e,) + (11.7.17)
t=1 Q E
T-1

= ZZPT Q. E|0, \) In N (04, igye,s Tare:) (11.7.18)
t=1 Q E

Using the Lagrange multipliers optimization method, it can be shown [6] that the estimates of the

parameters m, A, B, y, and ¥ could be computed iteratively using:

T . .
P =1,e = Jlo, A
T, = Zt:lTr(qt ¢ et. Jlo, A) (11.7.19)
Zt:l Pr(qt = Z|07 )‘)

ZtT=1 Pr(g. =1,e = jlo,\)org

Tiig = - (11.7.20)
’ 3em1 Pralg: = ilo)
T ) ,
_ Prigs =1,e; = jlo, \)(0sq — Ti4)*
_Zd _ Zt_l (g s = Ji )(0ta N]d) (1L.7.21)

T .
2o1=1 Prig =ilo,A)
The above expression of the parameters m, A, and B, since they zero the gradient of the objective
function in (I1.7.15), represent a critical point. It could be easily shown that this critical point is

also a local maximum since it makes the second derivative of (I11.7.15) negative. Since

uik¢(0t, Hik, Eik)

Prig. =i,e; = klo,\) = Pr(g: = ilo, A) (I1.7.22)
bi(Ot)
and v (i, k) = Pr(g; = i,e; = k|o, A}, the learning equations in (I1.7.19)-(I1.7.21) can be rewritten:
T ..
Uy = ——“_‘Zt? %(Z’.J) (IL.7.23)
> =1 1 (1)
T ..
Fye = Suspdbilom (IL7.24)
Zt:l Tt (Z, J)
T .. — 2
1 (6,700 — Tiim
7, = 211 1(6,9) (00 = Fign) (IL.7.25)

POAREACE)

11.7.1.3 Multiple observation sequences

In practice, one single observation sequence is not sufficient to learn all the parameters of an

HMM model (discrete or continuous). Typically, multiple observation sequences are available and
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are used to obtain reliable estimation of the model parameters [6]. Let
0=[W 09 . 0w (11.7.26)

denote the set of R observation sequences, where O(") = [o&r), oér) o ,ogrr ) ] is the rth observation
sequence. Without loss of generality, we assume 7, =7V 1 < r < R. Usually, one does not know if
these observation sequences are independent of each other or not, and a controversy can arise if one
assumes the independence property while these observation sequences are statistically correlated. In

either case, we have the following expressions without generality:

Pr(0lA) = Pr(OWN)Pr(0@|0W)) ... Pr(O®|0E-1) oM )
Pr(OA) = Pr(OPNPr(O®0@N)... PriOW|0®) . 0@ ))
Pr(@\) = Pr(OB\)Pr(OMW|0%IN) ... PrOB-D0ROE-2) o0 y)

Based on the above equations, the multiple observation probability given the model can be expressed

as:
R
Pr(O[A) = > w,Pr(0™z), (I1.7.27)
r=1
where
wy = {Pr(OP0W K). . PrO®|0E-1) oW y)
wy = FPr(O®OD N).. . PrOMO®  0X )
wrp = FPr(OWOW ). PrOE-DIOROE=-2) oW )

are weights. These weights are conditional probabilities and, hence, they can characterize the
dependence-independence property. Based on the above expression, we can construct the follow-

ing auxiliary function for model training:
— R p—
QAN = w, @, (A, N), (I1.7.28)
r=1
where X is the auxiliary variable corresponding to A and

QA ) =) Pr(0M, QN In(PrOM)N),1<r <R (I1.7.29)
Q
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are Baum’s auxiliary functions related to individual observations. Since w,, are not functions of X,
propositions (I1.7.1) and (I1.7.2) hold for Q(X, X). Now, let us assume that the individual observations

are independent of each other, i.e.,

R
Pr(O|x) = [] Pro™|n) (11.7.30)

r=1
In this case, the combinatorial weights reduce to:

1 Pr(OJ))

= —=——’ 1 <r<R 7.
w EPrO0N) <r<R (11.7.31)

Using the same procedure as for one observation sequence, we can derive the following

training equations for the discrete HMM.:

T = 27“) ,1<i <N, (11.7.32)

)
a; = Loy Sy &) (11.7.33)

Zr IZt 1 ’Yt(r) ()
T Zr-th 1'Yt () (o, 7)

bij = SR ST o (I1.7.34)

Similarly, the following equations could be derived for the continuous HMM:

R T .
- k)T
Ty = E;%:thT_lw(@' )T (I1.7.35)
D ore1 2opmy Ve k)

R .
Zr:l Zf:l Yt (Z, k")lotno(r)

Hign, = - (11.7.36)
Zf:l Ztlel Ye (4, k)T
R T : —
v a ,k r — 4 2
_fkn — Er_l Zt_l Tt (Z ) (ot :u'zkn) (11737)

S (i k)T

11.7.1.4 Forward-Backward variables scaling

As mentioned in [6], the computation of o (i) and B, (i) consists of the sum of a large number

of terms, each of the form
t t
(H ag,q001 | ] ba. (Os)> (11.7.38)
s=1 s=1

with ¢; = s;. Since A is a discrete probability distribution, its value is less than one. In addition,
the values for B are usually less than one. Consequently, as t gets large (e.g., 10 or more), each term
of a (%) starts to head exponentially to zero. In fact, for sufficiently large ¢ (e.g., 100 or more) the
dynamic range of the computed (i) will exceed the precision range of essentially any machine (even
in double precision). Hence, it is necessary to incorporate a scaling procedure. A common scaling

procedure multiplies a4(i) by a scaling coefficient that is independent of i (i.e., it depends only on
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t). The goal is to keep the scaled a (i) within the dynamic range of the computer for 1 < ¢ < T'. A
similar scaling is done to the 3;(i) coefficients since these also tend to zero exponentially fast.

For each t, we first compute o () according to its basic formula, and then we multiply it by a
scaling coefficient ¢; = m Similarly, each S:(¢) is scaled by m Obviously, the scaling
of a(¢) and S, (i) affects the computation of Pr(O|)). However, we can still compute Pr(O|X) using

¢; values. In fact, since —krﬁ = 1, we can write:
1

Siar() %L’: or (i)

11.7.39

va;l ar(i) i=1 vazﬁ ar(i) ( )
N,

= ér(i) (I1.7.40)

However, we can induce that:

T
ar(i) = (H c7.> ar(j) (I1.7.41)

Thus, we have:

T
[ e-Prion =1, (I1.7.42)
t=1
or
1
Pr(O|)\) = ——o, (11.7.43)
[Ti= e
or
In Pr(O|A) = Z In(c,). (I1.7.44)

Thus, In Pr(O|A) can be computed, but not Pr(Ol)\) since it would be out of the dynamic range of

the machine.

I1.7.2 Discriminative training: Minimum Classification Error / GPD algorithm

For a C-class classification problem, each random sequence O is to be classified into one of
the C classes. We denote these classes by C,,c = 1,2,...,C. Each class ¢ is modeled by an HMM
Ae. Let O = [O(l), ceey O(R)] be a set of R sequences drawn from these C' different classes and let
9.(0O) be a discriminant function associated with classifier ¢ that indicates the degree to which O
belongs to class c.

The classifier I'(O) defines a mapping from the sample space O € Q to the discrete categorical

set Ce,c=1,2,...,C. That is,

I'(O)=1 if I=argmaxg.(0). (I1.7.45)
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The parameters of model A, can be optimized using several learning methods such as Baum-Welch
[33], Segmental k-means [6], Maximum Mutual Information [34], MCE/GPD [32] algorithms etc..
In this dissertation, we are interested in the MCE/GPD algorithm. If sequence O =

[o1,...,07] belongs to class ¢, then
4e(0, A) = log[max (0, ¢, A)]. (11.7.46)
q

In (I1.7.46), ¢ is a state sequence correspondent to the observation sequence O, A includes the models

parameters, and

9:(0,q,A) = Pr(0,¢;X)
T-1 T
= e I o 1106 (00). (11.7.47)
t=1 t=1

11.7.2.1 Discrete HMM

For the discrete HMM, in (11.7.47), bfzf) (o) = bf(lf)Qv(Oc)’ and Qy is the quantization operation

defined on an observation vector as

Qv (o) = argmin d(oy, vi), (11.7.48)
1<k<M

where d() is a distance measure. In this work, d{) is taken as the Euclidean distance. Thus,
9:(0,A) = log[g.(O,Q, A)], where Q = (g0, 1,---,qr) is the optimal state sequence that achieves
maxg g.(0, @, A), which could be computed using the Viterbi algorithm [29].
The misclassification measure of the sequence O is defined by:
d.(0) = —go(0, A) + log 61*_1 S explng; (0, A)] (11.7.49)
Ji#e
where 7 is a positive number, d.(O) > 0 implies misclassification and d.(O) < 0 means correct
decision. When 7 approaches oo, the term in the brackets becomes max; jx. g;(O, A).
The misclassification measure is embedded in a smoothed zero-one function, referred to as
loss function, defined as:
1.(O; A) = 1(d.(0)), (I1.7.50)
where [ is a sigmoid function, one example of which is:

1

O ety

(11.7.51)

In (11.7.51), 6 is normally set to zero, and ( is set to a number larger than one. Correct classification

corresponds to loss values in [0, 3), and misclassification corresponds to loss values in (%,1]. An
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equivocal case occurs when d.(O) =0 or [.(O,A) = % The shape of the sigmoid loss function varies
with the parameter ¢ > 0: the larger the +, the narrower the transition region. Finally, for any
unknown sequence O, the classifier performance is measured by:

C
HO;A) = " L(O; A0 € C.) (11.7.52)

c=1

where I(.) is the indicator function.
For a set of training observation sequences O,, r = 1,2,..., R, the empirical loss function

on the entire data set is defined as

R

L(A) =) Y L(0:MI0 € C.). (I1.7.53)

r=1c=1

The empirical loss above is then used to approximate the total misclassification error. The DHMM
parameters are therefore estimated by minimizing L(A) using a gradient descent algorithm. In
order to ensure that the estimated DHMM parameters satisfy the stochastic constraints of a;; > 0,

N a;; = 1l'and b;; > 0, Ai bjik = 1, these parameters are typically mapped usin,
j=1 %ij J j=1Yj g

a,»]- — &i]’ = log al-j (11754)

bi]' — Z)Z‘j = log bi]‘ (11755)

The parameters are updated w.r.t to A. Then, after updating, the parameters are mapped back

using
; = —btd (11.7.56)
Zj'szl exp az-j«
B
by = —oPl (11.7.57)

7 —.
> i1 expbiy

Using a batch estimation mode, the DHMM parameters are iteratively updated using

A(r+1) = A(r) = eVAL(A))A_A( . (11.7.58)
It can be shown (32] that the parameters frl(c), dl(-;-’), and i’ﬁ) need to be updated using:
(c (¢ JL(A
A (r+1) = a9(r) — € f(c)) , (I1.7.59)
da,; A=A()
¢ (e JL(A
dij)(T +1) = agj)(T) - *f(c)) (IL.7.60)
da,, A=A(r)
and
e c JL(A
B (r+1) = b9 (r) - ~EC)) (11.7.61)
bij A=A(7)
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where

OL(A) _ T Ec: AN (0, Bdyy (0,) BgOr Da’?
| 9d (0y) 99.(0;) 8a§§) 8&5;)’

and

IL(A) _ 5 < Aln(O,) B (0,) Bg0 OB
_226 m (O )8gc(0>ab(°‘> ab(”

The partial derivatives in (I1.7.62) and (11.7.62) could be reduced to:

R C T
3L~(A) = 3 3 S (O, A)(1 = I (O, A)) X

801(-;) r=1m=1t=1

6 e e T - 1 . I D
(g iy gie1 = J)( 3gm(Or, )’

and

N A (O
e =3, Qulel) = K1 = ) 5 =0
In the above,
adp(o) _ _1 lf c=m
o) _ (I1.7.62)

) exp[ng.(O,A) : ’
j,j;écexp[ngj(ovA)] if ¢ ?é m

and

] 1 ifi=jand k=1
di=3k=10) = . (11.7.63)
0 otherwise

11.7.2.2 Continuous HMM

For the continuous HMM, the function in (11.7.47) can be expanded to:

gC(O’ Q’ A)

P(O» Q; /\c)

T-1
() ( )
Wqéc) H geqesy Hb % Ot)
t=1

T-1

- (c) () (6)

- 7Tq(()c) H aQt‘IH—l H Zqub'h] (11'7'64)
t=1

t=1j5=1
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In the above, b;;(0;) = N (o, pti5, Xs5) where N (o4, pi;, £44) represents the normal density function
with mean p;; and covariance ¥;;. The covariance matrix X;; is typically diagonal and Y =
I:(U'ijd)Z]Z:l. Thus, g.(0,A) = log[g.(O,Q, A)], where Q@ = (o, G1,...,dr) is the optimal state
sequence that achieves max, g.(O, g, A), which could be computed using the Viterbi algorithm [29],
as for the discrete case.

Following similar steps as those outlined for the discrete case, we define the empirical loss

function as:

R C
L(A) =)D L(0: MO € C.). (I1.7.65)
r=1c=1
In the above, O,, r =1,2,..., R represent a given set of training observation sequences.

Minimizing the empirical loss is equivalent to minimizing the total misclassification error.
The CHMM parameters are therefore estimated by carrying out a gradient descent on L(A). In
order to ensure that the estimated CHMM parameters satisfy the stochastic constraints of a;; > 0,

Z;\’;l ai; = 1 and uy; > 0, ij\il ui; = 1 and p;54 > 0 and 045, > 0, these parameters are mapped

using
aij — G = logay; (IL.7.66)
Uy Uy = logu; (11.7.67)
pija — g = 244 (I1.7.68)
Tij5d
Oijd  — Osjd = logoijq (11.7.69)

Then, the parameters are updated w.r.t to A. After updating, the parameters are mapped back

using
exp a;;
Zj,';lexpaijz
exp ;4
Uy = e (I1.7.71)
D=1 €XP Uy
Hijd = [ijdTijd (IL.7.72)
Oijd = €XpJyjd (I1.7.73)

Using a batch estimation mode, the CHMM parameters are iteratively updated using

A(r+1) = A(r) - eV;\L(A)‘ (1L.7.74)

A=A(r)

It can be shown [32] that the parameters &g;), ﬂﬁ), ﬁﬁ;()i and &Z(;()i need to be updated using:

AL(A)
e

ad(r+1)=ad(r)—e

, (11.7.75)
A=A(r)
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L(A
@9 +1) = 69(r) - 2 f(c)) : (I1.7.76)
9y A=A(n)
e _(c JL(A
BT+ 1) = B0 (r) — e ~((c)) : (1L7.77)
Oliza |3 —i(r)
and
c (¢ IL(A
Gia(r 1) = T — e . , (17.78)
Tijd R=A(r)
where
R C T
OL(A) (c)y_9de(Or)
—a = CUm(Or, AY(1 = 1n(Oy, A))S(q} =1, 4. —])(1— ) )
TEAIPIPS =t Y

Cc T (©)
BL(/‘\) _ Z Z ZClm(Or,A)(l (O A))u (c)(l _ u )O (g, bqtj(ot) 8d.(0,)

817’5_;‘) r=1m=11t=1 b,(;i)( t) agm(OT"A)
IL(A R ¢ T
T = Y S a0 A1 1[0, 4)) %
I ijd r=1m=1 t=1
b0 8de(0y)
o, 9 5(qy, i l(c) o Z(.‘?) atJ arrl
s 05— 45 b (0r) O9m (07, A)’
and

R C T
——811((2\)) = D> 3> CUn(0r A)(1 = (O, A)) x
8Uijd r=1m=1 t=1

( ) ()
c c iu1
[‘Tz(jgl] (g, 1)v;; o) [(—-ﬁﬁ - IJ X
0i5d
b (0r)  8d.(0,)
b((;:) (Ot) 8gm (Ory A) '
In the above,

(IL.7.79)

99m (0, A) - exp{ng.(O,A) ;
E_L—[ﬁ_!_ﬂj,#cexp 9. (O ifc#m
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I1.8 Initial estimates of HMM parameters

A key question in HMM is how to choose initial estimates of the HMM parameters to
avoid local maxima of the likelihood function. Many ways of initialization have been proposed [6].

Examples include:
e Random: the HMM parameters are generated randomly from an uniform distribution.

e Manual segmentation: when the hidden states have a physical meaning, manual partitioning
could be performed to split the data into the different states of the HMM and then the

remaining parameters could be derived [35].

e Segmental k-means: starting form a random guess of the HMM parameters, and using the
Viterbi algorithm to label the observation sequences, the segmental k-means clusters the se-

quences to learn the HMM parameters [6].

II.9 Chapter Summary

In this chapter, the general form of the HMM is introduced for both discrete and contin-
uous probability distributions. The basic assumptions, as well the most general HMM topologies
were described. Then we studied the three basic problems involved with any HMM. In particular,
the classification problem is studied in details and the maximum likelihood and the discriminative

learning algorithm were outlined.
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CHAPTER III

Related work

We must learn our limits. We are all

something, but none of us are everything.

Blaise Pascal

This chapter starts by introducing the problem of multi-modal temporal data analysis. It
illustrates the importance of assigning relevance weights to the multiple sources of information.
Then it sets the general hypothesis and assumptions of the present dissertation. Afterwards, a
classification of the types of modalities is presented. The subsequent section surveys the existing
approaches to combine multiple modalities/sources/streams for sequences in the context of hidden
Markov models. We discuss and compare the hypotheses and assumptions of these methods and we

highlight their limitations.

I11.1 Introduction

For complex classification systems, data is usually gathered from multiple sources of infor-
maltion that have varying degrees of reliability. In fact, assuming that the different sources have the
same relevance in describing all the data might lead to a suboptimal solution. The classification error
accumulates and can be more severe for temporal data. In fact, in the context of hidden Markov
models, and for most real applications, different modalities could contribute to the generation of the
sequence.

In order to emphasize the importance of combining the outcome of multiple streams, we
perform the following experiment. First, a 3-dimensional data set is generated. We assume that the
data comes from two different classes and we use two normal distributions with means p; = [2 2 2]
and p2 = [4 4 4] and identity covariances £; and Y. Let z, y, z denote the 3 dimensions of
the generated data. This data set is displayed in figure 8 where points belonging to class 1 are
displayed as red dots and class 2 are displayed as blue dots. To simulate the scenario where all

features are not equally important in characterizing both classes, we corrupt the y feature of class 1
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O Class?2
4+ Class 1

Figure 9. Projection of the data in figure 8, corrupted by additive noise, on the z-y and z-z planes.

by adding random noise (uniformly distributed over the interval [—14 14]), thus, making this feature
less relevant to this class. Similarly, we corrupt the z feature of class 2 by adding random noise
(uniformly distributed over the interval [—14 14]). Figure 9 displays the corrupted data on the z-y
and z-z planes. As it can be seen, the y feature is relevant for class 2 but not for class 1. Similarly,

the z feature is relevant for class 1 but not class 2.
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Figure 10. Projection of the data in figure 9 partitioned by the EM algorithm on the z-y and z-z
planes. Points assigned to cluster 1 are shown by '+’ signs and points assigned to cluster 2 are
shown by ’o’ signs.

In the following experiment we ignore the ground truth of both classes and attempt to cluster
them using the Expectation Maximization (EM) algorithm [30]. Like most clustering algorithms, the
EM treats the three sources of information (features z, y, and z) equally important. Consequently,
the EM cannot partition the data correctly. Figure 10 displays 2 projections of the clustered data
where data assigned to different cluster are displayed with different symbols. As it can be seen, the
EM fails to group sample from each class in a different cluster. This is mainly due to the fact that
the z, y, and z features were assumed to have the same degree of relevance in both classes.

Ideally, if during the clustering process, the algorithm can learn that feature z is irrelevant
to one of the clusters and that feature y is irrelevant to the other one, a better partition can be
obtained. To illustrate this, we use an algorithm that can perform simultaneous clustering and
feature weighting (SCAD) [36]. The partition obtained by SCAD is shown in Fig. 11. As it can be
seen, SCAD achieves a clustering that is very close to the true distribution of the data in figure 9.
This is mainly due to the cluster dependent feature relevance weights learned by SCAD . In fact, as
we can see in table 1, the x and y features are given higher relevance weights for the cluster 1, and

the z and z are given higher relevance weights for the other cluster.

TABLE 1

Feature relevance weights assigned to the two clusters

X b Z

cluster 1 ("o’) 0.299 0.5281 0.1729
cluster 2 ("+’) 0.2977 0.1745 0.5279
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Figure 11. Projection of the data in figure 9 partitioned by the SCAD algorithm on the z-y and
z-z planes. Points assigned to cluster 1 are shown by ’o’ signs and points assigned to cluster 2 are
shown by '+’ signs.

From the previous example, we can conclude that varying reliability of different attributes
should be taken into account to achieve higher performance. Otherwise, assuming equal relevance for
the different sources of information might lead to unreliable results. The degradation in performance
can be more severe for sequential data. This is because the classification error can accumulate over

the observations that form the sequence.

III.2 Information sources

In this work, we are interested in classifying sequential data that is gathered from multiple
sources (or modalities or streams) that are synchronous and independent using an HMM classifier.
Synchronicity means that at each time slot, we have access to the interpretation of each stream.
The independence of the streams means that their interpretations of the original data and their
generations of the sequences are performed independently.

The multiple sources of information usually represent heterogeneous types of data. Multi-
modalities appear in several applications and could be broadly categorized into two groups. The
first category consists of naturally available modalities that are intrinsical characteristics or inter-
pretation of the raw data. An example of such modalities is the audio and video descriptors, used
for automatic audio-video speech recognition (AAVSR) systems [20]. In fact, both speech and lips
movement (possibly captured as video) are available when someone speaks. Natural modalities also
appear in sign language recognition applications where multi-stream HMM, based on the hand po-
sitions and movements, has been used [37]. In fact, the position and the movement information

are always available whenever the signer signs. In the second category, the modalities are synthe-
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sized by several feature extraction techniques with different characteristics and expressiveness. They
represent different (possibly independent) interpretations of the raw data. Such modalities include
the Mel-frequency cepstral coefficients (MFCC) and formant-like features used to form automatic
speech recognition (ASR) [38]. Synthesized modalities have also been used to combine upper contour
features and lower contour features as two streams for off-line handwritten word recognition [39].
For both classes, the modalities could be synchronous or asynchronous. They can also represent

independent interpretations of the raw data, or correlated ones.

II1.3 Related work

II1.3.1 Multi-modality information fusion using HMM

Approaches toward the combination of different modalities can be divided into three main
categories: feature level fusion or direct identification, decision level fusion or separate identification

(also known as late integration) and model level fusion (intermediate integration) [14].

II1.3.1.1 Feature level fusion

In feature level fusion, a single HMM model is trained on the concatenated vector of the
multiple features generated by different modalities [15]. In practice, the resulting feature vector can
be large, causing inadequate modeling due to the curse of dimensionality and insufficient data. An
appropriate transformation can remedy this, such as the projection of the concatenated vector to
a lower dimensional vector while seeking the best discrimination among the different classes [40].

Figure 12 displays a diagram outlining the steps of the feature level fusion. This type of fusion has

Rawdata

RawData [:> ] - oo :} Decision

Concatenating(possibly mapping)

Figure 12. Diagram of the feature level fusion steps.
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the drawback of treating heterogeneous features equally important. It also cannot easily represent

the loose timing synchronicity between different modalities.

I11.3.1.2 Decision level fusion

In decision level fusion, the modalities are processed separately to build independent models
[16]. Learning the models corresponding to the different modalities is followed by an additional
layer that combines the multiple decisions into a final one. The combination may apply to classifi-
cation labels only, or to the class-specific continuous valued outputs of the individual experts [41].
In the latter case, classifier outputs are often normalized to the [0,1] interval, and these values are
interpreted as the support given by the classifier to each class, or even as class-conditional posterior
probabilities [41]. Such interpretation allows forming an ensemble through algebraic combination
rules (majority voting, maximum/minimum/sum/product or other combinations of posterior prob-
abilities) [42], fuzzy integral [43], Dempster-Shafer based classifier fusion [44], and more recently,
decision templates [41]. Figure 13 displays a diagram outlining the steps of the decision level fusion.
This approach assumes that the streams are completely independent and evolve asynchronously. In
particular, it completely ignores the correlation between features and allows complete asynchrony

between the streams. Also, it is computationally heavy since it involves two layers of decision.

I11.3.1.3 Model level fusion

In model level fusion, an HMM model that is more complex than a standard one is sought.
This additional complexity is needed to handle the correlation between modalities, and the loose
synchronicity between sequences. Several HMM structures have been proposed for this purpose.
Examples include factorial HMM [17], coupled HMM [18] and Multi-stream HMM [19].

Figure 14 displays a diagram outlining the main steps of the model level fusion. Figure 15
illustrates the factorial HMM as a graphical model [45]. This model has two streams having three
states each. The states of each stream emit altogether one observation. This architecture allows
for asynchrony between sequences since the different streams are assigned separate state sequences.
This is performed at the expense of an approximate parameter estimation. In fact, the parameters of
factorial and coupled HMMs could be estimated via the EM (Baum-Welch) algorithm [6]. However,
the E- step is computationally intractable and approximation approaches such as Gibbs sampling,
variational methods (mean field approximation) [17] are used instead. In addition, for each time slot,

multiple states contribute to the generation of the observation vector. However, the contribution of
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Figure 13. Diagram of the decision level fusion steps.

each stream’s state is not explicit and is an absent information.

Figure 16 shows the graphical model representation of a coupled HMM with two streams
having three states each. Each state of each stream emits one observation. Similarly to the factorial
HMM, this architecture allows for asynchrony between sequences since the different streams are
assigned separate state sequences. The complexity of this architecture increases as the number of
chains in the coupled HMM increases. In particular, for a large number of chains, the E-step becomes
intractable and approximation for inference, such as the N-heads algorithm [46], may be needed.

Multi-stream HMM (MSHMM) is an HMM based structure that handles multiple modalities
for temporal data. It is used when the modalities (streams) are synchronous and independent. Since
the streams are supposed to be synchronous, MSHMM assumes that for each time slot, there is a
single hidden state, from which different streams interpret different observations. The independence
of the streams means that their interpretation of the hidden state and their generation of the
observations is performed independently.

Figure (17) shows the graphical model representation of a multi-stream HMM with three
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Figure 14. Diagram of the model level fusion steps.

Figure 15. A graphical representation of a Factorial HMM with 2 streams, having 3 states each, and
the states of each stream emit one observation.
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Figure 16. A graphical representation of a coupled HMM with 2 streams, having 3 states each, and
each state emit one observation.

Figure 17. A graphical representation of a multi-stream HMM with 3 states and 2 streams, each
stream generates an observation vector within each state.
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states and two streams. Each stream generates an observation vector. More generally, multi-stream
HMM (MSHMM) is considered as an HMM based structure that handles multiple modalities for
temporal data. It is used when the modalities (streams) are synchronous and independent. Since the
streams are supposed to be synchronous, MSHMM assumes that for each time slot, there is a single
hidden state, from which different streams interpret different observations. The independence of the
streams means that their interpretation of the hidden state and their generation of the observations

is performed independently.

I11.3.2 Multi-stream HMM

Few varieties of MSHMM have been proposed in the literature to address stream relevance
weighting to discriminate between the audio and visual streams in speech recognition using con-
tinuous HMM [27, 24]. In these methods, the feature space is partitioned into different subspaces
generated by different streams, and different probability density functions (pdf) are learned for
the different spaces. The relevance weights for each subspace or stream could be fixed a priori
by an expert [19], or learned via Minimum Classification Error/Generalized Probabilistic Descent
(MCE/GPD) [24]. In [27], the authors have adapted the Baum-Welch algorithm [33] to learn the
stream relevance weights. However, to derive the maximum likelihood equations, the model was
restricted to include only one Gaussian component per state. The stream relevance weighting has

been introduced within the pdf formula characterizing the continuous HMM.

II1.3.2.1 Architecture of existing MSHMM

Two approaches have been proposed for the MSHMM: the mixture level weighting, and state

level weighting.

1I1.3.2.1.1 Mixture level weighting This approach consists of factorizing each mixture into
the product of weighted streams related pdf(s) [24]. In particular, the probability density of an

observation o; with respect to a state j is defined as:

M L
Wikl
bilor) => uin ][] [¢(0§l), Kk Ejkl)} ; (IT1.3.1)
k=1 =1
subject to:
M L
> ujp=1land Y wm=1 (111.3.2)
k=1 =1
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In (IIL.3.1), u,x is the mixing coefficient of the kth component of state j, w; is the exponent
stream weight of stream [, in the kth component and ith state. The function gb(ogl),ujkl, Yikt) is a
probability density function describing the {th stream with mean pji; and covariance Xjx;.

The geometric form in (I11.3.1) is motivated by the following probabilistic reasoning:

bi(or) = Pr(otg =14 A)
M
= ZPT(OtVZt =1, = 5 A\)Pries = jlgg =4 N)
5=1
M
= Y Priec=jla =i )Pr(of”, -+ 0V |g = i,e = j; N)
=1
M L
= ZPr(et =jlg =4 \) H Pr(o} )|qt =1, = J; \)
j=1 k=1
M ' oL ® . C we
~ Y Priec=jla =i ][] [PT(Ot lgs =i, e =J;>\)]
ji=1 k=1

where e; is a random variable that represents the index of the stream that occurs in time ¢. Notice
that (I11.3.1) does not represent a probability distribution in general, and was therefore referred to

as ”"score”.

II1.3.2.1.2 State level weighting This formulation considers the pdf as a product of exponent
weighted mixture of Gaussians [25]. In this case, the pdf is a product of summation of Gaussians,
whereas in the former case, the pdf is the summation of a product of Gaussians. In particular, the

probability density of an observation o; in a state j is defined as:

M wst
bj(o) = H Zujqub(ogl), Btk k) | (I111.3.3)
=1 Lk=1
subject to:
M L
Zuﬂk =1 and Zwﬂ =1. (111.3.4)
k=1 =1

As in (II1.3.1), we note that (1I1.3.3) does not represent a probability distribution in general, and is

also referred to as ”score”.
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The geometric form in (I11.3.3) is motivated by the following probabilistic reasoning:
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where e; is a random variable that represents the index of the component that occurs in time ¢.

I11.3.2.2 Parameter estimation of the MSHMM parameters

Due to the form of the emission scores in (I11.3.1) and (IT1.3.3), the stream exponents cannot
be obtained by maximum likelihood estimation [25, 47]. In this case, It was shown in [24] that it is
not possible to derive the maximum likelihood learning equation for the exponent weights. Thus,
the exponent weights are learnt via MCE/GPD approach as explained in the previous section, and
the remaining HMM parameters are estimated independently by means of traditional maximum
likelihood techniques [26]. The only attempt for exponent weights equation learning within Baum-
Welch was reported in [27]. However, this alternative solution restricts the HMM structure to only
one Gaussian component per state. In particular, the authors in [27] have used a pdf to model two

streams (audio, visual) through the following form:

2

bi(o) = [ (Bss(0h))™", (I11.3.5)
s=1
subject to the constraint:
2
> (wi)™ =K, (I11.3.6)

where m and K are constants.
It can be shown that using (I111.3.5) within the Baum-Welch algorithm leads to the following

equation to update the feature relevance weights:

m.

<ZtT=1 a;(os)B3;(04) 1n(bjs(o§))) T

52 (S asl008io0) In(bis(07) ™

(IIL3.7)
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An alternative constraint to the one in (II11.3.6) is to use:
2
> mr =K. (111.3.8)
s=1

In this case, it can be shown that the feature relevance weights need to be updated using:

([ (Eiasens;en o)) ™

Wjs = ﬁ In
521 (S 05008500 In(bs4(07))

For the general structure where more than one component per state is needed, two sequential

(1I1.3.9)

T
m—1

learning steps are needed. The first step consists of a maximum likelihood based learning using the
standard Baum-Welch algorithm in order to learn the parameters 7, A, and B. These parameters
could be updated by running the standard Baum-Welch on the concatenation of the observations
generated by the different streams. Alternatively, different sets of parameters could be learned
from the different streams via the standard Baum-Welch, and then averaged to form values of the
parameters.

The second learning step consists of the estimation of the stream relevance weights. These
weights could be fixed using a priori knowledge. Alternatively, they could be learned using dis-
criminative training techniques. Some of these methods seek to minimize a smooth function of the
resulting multi-stream HMM on the data, and employ the generalized probabilistic descent (GPD)
algorithm [32] for stream exponent estimation [25]. In fact, each parameter ¢, that we wish to opti-
mize is iteratively re-estimated in order to minimize a cost function £ representing the classification

error. At iteration k, ¢, is updated by gradient descent of the cost function, i.e.,

Gsk = Ps k-1 — N %} . (111.3.10)
where 7 is the learning rate. If we assume that we have a set of training samples {O;,...,0g}, and
there is a set of classes {A1,..., Ac}, the cost function can be defined as:

18
L=< mgl L (Om), (I11.3.11)

where 1,,(0,,) is the cost function for the event O,,. Typically, it is defined as a sigmoid function

of an error measure d,;, (O, ),

1

lm(Om) = 1+ exp[—adm(Om)] '

(IT1.3.12)

where « is the transition parameter from correct to incorrect classification. The error measure

A (Om) is defined as

> exp(8g)| (I11.3.13)
i#k(m)
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where g;(m) = g;(Om, A;) is the discriminant functions and A () is the correct class for sample Op,.

It can be shown that the discriminant is given by,
1 X L (
— ) n N wy
9:(Om:N) = 7 ;1“ ;v]k X ll:[1[¢(ot gkt k)] (111.3.14)

Other techniques use maximum mutual information (MMI) training [34, 48], or the maximum

entropy criterion [49)].

II1.3.3 Limitations of existing methods

Even though existing MSCHMM structures can outperform the baseline HMM, they are not
general enough and they have several limitations. In particular, there is no solution for the discrete

case. In addition, existing multi-stream continuous HMMs have the following limitations:

1. They do not provide an optimization framework that learns all the HMM parameters simulta-
neously. In general, a two step training approach is needed. First, the Baum-Welch learning
algorithm is used to learn the parameters of the HMM relative to each subspace. Then, the
MCE/GPD algorithm is used to learn the relevance weights. Typically, this is not due to the
desirable minimization of the classification error, but rather to the difficulty that arises when

using the proposed pdf within the Baum-Welch learning algorithm.

2. The only approach that extends the Baum-Welch learning was derived for the special case that
restricts the number of components per state to one. This can be too restrictive for most real

applications.

3. Since the MCE/GPD learning algorithm usually comes after a layer of ML learning (e.g.,
Baum-Welch) to minimize the miss-classified cases, the feature relevance weights trained with
the MCE/GPD approach only may not correspond to local minima of the ML optimization.

Thus, the learned feature relevance weights may not achieve their objective.

To overcome the above limitations, we propose a generic approach that integrates stream discrimi-
nation within the HMM classifier. Our proposed solution can be used for both the continuous and

discrete cases. All the parameters of the proposed model could be optimized simultaneously.

I11.4 Chapter Summary

In this chapter, multi-modal temporal data is introduced. Synchronicity and independence

are set as the underlying assumptions on the nature of the modalities generating the temporal data
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studied in this dissertation. The state of the art is surveyed for techniques based on hidden Markov
models that tackles the classification of such temporal data. In particular, multi-stream hidden
Markov models (MSHMMs) are the underlying machine used for temporal data generated from
synchronous and independent streams. A sketch of the MSHMM structures has been presented as

well as their limitations.
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CHAPTER IV

Generalized Multi-stream Discrete Hidden Markov Models

We can only see a short distance ahead,
but we can see plenty there that needs to be

done.

Alan Turing

One of the limitations of the state of the art in discrete HMM is the absence of any treat-
ment for the multi-stream case. In this chapter, we propose various multi-stream Discrete HMM
(MSDHMM) structures that integrate stream relevance weights. For each structure, we generalize
the Baum-Welch and the MCE/GPD training algorithms. In particular, we generalize the objective
function to include the stream relevance weights and derive the necessary conditions to update the
parameters. We assume that we have L streams of information. These streams could have been
generated by different sensors and/or different feature extraction algorithms. Each stream is thus
represented by a different subset of features. Instead of treating the streams equally important or
using user-specified weights, the proposed MSDHMM structure integrates an additional component
to learn a relevance weight for each stream. We propose two different data driven methods to learn
the relevance weights. The first one is based on distance weighting and the second one is based on
probability weighting. In the distance based approach, a weight is assigned to each feature subset
(i.e., each stream), and the distance computation between samples becomes a weighted aggregation
of the partial distances from the different streams. In the probability based approach, a partial
probability is assigned to each stream of each symbol and the overall observation probability of
each symbol is computed as an aggregation between the stream relevance weights and the partial
probabilities. For the probability based approach, we propose linear and geometric aggregations

methods.
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IV.1 A Distance-based approach to learn multi-stream relevance weights

The proposed distance based MSDHMM (referred to as MSDHMMP) structure is defined

A= (m,A,B,W) (IV.1.1)

where m, A and B are the state prior probabilities, the transition probabilities and the observa-
tion probabilities respectively. These are the same parameters used in the baseline discrete HMM
structure. The additional parameter W = [w,] is an M x L matrix that represents the relevance
weight of each symbol with respect to each stream. In particular, a stream relevance weight w;i
is assigned to each symbol j to indicate the relevance of stream k for this symbol. The proposed
structure assumes a dependency between the streams and the states.

From a graphical model perspective, a MSDHMMP could be represented by a graph as
shown in figure 18. This figure displays a MSDHMMP with 3 states and 2 streams. As illustrated,
the streams (in red and green) generate observations independently. For instance, for state 1, the
generated observations 011 and 012 are generated by stream 1 (red) and stream 2 (green) respectively
and are two different interpretations of the hidden state ¢;. Moreover, the two observations are
available at the same time. This makes the two streams synchronous. .

Optimization of MSDHMMP parameters can be achieved in two steps. The first step com-
bines the initialization and the learning of W. The second step uses the standard Baum-Welch
algorithm {6] to learn the A and B parameters.

For each MSDHMMP model, A, the initialization step consists of learning the N, states,
learning the codebook, and assigning initial probabilities to each symbol. The states and the code-
book could be obtained by partitioning and quantizing the training data. Any clustering algorithm,
such as the k-means [50] or the fuzzy c-means [51] could be used for this task. In our application
we use the Simultaneous Clustering and Attribute Discrimination (SCAD) [36]. SCAD can perform
clustering and feature weighting simultaneously and in an unsupervised manner. It learns a feature
relevance weight for each feature subset in each cluster. More details of the SCAD algorithm are
given in Appendix (B). The feature relevance weights learned by SCAD have two main advantages.
First, they guide the clustering process in identifying more meaningful clusters by identifying clus-
ters in subspaces of the original high dimensional feature space. Second, the learned feature weights
could be used subsequently as the relevance weights of the symbols with respect to the different

streams.
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Figure 18. A Multi stream DHMM with 3 states and 2 streams.

First, using SCAD, we partition the training data into Ny clusters that correspond to the
N states. A representative vector, s; (centroid of cluster j ) is selected as the mean vector of each
state. In this step, we use our prior knowledge about the features and the expected HMM structure
to fix the number of clusters and initialize them. Second, we use SCAD to cluster the training data
into a larger number of clusters (M) and learn the codebook. In other words, we used SCAD to
initialize the codebook V and the feature relevance weights W associated with each symbol.

Let dfj be the partial distance between data vector z; and cluster 7 with respect to the kth
stream. Note that the distance dfj is not required to be the Euclidean distance. Moreover, different
distance measures could be used for different streams. We only require the different measures to be
normalized to yield values within the same dynamic range. The total distance, d;;, between z; and
cluster 7 is then computed by aggregating the partial degrees of similarities and their weights. That
is, we let

L
a2 = wi(dh)?. (IV.1.2)
k=1
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SCAD is an iterative algorithm. It starts with an initial set of centers v; ) and an initial set

of equal weights w](.(,)c) =

%. In each iteration, SCAD would first compute a partial degree of similarity
of each subset of features, and update the degree of relevance of each subset in each center. After
few iterations, SCAD would converge to the optimal clusters’ prototypes and weights that minimize
the sum of intra-cluster distances. Let v; represent the center of each of the M clusters, and let w;x
represent the learned stream relevance of each cluster. After learning the codebook, the DHMM
requires associating a probability value with each symbol in each state. The probability of v; in
state i represents its likelihood in that state. We use an FCM-type [51] membership function to
initialize these probabilities, i.e., we let:

_ 1/d%(vj, s:)
N 1/d (), k)]

where d(v;, s;) is the distance d;; defined in (IV.1.2), and the correspondent partial distance,

(IV.1.3)

ij

d*(vj,s;) is the L? norm. The closer v; is to s;, the higher its likelihood is in state i, which
explain the usage of the inverse of the distance in the numerator of (IV.1.3). The denominator
in (IV.1.3) is a normalizing factor. Expanding (IV.1.3) to include the partial distances and their

relevance weights, we obtain:

N, L 271
] I ' H K ok ‘2 1.
m=1 k=1 Wik||V; sml
To satisfy the requirement that Z;V[:l b;; = 1, we scale b;; using:
b
bi; X (IV.1.5)

Ry v
Zk:l bzk
After the initialization step, the DHMM model parameters A, B and « are then estimated

using the standard Baum-Welch algorithm [6] as outlined in chapter II with a minor modification.

Recall that the learning equation of b;; in the discrete Baum-Welch is:

_ i m(®3(Qv (o), 5)
51 7(0)
where v;(7) and §(.,.) are as defined in (I1.7.6) and (I1.7.63) respectively.

b..

ij

(IV.1.6)

In (IV.1.6), Qv is the quantization operation defined on an observation vector o; as the index of its
closest symbol. In our case, to identify the closest symbol to an observation, we take advantage of
the stream relevance weights associated with each symbol. That is, the closest symbol to ¢, is the

symbol which index Qv (o) satisfies:

L

Qvio) = argminz wjk||of v;“

2
1<G<M (= I

(IV.1.7)
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In (IV.1.7), w;, emphasizes the contribution of the stream k in the decision of the closest symbol to
0s. Thus, these learned weights affect the b;; update equation in the Baum-Welch algorithm.

The steps of the resulting training procedure for the parameters of A are outlined in Algo-
rithm (1). The stopping criterions are either the likelihood Pr(O|A) becomes less than a threshold,

or the number of iterations exceeds a predefined limit. In this version of the MSDHMMDP | the stream

Algorithm 1 Baum-Welch Training of the Distance-based MSDHMM

Require: Training data [O1), ...  O®)], O =[o,, -, 0r]. Fix the variables N,, M, and L.
Ensure:
1: Cluster training data into N, clusters using SCAD, and let s;, the center of each cluster, be the
representative of state i
2: Cluster the training data (using SCAD) to quantize it into M symbols and learn the stream
relevance weights w;x. The center of each cluster v; is a symbol.
while stopping criteria not satisfied do
Compute the closest observation to o; using (IV.1.7);
update A using (I1.7.9);
update B using (I1.7.10);
end while

NP DR

relevance weights are learned during the initial clustering step and are not updated in the HMM
parameter learning. In addition, the discriminative training version of this MSDHMM is carried out
in the same way as the baseline DHMM, using the quantization operation in (IV.1.7). Algorithm
(2) outlines the steps needed to learn the parameters of all the models A, using the MCE/GPD

framework. The distance weighting approach provides a simple structure of the multi-stream dis-

Algorithm 2 MCE/GPD Training of the Distance-based MSDHMM

Require: Training data [0, ... O®] O =[o,,---,07]. Fix the variables Ny, M, and L for
each model ..
Ensure:
1: For each )., cluster training data into N, clusters using SCAD, and let s;, the center of each
cluster, be the representative of state 1.
2: For each )., cluster the training data (using SCAD) to quantize it into M symbols and learn
the stream relevance weights w;;. The center of each cluster v; is a symbol.
while stopping criteria not satisfied do
Compute the closest observation to each o, using (IV.1.7);
Compute the loss function of each sequence O using (I1.7.52);
update A of each A, using (I1.7.60);
update B of each A. using (I1.7.61);
end while

crete HMM. However, it has two main limitations. First, the stream weights are independent of the
states. Second, the weights are learned independently from the rest of the DHMM parameters and
do not necessarily maximize the Likelihood estimates. To overcome these limitations, we propose

an alternative approach that is based on assigning partial probabilities to the different streams.
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IV.2 A Probability based approach to learn multi-stream relevance weights

Similarly to the MSDHMMP, the probability based MSDHMM has the following compact
representation:

A= (m,A,B,W) (IV.2.1)

However, in this case, W is an Ngx M x L stream relevance weight matrix. In particular, we assume
that a stream relevance weight w;; is assigned to each symbol j of each stream k within each state
1. This choice takes into account the additional dependency between the streams and the states.
We refer to this new structure of MSDHMM as MSDHMM?Y . The graphical representation of this
model is shown in figure 19 where an MSDHMMF with 3 states and 2 streams is illustrated. This
diagram is similar to the one in figure 19. The only difference here is that streams 1 and 2 depend

also on the hidden states.
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Figure 19. A Multi stream DHMM with 3 states and 2 streams.

In the proposed MSDHMM? structure, each symbol j of each stream k, i.e. v;-‘, is assigned
a partial probability b;;x in each state i. The partial probability b;j; measures the likelihood of v;-‘
in state i. The stream relevance weights w;;; and the probabilities b;jx are combined to form the

observation state probabilities b;;. Two different combination methods are proposed. The first one
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uses a linear combination of the weights and the partial probabilities, while the second one uses a

geometric combination.

IV.2.1 Linear aggregation

In this method, the observation state probabilities are computed using:

L
bij = Z Wijkbijk, (Iv.2.2)
k=1
subject to
L M
> wiyk =1, and Y by = 1. (IV.2.3)
k=1 =1

This linear form of the observation probability in (IV.2.2) is motivated by the following probabilistic

reasoning:

bij = Pr(ot|qt = ’l, /\)
L
= Y Pr(vjle. =1, fr = ks \)Pr(fy = klg, =45 \)
k=1

Prvs", - o$Pg =4, fi = B A Pr(f, = Klg, = i3 A)

Q

Prv® g =i, fo = k; N Pr(f, = klvj, ¢s = i5\)

where f; is a random variable representing the index of the stream that occurs in time t. It follows

then that:

bk = Pr(vslg: =4, fr =k X),
and

wijrk = Pr(fy=klv;,q =14 X).

We will refer to this probability based MSDHMM with linear aggregation as MSDHMM®'. In
(IV.2.2), the higher the value of w;;i, the more the kth stream contributes to the overall probability
of v; in the state ¢.

For a C-class classification problem, each random sequence O is to be classified into one of
the C classes. Each class, ¢, is modeled by a DHMM X.. Let O = [0, ..., 0®)] be a set of R
sequences drawn from these C different classes and let g.(O) be a discriminant function associated

with classifier ¢ that indicates the degree to which O belongs to class ¢. The classifier I'(O) defines
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a mapping from the sample space O € O to the discrete categorical set {1,2,...,C}. That is,
I(O)=1 iff I = argmaxg.,(O). (Iv.2.4)
c=1,- ,C
We propose two main approaches for learning the MSDHMMP! parameters. The first one is based
on maximizing the likelihood of the data correspondent to each model. The second approach is

based on discriminative training and aims at minimizing the classification error over all classes.

IV.2.1.1 Parameters initialization

As in the distance based approach, the learning starts by clustering the training data into
N; clusters using SCAD [36]. The center s; of each cluster is used as the state’s representative.
Next, SCAD is used to partition the data into a larger number of clusters and build the codebook
V = [v1,...,upm]. SCAD also learns an initial stream relevance weight, w;x, for each symbol.
Since the MSDHMM?" structure requires a weight in each state, initially we duplicate the weights
computed via SCAD, i.e., we let wjx = wji for i = 1--- N,. The probability of each symbol v;? in
each stream k and within each state ¢ can be represented by the fuzzy membership degree of v;? in

this state. That is, we use :
l/dk(v;?, sk)

= N, y
2im1 1/dk(vj’?, S;C)

) is the partial distance between symbol v; and state s; taking into account only

bijk (IV.2.5)

where d’“(v}c sk

b}

features from stream k. To satisfy the requirement that ZJNil bi;r = 1, we scale the values using:

bijk
—
Em:l bzmk

The overall probability of v; in state 7 is then computed using (IV.2.2).

bijx —

(IV.2.6)

IV.2.1.2 Generalized Baum-Welch learning algorithm for MSDHMMF!

After initialization, the model parameters can be tuned using the maximum Likelihood
approach. Given a sequence of training observations O = [o1,..., 07|, the parameters of A\, could
be learned by maximizing the likelihood of the observation sequence O, i.e., Pr(O[A). We achieve
this by generalizing the Baum-Welch algorithm to include a stream relevance weight component. In
particular, we define the generalized Baum-Welch algorithm by extending the auxiliary function in

(I1.7.1) to

QAN =YY I Pr(0,Q,FINPr(Q,FlO, ), (Iv.2.7)
Q F
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where F' = [f1,..., fr] is a sequence of random variables representing the stream indices for each
time step. It can be shown that a critical point of Pr(O|)), with respect to A, is a critical point of

the new auxiliary function Q(A, A) with respect to A when A = A, that is:

APr(Ox) _ dQ(A\, M)
Y

= I5es- (IV.2.8)

Equation (IV.2.8) could be proved by using the same steps needed to prove propositions (I1.7.1) and
(IL7.2).
Maximizing the likelihood Pr(O|]) is equivalent to maximizing the auxiliary function Q(\, A)

which could be rewritten as:
QA A) = €@, 10, [log Pr(0,Q, FIN)] . (IV.2.9)

The above formulation of the auxiliary function Q(X, A) could be interpreted as the conditional
expectation of the log likelihood of the complete data (observed sequence and hidden parameters:
0,Q,F) using the model A, with respect to the distribution of the hidden data (Q and F) conditioned
to the observed sequence O and using the initial guess . More explicitly, the Q(X, X) function has

the following integral form:
QM) = / log Pr(0,Q, FIN) Pr(Q, F|0, \)dQdF (IV.2.10)
2.F

where Q and F belong to the spaces £ and § respectively. Since  and § are discrete, the integral
in (IV.2.10) form above is equivalent to the form in (IV.2.7). It follows that the formulation of the
maximization of the likelihood Pr(0O|)) through maximizing the auxiliary function Q(X, ) is an EM
[30] type optimization that is performed in two steps: the estimation step and the maximization
step.

The estimation step consists of computing the conditional expectation in (IV.2.7) and
write it in an analytical form if possible. The objective function in (IV.2.7) involves the quan-

tity Pr(O, @, F|A\) which could be expressed analytically as:

T-1 T
Pr(0,Q,FIX) =7, H Qg.q:41 HmQtQV(ot)ftthQV(ot)ft (Iv.2.11)
=1 t=1

where Qv is the quantization operation defined on an observation vector o; as:

N, L
L1 &
Qv (o) = argmin - ; kz::l wiji|lof — vE|]. (IV.2.12)

In particular, @y maps each observation o; to the index of its closest symbol. Thus, the objective
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function in (IV.2.7) can be expanded as:

QAN = > Zlog T Pr(Q, F|O,\) +
Q
T—1

Z Z Z lOg Qgiqp 41 T(Q, F'O, /\) +

DD D 108 Weqy (o0 Pr(Q. FION) +

t=1 Q F

DD logbg.oy (o5 Pr(Q, FlO, N). (IV.2.13)
t=1 Q F

=

~

After the estimation step, the maximization step consists of finding the parameters of X that
maximize the function in (IV.2.13). The expanded form of the function Q(X, A) in (IV.2.13) has 4
terms involving 7, @, @ and b. To find the values of T3, Qijr Wijk, and E-jk that maximize Q(\, :\)
, we consider the terms in (IV.2.13) that depend respectively on 7, @, w, and b. In particular,
the first and second terms in (IV.2.13) depend respectively on 7 and @, and they have the same
analytical expressions sketched in the case of the baseline DHMM in (IL.7.4). It follows that the

update equations for 7;, and @,; are the same as in the DHMM, that is:

5 = ’yl(l)v
o = Zimi&lid)
’ Y ()

To find the value of W;j that maximizes the auxiliary function Q(.,.), only the third term
of the expression in (IV.2.13) is considered since it is the only part of Q(.,.) that depends on Wijik-

This term can be expressed as:

T
X > Pr(Q,F|O,\)10g 4,0, (00)
Q F

t=1
T
DD logwyky Y Pr(Q,FlO, N)d(i, ar)8(j, Qv (01))5(k, fo), (IV.2.14)
t=1 i j k Q F
where 8(i, g:)5(j, 01)3(k, ft) keeps only those cases for which ¢; = i, Qv (0;) = j and f, = k. That is,
> Pr(Q,FlO, N)d(i,a)8(i, Qv (0))3(k, f) = Priae = i, f; = k|0, \)o(j, Qv (0y)), (IV.2.15)
Q F

therefore:

T
Y2 > Pr(Q.FlO,N)log(ig,qyns) =
Q F

t=1

2

s

M L
N Pr(g =1, fi = k|0, N)3(j, Qv (0r)) In(ijx) (IV.2.16)

k=1

>

t=1

o

.
Il

1j=
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To find the update equation of @i, we use the Lagrange multipliers optimization (see Appendix

C) with the constraint in (IV.2.3), and obtain:

X Prig =i fe = KO, N3(Qv (01), 4)

Wijk i - - - (Iv.2.17)
>oi=1 Prige =10, \)6(Qv (01), 5)
where
! o bl Ot
Pr(g. =i, fo = kIO, A) = Pr(g, = |0, \) 2QuleokiQu(onk (IV.2.18)
bigu (or)
Let, (i, k) = Pr(g; = i, f = k|O, A). Since Pr(gq = i|0, \) = (i), it follows that,
2 [ bz 0y
(i, k) = (5) LA ok (IV.2.19)
iQv (ot)
Thus, the update equation for %, ;) becomes:
T . .
,k)d(oy,
Tijn = 2= 725 K)3(0n, J) (IV.2.20)

Sim %(@)8(0r,5)
The numerator in (IV.2.20) reflects the quantity of information provided by stream k while the
denominator is used for normalization. It is possible that none of the closest symbols to o;, 1 < t < T,
is v;. If this situation occurs, the expression in (IV.2.20) becomes undefined. To avoid this case, we

generalize the update equation in (IV.2.20) to the following:

1 e (5,k)8(Qv (00),4) if 3¢ 5(Q ;
- - y V(O )7]) =1
T = Sim #05@Qv(e0)) t (IV.2.21)
% otherwise.

Similarly, it can be shown that the partial probabilities need to be updated using:

T 1 ,R)8(Qv (04),9)) if 3¢ 5(@ N

- - [} V(O )’]) =1

Bijk = Licy 7e(iok) ‘ (1V.2.22)
& otherwise

In (IV.2.22), the numerator represents the contribution of each stream k for each code j within
state ¢, and the denominator is a normalization factor. The details of the derivations of the above
equations can be found in appendix D.

In the case of multiple observations [0(), ... OW] it can be easily shown that the learning

equations need to be updated using:

L Y GR)E(Qu (0]).4) if St,(s(Qv(();‘),j) =1

T = 4 Lot Sres M@y (07).5) , (Iv.2.23)
% otherwise
and
Zf:l ZT:I e (4,k)8(Qv (07),5)) if 3¢ 5(@ ). 7} =
_ — s V(O a.]) =1
Bue = SE ST TR i) (IV.2.24)
le otherwise
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The variables 7" (i) and v\ (i, k) in (VL.1.11) and (IV.2.24) are the same variables as (i) and
v:(i, k) for each sequence O(). Algorithm (3) outlines the steps of the MLE training procedure of
the different parameters of the MSDHMM?".

Algorithm 3 Generalized BW training for the probability based MSDHMM with linear aggregation

Require: Training data [O1), ... O] O =[o,, -, 07| Fix the variables N,, M, and L.
Ensure:
1: Cluster training data into N clusters, and let, the center of each cluster, s;, be the representative
of state i.
2: Quantize the training data into M symbols and learn initial stream relevance weights w;x. The
center of each cluster v, is a symbol.
Let w;jx = wyg, for 1 <i < N,
while stopping criteria not satisfled do
Compute the closest observation to o; using (IV.2.12);
update A using (I1.7.9);
update W using (VI.1.11);
update B using (IV.2.24);
end while

© %N DR w

IV.2.1.3 Generalized MCE/GPD learning algorithm for the MSDHMM?®*

The minimization of the classification error via a gradient descent scheme is the most com-
mon discriminative training method for HMMs. We generalize this approach to the MSDHMM?®!

structure. In particular, we let,
9c(0,A) = log[mgx 9.(0,Q, A)] (IV.2.25)

be the discriminant function, associated with classifier A, that indicates the degree to which O
belongs to class c. In (IV.2.25), Q is a state sequence correspondent to the observation sequence O,

A includes the models parameters, and

9:(0,Q, A)

Pr(0,QlXc)

T-1 L
c (C) (c )
a0 [ alih,. || [} wer (0)byek )], (1V.2.26)
t=1

t=1

I

where b((;:}c(ot) bl(lf)QV(ot)k’ (e L(ot) = w((lf)QV(ot)k, and Qy is defined in (IV.2.12).

The 1misclassification measure of the sequence O is defined by:

1
d:(0) = ~:(0,A) +10g | = > expln ,(0, A)] (1v.2.27)
Ji#c

where 7 is a positive number. A positive d.(O) implies misclassification while a negative d.(O)

indicates a correct decision. The misclassification measure is embedded in a smoothed zero-one loss
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function, defined as:

1(0, A) = 1(d.(0)), (IV.2.28)

where [ is the sigmoid function in (II.7.51). Finally, for any unknown sequence O, the classifier

performance is measured by:

(O;A) = ilc(O; MI(O € C,) (IV.2.29)
e=1
where I(.) is the indicator function.
Given a set of training observation sequences O, r=1,2,...,R, an empirical loss function
on the training data set is defined as:
c
L(A) = > " 1(0"; )10 € C.). (IV.2.30)
r=1c=1

The empirical loss above approximates the true Bayes risk [52]. The MSDHMM?®' parameters are
therefore estimated by minimizing L(A) using a gradient descent algorithm. In order to ensure that
the estimated MSDHMM?®! parameters satisfy the stochastic constraints of a;; > 0, Z;\f:l a;; =1,

Wik > 0, Zle Wik = 1, by > 0, and Z]Ail bijr = 1, we map these parameters using

a;j — G =logay; (Iv.2.31)
Wik ™ Wik = 10§ Wijik (IV.2.32)
bijek — bijr = logbik (IV.2.33)

Then, the parameters are updated with respect to A. After updating, we map them back using

€ di ;
G = —ye (IV.2.34)
Zj'=1 exp ;v
exp W4
Wijk —TM;-—- (IV.2.35)
Zk’:l exp wijk/
i
bijk XD Digh (IvV.2.36)

-M i
Zj’=l exp bij’k
Using a steepest descent batch estimation mode, the MSDHMM?® parameters are iteratively updated
using:

Ar+1)=A(r) - eViL(A) Ak’

(Iv.2.37)
where ¢ is the learning rate, and V is the gradient operator.

The updating mechanism in (IV.2.37) applies for the variables %, @, ¥, and b. However, it
could be shown that 7, @ could be updated similarly to the standard DHMM as in (I1.7.59) and

(11.7.60).
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It can be shown that u';l(;,)c and 55;,{ need to be updated using:

(e (e IL(A
W7+ 1) = () — ¢ p M) (IV.2.38)
Wik li=A(n)
and
P(c (e AL(A)
Bigk(m +1) = 850 (r) - 550 (1V.2.39)
ik |R=A(r)

For the parameters 0, and b, the derivatives ZI;;? and %I;;%\T) in (IV.2.38) and (IV.2.39) respectively
ijk ijk

could be expanded using the chain rule as follows:

(c)
OL(A) &K Oln(0,A)  Bdm(0)  ge(O,A)  Owi)
oLy _ x x x IO € C,), IV.2.40
5a] " 2 2 000 < 50 < o] al] (1V:2:40)
and ©
IL(A) i 2": Nn(0,4)  3dm(0) 990, A) Ity
) x x 22 x =2k 0 € C,), (IV.2.41)
) o 9dm(0) T 990N T gl T abe)
where
AN (O, A)
= lm 5 1~ m 3 s
e = (0N (L= (0, )]
Bdn(0) | ! e=m (IV.2.42)
e A - ex (O, . ’ -
8g.(0, A) E_L_{_]_ﬂj.j:;’fp(nogﬁ)&/\ ifc#m
8g-(0,4) _ & | b
g_{(c)_) = Za(qt = Z»QV(Ot) = ])%’
OW; 5 t=1 bi;
w'®)
ijk _ (c) (c)
— = Wik [L—wi| -
8“’1(3'1); 7 [ J}
()
89:(0.A) _x~, _ Wik
= 20l =i Qulo) =4)-h,
ijk t=1 17
and ©
b5
ijk (c) (c)
0k = 5 [1-89] .
o 13
A closed form of ‘le IC\) and ‘z;;‘ f\ could be then inferred:
Wik ijk
(e)
IL(A) & () © Disk ad.(0y)
= Cln (O, A) (1= 1 (O, A))w;53 (1 — w;5) —256(q) = 1, Qy(0F) = §) i
EECIPIPIPS (Ll Ol =4 QvleD) =g, (0.
and
(c)
BL(A) Rez (c) (c) wijk r . r . adC(Or)
BIBT B Z Z Zam(omA)(l - lm(OT’A))bijk(l - bijk) 10) 8(g; =1,Qv(0]) = J)m
ijk r=1m=1t=1 ij

Algorithm (4) outlines the steps needed to learn the parameters of all the models A, in the MCE/GPD

framework.
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Algorithm 4 Generalized MCE/GPD training for the probability-based MSDHMM with linear
aggregation

Require: Training data [O0),.--  O®)] O =0, --,0r].. Fix the variables Ny, M, and L for
each model ..
Ensure:
1: For each A, cluster training data into Ny clusters and let the center of each cluster, s;, be the
representative of state 7.
2: For each )\, quantize the training data into M symbols and learn initial stream relevance weights
wjk. The center of each cluster v; is a symbol.
Let wijr = wjk, for 1 <i< N
while stopping criteria not satisfied do
Compute the closest observation to each o, using (IV.1.7).
Compute the loss function of each sequence O using (V.1.24);
update A of each A, using (I1.7.60);
update B of each A, using (I1V.2.39);
update W of each A, using (I1V.2.38);
10: end while

IV.2.2 Geometric aggregation

In this method, the partial probabilities are combined using;:

L
bis = [ T [bize]™* (IV.2.43)
k=1
subject to
M
dul,=r and 3 byp=1L (IV.2.44)
k=1 Jj=1

The geometric form of the observation probability in (IV.2.43) is motivated by the following proba-

bilistic reasoning;:
by = Pr(vla:=12)
L .
= Pr(oi o oiPlg = i)

Pr(vf?)g, = i;))

il
-l

B
Il
e

Wijk

Q
=

[PT(U]('k)IQt =1 A)J

>
Il
—

It follows that:

bijk = Pr(vi®|g, = &),
We will refer to this probability based MSDHMM with geometric aggregation as MSDHMMPFe. The
exponential weight w;;; weighs the contribution of each stream to state i. In (IV.2.44), k is a

constant, usually set to one and v € (1,00) is an exponent that controls the discrimination between

the different streams.
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Similarly to the linear aggregation case, two main approaches are considered for the training
of the MSDHMMFs parameters. The first one consists of maximizing the likelihood of the data
correspondent to each model. The second approach consists of a discriminative training that aims

at minimizing the classification error over all classes.

IV.2.2.1 Parameter initialization

For the initialization of the model parameters, we follow the same steps as those used for the
linear combination. The only difference resides in using (IV.2.43) instead of the linear combination

in (IV.2.2).

IV.2.2.2 Generalized Baum-Welch learning algorithm for MSDHMM?F =

After initialization, the model parameters can be tuned using the maximum Likelihood
approach. Given a sequence of training observation O = |01, ..., or|, the parameters of A, could be
learned by maximizing the likelihood of the observation sequence O, i.e., Pr(O|)A). We achieve this
by generalizing the Baum-Welch algorithm to include a stream relevance weight component. We

define the generalized Baum-Welch algorithm by extending the auxiliary function in (I1.7.1) to

QX =Y InPr(0,Q, FINPr(Q, FlO, ), (1V.2.45)
Q F
where F = [f1,..., fr] is a sequence of random variables representing the stream indices for each

time step. It can be shown that a critical point of Pr(O|)), with respect to A, is a critical point of
the new auxiliary function Q(X, A) with respect to A when A = )\, that is:

dPr(0|)) _ 9Q(\,N)

OA o\

5=x- (IV.2.46)

The proof of (IV.2.46) could be achieved using the same steps needed to prove propositions (I11.7.1)
and (I1.7.2).

Similar to the linear aggregation case, it could be shown that the formulation of the maxi-
mization of the likelihood Pr(O]A) through maximizing the the auxiliary function Q(X, ) is an EM
[30] type optimization that is performed in two steps: the estimation step and the maximization
step. The estimation step consists of computing the conditional expectation in (IV.2.45) and write
it in an analytical form. The objective function in (IV.2.45) involves the quantity Pr(O,Q, F|))

which could be expressed analytically as:

T-1 T i
/_\) = 7?111 H a’fhl]t«u H [szQV(Ot)fe]wthV(ot)ft (IV247)
t=1

t=1

Pr(0,Q,F
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Thus, the objective function in (IV.2.45) can be expanded as follows:

QAN = Y Z Pr(Q, F|O, \) log g, +
Q
T-—1

Z Z Z PT(Q’ FIO' /\) log 6“1th+1 +
F

1 Q

ZZPT(Q’FIO’)‘)TDQtQV(Oc)J‘t logEQch(Ot)fz‘ (Iv.2.48)
Q F

o
Il

M=

~
Il

1

After the estimation step, the maximization step consists of finding the parameters of X that
maximize the function in (IV.2.48). The expanded form of the function Q(), ) in (IV.2.48) has 3
terms involving 7, @, and (W, b) independently. 'Io find the values of 7;, @5, Wijk, and Eijk that
maximize Q(\, A) , we consider the terms in (IV.2.48) that depend on 7, @, W, and b. In particular,
the first and second terms in (IV.2.48) depend on 7T and @, and they have the same analytical
expressions sketched in the case of the baseline DHMM in (I1.7.4). Thus, the update equations for

T, and @;; are the same as in the DHMM, that is:

™= 'Yl(i)v
Qii = Z’trzl Et(l,_])
iy = T N
2oim ve(d)

To find the value of W;j; that maximizes the auxiliary function Q(.,.), only the third term of the
expression in (IV.2.48) is considered since it is the only part of Q(.,.) that depends on Wijk. This
term can be expressed as follows:

T
ZZZPT Q F*O /\)w(I:QV(Oc)ft IOg( q: Qv (0¢) ft Zzzzlog wl]k

t=1 Q F

>3 Pr(Q.FIO, N)5(:,q)6 (j, Qu(00)d(k, ). (IV.2.49)
Q F

where (4, ¢:)3(4, Qv (01))d(k, f;) keeps only those cases for which q; = i, Qv (o;) = j and f, = k.
That is,

YD Pr(Q,FlO,Né(i,¢,)3(5, Qv (0))d(k, fi) = Pr{gs =i, f, = k|0, N§(Qv (0r), ). (IV.2.50)
Q F

Therefore:

M=

o
Il

1

ZZPT Q, F|O,}) wthv(O‘)ft IOg(thQV(Ot)ft) -
Q F

Z

Mx
M=

>

t=11

PT’(qt = 2 ft = k|O /\) (Ot, )wthV(Dtm ln(b”k) (IV251)

k=1

1l
-
.

i
-
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To find the update equation of W;;x we use the Lagrange multipliers optimization with the constraint

in (IV.2.44), and obtain

D] 7T v
Wik = [K‘_L[__‘—Lk]—L—] (IV.2.52)
>opr=1 [Dijr] 7T
where
T
Dije = Y _ (i, k)5(or, j) log bk (IV.2.53)
t=1

The numerator in (IV.2.52) reflects the quantity of information provided by stream % while the
denominator is used for normalization. It is possible that none of the closest symbolstoo;, 1 <t < T,
is v;. If this situation occurs, the expression in (IV.2.52) becomes undefined. To avoid this case, we

generalize the update equation in (IV.2.52) to:

1
[Dij 7T ]U i N —
et if 3, 6(0,5) =1
Tijp = SE_ [De] ‘ (IV.2.54)
1
(%) v otherwise
Similarly, it can be shown that the update equation for the partial probabilities is:
¥ i 1 (6R)S(Qv (o]) ) wisk if 3t, 6(Qv (oF), §) =

i . ; 8(Qu(0)),5) =1
bijk — Zj‘f_lzz 'Yt(lvk)é(QV(ot)vk)w;j’k t (IV255)

otherwise

)

In (IV.2.55), the numerator represents the contribution of each stream k for each code j within state
7, and the denominator is a normalization factor. The detailed derivation of the above equations
could be found in appendix D.

In the case of multiple observations [O(1), ..., O], it can be easily shown that the update

equations become:

T

L

if 3¢, 8(Qv (0}), 5) = 1

Wik = SR, Sk, [D0) 7T (IV.2.56)
1
(%) ! otherwise
and
SR ST nR)Qv(0]) ) wijk : T S) —
Bk = L R G RIEQy (0]) k) w e if 3¢, 0(Qv (0f).7) = 1 (IV.2.57)
% otherwise
where
T
DL =347 (6, k)5(Qv (o), 5) log biji. (IV.2.58)
t=1

Algorithm (5) outlines the steps of the generalized MLE training procedure of the different
parameters of the MSDHMMFs.
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Algorithm 5 Generalized BW training for the probability-based MSDHMM with geometric aggre-
gation

Require: Training data [0, .- 0] O =[0,, --,07]. Fix the variables N,, M, and L.
Ensure:
1: Cluster training data into N clusters and let the center of each cluster, s;, be the representative
of state i.
2: Quantize the training data into M symbols and learn initial stream relevance weights w;x. The
center of each cluster v; is a symbol.
Let wijx = wjk, for 1 <i < N
while stopping criteria not satisfied do
Compute the closest observation to oy using (IV.2.12);
update A using (I11.7.9);
update W using (IV.2.56);
update B using (IV.2.57);
end while

IV.2.2.3 Generalized MCE/GPD learning algorithm for the MSDHMM?F¢
Let,
9c(0,A) = log[mgxgc((), Q,A)] (IV.2.59)

be the discriminant function, associated with classifier A, that indicates the degree to which O
belongs to class ¢. In (IV.2.59), @ is a state sequence correspondent to the observation sequence O,

A includes the models parameters, and

9:(0,Q,A) = Pr(0,Q;X.)
T-1 T L © w(CL(Ot)
C qt
= w0 I ah., TTTT [t5kc00)] : (IV.2.60)
t=1 t=1k=1

where bflf;c(ot) = b((:)Qv(ot)k, w((lf;c(ot) = wl(lf)QV(Oc)k’ and Qv is defined in (IV.2.12).

The misclassification measure of the sequence O is defined by:

1
de(0) = ~ge(0, A) +log | 57— > expln g;(0,A)] (IV.2.61)
J.j#c

where 7 is a positive number. The misclassification measure is embedded in a smoothed zero-one
loss function, defined as:

1(0, A) = (d(0)), (1V.2.62)

where [ is the sigmoid function in (I.7.51). For any unknown sequence O, the classifier performance

is measured by:
C

(O;A) =D L(O; A)I(O € C.) (IV.2.63)

c=1

where I(.) is the indicator function.
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Given a set of training observation sequences O r=1,2,..., R, an empirical loss function
on the training data set is defined as

R C
L(A) =YY 1 (07 MI(OM e C.). (IV.2.64)

r=1c=1
The MSDHMMP* parameters are estimated by minimizing L(A) using a gradient descent algorithm.
In order to ensure that the estimated MSDHMMYs parameters satisfy the stochastic constraints of
aij Z 0, Z;V:sl Q5 = 1, wijk Z O, Ei:l wi’]k = K, bijk Z 0, and Z;\il bijk = l, we map these

parameters using

aij — Gy =logay; (IV.2.65)
Wik — Wik = log wijk (IV.2.66)
bisk —  bijk = logbijk (IV.2.67)

Then, the parameters are updated with respect to A. After updating, we map them back using:

exp di]‘

0 = —y—— (IV.2.68)
Zj\,’ 1€Xpa;jy
v €exXp ’LU
Zk’ 1 €Xp wz]k’
exp bijk

bijk (Iv.2.70)

M __ i
Zj/zl exp biji
Using a steepest descent batch estimation mode, the MSDHMM?Y® parameters are iteratively updated
using:

Ar+1) = A(r) - eV;\L(A)‘/_\:A(T) . (IV.2.71)

where ¢ is the learning rate, and V is the gradient operator. It can be shown that w(c) and bE ]L need

to be updated using:

c (e LA
BT +1) = D7) — G ((c)) (Iv.2.72)
Wik [i=ir)
and
c c IL(A
BT +1) = biGh(r) — € ~EC)) (1V.2.73)
ijk A:A(T)

The derivatives g—;%\% and 6;;)? in (IV.2.38) and (IV.2.38) respectively could be expanded
ijk ijk

using the chain rule as follows:

X X IO € C.), IvV.2.74
oel] -3 3 B meo ol il R
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and

IL(A) Z Z o A . 0dn(0) . 09:(0.A) y 8bijk]1(

- = = 1(0 € C), (Iv.2.75)
abgg;c r=1m=1 Bgc(O,A) abgj?e abz('ji:
where
Al (O, A)
—_— (O, A O,A)],
S o7 = (0. M) (1= 1n(O.8)
9dm(0) -1 ifc=m
a c O,A - ex; <(O,A - ’
9:(0, A) E_LWJ_T]‘]_:ggpgm gm if ¢ #m
8g.(0,A) & . . ()
aw(c) = 25(% =1, QV(Ot) = .7) lOg bz]kv
ik t=1
du (€ =1 () ()
yr __ c)iv—1, (c c
87 \/.K—’[ z]k] 1]k!: [ z]k] ]
zﬂc
(¢)
89:(0.0) <~ Wik
(%T = 25(% 1,Qv(o) = j)—5 B
ijk t=1 ijk
and ©
b,y
i (c) (c)
~(i) - bz]lc [1 - buki{
ijk
A closed form of %I—\;)- and B—L((%—)- could be then inferred:
i 1]k
6L( R C T
- IR Yl (0n AL = 1, (OT,A))[ f;,{] (IV.2.76)
wz]k r=1m=1t=1
w'© w@1” (© . r _ oy 94c(Or)
z]k(l - [ ”k] )IOgszk(S(qt =1,Qv(0}) —J)m»
and
OL(A R C T . .
~§c>) = DD D Clm(0n M) (1 = In(On, A) x BEL(1 =B x  (IV.2.77)
abijk r=1m=1 t=1
wZ(JC’)C 1‘(07’) (5 T : T .
o) Bom(Om. A) (g =1, Qv (0]) = j).
ij

Algorithm (6) outlines the steps needed to learn the parameters of all the models )\, in the MCE/GPD

framework.

IV.3 Inference

To test a new observation sequence O=[o1,...,0r], we need to compute Pr(O|\.), with

respect to each model A.. This computation can be performed efficiently using the Viterbi algorithm
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Algorithm 6 Generalized MCE/GPD training of the probability-based MSDHMM with geometric
aggregation

Require: Training data [OM),---  OW)] O =[o;, --,0r]. Fix the variables N,, M, and I for
each model A..
Ensure:
1: For each A, cluster training data into Ny clusters and let the center of each cluster be, s;, the
representative of state 7.
2: For each A, quantize the training data into M symbols and learn initial stream relevance weights
wj,. The center of each cluster v; is a symbol.
Let w;jr = wjk, for 1 <i< N;
while stopping criteria not satisfied do
Compute the closest observation to each o, using (IV.1.7).
Compute the loss function of each sequence O using (V.1.24);
update A of each A using (I11.7.60});
update B of each A, using (IV.2.73);
update W of each A, using (IV.2.72);
10: end while

[29]. The Viterbi algorithm computes also the correspondent optimal state sequence [g1,. .., ¢7] to

O. This in turn requires the computation of ;(0;). For the MSDHMM, this can be computed using:
bi(or) = byj, (Iv.3.1)

where j = Qv (0;) and is computed using (I1V.2.12).

IV.4 Convergence properties

The aim of the Baum-Welch algorithm is to find estimates of the parameters of the HMM
that maximizes the likelihood Pr{O|A). It is well known that the maximum likelihood estimator

(MLE) have the following properties [53]:

e Unbiasedness:The MLE could be biased or unbiased. However, when the MLE is a biased

estimator, its bias tends to 0 as n—o0.
e Consistency: Subject to fairly weak regularity conditions, ML estimators are consistent.

¢ Efficiency:Since ML estimators may be biased we can only talk in general about asymptotic
efficiency. However, it has been shown that MLE is asymptotically efficient. It has also the

asymptotic normality. It is then called best asymptotically normal (BAN).

e Sufficiency: If 6 is the unique MLE of a parameter 8, then § must be a function of the
minimal sufficient statistic for 8. This does not mean that § is necessarily sufficient, although

it often is.

66



Appendix (E) gives the technical definition of the unbiasedness, consistency, efficiency, and suffi-
ciency of general estimators.

It could be inferred then that in the presence of ”enough” data, the MLE is almost optimal.
This however is not possible in all cases. In addition, we wish to have the global maximum of the
likelihood objective function. The Baum-Welch algorithm carries out an EM like optimization of the
likelihood function. As stated previously, the estimation step consists of writing an analytical form of
the auxiliary functions in (IV.2.7), and (IV.2.45), which have the form of a conditional expectation.
The maximization step consists of finding a maximum (local at least, global if possible) of the
auxiliary function Q(X, A). However, it is shown that the solutions found by the algorithms (3), and
(5) are proven to be critical points of the likelihood function Pr(O|)\). Therefore, it is of interest to
see if these solutions are (local) maximum of their correspondent objective functions. This is given

by the following theorem:

Theorem 1V.4.1. The generalized Baum-Welch ensures a convergence to a local mazimum for

MSDHMM?®", and MSDHMM?s.

Proof. Tt could be shown that the computed critical points are local maximum since the second
derivative of each objective function is negative when evaluated on the correspondent found critical
points. In the following we show that the objective function Q(, ) in (IV.2.7) is locally maximized

when evaluated in the points computed in (I1.7.9), (IV.2.21), and (IV.2.22). In fact, for W,

BZQ(A /—\) T N. M L 2
611,2—’ ==Y 33" Pr(g =1, f = k|0, \)6(j, Qv (0r)) [ije] > < 0 (Iv.4.1)
)ik t=1 i=1 j=1 k=1

The same result could be found for the rest of the parameters. Thus, it could be concluded that the
solutions in (I1.7.9), (IV.2.21), and (IV.2.22) represent a local maxima of the objective Q(), A) in

the case of MSDHMM®". Similar steps lead to the same conclusion for the MSDHMMYs. O

For the discriminative training, it has been proven in [52] that the MCE empirical cost
measured on a finite training set approximates the theoretical classification risk. As the training
data set grows larger, the MCE estimates have the property to minimize the Bayes risk. In addition,
reducing the MCE empirical loss can always be achieved by the steepest descent mechanism if a
sufficiently small learning rate is chosen. However, this almost guaranteed convergence does not

always imply a fast convergence rate [54].
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IV.5 Experimental Evaluation

IV.5.1 Data generation

To validate the proposed MSDHMM structures, we generate two synthetic data sets. The
first set is a single stream sequential data, and the second one is a multi-stream one. Both sets
are generated using two discrete DHMMs to simulate a two class problem. We follow a similar
approach to the one used in [55] to generate sequential data using a discrete HMM with N, = 4 and
M = 120 symbols with 4 dimensions. We start by fixing N different vectors p; € R4, i =1,--- , N, to
represent the different states. Then, we randomly generate NM vectors from each normal distribution
with mean u; and identity covariance matrix. A codebook with M symbols is then formed. For each

symbol, the membership in each state is computed using

N, T ks
bi; = [Z MJ (IV.5.1)

o= s = m]

and then scaled using:

(IV.5.2)

In (IV.5.1), v; denotes the j'* symbol. The initial state probability distribution and the state
transition probability distribution are generated randomly from a uniform distribution in the interval
[0,1]. The randomly generated values are then scaled to satisfy the stochastic constraints.

For the single stream sequential data, we generate R sequences of length T' = 15 vectors
with dimension p for each of the two classes. We start by generating a discrete HMM with N, states
and M symbols as described above. Then, we generate the single stream sequences using Algorithm

(12).

Algorithm 7 Single stream sequential data generation for each class.

for r =1to R do
Select the initial state according to the initial states probability distribution 7
Randomly pick a vector v from the M symbols among those representing the selected state
Sample an observation from a normal distribution with mean v and covariance o7
fort=2to T do
Select next state according to the probabilities transition matrix A,
Randomly pick a symbol v among those representing the selected state,
Sample an observation o; from the normal distribution which mean v and covariance o1.
end for
end for

For the multi-stream case, we assume that the sequential data is synthesized by L=2 streams,

and that each stream k is described by N; states, where each state is represented by vector u¥ of
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dimension py=4. To construct a set of M symbols based on the L streams, for each state i, 30 symbols
are generated from each stream k, and concatenated to form a double-stream set of symbols. To
simulate streams with various relevance wights, we create 3 groups of symbols in each state. The first
group is formed by concatenating 10 symbols from each stream by just appending the features (i.e.,
both streams are relevant). The second group of symbols are formed by concatenating noise (instead
of stream 2 features) to stream 1 features (i.e., stream 1 is relevant and stream 2 is irrelevant). The
last group of symbols are formed by concatenating noise (instead of stream 1 features) to stream
2 features (i.e., stream 1 is irrelevant and stream 2 is relevant). Thus, for each state ¢ we have a
set of double-stream symbols where the streams have different degrees of relevance. Once the set of
double-stream symbols is generated, a state transition probability distribution is generated, and the

double-stream sequential data is generated using Algorithm (7).

IV.5.2 Results

In the first experiment, we apply the baseline DHMM and the proposed multi-stream DHMM
structures to the single stream sequential data where the features are generated from one homoge-
neous source of information. The MSDHMM architectures treat the single stream sequential data
as a double-stream one (each stream is assumed to have 2-dimensional observation vectors). In
this experiment all models are trained using standard Baum-Welch (for the baseline DHMM and
distance based MSDHMM), the generalized Baum-Welch (for the probability based MSDHMM),
the standard and generalized MCE/GPD algorithms, or a combination of the two (Baum-Welch
followed by MCE/GPD). The results of this experiment are reported in table 2. As it can be seen,
the performance of the proposed MSDHMM structures and the baseline DHMM are comparable
for most training methods. This is because when both streams are equally relevant for the entire
data the different streams receive nearly equal weights in all states and the MSDHMM reduces to
baseline DHMM. Fig. 20 displays the weights for all symbols learned by the MSDHMMP. As it can
be seen, most weights are clustered around 0.5 (between 0.35 and 0.7). Since the weights of both
streams must sum to 1, both weights are considered equally important for all symbols.

Fig. 21 and 22 display the weights of stream 1 in all 4 states learned by the MSDHMM™
and MSDHMMT?s methods. As it can be seen, most weights are clustered around 0.5. Thus, as for
the MSDHMMP, the weights are treated equally important for all symbols.

The second experiment involves applying both the baseline DHMM and the proposed MS-

DHMM to the double stream sequential data where the features are generated from two different
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Figure 20. Stream relevance weights of the symbols
single-stream sequential data.
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70

in all 4 states, learned by the MSDHMMPFs



TABLE 2

Classification rates of the different DHMM structures of the single stream data

Classifier Baum-Welch MCE BW and MCE
Baseline DHMM 90.08 % 90.5% 91.25%
MSDHMMP 91.075 % 92.00% 93.75%
MSDHMMP- 91.25 % 92.25 % 98.75%
MSDHMM?P» 90.25 % 92.50% 95.75%

streams. In this experiment the various models are trained using Baum-Welch, MCE, and Baum-
Welch followed by MCE training algorithms. First, we note that using stream relevance weights, the
generalized Baum-Welch and MCE training algorithms converge faster and result in a small error.
Fig. 23 displays the number of misclassified samples versus the number of iterations for the baseline
DHMM and the proposed MSDHMM using MCE/GPD training. As it can be seen, learning stream
relevance weights causes the error to drop faster. In fact, at each iteration, the classification error
for the MSDHMM structure is lower than the baseline DHMM. In particular, for the probability

based linear MSDHMM, the error reaches the minimum after only two iterations.
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Figure 23. Number of misclassified points versus the training iteration number for the standard and
the multistream DHMMs.

The testing results of the second experiment are reported in table 3. First, we note that
all proposed multi-stream DHMMs outperform the baseline DHMM for all training methods. This
is because the data set used for this experiment was generated from two streams with different
degrees of relevancy and the baseline DHMM treats both streams equally important. The proposed
MSDHMMs on the other hand, learn optimal relevance weights for each symbol within each state.

The learned weights for streams 1 and 2 by the MSDHMMP are displayed in Fig. 24. As

it can be seen, some symbols are highly relevant (weight close to 1), while others are completely
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irrelevant (weight close to 0). The latter ones correspond to symbols where the stream features were

replaced by noise in the data generation.
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Figure 24. Stream 1 relevance weights of the symbols learned by the MSDHMMP model for the
double-stream sequential data

The learned weights for streams 1 by the MSDHMMF®" and MSDHMMF® are displayed in
Fig. 25 and 26. As it can be seen, some symbols are highly relevant (weight close to 1) in some
states, while others are completely irrelevant (weight close to 0). The latter ones correspond to

symbols where stream 1 features were replaced by noise in the data generation.
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Figure 25. Stream 1 relevance weights of the symbols in all 4 states learned by the MSDHMM®!
model for the double-stream sequential data

From table 3, we also notice that the probability based MSDHMMs outperform the distance-
based MSDHMM. This can be attributed to two main factors. First, the MSDHMMP learns an
initial set of relevance weights and does not optimize these weights in the subsequent learning phase.
Second, these weights are not state-dependent. The results also indicate that using the generalized
Baum-Welch followed by the MCE to learn the model parameters is a better strategy. This is

consistent with what have been reported for the baseline HMM [32].
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Figure 26. Stream 1 relevance weights of the symbols in all 4 states learned by the MSDHMMPs
model for the double-stream sequential data
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Figure 27. (a) Scatter plot of the MSDHMM®"! confidence values versus the baseline DHMM confi-
dence values. (b) Stream 1 relevance weights of the closest symbols associated with 15 observation
of a sequence extracted from R;.

To illustrate the advantages of the MSDHMM further, in Fig. 27, we display a scatter plot
of the baseline DHMM vs. the MSDHMM?""! confidence values. As it can be seen, the confidence
values are highly correlated. However, for few sequences (e.g. highlighted regions R; for class 1 and
R for class 2) the MSDHMM?®! outperforms the baseline DHMM. To verify that this difference is
attributed to the learned relevance weights, in Fig. 27 we display the learned stream 1 relevance

weights for the symbols associated with the 15 observations for one of the sequences in region R;.

As it can be seen, only 4 symbols have equal relevance weights in all 4 states.

IV.6 Chapter summary

In this chapter, we have presented the details of the generalized multi-stream discrete HMM

(GMSDHMM) structures. These models are proposed to take into account the different degree of
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TABLE 3

Comparison of BW and MCE algorithms for the different DHMM structures

Classifier Baum-Welch MCE BW and MCE
Baseline DHMM _ 54.075 %  59.075 % 60.025%
MSDHMMP 62.075 % 64.075% 71.25%
MSDHMMF- 60.25% 70.25 % 72.65%
MSDHMMPFs 58.25 % 65.25 % 75.00 %

relevancy of different streams. Our approach is data driven. It relies on training data to associate
feature relevance weights to each symbol in the codebook. Two approaches have been proposed:
distance based and probability based. In both cases, the Baum-Welch and MCE/GPG learning
algorithms have been generalized to allow for simultaneous learning of all the model parameters. We
derive the necessary conditions to update the different model parameters. The proposed structures

have been evalnated using synthetic data sets. Results show that the MSDHMMP and MSDHMMF

structures outperform the baseline DHMM.
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CHAPTER V

Generalized Multi-stream Continuous Hidden Markov Models

It is not knowledge, but the act of learning,
not possession but the act of getting there,

which grants the greatest enjoyment.

Carl Friedrich Gauss

In this chapter, we propose two multi-stream Continuous HMM (MSCHMM) structures that
integrate stream relevance weights and alleviate the limitations of existing multi-stream continuous
HMM structures by linearizing the observation probability density function. This linearization
allows the generalization of the Baum-Welch and the MCE/GPD training algorithms. In particular,
we generalize the objective function to include stream relevance weights and derive the necessary
conditions to update the parameters of both algorithms.

We assume that we have L streams of information. These streams could have been generated
by different sensors and/or different feature extraction algorithms. Each stream is thus represented
by a different subset of features. Instead of treating the streams equally important or using user-
specified weights, the proposed MSCHMM structure introduces a built-in component to learn a
relevance weight to each stream. Two forms of pdfs are proposed. A mixture level streaming pdf,
and a state level streaming pdf. The former method models local stream relevance that depends on
states and components. The latter method models a less local stream relevance that depends only

on the states. We refer to the proposed MSCHMM structures with linear pdfs as MSCHMMY.

V.1 Multi-stream CHMM with mixture level streaming

Let b,-jk(ogk)) be the jth component in state ¢ using only the feature subset coming from
stream k, and let wy; be the stream relevance weight of this component. To cover the entire feature

space (i.e. the L streams), we use a mixture of L components, i.e.,

L
bij(ot) = sz‘jkbz‘jk(OEk)), (V.1.1)
k=1

75



where ogk) is the kth stream contribution to the observation vector o;. Then, to model each state

by a mixture of A/ components, let

M L
bi(or) = Z Usij Z U’ijkbijk(ogk))a (V.1.2)
j=1 k=1
subject to
L M
Zwi]‘k = 1, and Zui]’ =1. (V13)
k=1 j=1

The component b;j;(.) is assumed to be a normal distribution N(., tijk, Zijk) where p i is its mean
and %, is its diagonal covariance matrix. The distribution (., i£4%, £4;k) applies to the kth stream
contribution ogk) of each observation vector o;. The parameter u;; is similar to the mixing coefficient
in the standard HMM. In this case, it is a weight assigned to the mixture of L components that
cover the entire feature space and not to a single component. We will refer to this mixture level
MSCHMM" as MSCHMM"=.

The linearization of the pdf in (V.1.2) could be inferred from the following:

bi(()t)

Il

Pr(osg: = i; A)

M
= ZPr(ot|qt =1d,e; = J; \)Pr(e; = jlge = 4 X)
=1

[
Il

Pr{oilg: =t,e; = j, fr = ks \)Pr(es = jlgs = i; ) Pr{fy = k|gs = i,e, = 5; A)

.ME
M=

Jj=1k=1
M L

~ Y Priec=jla =AY Prife=klg =i = ;N Pr(of”|g =i e0 = j, fo = k; A)
j=1 k=1

where e; and f; are two random variables that represent the indices of the component and stream

that occur in time ¢. It follows then that:

bz’jk(ogk)) = PT(ng)Mt =t,¢ =5, ft = k3 A),
’wi]'k = PT(ft =qut=i,et =j;/\),
u;; = Pr(e: = jlg =1i; 7).

V.1.1 Generalized Baum-Welch learning algorithm for MSCHMMU!=

The MSCHMMP"" parameters can be learned using the maximum Likelihood approach.
Given a sequence of training observation O = [o1, - - , or], the parameters of A could be learned by
maximizing the likelihood of the observation sequence O, i.e., Pr(O|A). We achieve this by gener-

alizing the Baum-Welch algorithm to include stream relevance weights. We define the generalized
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Baum-Welch algorithm by extending the auxiliary function in (I1.7.1) to

QAN =3 >N Pr(Q,E,FIO.N)InPr(0,Q,E.F|}) (V.1.4)
Q E F
where £ = [e1,--- ,er] and F = [f1,---, fr] are two sequences of random variables representing

respectively the component and stream indices at each time step. It can be shown that a critical
point of Pr(O|)), with respect to ), is a critical point of the new auxiliary function Q(), X) with

respect to A when X = A, that is,

APr(01A) _ 8Q(A,\)
I )

5w (V.1.5)

>

The proof of (V.1.5) could be achieved using the same steps needed to prove propositions
(I1.7.1) and (11.7.2).

Similar to the discrete case, it could be shown that the formulation of the maximization of
the likelihood Pr(O|)) through maximizing the the auxiliary function Q(X, ) is an EM [30] type
optimization that can be performed by an estimation step and a maximization step. The estimation
step consists of computing the conditional expectation in (V.1.4) and writing it in an analytical form.
The objective function in (V.1.4) involves the quantity Pr(0, @, E, F|X) which could be expressed

analytically as:

T-1
X)) = c p(©
Pr(o,Q,E,Fuc)_wqéC)Hafhzmnuggg w'® b (o) (V.1.6)
t=1

qtetft qtetft

Thus, the objective function in (V.1.4) can be expanded as follows:

QALY = Y N > Pr(Q,E FIO,\) log T, +
Q E F

ZZZP’I‘ (Q, E, F|O,\)logg,q,,, +
Q

E F

S S PrQuE FIO.A) log e, +
Q E

F

g]

N e N e
|||M i
(RN e

o[~]

> " Pr(Q,E, FlO, \)log itg,e, s, +
E F

T
,|_.»~

t=1

o]

SN Pr(Q B FIO N 10g N (0™, fig,e, s Eqveess) (V.1.7)
E F

After the estimation step, the maximization step consists of finding the parameters of \ that max-
imize the function in (V.1.7). The expanded form of the function Q(X,)) in (V.1.7) has 5 terms

involving 7, @,and (W, b) independently. To find the values of 7;, @;;, Wijk, and b that maximize
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Q(A, A) , we consider the terms in (V.1.7) that depend on 7, @, W, and b. In particular, the first and
second terms in (V.1.7) depend on 7 and @, and they have the same analytical expressions sketched
in the case of the baseline CHMM (refer to (I1.7.4)}. It follows that the update equations for 7,

@;;, and ;; are the same as in the standard CHMM. That is,

T = ’Yl(z)a
o X&)
’ Sy we(d)

and

Zle Pr(g: =1i,e. =jlo,A)
S Prig =ilo,\)

Uy =

To find the value of W;;; that maximizes the auxiliary function Q(.,.), only the fourth term
of the expression in (V.1.7) is considered since it is the only part of Q(.,.) that depends on Wj.
This term can be expressed as:

T
ZZZZPr Q,E,F|0,\) log Wg,e, p, = ZZZZlog Wijk)

t=1 Q E F

ZZZPT Q7E7F|Oa)‘) (17(1t) (]vet)(s(kvft)7 (V18)

Q E F

where 6(%, ¢;)8(J, e:)d(k, fi) keeps only those cases for which ¢, = ¢, e; = j and f; = k. That is,

YN N Pr(Q.E FIO,N6(i,q)8(G e)8(k, fr) = Priqy =i,e = j, fe = klor, X)),  (V.1.9)

Q E F
therefore:
T
ZZZZPT Q’E’F|O’)\) logw‘]tetft =
=1 Q@ E F

t=1

Z

e

M
> Prig =i.es =3j, fr = klog, \) log ,e, 1, (V.1.10)

1j=1k=1

>

t=11

I

To find the update equation of W,;;, we use the Lagrange multipliers optimization with the

constraint in (V.1.3), and obtain

2;1;1 Vt(iajv k)

Wijk = Zthl’Yt(iyj) , (V.1.11)
where
- (1) B4 (1)
t\t) = = ————— V.1.12
S S a0 (V112
s _ Usj zg(ot)
(i, j) = wm@)——7——= b0 (V.1.13)
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and

UijwijkN,(ng)v Wijks Bigk)
bj (Ot) '

(i, k) = (i) (V.1.14)

Similarly, it can be shown that the update equations for the rest of the parameters are:

T o ()
1 el 5k
Hijkd = Gy )Otd, (V.1.15)

Zz—‘:l ’Yt(ia ja k)

and

T ., (k) 2
k)(0%) — py;
S thm(l,TJ, )(Qtd’ Pigkd)”® (V.1.16)
}:t=17t(lv]yk)

The details of deriving the above update equations can be found in appendix D.

In the case of multiple observations [0, ..., O] it can be shown that the update equa-

tions become:

Zfﬂ ZtT=1 ’Yt(r)(iv 3, k)
Zf:l 23;1 Y (4, 5)

S Y Wi, g, K)oly
Zf:l Zthl Ye(i, 5, k)

Wijk (V.1.17)

Hijha = (V.1.18)

and

R T Ty s . k
B _ Dore1 P ”/t( )(17]7 k)(Ogd) - ,uijlwl)2
Uzykd - R T — . (Vllg)
Zr:l Zt:i ’Yt(’l/ﬁ I k)
() (r)

The parameters v, ' (i), v; '(4,7), and */ér)(i,j, k) are the same as those for v(i), 1:(i,7), and

v¢(1, 7, k) when observation sequence O(") is used.
Algorithm (8) outlines the steps of the Generalized Baum-Welch training algorithm for the
parameters of the MSCHMMI=.

Algorithm 8 Generalized BW training for the mixture level MSCHMM

Require: Training data [O1), ... O] O =[o,,- -, 0r|. Fix the variables N,, M, and L.
Ensure:
1: Cluster training data into N subsets and identify the N, states.
2: Cluster each subset into M clusters and initialize the coefficients u,;, stream relevance weights
Wijk, the centers and the matrices.
while stopping criteria not satisfied do
Compute the probability density b;{o:) for each observation vector o; using (IV.2.12);
update A using (I1.7.9);
update u;; using (I1.7.23);
update w;j;, using (V.1.17);
update ;x4 using (V.1.18);
update o;jx4 using (V.1.19);
10: end while
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V.1.2 Generalized MCE/GPD learning algorithm for MSCHMMI=

The minimization of the classification error via a gradient descent scheme is the most common
discriminative training method for HMMs. In this section, we propose our generalized version for
the MSCHMM"~. Let

9:(0,A) = log[méixgc(O, Q, A)] (V.1.20)
be the discriminant function, associated with classifier A, that indicates the degree to which O

belongs to class ¢. In (V.1.20), Q is a state sequence corresponding to the observation sequence O,

A includes the models parameters, and

9:(0,@,A) Pr(0,Q; )

T-1
= M H af;izml H b(c) (0¢)
g0 H o 130 Z Wb (00) (V.1.21)

t=1j=1

Thus, g.(0, A) = log[g.(0O, @, A)], where Q = @1, - .., @r] is the optimal state sequence that achieves
maxq g.(0, g, A), which could be computed using the Viterbi algorithm [29].

The misclassification measure of sequence O is defined by:

3=

1

de(0) = ~e(0, A) + log | =~ > explng;(0.A)] (V.1.22)
Jij#e

where 7 is a positive number. The misclassification measure is embedded in a smoothed zero-one

function, referred to as loss function, defined as:
(0, A) = [{d.(0)), (V.1.23)
where [ is the sigmoid function in (11.7.51). For an unknown sequence O, the classifier performance

is measured by:
C

(O;8) =) L(O: A)I(0 € C.) (V.1.24)
c=1
where [(.) is the indicator function.
Given a set of training observation sequences O, r=1,2,...,R, an empirical loss function
on the training data set is defined as
R C
L(A) = Z Z I(O € C,). (V.1.25)

Minimizing the empirical loss is equivalent to minimizing the total misclassification error. The

MSCHMM!™ parameters estimated by carrying out a gradient descent on L{A). In order to ensure
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that the estimated MSCHMMU™ parameters satisfy the stochastic constraints of ai; > 0, E;\Izl a;; =
1, ui; 2 0, E]-Nil wi; = 1, wijr > 0, Yo wijk = 1, pggeg > 0, and oyjxq > 0, we map these

parameters using

aij —  aij = logay, (V.1.26)

uij — Uy = logui, (V.1.27)

Wik —  Wijk = 10g wyjg, (V.1.28)

Mika = gk = 22 (V.1.29)
Oijkd

Oijkd  — Oijkd = 108 0ijka- (V.1.30)

Then, the parameters are updated with respect to A. After updating, we map them back using

exp a;;

G = SN T (V.1.31)
Zj,‘zlexpaijz
ex ’l]l
Ui = —'H—, (V.1.32)
Z]‘IZI exXp uij/
€X ’UNJZ
Wik = _L_p#’ (V.1.33)
o1 €XP Wijks
Hijkd = HijkdCijkd, (V.1.34)
Oijkd = €XP0ijkd- (V.1.35)

Using a steepest descent batch estimation mode, the MSCHMM"» parameters are iteratively up-

dated using:

A(r+1) = A(r) — eV ;\L(A)’A:A(T) , (V.1.36)
where ¢ is the learning rate, and V is the gradient operator.
It can be shown that wﬁ?, ﬂﬁ;i 4 and &f;,)c 4 heed to be updated using:
_ - JL(A)
Bp(r +1) = Ay (r) — ¢ a~(<6> , (V.1.37)
Wik |R=A(r)
_ ~(c IL(A
R e (V.138)
Pijkd |R=A(r)
and
~(c (¢ AL(A
GO +1) = 685 4(r) — ea~((c)) (V.1.39)
Tigkd |A=A(r)
The derivatives an((/C\))7 6{"(((:1)\) , and 6{‘((!)\) in (V.1.37), (V.1.38), and (V.1.39) could be expanded using
O,y Oftijha 99 jka

the chain rule as follows:

(c)

OL(A) o & Al (0,A)  8d(0) _ 8ge(O,A) _ wiy
:E E X X X I{O e C,), V.1.40
ow) 1Az 9dm(0)  9g:(0,8) T aull) ang.,{( ) ( )
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R C ()
dL(A) Z Z Al (0O, A) 8d,,(0) 8g.(0, A) c’w,]kd
= X - X 10 € Co), (V.141)
9 Eji:d r=1m=1 9dm (0) 99:(0, A) a/‘l‘gjl)cd 8“53‘1)«1
and ©
R C c
dL(A) Z Z Al (0, A) ad,,(0) dg.(0,A) adukd
— = X x - X L0 € Ce), (V.1.42)
301(]-,)9(1 —1m—1 9d ., (0) 99:(0, A) 501(].1)“1 06 z(;l)cd
where
8lm(O,A)
—~—— " =l (O,A)[1 — 1,(O,A)],
dd.(0) -1 ifc=m
dgm(O, A) B exp[ng.(O,A) if ' (V.143)
.57 €xp[ng; (O,A)] ifc#Em
39, (0, A) d qt](c)
o0 ; e 6(qs, 1), (V.1.44)
9
2 uf?) [1 uﬁ?)}
a9 v 7
i
(e) 1 (c)
Ogm(O,A) = Ugsbe
2 ((c) ) ~ 28 5(gs, 1), (V.1.45)
8’wijk =1 qelor)
')
ijk () {1 _ ., (
P) ~(c) ijk [1 wijk]
ijk
1D @ (") (e) yp(e)
89m(0,A) o Ug s Worik(0ta’ = tisna)be; .
gm Yaigausk Otd ~ Pighd Pacsk 50 5y (V.1.46)
aluukd (o z;kd) bg,(or)
3#%3«1 (¢)
" ijkd
8N§j1)cd !
(), (e) (c) (k) (e)
dgm (O, A L g Wo kDo (o) \_1,, % — Migkd
((c) ) _ QJbQJ 9:3 (Uz(jl)cd) 1(( td 5 J )2 — 1)d(gs, ), (V.147)
90 ka t=1 a:(01) Tijkd
and
ao’»,]kd = (C)
aaz(;‘))cd e
A closed form of Z—Ij%l, %, and g—?g}z could be then inferred:
Wik ijkd T ijkd
c)
L) & © (1 ws b (0r) 4@
9 _(c) = Z Z ZCZW(OT’A)(]' - lm(OT’A)) z]k(l - z]k) (Qt,'l) b(c) ch
Wik  r=1m=1t=1 (ot)
0d.(0,)
—_89m(0T,A)’ (V.1.48)
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R C
A S 3 S ln(0n )1 = (0 M) [05h] ™ Bl 0] — k)

a.u“ijkd r=1m=1t=1

09400 (o de(Or)

w . (V.1.49
bgf)( t) lhjkag (O»,-,A) ( )
and
R C T
oL (e}, (e
ey :z;zlleam(or,A)(l—zm(or,A)) (g i, x
ij r=1m=1t=
(r) () (c)
0id — b 0
[(ﬂ*@uﬂ) 1} q(”)k( t)aadcg)ri\- (V.1.50)
Tijkd b (o) Ogm (O, A)

Algorithm (9) outlines the steps needed to learn the parameters of all the models A, in the
MCE/GPD framework.

Algorithm 9 Generalized MCE/GPD training of the MSCHMM"=

Require: Training data [O0),... OW)] O=[o;, --,0p]. Fix the variables N,, M, and L for
each model ..
Ensure:
1: For each A, cluster training data into N, subsets and identify the N states.
2: For each A., Cluster each subset into M clusters and initialize the coefficients u;;, stream rele-
vance weights w;;x, the centers and the matrices.
: while stopping criteria not satisfied do
Compute the probability density b;(0:) of each observation vector o; using (IV.1.7).
Compute the loss function of each sequence O using (V.1.24);
update A of each A, using (I11.7.60);
update u;; of each A using (IV.2.39);
update w;j; of each A, using (IV.2.38);
update pi;5k4 of each A, using (IV.2.38);
10: update o;jpq of each A, using (IV.2.38);
11: end while

©® N> T e

V.2 Multi-stream CHMM with state level streaming

In this case, we assume that the streaming of data is performed at the state level, i.e., each
state is generated by L different streams, and each stream embodies M Gaussian components. Let
b;r be the probability density function of state ¢ within stream k. Since stream k is modeled by a

mixture of M components, b;; can be written as:

bik Ot Zu”kbz]k 7 (V21)

where u;;;, represent the mixing coefficient of the jth component in each state ¢ and generated by

the kth stream, and b;;x(.) is a normal distribution (., 1355, £ijx) with mean p;j and diagonal
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covariance matrix that applies to the kth stream contribution of observation vector o;. Let w;; be
the relevance weight of stream k. The probability density function covering the entire feature space

is then approximated by:

Z Wik Z uzk] ’ Hikjs Likj) (V22)

L M
=Y wi Y uijrbiji(of (V.2.3)
k=1 j=1

subject to:

L M
> wik=1, and > ur =1 (V.24)
k=1 j=1

We will refer to this state level MSCHMM® as MSCHMM?":.

The linearization of the pdf in (V.2.3) could be inferred from:

bi(o;) = Pr(otlg: =i;7)

Pr{otlge =i, fr = ks ) Pr(fo = klg: = i52)
Pr(o;" g =i, fo = K )Pr(fe = Klg. = ;)

Pr(fe =klg =4 A)
1 J

X
- It N

Pr(e; = jlas = i, fo = k; N Pr(o)|gs = i, fr = k, e, = j; \)

||M§

x
i

1
where e; and f; are two random variables that represent the indices of the component and stream

that occur at time ¢. It follows then that

NOWM wis, Sas) = Pro®lg, =i, fo = ke = §; V),
uikj = Pr(et=j|qt =iaft :I{),A),
wig = Pr(fi=klg =1 A).

V.2.1 Generalized Baum-Welch learning algorithm for MSCHMM®-

The MSCHMMY* mode!l parameters can be learned using a maximum Likelihood approach.
Given a sequence of training observation O = [oy,..., 07|, the parameters of A could be learned
by maximizing the likelihood of the observation sequence O, i.e., Pr(O|X). We achieve this by

generalizing the Baum-Welch algorithm to include a stream relevance weight component. We define
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5 terms involving 7, @, @, @, and (i, X). To find the values of 7;, @;j, Wik, Tik;, Hikja» and Tikja
that maximize Q(), \) , we consider the terms in (V.2.8) that depend on 7, @, W, @, and (u, Z).
In particular, the first and second terms in (V.1.7) depend on T and @, and they have the same
analytical expressions sketched in the case of the baseline CHMM in (I1.7.4). It follows that the

update equations for 7;, and @;; are the same as in the standard CHMM. That is,
3 = M (’L)a

and

T = Zt 1§t'LJ)
! > 1:(d)

To find the value of W, that maximizes the auxiliary function @(., .}, only the third term of
the expression in (V.2.8) is considered since it is the only part of Q(.,.) that depends on W;;. This
term can be expressed as:

T
ZZZZPr Q, B, F|O,\)logig,s, = > _ > Pr(Q,FlO,\)logty,, =
Q F

t=1 Q F E t=1
T
200> log(@i) x YD Pr(Q. FIO. N6 a)d(k, fr),  (V.2.9)
t=1 1 k Q F .

where 6(i, q:)d(k, fi) keeps only those cases for which ¢ =4, and f; = k. That is,

>N Pr(Q,FIO, N)o(i, q0)6(k, f2) = Pr(q. = i, fo = Klog, N, (V.2.10)
Q F

therefore:

T
ZZZPT (Q, F|O, ) log g, 5, =
Q F

t=1

4

g

L
> Pr(g =i, fo = kloy, \) log 0, , (V.2.11)
1 k=1

>

=1

o~
o
Il

To find the update equation of w;x we use the Lagrange multipliers optimization with the constraint

in (V.1.3), and obtain

k
Wi = Zt—ﬂ”—), (V.2.12)
Et 171
where,
(i) = Pr(g =1l0,N),
and
wikbik(04)

Wiok) = %)

86



Similarly, it can be shown that the update equations for the rest of the parameters are:

Z’trzl'yt(ivk)

T C o (1)
_ 1 (6K jo
Hikjda = th{ - - ,td» (V.2.14)

Zt=17t(27k7])
. . k
_ e (i by ) (o) — k)2
Tikjd = T — ; (V.2.15)
Zt:lvt(%k:])

(V.2.13)

Uikj

where

wikuijkN(ng), Hijky Sijk)

(i, k,5) = (i) bi (o)

The details of deriving the above update equations can be found in appendix D.
For the case of multiple observations [O(), ..., O®] it can be shown that the learning

equations need to be updated using:

SR k)

Wik —, (V.2.16)

Zf:l Z{:l Vi (2)

ZR— Z;T—l ’Y{(Zv kv J)
Tijk = =l et ——, (V.2.17)
Dot e Vi (6, F)
R T NN

7k7

ika = Lt 2tz 600 k2 5)0ig (V.2.18)

Y S (i k)

and

R T _re 2 (A B)(T)
Fikd = D=1 21 Vi (G Kk, 5) 04 _Wfkd)Q_ (V.2.19)

S S G k)

Algorithm (11) outlines the steps of the MLE learning algorithm for the different parameters of the

MSCHMM®.

Algorithm 10 Generalized BW training for the state level MSCHMM

Require: Training data [0, ... O] O =[o,, -, 0r]. Fix the parameters N,, M and L.
Ensure:
Cluster training data into N, clusters and initialize stream relevance weights w;.
Cluster each subset into M clusters and initialize the coefficients w;x; , the centers and the matrices.
while stopping criteria not satisfied do
Compute the probability density b;(o;) of each observation vector o, using (V.2.3).
Update A using (I1.7.9)
Update w;x using (V.2.16)
Update u;x; using (V.2.17)
Update p;xjq using (V.2.18)
Update 054 using (V.2.19)
end while
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V.2.2 Generalized MCE/GPD learning algorithm for the MSCHMM®-
We generalize the MCE/GPD training approach to the case of MSCHMMY:. Let
9:(0,A) = log[mgXQC(O, Q,A)] (V.2.20)

be the discriminant function, associated with classifier A, that indicates the degree to which O
belongs to class c. In (V.2.20), Q is a state sequence correspondent to the observation sequence O,

A includes the models parameters, and

9:(0,Q.A) = P(O.Q:\)
T-1 T
= [T e T107 (0
t=1
= wHaqtququthuéfikb;fik 01)- (V.2.21)
t=1k=1

Thus, g.(0,A) = log[g.(0, Q, A)], where Q = (%,%,...,3r) is the optimal state sequence that
achieves max, g.(O, ¢, A), which could be computed using the Viterbi algorithm [29].

The misclassification measure of the sequence O is defined by
1
de(0) = ~ge(0, ) +log | 57— Z exp[ng; (0, A)] (V.2.22)
hi#e
where 7 is a positive number. The misclassification measure is first embedded in a smoothed zero-one

function, referred to as loss function, defined as:
1.(0,A) = 1(d.(0)), (V.2.23)

where [ is the sigmoid function in (11.7.51). Then, for any unknown sequence O, the classifier

performance is measured by:

c
HO;A) =D 1(O; A)I(O € C) (V.2.24)
c=1
where 1{.) is the indicator function. For a set of training observation sequences o) r=1,2...,R,

an empirical loss function on the training data set is defined as

R C
A) =" "1L(0: MO € C.). (V.2.25)
r=1c¢=1

The MSCHMM" parameters can be estimated by carrying out a gradient descent on L(A). In order

to ensure that the estimated MSCHMM? parameters satisfy the stochastic constraints of a;; > 0,

88



N, L
ijl ag; =1, wir >0, Do Wik = 1, wey >

these parameters using

Qi3
Wik —
Uik —
Hikjd —
and
Tikjd —

Then, the parameters are updated w.r.t to A.

and

Oikjd

M
0, D521 %ikj = 1, fikja > 0, and oygjq > 0, we map

ai; = logay;,
Wik = log Wik,

Uik; = log Usky,

Gikjd = log Oixja.

After updating, we map them back using

exp dij
~. o
251 exp dije
exp Wik
Py PP
D k1 €XD Wik
exp Uik
M ~ 3
> =1 €XP ik

fikjdTikjd,

= expTikjd-

(V.2.26)
(V.2.27)
(V.2.28)

(V.2.29)

(V.2.30)

(V.2.31)

(V.2.32)

(V.2.33)

(V.2.34)

(V.2.35)

Using a batch estimation mode, the the MSCHMM" parameters are iteratively updated using:

Ar+1)= A(r) - eViL(A)

[\:i\('r) '

where ¢ is the learning rate, and V is the gradient operator.

(© ~(e) ()

It can be shown that u?ij s Uigesis Hisas

LDE,:)(T +1)=

U (r+1) =@

B+ 1) = i

and &f;,)c 4 need to be updated using:

¢ L(A
u?l(k‘)(T) — ea ~((C)) ,
Oy |5_Rry
¢ IL(A
~z('k;' (T) —€ ~EC)) 3
iy |iciir)
¢ IL(A
~§k)jd(’r) 6"‘:% ;
Oltikja | j—i(r)
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and

~1(13_)7d(7-~|_ 1) ~f£;d(T) 8 ©
Tikjd | f= A(r)

The above partial derivatives could be expanded using chain rule as follows:

AL(A) AMm(0,A) ~ 8dw(0)  9gc(O,A) awf,?
= X
20 ZZ 9dn(0) ~ 36.(0,8) " " ou@ a0l

IO € Cy),

c ©
JL(A) Yy (0, A) ~ 8dm(0)  8gc(0,4) Ou ki e ),

X m X
dd.(0) 9g.(0, A) 3u5?] '

aui?] r=1m=1 ’ij
(c)
AL(A) i ZC: NMm(O,A)  8dn(0)  8g.(O,A) 8ulm
5 = X X o X —3- 0 € C,),
aiu‘z(’k)jd r=1m=1 9dm(0) 99.(0,4) ap‘gk;d alh('k}d
and ©
OL(A) & i 8l,(0,A)  8dn(0)  8g(0,A) o5ty
—— = X X - x —==1(0 € C.),
ao’z(jl)cd imm1 94m(0)  99.(0,4) a”;%lld ‘901(]‘1)«1
where
A (0,A)
34,0y~ (O N1 = 1m(0, 4],

) —1 ifc=m
Ogm (O, A) exp(ng.(O,A) ;
" j.i#e EXP ng; (O,A)] ife # m

Bgm(0,8) o~ bk
sz(;) bqt(Ot)

k]

qt»

(©
dwyy _ = w® [1 _ w“)]
0wy

T ()
8gm(o A) wthkbihjk(c) .
PR 2 e,
Wikj t=1 qt{ot)

©
;- ufg) [1- )]

1 ¥ tky | *
ou)

T, () (k) )
8gm(O,A) — Z wqfkuqfkj(otd - ugzid) Elf]k 5(Qt Z)

(o) (c)
a:uilccjd t=1 (o ikjd) bg.(or)

T (C) 49 pla (k) (e)
9gm (0, A) _ Z Wy thquth (O.(C) )—1((Otd — Pijka )2 ~1)8(

805,2d t=1 th(Ot) Gijkd
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(V.2.41)
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(V.2.44)
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(V.2.47)

(V.2.48)
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and

3‘71(12‘,1 =5
a~tc)  Yikjd
8Uz(k;'d !
A closed form of Zij}%, ZI;E%)’ g;(i%’ and g;‘((’{%) could then be inferred:
i ikj ikj ikjd
R C (c)
IL(A) YT © (© NGO
0 = Cm(Or, A)(1 ~ U (O, A))wyy (1 — w0y, )6(gy, 3) tc X
8w§k) r=1m=1t=1 bl(lt)(ot)
ad.(0,)
Fgn(0r. Ay V20
(c)
IL(A) _ - - o (c © (@5 baik(08)
—8—&(7) = Z Z chm(OhA)(l - l‘m(OTaA))uikj(l - uikj)wik 5(Qt,l)m x
ikj r=1m=11t=1 qt t
0d.(0;)
—_ .2.61
B4m(O, K) (V25D
R ¢ T
IL(A e 171 . c) (c r c
O S 3 C(0n A1 = 101, A [02,] ™ a0 — ) ¢
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Algorithm (11) outlines the generalized MCE/GPD training procedure for the different pa-
rameters of the MSCHMM?®s .

V.3 Inference

To test a new observation sequence O=[oy,. . .,07], we need to compute Pr(0|),) with respect
to each model A.. This computation can be performed efficiently using the Viterbi algorithm [29].
The Viterbi algorithm also computes also the corresponding optimal state sequence lg1,- .., qr] of
O. This in turn requires the computation of b;(0;). For the MSCHMM, it could be computed using

(V.1.2) in the case of mixture level MSCHMM, and (V.2.1) in the case of state level MSCHMM.
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Algorithm 11 Generalized MCE/GPD training for the state level MSCHMM

Require: Training data [0, ... ,O®)] O=[o,, --,0p]. Fix the variables N,, M, and L for
each model ..
Ensure:
For each A, cluster training data into Ny clusters and initialize stream relevance weights w;y.
For each A., cluster each subset into M clusters and initialize the coefficients w;x; , the centers
and the matrices.
while stopping criteria not satisfied do
Compute the probability density b;{0;) of each observation vector o; using (V.2.3).
Compute the loss function of each sequence O using (V.2.24);
Update A of each A, using (I1.7.60)
Update w;i of each A, using (V.2.37)
Update u;x; of each A; using (V.2.38)
Update pixjq of each A, using (V.2.39)
Update gx;q4 of each A; using (V.2.40)
end while

V.4 Convergence properties

V.4.1 On the convergence properties of the Generalized Baum-Welch algorithm

The aim of the Baum-Welch algorithm is to find estimates of the HMM parameters that
maximize the likelihood Pr(O]\). As mentioned in the previous chapter, it is well known that the
maximum likelihood estimator (MLE) is asymptotically (in the presence of infinite data collection)
optimal [53]. This however may not be possible for most applications.

In addition, it is desirable to reach the global maximum of the likelihood objective function.
The Baum-Welch algorithm carries out an EM like optimization of the likelihood function. As stated
previously, the estimation step consists of writing an analytical form of the auxiliary functions in
(V.1.4), and (V.2.5) which have the form of a conditional expectation. The maximization step
consists on finding a maximum (local at least, global if possible) of the auxiliary function Q(A, ).
However, it was shown that the solutions found by algorithms 8 and 11 are proven to be critical
points of the likelihood function Pr{O|X). Therefore, it is of interest to ensure that these solutions
are (local) maximum of their correspondent objective functions. This is given by the following

theorem:

Theorem V.4.1. The generalized Baum-Welch ensures convergence to a local maximum for the

MSCHMM™ and the MSCHMM™.

Proof. Tt could be shown that the computed critical points are local maximum since the second
derivative of each objective function is negative when evaluated on the obtained critical points.

In the following we show that the objective function Q(\, A) in (V.1.4) is locally maximized when
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evaluated in the points computed in (11.7.9), (V.1.17), (V.1.18), and (V.1.19). In fact, for @;;z,
8°Q(\,3) ET: AL

M L
— T YO Prig=ri.er =], fi = kIO, \) [wiz) > <0 (V.4.1)
ijk

k=1

-

t=1 i=1 j=
The same result could be found for the rest of the parameters. Thus, it could be concluded that
the solutions in (I1.7.9), (V.1.17}, (V.1.18), and (V.1.19) represent a local maxima of the objective
Q(A, A) in the case of MSCHMM"=. Similar steps lead to the same conclusion for the MSCHMMY: ,
O

V.4.2 On the convergence properties of the Generalized MCE/GPD algorithm

It has been proven in [52] that the MCE empirical cost measured on a finite training set
approximates the theoretical classification risk. As the training data grows larger, the MCE estimates
have the property to minimize Bayes risk. In addition, reducing the MCE empirical loss can always
be achieved by the steepest descent mechanism if a sufficiently small learning rate is chosen. However,

this almost guaranteed convergence does not always imply a fast convergence rate [54].

V.4.3 Evaluation on a synthetic data
V.4.4 Data generation

To validate the proposed MSCHMM structures, we generate two synthetic data sets. The
first set is a single stream sequential data, and the second one is a multi-stream one. Both sets
are generated using two continuous HMMs to simulate a two class problem. We follow a similar
approach to the one used in [55] to generate sequential data using a continuous HMM with N, = 4
states and M = 4 components with 4 dimensions. We start by fixing N, different vectors i € R,
t =1,--+, N to represent the different states. Then, we randomly generate M vectors from each
normal distribution with mean u; and identity covariance matrix to form the mixture components of
each state. The mixture weights of the components of each state are randomly generated and then
normalized. The covariance matrix of each mixture component is set to identity. The initial state
probability distribution and the state transition probability distribution are generated randomly
from a uniform distribution in the interval [0, 1]. The randomly generated values are then scaled to
satisfy the stochastic constraints.

For the single stream sequential data, we generate R sequences of length T = 15 vectors

with dimension p = 4 for each of the two classes. We start by generating a continuous HMM with
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N, states and M components as described above. Then, we generate the single stream sequences

using Algorithm (12).

Algorithm 12 Single stream sequential data generation for each class.

for r=1to Rdo
Select the initial state according to the initial states probability distribution =
Randomly pick a component v from the M components representing the selected state according
to its mixture weights
Sample an observation from a normal distribution with mean v and covariance ol
fort=2toT do
Select next state according to the probabilities transition matrix A,
Randomly pick a component v among those representing the selected state,
Sample an observation o; from the normal distribution which mean v and covariance oI.
end for
end for

For the multi-stream case, we assume that the sequential data is synthesized by L=2 streams,
and that each stream k is described by N; states, where each state is represented by vector ,uf of
dimension pr=4. To construct a set of M components based on the L streams, for each state i,
three components are generated from each stream k, and concatenated to form a double-stream
components. To simulate components with various relevance wights, we create 3 combinations of
components in each state. The first combination consists of concatenating a component from each
stream by just appending the features (i.e., both streams are relevant). The second combination
consists on concatenating noise (instead of stream 2 features) to stream 1 features (i.e., stream 1 is
relevant and stream 2 is irrelevant). The last combination consists on concatenating noise (instead
of stream 1 features) to stream 2 features (i.e., stream 1 is irrelevant and stream 2 is relevant). Thus,
for each state ¢ we have a set of double-stream components where the streams have different degrees
of relevance. Once the set of double-stream components is generated, a state transition probability

distribution is generated, and the double-stream sequential data is generated using Algorithm (12).

V.4.5 Results

In the first experiment, we apply the baseline CHMM and the proposed multi-stream CHMM
structures to the single stream sequential data where the features are generated from one homoge-
neous source of information. The MSCHMM architectures treat the single stream sequential data
as a double-stream one (each stream is assumed to have 2-dimensional observation vectors). In
this experiment all models are trained using standard Baum-Welch (for the baseline CHMM), the
generalized Baum-Welch (for the MSCHMM), the standard and generalized MCE/GPD algorithms,

or a combination of the two (Baum-Welch followed by MCE/GPD). The results of this experiment
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are reported in table 5. As it can be seen, the performance of the proposed MSCHMM structures
and the baseline CHMM are comparable for most training methods. This is because when both
streams are equally relevant for the entire data, the different streams receive nearly equal weights
in all states’ components and the MSCHMM reduces to baseline CHMM.

Fig. 28 displays stream 1 relevance weights for components of the 4 states learned by the
MSCHMM"= . As it can be seen, most weights are clustered around 0.5 (maximum weight is less
than 0.6 and minimum weight is more than 0.4). Since weights of both streams must sum to 1,
both weights use equally important for all symbols. The stream relevance weights learned by the

MSCHMM are shown in table 4 . Similar results are obtained for the MSCHMM"“=
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Figure 28. Stream 1 relevance weights of the mixture components in all 4 states, learned by the
MSCHMM"™“= model for the single-stream sequential data.

TABLE 4

Stream relevance weights of the MSCHMM™* learned from the single stream data

state \ stream k=1 k=2

=1 0.4770  0.5230
1=2 0.5889 0.4111
1=3 0.4950  0.5050
1=4 0.5022 0.4978

95



TABLE 5

Classification rates of the different CHMM structures for the single stream data

Classifier Baum-Welch MCE BW and MCE
Baseline CHMM 89.00 % 91.25% 93.15%
MSCHMM"= 93.25 % 94.00% 95.00%
MSCHMM"™ 92.75 % 95.25 % 97.45%

The second experiment involves applying the baseline CHMM and the MSCHMMY structures
to the double stream sequential data where the features are generated from two different streams. In
this experiment the various models are trained using Baum-Welch, MCE, and Baum-Welch followed
by MCE training algorithms. First, we note that using stream relevance weights, the generalized
Baum-Welch and MCE training algorithms converge faster and result in a small error. Fig. 29
displays the number of misclassified samples versus the number of iterations for the baseline CHMM
and the MSCHMM?" structures using MCE/GPD training. As it can be seen, learning stream
relevance weights causes the error to drop faster. In fact, at each iteration, the classification error

for the MSCHMMY structure is lower than the baseline CHMM.
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Figure 29. Number of misclassified samples versus the number of iterations for the standard and
MSCHMM"
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The testing results are reported in table 7. First, we note that all MSCHMMY structures
outperform the baseline CHMM for all training methods. This is because the data set used for
this experiment was generated from two streains with different degrees of relevancy and the baseline
CHMM treats both streams equally important. The MSCHMMY structures on the other hand, learn
the optimal relevance weights for each symbol within each state. The learned weights for stream
1 by the MSCHMM"= are displayed in Fig. 31. As it can be seen, some components are highly
relevant (weight close to 1) in some states, while others are completely irrelevant (weights close to
0). The latter ones correspond to the components where stream 1 features were replaced by noise
in the data generation.

Table 6 shows the stream relevance weights learned by the MSCHMMY*. As it can be seen,
the learned relevance vary. This is consistent with the fact that the two streams of data do not have
the same relevance. Also, all the proposed MSCHMMY outperform the existing MSCHMM® struc-
tures [25, 24]. This is mainly due to the fact that the parameters of MSCHMMY structures are up-
dated simultaneously by both Baum-Welch and MCE/GPD training. However, for the MSCHMM®
parameters are learned separately.

From table 7, we also notice that using the generalized Baum-Welch followed by the MCE
to learn the model parameters is a better strategy. This is consistent with what have been reported
for the baseline HMM [32].

To illustrate the advantages of the MSCHMMY further, in Fig. 30, we display a scatter plot
of the baseline CHMM vs. the MSCHMM™" confidence values. As it can be seen, the confidence
values are highly correlated. However, for few sequences (e.g. highlighted regions R; for class 1 and
Ry for class 2) the MSCHMM= outperforms the baseline CHMM. To verify that this difference
is attributed to the learned relevance weights, we consider one of the sequences in R;. For all the
15 observations, the learned stream 1 relevance weights for the components of the most likely state
of MSCHMM"= are displayed in Fig. 32 . As it can be seen, none of the components have equal

stream relevance weights in all 4 states.

V.5 Chapter summary

In this chapter, we have presented the details of the generalized multi-stream continuous
HMM (GMSCHMM) structures. These models are proposed to take into account the different de-
gree of relevancy of different streams. Our approach is data driven. It relies on training data to

associate feature relevance weights to each state and/or mixture component. The proposed GM-
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Figure 31. Stream 1 relevance weights of the mixture components in all 4 states learned by the
MSCHMM"= model for the double-stream sequential data
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TABLE 6

Stream relevance weights of the MSCHMM?"* learned from the double stream data

state \ stream k=1 k=2

1=1 0.2857 0.7143
=2 0.3636  0.6364
1=3 0.4000 0.6000
1=4 0.1429 0.8571

SCHMM architectures include stream relevance component via the linearization of the observation
pdf. The pdf linearization meets the independence assumption between streams of data. Two form
of pdf have been proposed: mixture and state level pdfs. In both cases, the Baum-Welch and
MCE/GPG learning algorithms have been generalized to allow for simultaneous learning of all the
model parameters. We derive the necessary conditions to update the different model parameters.
The proposed structures have been evaluated using synthetic data sets. Results show that the

MSCHMM"» and MSCHMM"* structures outperform the baseline CHMM.
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TABLE 7

Comparison of BW and MCE algorithms for the different CHMM structures

Classifier Baum-Welch MCE BW and MCE
Baseline CHMM 63.25 % 65.75 % 68.85%
MSCHMM= 70.35 % 72.75% 79.65%
MSCHMM" 71.65% 71.25 % 80.00%
MSCHMM®= - - 70.65%
MSCHMM®: - - 72.00%
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CHAPTER VI

Applications

Ezxperience does not ever err; it is only
your judgment that errs in promising itself
results which are not caused by your

experiments

Leonardo da Vinci

In this chapter, the proposed multi-stream Hidden Markov models structures are evaluated
using real data sets for landmine detection, Australian sign language classification, audio classi-
fication, and face classification. We show that the proposed MSHMM structures outperform the

standard HMM as well as existing multi-stream HMM.

VI.1 Landmine detection using ground penetrating radar

VI.1.1 Introduction

Detection, localization and subsequent neutralization of buried antipersonnel (AP) and anti-
tank (AT) landmines is a worldwide humanitarian and military problem. The latest statistics show
that in 2006, a total of 5,751 casualties from mines were recorded in 68 countries and areas, including
1,367 people killed and 4,296 injured. In fact, the number of mine survivors in the world continue
to grow and reached over 473,000 in 2006, many needing life-long care. Detection and removal of
landmines is therefore a significant problem, and has attracted several researchers in recent years.
One challenge in landmine detection lies in plastic or low metal mines that cannot or are difficult
to detect by traditional metal detectors. Varieties of sensors have been proposed or are under in-
vestigation for landmine detection. The research problem for sensor data analysis is to determine
how well signatures of landmines can be characterized and distinguished from other objects under
the ground using returns from one or more sensors. Ground Penetrating Radar (GPR) offers the
promise of detecting landmines with little or no metal content. Unfortunately, landmine detection

via GPR has been a difficult problem [56, 57]. Although systems can achieve high detection rates,
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they have done so at the expense of high false alarm rates. The key challenge to mine detection
technology lies in achieving a high rate of mine detection while maintaining low level of false alarms.
The performance of a mine detection system is therefore commonly measured by a receiver operating
characteristics (ROC) curve that jointly specifies rate of mine detection and level of false alarm.

Automated detection algorithms can generally be broken down into four phases: pre-
processing, feature extraction, confidence assignment, and decision-making. Pre-processing algo-
rithms perform tasks such as normalization of the data, corrections for variations in height and
speed, removal of stationary effects due to the system response, etc. Methods that have been used
to perform this task include wavelets and Kalman filters [58], subspace methods and matching to
polynomials [59], and subtracting optimally shifted and scaled reference vectors[60]. Feature ex-
traction algorithms reduce the pre-processed raw data to form a lower-dimensional, salient set of
measures that represent the data. Principal component (PC) transforms are a common tool to
achieve this task [61, 62]. Other feature analysis approaches include wavelets [63] image processing
methods of derivative feature extraction [64], curve analysis using Hough and Radon transforms
[65], as well as model-based methods. Confidence assignment algorithms can use methods such as
Bayesian [65], hidden Markov Models [64, 66, 35], fuzzy logic [67], rules and order statistics[68],
neural networks, or nearest neighbor classifiers [69, 70], to assign a confidence that a mine is present
at a point. Decision-making algorithms often post-process the data to remove spurious responses
and use a set of confidence values produced by the confidence assignment algorithm to make a final
mine/no-mine decision.

In [64, 66], hidden Markov modeling was proposed for detecting both metal and nonmetal
mine types using data collected by a moving-vehicle-mounted GPR system and has proved that HMM
techniques are feasible and effective for landmine detection. This (baseline) system uses observation
vectors that encode the degree to which edges occur in the diagonal and anti-diagonal directions. It
assumes that mine signatures have a rising edge (with an orientation close to 45°) and a falling edge
(with an orientation close to 135°). This assumption may be too restrictive for some signature and
. may degrade the performance of the HMM detector. In this dissertation, we propose an alternative
approach to extract features for the HMM detector that does not impose an explicit structure on
the signature. This approach is based on Gabor filters and encodes the signature by its response
to multiple filters at different scales and orientations [35]. Moreover, the edge histogram descriptors
(EHD) [70], an MPEG7 based feature extraction mechanism, is also used in this application. Since

the different features are not equally important in characterizing different mine types in different
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Figure 33. NIITEK vehicle mounted GPR system

environments, we will use the proposed multi-stream HMM structures to assign different weights to

different features.

VI.1.2 Data Preprocessing and Pre-screening
VI.1.2.1 GPR Data

The input data consists of a sequence of raw GPR signatures collected by a NIITEK Inc.
landmine detection system comprising a vehicle-mounted 51-channel GPR array [71] (see Fig. 33).
The NIITEK GPR collects 51 channels of data. Adjacent channels are spaced approximately 5
centimeters apart in the cross-track direction, and sequences (or scans) are taken at approximately
6 centimeter down-track intervals. The system uses a V-dipole antenna that generates a wide-band
pulse ranging from 200 MHz to 7 GHz. Each A-scan, that is, the measured waveform that is collected
in one channel at one downtrack position, contains 416 time samples at which the GPR signal return
is recorded. Each sample corresponds to roughly 8 picoseconds. We often refer to the time index
as depth although, since the radar wave is traveling through different media, this index does not
represent a uniform sampling of depth. Thus, we model an entire collection of input data as a three-
dimensional matrix of sample values, S(z,z,y),z =1,--- ,416;z = 1,--- ,51;y = 1,--- , Ng, where
Ng is the total number of collected scans, and the indices z,z,and y represent depth, cross-track
position, and down-track positions respectively. A collection of scans, forming a volume of data, is
illustrated in Fig. 34.

Fig. 35 displays several B-scans (sequences of A-scans) both downtrack (formed from a

103



depth(z)

~ y (down-track)
By
2
)
&'ﬂ
&
#\
M
E
o -
5 | et =
& o
n‘ - '
-:gi < =g ® 4
N

60 5 101520
crosstrack (x)

(a) AT High-metal mine (b) AP High-metal mine (c) Non-metal Clutter

20 e, & © 301520 20 40 40 60 5101520
downtrack(y) crosstrack (x) downtrack(y) Cfgwntrack(v) crosstrack (x)

Figure 35. NIITEK Radar down-track and cross-track (at position indicated by a line in the down-
track) B-scans pairs for (a) an Anti-Tank (AT) mine, (b) an Anti-Personnel (AP) mine, and (c) a
non-metal clutter alarm.

time sequence of A-scans from a single sensor channel) and crosstrack (formed from each channels
response in a single sample). The surveyed object position is highlighted in each figure. The objects
scanned are (a) a high-metal content antitank mine, (b) a low-metal antitank mine, and (c) a wood

block.

104

0.02

0.015

0.01

0.005

-0.005

-0 01

-0.015

-0 02



VI.1.2.2 Data preprocessing

Preprocessing is an important step to enhance the mine signatures for detection. In general,
preprocessing includes ground-level alignment and signal and noise background removal. First, we
identify the location of the ground bounce as the signals peak and align the multiple signals with
respect to their peaks. This alignment is necessary because the vehicle-mounted system cannot
maintain the radar antenna at a fixed distance above the ground. The early time samples of each
signal, up to few samples beyond the ground bounce are discarded. The remaining signal samples
are divided into IV depth bins, and each bin would be processed independently. The reason for this
segmentation is to compensate for the high contrast between the responses from deeply buried and
shallow anomalies. Next, the adaptive least mean squares (LMS) pre-screener proposed by Torrione
et al. [72] is used to focus attention and identify regions with subsurface anomalies. The goal of a
pre-screener algorithm in the framework of vehicle-mounted realtime landmine detection is to flag
locations of interest utilizing a computationally inexpensive algorithm so that more advanced feature-
processing approaches are applied only to the small subsets of data flagged by the pre-screener. The
LMS is applied to the energy at each depth bin and assigns a confidence value to each point in the
cross-track, down-track plane based on its contrast with a neighboring region. The components that
satisfy empirically pre-determined conditions are considered as potential targets. Their cross-track
xs, and down-track y, positions of the connected component center are reported as alarm positions
for further processing by the feature-based discrimination algorithm to attempt to separate mine

targets from naturally occurring clutter.

VI.1.3 Feature Extraction
VI.1.3.1 Gradient based features

Landmines (and other buried objects) appear in time domain GPR as shapes that are similar
to hyperbolas corrupted by noise. Thus, the feature representation adopted by the HMM-based
system is based on the degree to which edges occur in the diagonal and anti-diagonal directions,
and the features were extracted to accentuate these edges. Figure 36 displays a hyperbolic curve
superimposed on a preprocessed metal mine signature to illustrate the features of a typical mine

signature. First, we compute the first and second derivative of the signal S(z,y, 2) along the down-
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Figure 36. Shape of a typical mine signature and the interpretation of the 4 states of the HMM
stucture.

track (y) direction using:

[S(x1y+ 212) +25(1‘y,2) = zs(z’y i n 1,2) e S(Z',y = 2,2)]
3 )
[Dy(z,y + 2,2) +2Dy(z,y — 1, 2) — Dy(z,y — 2, 2)]

Dyy(z,y,2) = 3 (VI.1.1)

Dy(z,y,2)

Then, the derivative values are normalized using

N(z,y,z) = Dyy(z,g,(;)z—)u(z, Z), (V1.1.2)

where u(z,z) and o(z,z) are the running mean and standard deviation updated using a small
background area around the target flagged by the prescreener.

The down-track dimension is taken as the time variable in the HMM model. The goal is
to produce a confidence that a mine is present at various positions, (z,y), on the surface being
traversed. To fit into the HMM context, a sequence of observation vectors must be produced for
each point. These observation vectors encode the degree to which edges occur in the diagonal and
antidiagonal directions. The observation vector at a point (zs,ys) consists of a set of 15 features
that are computed on a normalized array of GPR data of size 32 x 8. Let x5 and ys be given and
let A denote the array

A= A(y,2) = N(z,y,2), (VI.1.3)
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where z = z,,y =ys — 3,...,ys + 4, and 2 = 1,2,...,32. The array A is then broken into positive

and negative parts according to the formulas

Aly, 2 if A(y,z)>1
At(y.2) = ®.2) ®.2) (V1.1.4)
0 otherwise

A (y,2) = AWz A < (VL1.5)

0 otherwise
Next, for each point in the positive and negative parts of A, the strengths of the diagonal
and anti-diagonal edges are estimated. The strengths are measured by taking the local minimum in
either the 45° or 135° direction around the column y,; + 1. Four types of edges that correspond to
the, positive anti-diagonal (PA), negative anti-diagonal (NA), positive diagonal (PD), and negative

diagonal (ND) edges are defined. These edges are computed using

PA(z) = minA(ys,2—1),A7(ys +1,2), A (ys + 2,2 + 1), AT (ys + 3,2 +2)
NA(z) = minA (ys,z2— 1}, A7 (ys +1,2), A" (ys + 2,2+ 1), A" (ys + 3,2+ 2)
PD(z) = minAt(ys,242), A" (ys + 1,2+ 1), AT (ys + 2,2), AT (ys + 3,2 — 1)
ND(z) = minA™(y5,2+2),A (ys +1,2+2), A (ys +2,2), A (ys + 3,2~ 1)

For each edge type, we find the position of the maximum value over a neighborhood of 32

depth values. For example, in the array PA we compute
Mpe = argmax{PA(z):2=1,2,---,32} (VI.1.6)

where m,, denotes "maximum of the positive anti-diagonal”. The variables mpq, Mpnq, and muq
are defined similarly. The values of the positive and negative diagonal and anti-diagonal arrays
are used to define the 4-dimensional (4-D) observation vector associated with the point (zs,ys),
O(zs,ys) = [PD(mpa), PA(mpa), ND(mna), NA(mna)]. Observation sequences of length 15 are

formed at point (x,y) by extracting the observation sequence:
O(l‘,y - 7)7 O(II), Y- 6)7 T O('T~ Yy— 1)» O(.’l‘,y), O(I’ y+ 1)v T ,O(x,y + 7)

VI.1.3.2 Gabor based features

The edge features assume that mine signatures have a diagonal (45°) rising edge and an
anti-diagonal (135°) falling edge. However, this assumption may be too restrictive and may not be

satisfied for some mine signatures. In fact, a rising edge could follow other orientations such as (30°)
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or (60°) depending on the radar resolution and the sampling rate. In addition, the gradient edge
features are extracted locally and thus; they do not consider the global variability or the frequencies
of the signature.

In this section, we adopt the Homogeneous Texture Descriptor [73] to capture the spatial
distribution of the edges within the 3-D GPR alarms. In particular, we propose extracting features
by expanding the signature’s B-scan using a bank of scale and orientation selective Gabor filters.
We fix the number of scales to four and the number of orientations to four at a 45° intervals.

Let S(x,y,z) denote the 3-D GPR data volume of an alarm. To keep the computation
simple, we use 2-D filters (in the y — 2 plane) and average the response over the third dimension.
Let Sz (y,2) be the x*" plane of the 3-D signature S(z,y, 2). Let Sng)(y,z), k=1, ---,16 denote
the response of S (y, z) to the 16 Gabor filters. Fig. 37(a) displays a strong signature of a typical
metal mine and its response to the 16 Gabor filters. As it can be seen, the signature has a strong
response to the 2 (45°) filters (especially scale 1 and scale 2 to a lesser degree) on the left part
of the signature (rising edge), and a strong response to the 64 (135°) filters on the right part of
the signature (falling edge). Similarly, the middle of the signature has a strong response to the 63
(horizontal) filters (flat edge). Fig. 37(b) displays a weak mine signature and its response to the
Gabor filters. For this signature, the edges are not as strong as those in Fig. 37(a). As a result, it
has a weaker response at all scales (scale 2 has the strongest response), especially for the falling edge.
Fig. 37(c) displays a clutter signature (with high energy) and its response. As it can be seen, this
signature has strong response to the 64 (135°) degree filters. However, this response is not localized
on the right side of the signature as it is the case for most mine signatures.

In our HMM models, we take the down-track dimension as the time variable (i.e., y corre-
sponds to time in the HMM model). Our goal is to produce a confidence that a mine is present at
various positions, (z,¥), on the surface being traversed. To fit into the HMM context, a sequence
of observation vectors must be produced at each point. The observation sequence of S.(y,2) at a

fixed depth z, is the sequence of 15 observation vectors

O(Iay - 7y z),O(:r,y - 67Z)7 e 70(93»1,/ - 1,2),0(1',y, Z);O(Tay‘i’ 172)1 e ,O(Z,y—i— 77 Z),

where
O(zay»z) = [01(1., yvz)7 T vOlG(zvyv Z)]» (VIl?)
and
1 & ©
k _
O%z,y,2) = &= ;:156; (v, 2), (VI1.1.8)
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Figure 37. Response of 3 alarms to the 16 Gabor filters at different scales and orientations. (a)
Strong mine signature, (b) Weak mine signature, and (c) clutter signature with high energy.

encodes the response of S(z,v, 2) to the k" Gabor filters.

VI.1.3.3 Edge histogram descriptors

The Edge Histogram Descriptors (EHD) [74] captures the salient properties of the 3-D alarms
in a compact and translation-invariant representation. This approach, inspired by the MPEG-7 EHD
[75], extracts edge histograms capturing the frequency of occurrence of edge orientations in the data
associated with a ground position. The basic MPEG-7 EHD has undergone rigorous testing and
development, and thus, represents one of the mature, generic, and efficient texture descriptors. For
a generic image, the EHD represents the frequency and the directionality of the brightness changes
in the image. Simple edge detector operators are used to identify edges and group them into five
categories: vertical, horizontal, 45° diagonal, 135° antidiagonal, and isotropic (nonedges). The EHD
would include five bins corresponding to the aforementioned categories. For our application, we
adapt the EHD to capture the spatial distribution of the edges within a 3-D GPR data volume.

To keep the computation simple, we still use 2-D edge operators. In particular, we fix the cross-
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track dimension and extract edges in the (depth, down-track) plane. The overall edge histogram is
obtained by averaging the output of the individual (depth, down-track) planes. Also, since vertical,
horizontal, diagonal, and antidiagonal edges are the main orientations present in the mine signatures,
we keep the five edge categories of the MPEG-7 EHD.

Let ng,) be the xth plane of the 3-D signature S(z,y, z). First, for each ng,), we compute four
categories of edge strengths: vertical, horizontal, 45° diagonal, 135° antidiagonal. If the maximum
of the edge strengths exceeds a certain preset threshold ¢, the corresponding pixel is considered to
be an edge pixel. Otherwise, it is considered a nonedge pixel.

In our HMM models, we take the down-track dimension as the time variable (i.e., y corre-
sponds to time in the HMM model). Our goal is to produce a confidence that a mine is present at
various positions, (z,y), on the surface being traversed. To fit into the HMM context, a sequence of
observation vectors must be produced for each point. The observation sequence of ng,) at a fixed
depth z, is the sequence of 15 observation vectors H ;5;) ,t=1,---,15, each represents a five-bin edge
histogram correspondent to Sg,i) .

The overall sequence of observation vectors computer from the 3-D signature S(z,y, 2) is
then:

O(‘zvy)z) = [ Zy17—H_zyzv"' y

|

zy15]7 (VIIQ)

where Fzyi is the cross-track average of the edge histograms of subimage S;(,zf over N¢ channels, i.e.

1 &
H, =—) H,,. 1.
v NC; " (VL1.10)

The extraction of the EHD is illustrated in Fig. 38.

Figs. 39 and 40 display the edge histogram feature for a strong mine and a false alarm
identified by the prescreener due to its high-energy contrast. As can be seen, the EHD of the
mine signature can be characterized by a stronger response to the diagonal and antidiagonal edges.
Moreover, the frequency of the diagonal edges is higher than the frequency of the antidiagonal edges
on the left of the image (rising edge of the signature) and lower on the right part (falling edge).
This feature is typical in mine signatures. The EHD of the false alarm, on the other hand, does not
follow this pattern. The edges do not follow a specific structure, and the diagonal and antidiagonal

edges are usually weaker.
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Figure 38. Illustration of the EHD feature extraction process.

VI.1.4 HMM parameters learning
VI.1.4.1 Baseline (single stream) HMM

The baseline HMM classifier for landmine detection consists of two HMM models, one for
mine and one for background. Each model has three or four states and produces a probability value
by backtracking through model states using the Viterbi algorithm [29]. The mine model, \™, is
designed to capture the hyperbolic spatial distribution of the features. Typically, A™ has 3 states,
they correspond to the rising edge, flat, and decreasing edge. The mine model is left to right model
in that states are ordered and the transition probabilities for moving to a lower numbered state are
Z€ro.

Another architecture is to have \™ with four states. These states correspond to the non-
edge, the rising edge, flat, and decreasing edge. The mine model is illustrated in Fig. 41. In addition
to the mine model A™, a clutter model A’ is needed to capture the background characteristics and
to reject clutter. The clutter model, have three or four states depending on the corresponding
mine model. The probability value produced by the mine (clutter) model can be thought of as an

estimate of the probability of the observation sequence given that there is a mine (clutter) present.
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Figure 39. EHD feature of a strong mine signature. (a) Mine signature in the (depth, down-track)
plane. (b) Pixels classified to the closest edges (¢) EHD features for the 15 observations
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Figure 40. EHD feature of a false alarm signature. (a) False alarm in the (depth, down-track) plane.
(b) Pixels classified to the closest edges (¢) EHD features for the 15 observations
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Figure 41. Illustration of the HMM mine model with four states.

W

The architecture of the HMM mine detector is illustrated in Fig.42.

R L |
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mine model ek
Feature
extraction -
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Figure 42. Illustration of the baseline HMM mine detector

For the baseline HMM, we treat all feature sets (Gradient, Gabor, and EHD) equally impor-
tant. For the discrete case, to generate the codebook, we cluster the training data into M clusters

using the FCM algorithm [51]. To generate the state components for the continuous HMM, we
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cluster the training data relative to each state into M clusters also using the FCM algorithm [51].
For both DHMM and CHMM, the parameters are then estimated using the Baum-Welch algorithm

(6], the MCE/GPD algorithm [32], or a combination of the two.

VI1.1.4.2 Multi-stream HMM

In the baseline HMM, the different features are assumed to be equally important in charac-
terizing alarm signatures. However, this assumption may not be valid for most cases. For instance,
some alarms may be better characterized with the gradient features, while others may be better
characterized with Gabor or EHD features. Also, even within the same features set, components
may not be equally important. For instance, within the Gabor features, some alarms may be better
characterized at lower scales, while others may be better characterized at higher scales. The different
feature sets could then be treated as different sources of information, i.e., different streams. Since
it is not possible to know a priori which feature is more discriminative, we propose considering the
different features as different streams of information and use the training data to learn Multi-Stream
HMMs (discrete and continuous).

The MSHMM based landmine detector’s architecture is illustrated in Fig.43. We use L
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0 P
< 1
B il W B MSHMM
method 2 8 mine model R
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2 MSHMM
= background model
o 2
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a £ 3
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Extracti D
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Figure 43. Illustration of the multi-stream HMM mine detector

streams where each stream (Gradient, EHD, Gabor, or Gabor response at a fixed scale) produces
a pr-dimensional feature vectors. For the discrete case (MSDHMM), to generate the codebook, we
cluster the training data in M clusters using SCAD [36] and learn initial stream relevance weights
for each symbol. The state transition probabilities A and the observation probabilities B are learned

using the generalized Baum-Welch (see section IV.2), the generalized MCE/GPD (section 1V.2.2.3
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), or a combination of the two.

To generate the state components for the continuous case (MSCHMM), we cluster the train-
ing data relative to each state in M clusters using SCAD [36] and learn initial stream relevance
weights for each state and component. The state transition probabilities A, the mixing coefficients
U, and the component parameters and the observation probabilities B are learned using the general-
ized Baum-Welch (see section IV.2), the generalized MCE/GPD (section IV.2.2.3 ), or a combination

of the two.

VI.1.4.2.1 Confidence value assignment The confidence value assigned to each observation
sequence, Conf(Q), depends on: (1) the probability assigned by the mine model, Pr(O|A™); (2)
the probability assigned by the clutter model, Pr(O|A°); and (3) the optimal state sequence. In

particular, we use:

max(log ZHOXY) 0y if #ls, =1t =1, ,T} < Tras
Conf(0) = (log Friopey: 0) if #{s =1, b< (VL1.11)

0 otherwise

Since each alarm has over 500 depth values and only 45 depths are processed at a time, we divide
the test alarm into 10 overlapping sub-alarms and test each one independently to obtain 10 partial
confidence values. These values could be combined using various fusion methods such as averaging,
artificial neural networks [76], or an order-weighted average (OWA) [77]. In our work, we use the

average of the top 3 confidences. This simple approach has been successfully used in [78].

VI.1.5 Evaluation Measure: Receiver Operating Characteristic Curve

The Receiver Operating Characteristic Curve (ROC) curve is a graphical plot of the sen-
sitivity vs. specificity for a binary classifier system as its discrimination threshold is varied. The
ROC can also be represented equivalently by plotting the fraction of true positives (TPR = true
positive rate) vs. the fraction of false positives (FPR = false positive rate). Consider a two-class
prediction problem (binary classification), in which the outcomes are labeled either as positive (p)
or negative (n) class. There are four possible outcomes from a binary classifier. If the outcome from
a prediction is p and the actual value is also p, then it is called a true positive (TP); however if
the actual value is n then it is said a false positive (FP). Conversely, a true negative occurs when
both the prediction outcome and the actual value are n, and false negative is when the prediction
outcome is n while the actual value is p. Let us define an experiment from P positive instances

and N negative instances. The four outcomes can be formulated in a 2 x 2 contingency table or a
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confusion matrix, (refer to Table.8). To draw an ROC curve, only the true positive rate (TPR) and
false positive rate (FPR) are needed. TPR determines a classifier or a diagnostic test performance on
classifying positive instances correctly among all positive samples available during the test. FPR, on
the other hand, defines how many incorrect positive results while they are actually negative among
all negative samples available during the test.

An ROC space is defined by FPR and TPR as z and y axes respectively, which depicts relative
trade-offs between true positive (benefits) and false positive (costs). Since TPR is equivalent with
sensitivity and FPR is equal to 1-specificity, the ROC graph is sometimes called the sensitivity vs
(1-specificity) plot. Each prediction result or one instance of a confusion matrix represents one point

in the ROC space.

TABLE 8

Contingency Table

p n total

P True Positive | False Positive P’
n’ False Negative | True Negative N’
total P N P+N

VI.1.6 Experimental results
VI.1.6.1 MSHMM with four Gabor scales

In this experiment we use only Gabor features to illustrate the need for treating features at
multiple scales differently. In particular, each Gabor scale is considered as a separate stream. Thus,
we use our MSHMM with L = 4 streams.

The data collection used in this experiment includes 600 mine and 600 clutter signatures. We
use a 5-fold cross validation scheme to evaluate the proposed MSHMM structures and compare them
to the baseline HMM as well as the existing MSHMM structures. For each cross-validation, we use
a different subset of the data that has 80% of the alarms for training and test on the remaining 20%
of the alarms. As mentioned earlier, the evaluation is performed in terms of the receiver operating
characteristics (ROC) curve. For the probability based DHMM with geometric aggregation, we set
the values of v and & in (IV.2.44) to 1.25 and 1 respectively.

For the MCE/GPD training, the parameter of the sigmoid loss function was empirically
chosen as { = 1, 8 = 0. In general, in MCE training the step size parameter ¢ needs to be carefully

chosen to balance learning rate and convergence behavior. A large € leads to fast learning but may

117



cause divergence, while a small € leads to slow learning but is safe in convergence. Our experiments
revealed that the best step size € was often data dependent, and it also depended on how well the
baseline models fit the data. In this dissertation we report the results when, the step-size is set to
10~3 for the first iteration, and is increased by a step of 10~3. It has been noticed that the number

of iterations required for convergence is around 50.

VI.1.6.1.1 Discrete case Fig. 44 compares the ROC curves generated using each of the four
streams (Gabor features at each scale). All results were obtained when the model parameters are
learned using Baum-Welch followed by the MCE/GPD training method. We note that the DHMM
with Gabor features at scale 2 outperforms all other features (for FAR < 40). In this figure, the
individual scales (with the baseline DHMM) are also compared to the case where all scales are
concatenated (with the baseline DHMM). We note that the baseline DHMM with all 4 scales is not
much better than the DHMM at scale 2. In fact, for some FAR, the performance can be worse. This

is due mainly to the way the four scales are combined equally.

{0 1) TR, S RREREES Be o i vy ST e 4

PD

——=—Baseline DHMM (scale 4)
=== Baseline DHMM (scale 1)
= == Baseline DHMM (scale 2)

e Baseline DHMM (all scales) |

Figure 44. Comparison of the baseline DHMM with the individual Gabor scales and when all scales
are concatenated.

To illustrate the complementary information provided by the different scales, in Fig. 45 we
display a scatter plot of the confidence values generated by the baseline DHMM that uses Gabor
features at scale 1 and scale 2. As it can be seen, for many alarms, the confidence values generated

by both DHMMs are correlated. However, there are few alarms, e.g., those highlighted in region R3,
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Figure 46. A sample mine signature (from region R; in Fig.45) where the DHMM with scale 2
outperforms the DHMM with scale 1

where the DHMM with scale 1 features is more reliable than the DHMM with scale 2. The alarm
shown in Fig. 46 is one of those alarms, and as it can be seen, the alarm’s response to scale 1 Gabor
filters is more dominant. Similarly, there are few alarms, e.g., those highlighted in region R;, where
the DHMM with scale 2 features is more reliable than the DHMM with scale 1. The alarm shown
in Fig. 47 is one of those alarms. For this alarm, its response to scale 2 is more noticeable. This
difference in behavior exists for clutter alarms too as highlighted in Ry. The proposed MSDHMM is
designed to identity the different types of alarms and construct a codebook where the symbols have
stream dependent relevance weights in each state.

Fig. 48 compares the ROC curves generated using each of the four streams (Gabor features
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Figure 47. A sample mine signature (from region Rz in Fig.45) where the DHMM with scale 1
outperforms the DHMM with scale 2

at each scale) and their combination using simple concatenation (Baseline DHMM) and using the
different variations of the multi-stream DHMM. As it can be seen, all MSDHMM structures outper-
form the baseline DHMM. Moreover, the MSDHMM with linear aggregation outperforms the other

structures. These results are consistent with those obtained with the synthetic data.
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Figure 48. Comparison of the different variations of the proposed multi-stream DHMM to the
baseline DHMM.

Fig. 49 displays the number of misclassified samples versus the number of iterations for the
baseline DHMM and the proposed MSDHMM using MCE/GPD training. As it can be seen, learning
stream relevance weights causes the error to drop faster. In fact, at each iteration, the classification

error for the MSDHMM structure is lower than the baseline DHMM.
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Figure 49. Number of misclassified samples versus the number of iterations for the standard and
MSDHMM.

VI.1.6.1.2 Continuous case Fig. 50 compares the ROC curves generated using each of the four
streams (Gabor features at each scale). All results were obtained when the model parameters are
learned using Baum-Welch followed by the MCE/GPD training method. We note that the CHMM
with Gabor features at scale 2 and 4 are very comparable and outperform all other features (for
FAR < 40). In this figure, the individual scales (with the baseline CHMM) are compared to the case
where all scales are concatenated (with the baseline CHMM). As it can be seen, the baseline CHMM
with all 4 scales is not much better than the CHMM at scale 2 and 4 especially for FAR < 30. In
fact, for some FAR, the performance can be worse. This is due mainly to the way the four scales
are combined equally.

As in the discrete case, in Fig. 51 we display a scatter plot of the confidence values generated
by baseline CHMM that use Gabor features at scale 1 and scale 2. As it can be seen, for most alarms,
the confidence values generated by both CHMMs are correlated. However, there are few alarms,
e.g., those highlighted in region R3, where the CHMM with scale 1 features is more reliable than the
CHMM with scale 2. The alarm shown in Fig. 37 (a) is one of those alarms, and as it can be seen,
the alarm’s response using scale 1 Gabor filters is more reliable. Similarly, there are few alarms,
e.g., those highlighted in region R;, where the DHMM with scale 2 features is more reliable than

the DHMM with scale 1. The alarm shown in Fig. 37 (b)is one of those alarms. For this alarm,
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Figure 50. Comparison of the baseline CHMM with the individual Gabor and all scales concatenated.

its response to scale 2 is more reliable. This difference in behavior exists for clutter alarms too as
highlighted in Rs.

Fig. 52 compares the ROC curves generated using each of the four streams (Gabor features
at each scale) and their combination using simple concatenation (Baseline CHMM), the proposed
MSCHMM variations, and the existing MSCHMM. All results were obtained when the model pa-
rameters are learned using Baum-Welch followed by the MCE/GPD training method. As it can
be seen, all MSCHMM structures outperform the baseline CHMM. Moreover, the MSCHMM with
mixture level streaming outperforms the other structures. The proposed MSCHMM structures also
outperform the MSCHMM® [25, 24] approach (outlined in section I11.3.2.1). This is due to the fact
that the stream relevance weights are learned separately from the rest of the model parameters.

These results are consistent with those obtained with the synthetic data in sections IV.5 and V.4.3.

VI.1.6.2 MSHMM with Gradient, Gabor and EHD feature sets

VI.1.6.2.1 Discrete case In this experiment, we apply the proposed MSHMM structures to a
bigger collection of data that contains 5215 alarms. The number of mine alarms is 1554, and the
number of 3878 clutter alarms. We use the same settings as in the previous experiment. However,

we consider the three feature collections (Gradient, Gabor, and EHD) as three separate streams.
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Figure 51. Scatter plot of the confidence values generated using 2 baseline CHMM that use Gabor
features at scales 1 and 2.
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Figure 52. Comparison of the different variations of the proposed multi-stream CHMM to the
baseline CHMM and the existing MSCHMM®.
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Fig. 53 compares the ROC curves generated using each of the three streams (Gradient,
Gabor, and EHD). All results were obtained when the model parameters are learned using Baum-
Welch followed by the MCE/GPD training method. We note that the DHMM with EHD features
outperforms all other features (for FAR > 25). The baseline DHMM with gradient features has
the lowest performance. The individual features (with the baseline CHMM) are also compared to
the case where all features are concatenated (with the baseline DHMM). We note that the baseline
DHMM with all 3 features is not better than the DHMM with EHD and Gabor. In fact, for some
regions of the ROC, the performance can be even worse. This is due mainly to the way the three

features are treated equally important for all alarms combined equally.

12 1 | MR—— ....... + SENSSY SITEN = Baseline DHMM (Gradient + Gabor + EHD)
: ‘i@ Baseline DHMM (Gabor)

t1uwiiiBaseline DHMM (Gradient)
| vvm i Baseling DHMM (EHD)

PD

FAR

Figure 53. Comparison of the baseline DHMM with the individual features (Gradient, Gabor, and
EHD) and all features concatenated.

In Fig. 54, we display a scatter plot of the confidence values generated by the baseline DHMM
that uses the EHD and Gabor features. As it can be seen, for most alarms, the confidence values
generated by both DHMMs are correlated. However, there are few alarms, e.g., those highlighted
in region R3, where the DHMM with EHD features is more reliable than the DHMM with Gabor
features.

Fig. 55 compares the ROC curves generated using each of the three streams (Gradient,
Gabor, and EHD features) and their combination using simple concatenation (Baseline DHMM)

and using multi-stream DHMM. All results were obtained when the model parameters are learned
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Figure 54. Scatter plot of the confidence values generated using 2 baseline DHMM that use EHD
and Gabor features.

using Baum-Welch followed by the MCE/GPD training method. We note that MSDHMM structures
outperform the baseline DHMM. Moreover, the MSDHMM with linear aggregation outperforms the

other structures. These results are consistent with those obtained with the third experiment.

VI1.1.6.2.2 Continuous case Fig. 56 compares the ROC curves generated using each of the
three streams (Gradient, Gabor, and EHD) with the baseline CHMM. All results were obtained
when the model parameters are learned using Baum-Welch followed by the MCE/GPD training
method. We note that the three modalities have comparable performance. The individual features
(with the baseline CHMM) are also compared to the case where all scales are concatenated (with
the baseline CHMM). We note that the baseline CHMM with all 3 features is not better than the
CHMM with individual features. As in the discrete case, this is due mainly to the way the different
sets of features are treated equally important for all alarms.

Fig. 57 compares the ROC curves generated when all the streams are combined using simple
concatenation (Baseline CHMM), the proposed MSCHMM variations, and the existing MSCHMM®
algorithms [25, 24]. All results were obtained when the model parameters are learned using Baum-
Welch followed by the MCE/GPD training method. We note that all MSCHMM structures out-
perform the baseline CHMM. Moreover, the MSCHMM with mixture level streaming outperforms

the other structures. Also, the proposed MSCHMM structures outperform the MSCHMMES. This
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Figure 55. Comparison of the different variations of the proposed multi-stream DHMM to the
baseline DHMM.
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Figure 56. Comparison of the baseline CHMM with the individual features (Gradient, Gabor, and
EHD) and all features concatenated.
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is due to the fact that the stream relevance weights in MSCHMME are learned separately from the

rest of the model parameters.

) R B s R R (I - T . Fresisin

; : s Proposed MSCHMM ( Mixture level )
B kos sl gz | e—Proposed MSCHMM ( State level )

: H o= mm e Existing MSCHMM (Mixture level )
w we o r Existing MSCHMM (State level )
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70 L

Figure 57. Comparison of the different variations of the proposed multi-stream CHMM to the
baseline CHMM..

VI.2 Australian sign language classification

VI.2.1 Data collection

This dataset (from the University of California-Irvine ') consists of multiple Australian
sign-language gestures, each represented by 27 instances of 22-dimensional time-series sequences.
VI.2.2 Feature extraction

The 22-dimensional vectors encode information gathered from the movement of both hands
while signing [79]. Figure 58 shows the glove based system used for gathering this information. In

particular, each hand is represented by the following 11 attributes:

e 1, y, and z: encode the position of the hand relative to a zero point set slightly below the chin.

These attributes are real numbered expressed in meters.

Lhttp://www.cse.unsw.edu.au/Wwaleed /tml/data
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Figure 58. The user starting to sign.

e roll: 0 being palm down. Positive means the palm is rolled clockwise from the perspective of

the signer. To get degrees, multiply by 180. The range of this attribute is [—0.5 0.5].

e pitch: 0 being palm flat (horizontal). Positive means the palm is pointing up. To get degrees,

multiply by 180. The range of this attribute is [—0.5 0.5].

e yaw: 0 being palm straight ahead from the perspective of the signer. Positive means clockwise
from the perspective above the signer. To get degrees, multiply by 180. The range of this

attribute is [—1 1].

e thumb, forefinger, middle finger, ring finger, little finger: real attributes in the range of [0 1].
They encode the position correspondent to each finger. A value of zero means totally flat, and

a value of one means totally bent.

VI.2.2.1 Results

Among the 95 classes (words), we consider binary classification of semantically-related ex-
pressions such as write and draw or antonyms such as give and take. These expressions were assumed
to have similar real-world symbols and formed the basis of the experiment with this dataset. To fit
this data set into the multi-stream context, we assume that the attributes correspondent to each
hand represent a separate interpretation of the original "signal” and thus a separate stream. Both
discrete and continuous HMM models in this experiment have N; = 5 states. In the discrete case, the
training data is summarized into M = 100 symbols. In the continuous case, each state is represented
by a mixture of M = 4 Gaussian components.

Table 9 shows a comparison of the accuracy of the baseline DHMM, MSDHMMP,
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MSDHMM?Y!, and MSDHMMY s over the classification of 10 such pairs of sequences. It could be
seen from table 9 that the proposed MSDHMM are outperforming both the baseline DHMM.

Table 10 shows a comparison of the accuracy of the baseline CHMM, MSCHMMS=
MSCHMMES:, MSCHMM" , and MSCHMM?® over the classification of 10 such pairs of sequences.
It could be seen from table 10 that the proposed MSCHMMY are outperforming both the baseline
CHMM and the state of the art MSCHMM®.

All results were obtained when the model parameters are learned using Baum-Welch followed

by the MCE/GPD training method.

TABLE 9

Comparison of the performance of the different DHMM structures over the AUSLAN data

Simple pairs Baseline DHMM MSDHMM"” MSDHMM™ MSDHMM'=
hot’ vs ‘cold’ 53.025 % 56.55% 58.075 % 58.25%
‘eat’ vs 'drink’ 60.075 % 60.00% 68.00% 70.00%
"happy’ vs 'sad’ 58.25% 67.35% 70.25 % 72.65%
'yes’ vs ‘no’ 55.00 % 59.50 % 67.00 % 73.25 %
‘give’ vs 'take’ 70.00 % 75.00 % 79.45 % 80.00%
‘paper’ vs 'pen’ 75.25 % 75.00 % 78.00 % 78.00%
’science’ vs 'research’ 79.00 % 81.00 % 82.50 % 84.25%
’soon’ vs "hurry’ 62.45 % 64.00 % 66.00 % 70.00%
'spend’ vs ’cost’ 66.00 % 68.00 % 75.00 % -72.00 %
‘write’ vs ‘read’ 95.25 % 96.00 % 98.00 % 99.00%

To illustrate the advantages of combining the different features coming from the two hands
into a MSHMM structure and learning stream dependent relevance weights, in Fig. 59 and 60 we
display a scatter plot of the confidence values generated by the baseline DHMM and CHMM that use
the feature relative to left and right hand. As it can be seen, for most alarms, the confidence values
generated by both CHMMs are correlated. However, there are few points, where the DHMM with
the left hand features is more reliable than the DHMM with the right hand. The same observation
could be noticed with the CHMM.

In Fig. 61, we display a point from the class of ”YES” words that has been missed by
both standard discrete and continuous HMMs, and was correctly classified by all the multi-stream
structures. Fig. 62 shows stream 1 (right hand) relevance weight of the closest symbols to the
sequence in Fig. 61, learned by the model MSDHMM?®'. It could be inferred that both streams

(hands) do not have similar relevance in a considerable number of symbols. Also Fig. 63 display
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Figure 59. Scatter plot of the confidences of the two-word data ("YES” vs "NO”) in the baseline
DHMM using both streams.
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the stream 1 (right hand) relevance weight in all the components of each state learned by the
MSCHMM"“=. As it can be seen, most of the components do not have similar relevance weights in

all 5 states.
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Figure 61. Features of a sample from " YES” class misclassified by standard DHMM and CHMM,
and correctly classified by the MSHMM structures.

V1.3 Audio classification

In this experiment we apply the proposed MSCHMM structures to the problem of music

classification. We exploit several feature extraction mechanisms that we assume are different inter-
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Figure 62. The stream 1 relevance weight of the closest symbols to the point in Fig. 61, using the
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Figure 63. The stream 1 relevance weight within the components of each state of the model
MSCHMM"=

pretations (streams) of the underlying characteristics of the image.

VI1.3.1 Data collection

We use the benchmark data set for audio classification and clustering proposed in [80]. This
data consists of 10 seconds samples of 1886 songs from Garageband website. Each song is encoded
using mp3 with a sampling rate of 44.1kHz and a bitrate of 128kbit/s. The songs belong to 9

different genres as shown in table 11.
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V1.3.2 Feature extraction

Two different set of features are considered in this experiment. The first one is the Mel-
frequency cepstral coefficient (MFCC) [81] and the second one is the Linear predictive coding (LPC)
(82]

V1.3.2.1 Mel-frequency cepstral coefficient (MFCC)

The MFCC is a low-level audio feature representation that gained popularity within the
research community [83, 84]. The human ear resolves frequencies non-linearly across the audio
spectrum, and the log-scale bands introduced in the AudioSpectrumEnvelope Descriptor are used
to address this problem. However, experiments have showed that simple rectangular form filters,
placed on log-scale in the AudioSpectrumEnvelope Descriptor, do not match the human perception
accurately. In [84], a Mel frequency scale that takes into account how humans perceive the difference
between sounds of different frequencies was introduced. The input signal is divided into overlapping
frames typically 20ms to 40ms with 50% overlap. To minimize signal discontinuities at the borders,
a Humming windowing function is used. A Fast Fourier Transform (FFT) is then applied to each
frame and the absolute value is taken to obtain the magnitude spectrum. The spectrum is then
processed with a Mel-filter bank, a set of triangular shape filters, whose center frequencies are
spaced according to the mel scale [83]. The response of each filter is log transformed, thus, resulting
in a reduced representation of the spectrum. The cepstral coefficients are finally obtained through

a Discrete Cosine Transform of the reduced log-energy spectrum.

VI1.3.2.2 Linear predictive coding (LPC)

This feature is extracted using an approach that performs spectral analysis with an all-
pole modeling constraint. It is fast and provides accurate estimates of speech parameters. The
basic idea behind linear predictive analysis is that a speech sample can be approximated as a linear
combination of past speech samples. By minimizing the sum of the squared differences (over a finite
interval) between the actual speech samples and the linearly predicted ones, a unique set of predictor
coefficients can be determined. (The predictor coefficients are the weighting coefficients used in the

linear combination.) [?7].
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VI1.3.3 Results

In this experiment we compare the performance of the proposed multi-stream HMM struc-
tures to the standard HMM as well as the existing MSHMM. Cross validation with 10 folds is
performed where 10% of the data is set for testing and the remaining 90% for training. For all the
HMM structures, the number of states is set to Ny;=>5. For the discrete case, M = 100 symbols are
generated. For the continuous case, each state has M =5 Gaussian mixtures. For the multi-stream
structure, the number of streams is set to L = 2, and the streams are the MFCC and LPC feature
sets. Table 12 displays the performance for the various DHMM structures. As it can be seen, the
proposed MSDHMMTY structures outperform the baseline DHMM. Table 13 displays the performance
of the various CHMM structures. As it can be seen, the proposed MSCHMM?Y structures outperform
both the state of the art MSCHMMS® structures and the baseline CHMM.

To illustrate the advantages of combining the different features (MFCC and LPC) into a
MSHMM structure and learning stream dependent relevance weights, in Fig. 64 and 65 we display
a scatter plot of the log-likelihood values generated by the baseline DHMM and CHMM that use
MFCC and LPC features individually for the Rock vs Non-Rock subset. As it can be seen, for most
alarms, the confidence values generated by both CHMMs are correlated. However, there are few
points, where the DHMM with the MFCC features is more reliable than the DHMM with the right
hand. The same observation could be noticed for the CHMM.

To highlight the advantage of the proposed multi-stream strcuture, we consider a point from
the class of Rock songs that has been missed by both standard discrete and continuous HMMs,
and was correctly classified by all the multi-stream structures. Fig. 66 shows the stream relevance
weights of the closest symbols to the sequence correspondent to this point, learned by the model
MSDHMMP. As it can be seen, both streams (MFCC and LPC) have different relevance weights in a
considerable number of symbols. Fig. 67 displays stream 1 (MFCC) relevance weights in all states of
the closest symbols to the sequence correspondent to this point, learned by the model MSDHMMF",
Fig. 68 displays stream 1 (MFCC) relevance weight in all the states’ components learned by the
MSDHMMF! for the same sequence. As it can be noticed, the stream relevance weights relative to
both MFCC and LPC features can vary significantly. In fact, for the first component of state 2, the

LPC features are of negligible relevance compared to the relevance of the MFCC.
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Figure 64. Scatter plot of the log-likelihood generated by the baseline CHMM using each feature set
independently.

VI.4 Face vs non-face image classification

In this experiment, we apply the MSDHMM structures to the problem of binary classification
of face images versus non-face images. We exploit several feature extraction mechanisms that we

assume are different interpretations (streams) of the underlying characteristics of the face image.

VI.4.1 Data collection

In this application, we consider a subset of the data set available on the CBCL webpage [?].
The CBCL data set consists of 2901 images for face, and 28121 images for non face. All the images
are of size 19 x 19. Figure 69 displays samples of face images and figure 70 displays samples of the

non-face images.

VI1.4.2 Feature extraction

For frontal face images, the significant facial regions (hair, forehead, eyes, nose, mouth) come

in a natural order from top to bottom, even if the images are taken under small rotations in the
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Figure 66. Stream relevance weights of the closest symbols to a sequence from the Rock class that
is missed by the standard HMM but correctly classified by the MSDHMMP
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Figure 67. Stream 1 (MFCC) relevance weights of the closest symbols to a sequence from the Rock
class that is misclassified by the standard HMM but correctly classified by the MSDHMM™
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Figure 68. Stream 1 (MFCC) relevance weights of the state components learned by the MSCHMM =

image plane and/or rotations in the plane perpendicular to the image plane. In particular, the face
images available within the CBCL data set include only the eyes, nose and mouth as in figure 71.
To fit this within the HMM context, each of these facial regions is assigned to a state in a left to
right discrete HMM. The state transition structure of the face model are shown in figure 72 . Each
face image of width W and height D is divided into overlapping blocks of height Z and width W.
The amount of overlap between consecutive blocks is P (figure 71).

The number of observation vectors T, that is the number of blocks extracted from each face

image is given by:
D-7
T =
Z-P

+1, (V14.1)

The choice of the parameters P and Z can affect the system recognition rate. A high amount of
overlap P can increase the recognition rate because it allows the features to be captured in a manner
that is independent of the vertical position. The choice of the parameters Z is not trivial. A small

value of Z can bring insufficient discriminant information to the observation vector, while a large
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Figure 69. Sample of 100 face images

value can increase the probability of cutting across the features. However, the system recognition
rate is not very sensitive to variations in Z, as long as P is sufficiently large (P < 7Z — 1).

The use of the pixel values as observation vectors has two important disadvantages: first,
pixel values do not represent robust features, are sensitive to image noise as well as image rotation,
shift or changes in illumination. Second, the large dimension of the observation vector leads to high
computational complexity of the system. This can be a major problem for face recognition over
large databases or when the recognition system is used for real time applications. In this work, each

block is interpreted through four transformations:
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Figure 71. Face image parametrization and blocks extraction
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Eyes Nose Mouth

Figure 72. Left to right HMM for face recognition

VI1.4.2.1 Discrete Cosine Transform (DCT)

Like other transforms, the Discrete Cosine Transform (DCT) attempts to decorrelate the
image data [85]. After decorrelation each transform coefficient can be encoded independently with-
out losing compression efficiency. The DCT possess some desirable properties, i.e., de-correlation,
energy compaction, separability, symmetry and orthogonality. These attributes led to widespread
deployment of the DCT in virtually every image/video processing standard of the last decade.

For an M x N image, we have an M x N DCT coeflicient matrix covering all the spatial frequency
components of the image. The DCT coefficients with large magnitude are mainly located in the
upper-left corner of the DCT matrix. Accordingly, we scan the DCT coefficient matrix in a s zig-zag
manner starting from the upper-left corner and subsequently convert it to a one-dimensional vector.
In our application, we keep the largest 9 coefficients. Figure 73 displays a sample face image with 9

DCT coefficient of the 15 subimages.

VI1.4.2.2 Fast Fourier Transform (FFT)

We use the FFT to extract the important frequencies (in magnitude), that encodes the
important activity within each sub-image. For an M x N image, we have an M x N FFT coefficient
matrix covering all the spatial frequency components of the image. In our application, we keep
the largest 9 coefficients. Figure 74 displays a sample face image with 9 DCT coefficient of the 15

subimages.

VI.4.2.3 Edge Histogram Descriptor (EHD)

The EHD feature encodes important information about the signature of each block of each
image in a compact form. Each block is transformed to a feature vector that encodes the response
of edge detection filters [74]. The edges counsidered are the horizontal, vertical, diagonal (45°),
antidiagonal (135°). A non-edge dimension is also considered to capture the non-well defined edges.

Hence, a 5-dimensional observation vector is formed in each level as it is shown in figure 75. More
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Figure 73. A face image with the correspondent DCT feature of each block.

details about this feature were given in section VI1.1.3.3.

V1.4.2.4 Gabor feature extraction

The Gabor feature is based on a bank of Gabor filters or kernels. They are similar to
the receptive field profiles in cortical simple cells, which are characterized as localized, orientation
selective, and frequency selective. A family of Gabor kernels is the product of a Gaussian envelope
and a plane wave. These kernel are available at different scales and different orientations. More
details about these features are presented in appendix F. We extract Gabor features from each block

of each image (face or non-face). We choose 3 scales and 6 orientations, resulting in a total of 18
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Figure 74. A face image with the correspondent FFT feature of each block.

Gabor functions in our study. We take the average of the largest 10 values of each filter response,

so that we get each block represented by an 18 dimensional vector as it is shown in figure 76.

VI1.4.2.5 Results

For our experiments we take at random 1000 face images and 1000 non face images from
the CBCL data set. We perform 10-fold cross validation. We set Z = 10, and P = 9. Since the
image size is 19 x 19, each image is transformed to a sequence of 15 observation vectors. We train
HMMs with Ny = 3 states. For the discrete case, we generate M = 80 symbols as codebook, and
for the continuous case, each state is represented by M = 5 components. The number of streams is
set for L=4. We use the baseline HMM with the concatenation of all the streams to learn a model
for face images and a model for non-face images. In addition, for each stream, a face and non-face
models are learned. The proposed MSHMM structures: MSDHMMP, MSDHMM®:, MSDHMMP7,
MSCHMM" = and MSCHMM" are also used to learn a face model and a non-face model.

Table 14 summarizes the result of the experiments performed using single and multi-
stream DHMMs . As it can be seen, the multi-stream DHMM structures outperform the baseline

DHMM with all the stream concatenated and with the individual streams. We also notice that the

142



H V D Ad NE

Figure 75. A face image with the correspondent EHD feature of each block.

MSDHMM?" has a slight advantage over the other two structures: MSDHMMP® and MSDHMMP®+.

Table 15 summarizes the result of the experiments performed using single and multi-stream
CHMM. As it can be seen, the MSCHMMY structures outperform the baseline CHMM with all the
stream concatenated and with the individual streams, as well as the existing MSCHMM® structures.

To confirm that the increase in performance for the proposed multi-stream HMM structures
is due to the stream weighting component, we consider a sequence that has been misclassified by
the standard HMM and correctly classified by the proposed MSHMM structures. The face image in
figure 73 is one of those samples. Figure 77 displays the stream relevance weights of the sequence

closest symbols learned by the MSDHMMPF'. As it can be noticed, only very few symbols have

comparable stream relevance weights.
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Figure 76. A face image with the correspondent Gabor feature of each block.

Fig. 78 display the learned stream relevance weights for the components of the states of
MSDHMM®= . As it can be seen, none of the components have equal stream relevance weights in all

3 states.

VL5 Chapter summary

In this chapter, the proposed multi-stream Hidden Markov models structures have been
applied to the problems of Landmine detection, Australian sign language classification, audio clas-
sification, and face classification. For the landmine application, several experiments performed on
various data collections have shown that the proposed MSHMM structures outperform the standard
HMM as well as the multi-stream HMM available in the literature. The same observation is no-
ticed with the other applications. In particular, the MSDHMM structures proposed outperform the

baseline DHMM in a setting of multi-modal temporal data. This is mainly due to the stream weight-
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Figure 78. The stream relevance weights of the closest symbols to a missed face image standard
HMMs but correctly classified by the MSHMM, learned by the MSDHMM =
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ing component the MSDHMM includes. The proposed MSCHMM structures outperform existing
MSCHMM. This is due mainly to the simultaneous parameter optimization that is made possible

within the newly proposed structures.
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TABLE 10. Comparison of the performance of the different CHMM structures over the AUSLAN data

Simple pairs Baseline CHMM MSCHMM®%» MSCHMM% MSCHMM™ MSCHMM"*
hot' vs cold’ 51075 % 52.00 % 55.5% 59.075 % 60.025%
’eat’ vs 'drink’ 62.075 % 61.00% 60.00% 64.075% 71.25%

happy’ vs 'sad’ 60.25% 63.86 % 67.35% 70.25 % 72.65%
yes' vs 'no’ 58.25 % 57.25 % 58.00 % 65.25 % 75.00 %
‘give’ vs 'take’ 70.15 % 72.15 % 75.00 % 79.45 % 80.00%
'paper’ vs 'pen’ 75.25 % 75.00 % 75.00 % 78.00 % 78.00%
'science’ vs ‘research’ 80.25 % 79.00 % 81.00 % 83.00 % 86.00%
’soon’ vs "hurry’ 65.35 % 65.25 % 66.00 % 70.00 % 69.00%
’spend’ vs ’cost’ 75.65 % 75.00 % 74.00 % 75.00 % 77 %
‘write’ vs ‘read’ 99.25 % 100 % 100 % 100 % 100%




TABLE 11

Music data statistics

Genre Pop Rock Folk/Country Alternative Jazz Electronic Blues Rap/HipHop Funk/Soul

Size 116 504 222 145 319 113 120 300 47

TABLE 12

Comparison of the performance of the different DHMM structures over the music data

Classifier Recognition rate
Baseline DHMM (MFCC) 26.00 %
Baseline DHMM (LPC) 24.00 %
Baseline DHMM (MFCC + LPC) 27.00 %
MSDHMMP 29.00 %
MSDHMM? 33.00 %
MSDHMMFs 31.00 %

TABLE 13

Comparison of the performance of the different CHMM structures over the music data

Classifier Recoguition rate
Baseline CHMM (MFCC) 25.23 %
Baseline CHMM (LPC) 26.56 %
Baseline CHMM (MFCC + LPC) 28.3 %
MSCHMMC= 30.35 %
MSCHMM®* 31.65 %
MSCHMML= 35.88 %
MSCHMM? 38.95 %

TABLE 14

Comparison of standard DHMM and MSDHMMs on the face data base

Classifier Recognition rate
Baseline DHMM (all streams) 64.025%
Baseline DHMM (2D-DCT) 68.5%
Baseline DHMM (2D-FFT) 62.65%
Baseline DHMM (Gabor) 60.00%
Baseline DHMM (EHD) 65.85%
MSDHMMP 78.25%
MSDHMMF 84.65%
MSDHMMPFs 82.00 %
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TABLE 15

Comparison of standard CHMM, MSCHMMS, and MSCHMMY on the face data base

Classifier Recognition rate
Baseline CHMM (all streams) 67.35%
Baseline CHMM (2D-DCT) 63.45%
Baseline CHMM (2D-FFT) 65.25%
Baseline CHMM (Gabor) 61.50%
Baseline CHMM (EHD) 63.00%
MSCHMM = 68.00%
MSCHMME: 70.00%
MSCHMM"= 73.00%
MSCHMM" 75.00 %
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CHAPTER VII

Conclusions and future directions

An expert is a man who has made all the
mistakes, which can be made, in a very

narrow field.

Niels Bohr

VII.1 Conclusions

This dissertation addressed the problems associated with modeling multi-modal temporal
data with Hidden Markov Models. We have assumed that the original (raw data) can be charac-
terized better by various sources of information (modalities/streams/views) that do not necessarily
share the same relevance or power of expressiveness. We also assumed that these views repre-
sent separate interpretations of the raw data, and generate synchronous sequences. Given these
assumptions, we have proposed Generalized Multi-stream HMM structures for both discrete and
continuous distributions. We argued that the proposed structures alleviate the limitations of the
existing multi-stream HMM structures.

We have proposed multi-stream HMM for the discrete case. This problem has not been
addressed in the literature. We have proposed two different approaches: the first one is distance
based and the second is probability based. The distance based approach consists of a two step
learning method. The first step aims at initializing the model parameters and learning the stream
relevance weights that are symbol dependent. The second step uses the standard Baum-Welch
algorithm to learn the rest of the model parameters.

The probability based approach consists of a novel DHMM structure asserting that each symbol
of the codebook is assigned a set of partial probabilities and relevance weights relative to each
stream. Combining both partial probabilities and stream relevance weights had lead to the linear
and geometric probability based MSDHMM. For these structures, we have generalized the Baum-
Welch and the MCE/GPD learning algorithms to allow for the simultaneous learning of all model

parameters including the stream relevance weights.
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For the continuous case, our approach consists of approximating the pdfs by a linear combina-
tion of pdfs representing the individual streams. This approximation is motivated by the assumption
that in the presence of the information about the most relevant stream occurring at time ¢, the like-
lihood of an observation vector o, reduces to the likelihood of the contribution of stream %, say, ogk).
This is performed at the state, and the mixture levels. This linearization allows for a maximum
likelihood based learning. In fact, the standard Baum-Welch algorithm is generalized to allow for
simultaneous learning of all of the model parameters. A discriminative training is also proposed by
generalizing of the MCE/GPD algorithm. The necessary conditions are then derived to learn the
different parameters.

For both the discrete and continuous multi-stream HMM, we have proven that the gener-
alized Baum-Welch algorithm guarantees a convergence toward a local maximum of the likelihood
function. For the discriminative training part, the MCE/GPD algorithm was selected since its
objective function approximates the true Bayes risk when large amount of training data is available.

Evaluation of the proposed models on several applications shows that the GMSHMM out-
perform the baseline HMM as well as the existing HMM. Furthermore, extensive experiments with
various landmine data collections show that the GMSHMM based landmine detector is more ac-
curate than the standard HMM based landmine detector. Also, for all the MSHMM variations,
the generalized Baum-Welch algorithm combined with the generalized MCE has been shown to
perform better than the individual Baum-Welch and MCE. This mainly due to the discriminative
component embedded within the MCE algorithm, that guarantees maximum separation between the
models learned by the Baum-Welch, and hence better generalization.

In the discrete case, even though all the variations of the proposed MSDHMM outperform
the baseline DHMM, the MSDHMM?" has a superior performance. This is mainly due to the linear
form of the observation probability distribution that has a less sensitivity than the geometric form
in the MSDHMMF.

In the continuous case, the MSCHMM"» has the most superior performance, especially
for the landmine data. This is basically due to the fact that MSCHMM ™ captures deep stream
relevance: in the mixture level of each state. However, we notice a comparable performance with

the MSCHMMY when the streams relevance variability is not high within the feature space.
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VII.2 Future directions

The proposed GMSHMM, by the addition of the stream relevance weights, have more pa-
rameters than the standard HMM. Thus, it has higher complexity. Accordingly, in the presence of
not enough data, the GMSHMM tends to overfit more than the baseline HMM. One approach to
alleviate this limitation is to use regularization theory to control the complexity of the proposed
models.

The proposed models have been studied under the frequentist probabilistic approach, and
no prior knowledge have been used. The full Bayesian approach allows the use of prior knowledge.
This approach could be adapted to the proposed MSHMM to alleviate the overfitting problem in

the presence of limited data.
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APPENDIX A
Proof of propositions (I1.7.1) and (I1.7.2)

A.1 Proof of the proposition (IL.7.1)

Proposition A.1.1. If the value of Q(\ ) increases, then the value of Pr(O|\) also increases,
e,

QAT) > QA A) = Pr(O}) > Pr(O|\)
Proof. We have Q(A\,X) = Y-, Pr(Q|O, A) In(Pr(O, Q).

In one hand, we can write:

QAN —QA N = ) Pr(QIO, ) In(Pr(0,QX) - Y Pr(Q|O, \) In(Pr(0,QIX))
Q Q
_ Pr(0,Q\)
= %: Pr(Q|O,A) In Fro-am
In another hand,
Pr(O|X) Pr(0,Q)
nEon — " Z Pr(O\)

_ Pr(0,Q|)) Pr(0,Q|X)
= In Z Pr(O|A\) Pr(0,Q|\)

Pr(0,Q})
Pr(0,Q1))

Using the Jensen’s inequality due to the convexity of the logarithm function, we can get:

I

In )" Pr(QO,))
Q

anPr(Q|O,)\)M ZPT. 00,1 £1(0:9%)

) Pr(0,QIA) Pr(0,Q[)
(A.1.1)
Thus,
Pr(0O[X) -
In 5rgmg = @A D) - QA
We conclude then that,
QA X) > QA A) = Pr(O[X) > Pr(0|))
O
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A.2 Proof of the proposition (IL.7.2)

Proposition A.2.1. )\ is a critical point of Pr(O|)) if and only if it is a critical point of Q(\,X),

i.e.,

8Pr(O|) _ Q)N
%, o0

Proof.
8o Pr(QIO,\)In Pr(0,Q|})
a9,
d1n Pr(0,QX)
39,
Prgo QR
(0 QI/\)
PT(O Q A)
= Pr(Q|O,\) =——2——
3 FriQION pr6 g

1 OPr(0,Q|)\)
Z Pr

= ZP (QlO, )

= ZPT Qlo, /\)

on 99,
1 9%, Pr0.QY)
2N a0,

1 8Pr(O[\)
= Pr(On 99,
d1n Pr(O|\)

- a6,
APr(0|\)
- T 5,
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APPENDIX B
Simultaneous Clustering and Attribute Discrimination: SCAD

The initial SCAD algorithm [28], was designed to search for the optimal clusters’ prototypes
and the optimal relevance weight for each feature of each cluster. However, for high dimensional
data, learning a relevance weight for each feature may lead to overfitting. To avoid this situation,
a coarse version of SCAD [36] (called SCAD,) was proposed. Instead of learning a weight for each
feature, the set of features is divided into logical subsets, and a weight is learned for each feature
subset.

Let x = {z; € ®RP|j = 1,..., N} be a set of N feature vectors. Let B = {1, ..., 8.) represent
a C-tuple of prototypes each of which characterizes one of the C' clusters. Each §; consists of a set
of parameters. Let u;; represent the membership of x; in cluster 8;. The C x N fuzzy C-partition
U = [uy] statisfies [16]:

uy; € [0,1] ‘v’i,andiui]- = 1Vj. (B.0.1)

i=1

Assume that the p features have been partitioned into K subsets: S, F§?,.. ,FSK and that each
subset F''S®, includes k* features. Let dj; be the partial distance between z; and cluster ¢ using the
st" feature subset. Let V = [v;,] be the relevance weight for F'S® with respect to cluster 4. The total
distance, D;;, between x; and the cluster i is then computed by aggregating the partial distances
and their weights. Typically D}; = zle v (d5;)%.

SCADc minimizes

C N K C K
J= > ul > vildy)’ + ) &) vl (B.0.2)
i=1 j=1 s=1 i=1 s=1
subject to {B.0.1) and
K
vis € [0,1] Vi, 57 and Y vy, Vi, (B.0.3)
s=1

To optimize J, with respect to V', we use the Lagrange multiplier technique, and obtain

N
Vis = % + 515— Z(uzj)mw?j /K~ (d5;)?). (B.0.4)
]:

-

The first term in (B.0.4), (1/K), is the default value if all K subsets are treated equally and no

discrimination is performed. The second term is a bias that can be either positive or negative. It
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is positive for compact feature subsets where the partial distance is, on the average, less than the
total distance. If a feature subset is more compact for the most of the points that belong to a given
cluster ( high u;;), then it would be very relevant for that cluster.

Minimization of J with respect to U yields

1
=t C T .
Zk:l(D?j/Dzj) et

Minimization of J with respect to the prototype parameters depends on the choice of 3.

(B.0.5)

Uij

Since the partial distances are treated independent of each other (i.e., disjoint feature subsets),
and since the second term in (B.0.2) does not depend on the prototype parameters explicitly, the

objective function in (B.0.2) can be decomposed into K independent problems:

c N
Js = ZZuﬁvis(dfj)z, fors=1,.., K. (B.0.6)
i=1 j=1

Each J, would be optimized with respect to a different set of prototype parameters. For instance, if
d;; is the Euclidean distance, minimization of J; would yield the following update equation for the
centers of subset s

SCADc is an iterative algorithm that starts with an initial partition and alternates between

the update equations of u;; , v4s, and c;.
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APPENDIX C
Lagrange multipliers optimization

Suppose we seek the position xg of an extremum of a scalar-valued function f(z), subject
to some constraint. If a constraint can be expressed in the form g{(z) = 0, then we can find the
extremum of f(x) as follows. First we form the Langrangian function:

L(z,p} = f(z) + pg(z), (C.0.8)

N —
=0

where p is a scalar called the Lagrange undetermined multiplier. We convert this constraint

optimization problem into an unconstrained problem by taking the derivative,

OL(z,p) _ 0f(a) | dgla)

Oox or p or (C.0.9)

and using standards methods from calculus to solve the resulting equations for p and the
extremizing value of . (Note that the term pgfzi does not vanish, in general.) The solution gives
position of the extremum, and it is a simple matter of substitution to find the extreme value of f(.)

under the constraints.
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APPENDIX D

Generalized Baum-Welch for the proposed Multi-stream HMM

strucutres

In this section, we outline the step by step approach followed to generalize the Baum-Welch
algorithm in order to learn the parameters of the MSDHMM?! structure.

The objective function to optimize is the following:
QLX) =" I Pr(0,Q FINPr(Q, FlO,)),
Q F

where F' = [f1,..., fr] is a sequence of random variables representing the stream indices for each
time step.
This objective function involves the quantity Pr(O,Q, F|)\) which could be expressed ana-

lytically as:

T~1 T
Pr(0,Q,F|A) = g, H Gg,q01a H Wi Qv (01) £:0q: Qv (01)
t=1 t=1

where Qv is the quantization operation defined on an observation vector o; as:

N, L
1 &
Qv(os) = iggﬁlm;;wukuof — v (D.0.10)

Thus, the objective function expands as follows:

QAN = > log#y, Pr(Q,FlO,\) +

Q F

T-1

Z Z ZlogéqtthPr(Q, F|O, )\) —+
t=1 Q@ F

M=

D " logWe,qy (o), PT(Q, F10.2) +
Q F

~
1l

1

W

Z Z 10 54,0y (o)1, PT(Q, F|O, ).
Q F

o~
Il

1
To find the value of W;;, that maximizes the auxiliary function Q(.,.), only the third term

of the expanded expression is considered since it is the only part of Q(.,.) that depends on ;.
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This term can be expressed as follows:

t=1

T
33 ok 33 Pri@.FI0 M a0 @y (o)lk. £,
T
Zzzzlogwmkz ZZ Zé 'L Qt .7 QV(Ot)) (k’ft) H Pr(qtufilloh’/\)‘
i t1=1

qr  f1

T
ZZZP’F(Q’F‘O )‘ lngQth(ﬂt fi =
Q F

Let T the expression >, -3 3. -+ > . 6(i,q:)6(], Qv (01))d(k, ft) Htl_l (e, fraloe, A). Tt

could be expanded to:

T = Z DIDEDID D ID IS
-1 41 gr hi fi—1 fe+r fr
5(]’ QV(Ot))Pr(qt = ivft = k|0t;)\) H PT(QtU ft1|0t17/\)
t1=1,tF#t
T
= H [Zzpr(qt1vft1|0t1a)‘) P’r(qt - Z ft k‘Ot, ) (j,QV(Ot))
ti=1017#t | 9t fey
= Pr(q: =1 ft = klog; A)é(7, Qv (o))
That is,

T
Y>> Pr(Q . FIO ) 10g(®g,qv (0 .)
Q F

t=1

M L ,
> D Prlg =1, fy = kIO, \)8(5, Qu (o)) In(wige)

1j=1k=1

Mz

>

t=1 1%

To find the update equation of Wi, we use the Lagrange multipliers optimization with the constraint
Z,le Wijx = 1. The value of W;j) that maximizes the objective function Q(X, X) is exactly the same
value that maximizes

T N, M L
=3NS STN Pr(ge =i, i = KO, )6(5, Qv (00) In(@yjk)

t=1 i=1 j=1 k=1

-

Adding the constraint term, we obtain an extended objective:

_ T N, M L N, M L
QuA N =Y D3N Pr(g =i fr = kO, N80, Qv (o) In(wige) + 3 D pis(1 =D W
t=1 i=1 j=1 k=1 =1 j=1 =1

8Qu (A X T
Qu( )Z_Z - pij
=1

Prig. = i, i = HO. N30, Qv (o) =

ijk
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Setting —os 60"’(’\ ’\) to zero leads to:

T
Tigkpiy = — »_ Pria =1, f: = K|0.\)8(5, Qv (o)),

t=1

That is,

Pr(q; =i, fr = k|0, M)3(4, Qv (or)),

M=
=l
s
>
LY
Il
|
Mh
E

x
Il
—
b
Il
-
o
il
-

Pr(qt = Z|O )‘)6(.75 QV(ot))v

>
Ly

Il

|
=

o~
Il
—

Injecting the value of p;; into the expression of Q%—%%l gives:

T

9Qu(MA) _ Z rlq = i, f; = k|0, N6(j, Qv (o))

awz]k ’LU”

Zp,. g =10, 0)6(4, Qv (o))

Setting the new expression of 9%'1#;\:\) to zero gives the update equation of Wy, :

Sims Prlge =i, fi = KO NS(Qv(00),5)
Yoi=1 Prige = il0,M)8(Qv (01), 5)

We recognize in Pr(g: = i|O, \) the intermediate variable v;(¢). For Pr(g; = t, f; = klo, A), it could

(D.0.11)

Wik =

be computed as follows:

Pr(gs =1, fr =klog, ) = Pr(g =tlos, \)Pr(ft = klg: = i, 04, A)
PT‘(Ot,ft = k?|qt = 1,)\)
Proggr =1, X)
Pr(osgs =i, fy = k, ) Pr(fe = kg =1, \)
Pr(og =1, )

= PT(qt = ’ilOt, )\)

= PT‘(qt :’i|0t,/\)

N -\ WiQv (00 )k DiQv (00 )k
’Yt(l) biQV(Oc) .

Let, v(i,k) = Pr{(q: = i, fr = k|0, A). It follows that,

_ S, (4, k)6 (00, 7)
Wik =
Zt 1%( d(ot, 1)

Following the same procedure, we can derive the update equations for the parameters 7,

Eij, and Eijk-
Similarly, the necessary conditions to learn the parameters of MSDHMMPE, MSCHMMY= ,

and MSCHMM?" could be obtained.
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APPENDIX E

Estimator properties

suppose that we have a random sample (2, x3,--- ,,) from a probability distribution with
pdf f(x;6), and that we wish use the values, x;,T2, -+, %, to estimate #, which is unknown. In
particular, let é(ml,mg, .-+, &) be a function of z1,z2, - ,z, which we use as a (point) estimate

of #; the corresponding function (X1, X2, , Xy) of the random variables (rvs) X1, Xa, -+, Xn,
which is iteself a rv, is an estimator for §.

In any situation, there will be a variety of possible estimators, though some may be more
obvious than others, and we need some way of choosing between them. Here we look at a number of
desirable properties which we might like estimators to possess - unbiasedness, consistency, efficiency,

and sufficiency. These might be named ’classical’ properties of estimators.

E.1 Unbiasedness

definition E.1.1. 6 is an unbiased estimator for 0 if E[é] =6 ; otherwise it is biased. The bias of

0 is defined to be bias(9) = Elf] — 6.
Intuitively this means that the distribution of 6 is centered at #, and there is no persistent

tendency to under or overestimate 6.

E.2 Consistency

Although some bias may be acceptable in an estimator, we would like the bias to tend to 0
as the sample size, n, tends to 0o. In addition we would like the variance to tend to 0 as n tends to

00. These requirements are related to the idea of consistency.

definition E.2.1. An estimator 0 for 0 is (weakly) consistent if Pr(|6 —6]] — 0 as n — oo, that is,

the pdf of 6 becomes increasingly concentrated around 0 for large n.

Strong consistency corresponds to convergence with probability 1.
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E.3 Efficiency

Using unbiasedness and consistency may still leave a (possibly infinite) number of candidate
estimators. How can we choose between them (if we feel that is is necessary to make a choice)? One
fairly strategy is to try to minimize variance, and since it does not make sense to compare estimators
with different biases with respect to variance alone, we only compare estimators with the same bias.
Further, to keep things simple, the study is usually restricted to unbiased estimators, and the goal
becomes looking for minimum variance unbiased estimators (MVUEs).

The words ’efficient’ and ’efficiency’, when applied to estimators, refer to the variances of

the estimators. The lower the variance of an unbiased estimator, the more efficient it is.

definition E.3.1. An unbiased estimator is said to be efficient if it has the minimum possible
variance; the efficiency of an unbiased estimator is the ratio of the minimum possible variance to
the variance of the estimator.

The relative efficiency of two (unbiased) estimators is the reciprocal of the ratio of their

variances.

Since efficiencies may vary with sample sizes, the asymptotic efficiencies and asymptotic

relative efficiencies (as n — oo ) are often used as one-and-for-all measures.

E.4 Sufficiency

definition E.4.1. As usual, suppose that Xy, X3, ---, X, form a random sample from f(x;6).
Suppose further that t(x1,x2, - ,Z5) s a function of the observation z1,Ta, - , %y, and not of 0
and that T(Xy, X2, -+ . Xy,) is the corresponding random varigble. T is then a statistic, and T is
sufficient for 6 - a sufficient statistic for 0 - if the conditional distribution of X1, Xa, -+ , Xy, given

the value of T, does not depend on 0.
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APPENDIX F

Gabor Functions and Wavelets

A two dimensional Gabor function g(z,y) and its Fourier transform G(u,v) can be written :

(z,y) = ( )ex [~l(z—2+:—yi)+27r Wz (F.0.1

9 ’y_27ramay P 202 o2 J 0.1)
_ w2 2

Glu,v) = exp{—l[M + U—]} (F.0.2)

2

2 2
Ou Oy

1

and Ty = m

where o, = 2; . Gabor functions form a complete but nonorthogonal basis set.

O 2
Expanding a signal using this basis provides a localized frequency description. A class of self-similar
functions, referred to as Gabor wavelets in the following discussion, is now considered. Let g(z,y)

be the mother Gabor wavelet, then this self-similar filter dictionary can be obtained by appropriate

dilations and rotations of g(x,y) through the generating function:

gmn(x,y) = a ™G(z',y').a>1,m,n = integer (F.0.3)
¥ = a ™(zcos(f)+ ysin(h)), and (F.0.4)
y = a ™(—xzsin(f) + ycos(9)), (F.0.5)

where # = 2Z and K is the total number of orientations. The scale factor a=™ [86] is used to ensure
that the energy is independent of m.

The nonorthogonality of the Gabor wavelets implies that there is redundant information un
the filtered images, and the following strategy is used to reduce this redundancy. Let U; and U,
denote the lower and upper center frequencies of interest. Let K be the number of orientations
and S be the number of scales in the mutliresolution decomposition. Then the design strategy is to
ensure that the half-peak magnitude support the filter responses in the frequency spectrum touch

cach other [86]. This results in the following formulas for computing the filter parameters o, and
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o, {(and thus o, and o).

Up, 1
a = (E)Sﬂ (F.0.6)
_ (a - 1)Uh

ﬁ (2log2)%02

tan(gp) U — 2log(7)|2log 2 — (7%, (F.038)

U’U

where W =Up and m=0,1,...,5 — L.
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HMM
CHMM
DHMM
FHMM
MSHMM
MSDHMM
MSCHMM
MSDHMMP
MSDHMM?
MSDHMMP!
MSDHMM:
MSCHMM®
MSCHMMOS=

MSCHMM®:
MSCHMM"™
MSCHMM"=
MSCHMM"™
MFCC

LPC

pdf

MLE

MCE

GPD

SCAD

EHD

APPENDIX G

Acronyms

Hidden Markov Model

Continuous Hidden Markov Model

Discrete Hidden Markov Model

Factorial Hidden Markov Model

Multi-stream Hidden Markov Model

Multi-stream Discrete Hidden Markov Model

Multi-stream Continuous Hidden Markov Model

Distance based Multi-stream Discrete Hidden Markov Model

Probability based Multi-stream Discrete Hidden Markov Model

Linear Probability based Multi-stream Discrete Hidden Markov Model
Geometric Probability based Multi-stream Discrete Hidden Markov Model
Multi-stream Geometric Continuous Density Hidden Markov Model

Mixture level Multi-stream Geometric Continuous Density Hidden Markov
Model

State level Multi-stream Geometric Continuous Density Hidden Markov Model
Multi-stream Linear Continuous Density Hidden Markov Model

Mixture level Multi-stream Linear Continuous Density Hidden Markov Model
State level Multi-stream Linear Continuous Density Hidden Markov Model
Mel-frequency cepstral coefficients

Linear predictive coding

probability density function

Maximum Likelihood Estimator/Estimation

Minimum Classification Error

Gradient Probabilistic Descent

Simultaneous Clustering and Attribute Discrimination

Edge Histogram Descriptor
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APPENDIX H

Notations

the probability of an event it is also used to note a probability mass function
(in the case of discrete random variable) or a probability density function (in
the continuous case)

the number of classes

the index of a given class among the C classes

compact notation of an HMM model

initial state probabilities

probability transition matrix

observation probability matrix

stream relevance weight matrix

the set of symbols or codebook in the case of DHMM

Dimension of the data

number of states

represents the ith state

number of symbols/gaussian mixtures

the jth symbol of the codebook V

number of data generating streams

index of the state s;

index of a symbol/gaussian mixture component

index of a generating stream

the transition probability from state ¢ to state j

the probability of an observation v; given a state i

sequence length, it might vary from a sequence to another.

index of time along a sequence

an observation sequence

an observation vector at time ¢ in sequence O

The training data consisting of a set of sequences

Number of sequences in the training data

index of an observation sequence in the training data

the state sequence correspondent to each observation sequence O

the state generating the observation o;

the sequence of the Gaussian mixture components correspondent to each ob-
servation sequence O

The Gaussian mixture component generating the observation o,

the sequence of stream indicies correspondent to each observation sequence O
The relevant feature subset for each observation o,

objective function for MLE

objective function for MCE training

iteration number of the MCE training
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