-

View metadata, citation and similar papers at core.ac.uk brought to you byf’f CORE

MATHEMATICAL COMMUNICATIONS 11(2006), 137-141 137

On an inequality of Griiss type

Josip PECGARIG* AND SIME UNGART

Abstract. We prove an inequality of Griss type for p-norm, which
for p = 0o gives an estimate similar to a result of Pachpatte [2].
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1 Introduction

For differentiable functions f,g: [a,b] — R, a-b > 0, Pachpatte has in [2] proved,
using Pompeiu’s mean value theorem [4], the following Griiss-like inequality:

f;f(x)g(x) dx — ﬁ (f;f(x) dx f;xg(x) dx —i—f;g(x) dx f;xf(x) dx)

< = e lloo 2 J9(@)] |5 = 55| dz + llg — e/ lloo 7 | F(@)]|3 — 22| do

where (t) =t, t € [a,b].
We are going to prove an estimate for the left-hand side using the p-norm,
1 < p < o0, which will for p = oo give a result similar to the one in [2].

2 The main result

Before stating the main result, we will introduce some notation and state without
proof an elementary lemma (see also [3] for some less obvious details of the proof):
Lemma 1. For%—l—%:l, 1<p,g< o0, and 0<a <z <b, denote

A(x,p);z(/:(/tmi—;du)dtf+</:(/:J—;du)dt>é, (1)
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where for p =1, i. e. ¢ = 0o, the integrals are to be interpreted as the co-norms, i. e.

as mazima of the function (u,t) — ut—z on the corresponding domains of integration.

Then

2020 g2—a_gltapl—20\e /[ p2—a_p2—q  g2—a_pltagl—2a\s
A(x,p>=( T ) ( " )

(1-29)(2—q)  (1—29)(1+q) (1-2¢)(2—q¢) (1-2¢9)(1+q)
for 1 <p,q< oo, p,q#2;

1 z\3 a® 3 r\3 b 3 .
A(ac,2):§<<ln<g> +E_1) —|—<ln<g> +E_1) ):II)LI%A(x,p),

2, p2
A(z,00) = @’ b +z—(a+b)= lim A(z,p);

2z p—0o0

1 b .

Now we state the main result

Theorem 2. Let the functions f,g: [a,b] — R be continuous on [a,b] and
differentiable on (a,b) with 0 < a < b. Then for % + % =1, with 1 < p,q < oo, the
following inequality holds:

/a fa)a(e) o - e / ) de- / ag(a) da + / (@) de - / () )

_a)¥ b b
o) (f il 710 Aw.p)dx + g = 'l [ 215 Atz dx) @

b? — a2
where 1(t) = t, t € [a,b], and A(z,p) is as in Lemma 1.
First we prove a lemma:
Lemma 3. Let the function ¢: [a,b] — R be continuous on [a,b] and differen-
tiable on (a,b) with a-b> 0. Then
¢

@) — o) =t [ (plu) ~ ug/ (1)) o du Q

x

for all z,t € [a,b].
Proof. Define ®: [1/b,1/a] — R by ®(t) :=t (). The function ® is continuous
and differentiable on (1/b,1/a), and for all z1,x2 € [1/b,1/a] we have

[ wwas [ (e(0)-14(7) o

2 2
1/3:1 , 1
= - o(u) —ugp'(u) — du.
[ )+
Denote 21 =: 1/x and xz2 =: 1/t. Then for all x,t € [a,b] from (4) we get

Lol = 0t = [ (o)~ up'(w) o du

®(z1) — P(z2)

which gives (3) and proves the lemma. O
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Proof of Theorem 2. By Lemma 3 we have
t
1
tf(z) —z f(t) = xt/ (f(u) — uf’(u))ﬁdu

tg(z) —xg(t) = xt/ (g(u) — ug’(u))% du.

Multiplying these identities by ¢g(z) and f(x) respectively, and adding the results,
gives

247(x) g(x) ~ 7 g(e) £(6) — 2 (2) 910
—agla)t [ (Fu) =) gy duta f@)t [ (o)~ ug'w) 5y du,

which we integrate on ¢ and obtain
(b* —a?) f(z) g(x) — xg(x)/cff(f) dt — xf(x)/abg(f) dt
— 2 g(x) /ab (/: (f () —uf’(u))%du) dt
+af(2) /ab (/t (9(00) — /(1)) = du) .

Integrating the last identity on x and taking the absolute value, gives

(b - a?) abf(x)g(x) do—[ “rg(e) do / ftya - / e f (@) e / o) dt\

/ab (xg(x)/ab (/: (f(u) —uf'(u)) % du) dt) da
/ab (g; (x)/ab (/: (9(u) — ug'(u)) % du) dt) da

For the first addend on the right-hand side of (5) we have

Lb(zg(x)/ab (/: (f(u) — uf'(uw)) % du) dt) da
< /b( /ab</;(f(u)—uf’(u))%du> dtD iz, ©

and for the second factor under the integral on z (i. e. the outermost integral) in (6),
we find

/ ( / (F) — () 25 du) dt|

</ab / (F(u) — uf(u) 5] du

A

<

_|_

: (5)

wg(w)‘ :

dt

b
dt+/

(f(u)—uf/(u)) %)du (f(u)—uf’(u))%‘du

dt . (7)

[
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Application of the Hilder's inequality shows that the last line in (7) is
<([ ([ rw-wrtfa) dt);- ([ (] ) dt);
([ ver-wrpanga ([ ([ o)
< (Lb(/ablf<u>—uf’<u>lpdu) dt);
(L )+ (L[ ma)a’) o

The first factor in (8) equals (b — a)% I|f — ¢ f'llp, and, by Lemma 1, the second
factor equals A(z,p). Plugging this into (6) shows that for the first addend on the
right-hand side in (5) we have

b(xg(x)/b(/:(f( ) — uf’(u))%du) dt) dx

/)xg (b—a)b |f ¢ f'llp - Az, p) da

b
—(b-a)} Hf—Lf’IIp~/ z|g(z)| Az, p) d. (9)

An analogous inequality holds for the second addend in (5), so putting these
two inequalities into (5) and dividing by b? — a® gives the required inequality (2),
proving the theorem. O

Inequality (2) has a particularly simple form in case p = 1, so we state it as a
corollary:

Corollary 4. Let the functions f,g: [a,b] — R be continuous on [a,b] and
differentiable on (a,b) with 0 < a < b. Then the following inequality holds:

% /bf(w)dx -/bxg(x)dx +/bg($)d$ -/bxf(x) dx)
(f 0@ (24 D) hg gty [ (L + L))

where L(t) =1t,t€lab].
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