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ABSTRACT

It is well-known that Pascal and Brianchon theorems char-
acterize conics in a Pappian projective plane. But, using
these theorems and their modifications we shall show that
the notion of a conic (or better a Pascal-Brianchon set)
can be defined without any use of theory of projectivities
or of polarities as usually.
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Pascal-Brianschonovi skupovi u Pappusovim pro-
jektivnim ravninama

SAŽETAK

Poznato je da Pascalov i Brianchonov teorem karakter-
iziraju kivulje 2. reda u Pappusovoj projektivnoj ravnini.
Med-utim, koristeći te teoreme i njihove modifikacije
pokazat ćemo da se pojam krivulje 2. reda (ili bolje: pojam
Pascal-Brianchonovog skupa) može definirati bez pomoći
projektiviteta ili teorije polariteta, kao što se to obično
radi.

Ključne riječi: konika, Pascalov skup, Pascal-Brianchonov
skup

1 Introduction

We shall operate in a Pappian projective plane of order at
least 5 and characteristic other then 2.

A simple 6-point A1A2A3A4A5A6 is a set of six points
A1, A2, A3, A4, A5, A6 taken in this cyclic order in
which any two consecutive points and any other point are
non-collinear. We say that this 6-point is aPascalian
6-point and we writeP(A1,A2,A3,A4,A5,A6) if A1A2 ∩

A4A5, A2A3∩A5A6 andA3A4∩A6A1 are collinear points.

The Pappus theorem can be stated in the following form:

If A1, A3, A5 resp. A2, A4, A6 are collinear points then
P(A1,A2,A3,A4,A5,A6).

Now, we can prove (see [2]):

Theorem 1.1
P(A1,A2,A3,A4,A5,A6) =⇒ P(Ai1,Ai2,Ai3,Ai4,Ai5,Ai6),
where (i1, i2, i3, i4, i5, i6) is any permutation of
{1,2,3,4,5,6}.

It is well-known that Pappus theorem implies the De-
sargues theorem. More precisely Pappus theorem resp.

Desargues theorem is equivalent to the statement of
Theorem 1.1 for(i1, i2, i3, i4, i5, i6) = (1,2,3,4,6,5) resp.
(i1, i2, i3, i4, i5, i6) = (1,2,3,6,5,4) (see [1], [2]).

By the following definitions we shall generalize the notion
of a simple 6-point. LetI be the relation of incidence.

A one-fold specialized simple 6-point A1a1A1A2A3A4A5

is a set of five pointsA1, A2, A3, A4, A5 taken in this
cyclic order in which any three points are non-collinear,
and of a linea1 such thatAiIa1 iff i = 1. We say that this
6-point is aPascalian one-fold specialized 6-pointand we
write P(A1a1A1,A2,A3,A4,A5) if a1∩A3A4, A1A2∩A4A5,
A2A3∩A5A1 are collinear points.

A two-fold specialized simple 6-point A1a1A1A2a2A2A3A4

of type 1is a set of four pointsA1, A2, A3, A4 taken in this
cyclic order in which any three points are non-collinear,
and of two linesa1, a2 such thatAiIa j iff i = j. We
say that this 6-point is aPascalian two-fold specialized
6-point of type 1and we writeP(A1a1A1,A2a2A2,A3,A4)

if a1∩A2A3, A1A2∩A3A4, a2∩A4A1 are collinear points.

A two-fold specialized simple 6-point A1a1A1A2A3a3A3A4

of type 2is a set of four pointsA1, A2, A3, A4 taken in this
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cyclic order in which any three points are non-collinear,
and of two linesa1, a3 such thatAiIa j iff i = j. We say
that this 6-point is aPascalian two-fold specialized 6-point
of type 2and we writeP(A1a1A1,A2,A3a3A3,A4) if a1∩a3,
A1A2∩A3A4, A2A3∩A4A1 are collinear points.

A three-fold specialized simple 6-pointA1a1A1A2a2A2A3a3A3

is a set of three non-collinear pointsA1, A2, A3 and of
three non-concurrent linesa1, a2, a3 such thatAiIa j iff
i = j.We say that this 6-point is aPascalian three-fold spe-
cialized 6-pointand we writeP(A1a1A1,A2a2A2,A3a3A3)

if a1∩A2A3, A1A2∩a3, a2∩A3A1 are collinear points.

Now, we can prove some theorems about Pascalian
6-points.

Theorem 1.2
P(A1a1A1,A2,A3,A4,A5) =⇒ P(A1a1A1,A4,A3,A2,A5)

Proof. Let a1 ∩ A3A4 = U , A1A2 ∩ A4A5 = V, A2A3 ∩

A5A1 = W be collinear points (Fig. 1). We must prove
that the pointsa1∩A3A2 = U ′, A1A4∩A2A5 = V ′, A4A3∩

A5A1 = W′ are collinear. Consider two triangles with the
verticesU , A1, A4 resp. W, A2, A5. As the linesUW,
A1A2, A4A5 pass through the pointV, so by Desargues
theorem the pointsA1A4∩A2A5 = V ′, A4U ∩A5W = W′,
UA1∩WA2 = U ′ are collinear.

Figure 1

Theorem 1.3
P(A1a1A1,A2,A3,A4,A5) =⇒ P(A1a1A1,A2,A4,A3,A5)

Proof. We must prove that the collinearity of points
a1∩A3A4 = U , A1A2∩A4A5 = V, A2A3∩A5A1 = W im-
plies the collinearity of pointsa1 ∩ A4A3 = U , A1A2 ∩

A3A5 =V ′, A2A4∩A5A1 =W′ (Fig. 2). By Pappus theorem

we haveP(A2,A4,A3,A5,W,V), i.e. A2A4 ∩A5W = W′,
A4A3∩WV = U , A3A5∩VA2 = V ′ are collinear points.

Figure 2

Theorem 1.4
P(A1a1A1,A2,A3,A4,A5) =⇒ P(A1a1A1,A2,A3,A5,A4)

Proof. P(A1a1A1,A2,A3,A4,A5) implies by Theorem 1.2
P(A1a1A1,A4,A3,A2,A5), i.e. P(A1a1A1,A5,A2,A3,A4).
But, Theorem 1.3 implies thenP(A1a1A1,A5,A3,A2,A4)

and finally Theorem 1.2 impliesP(A1a1A1,A2,A3,A5,A4).

Obviously, Theorems 1.2, 1.3 and 1.4 imply:

Theorem 1.5
P(A1a1A1,A2,A3,A4,A5) =⇒ P(A1a1A1,Ai2,Ai3,Ai4,Ai5),
where(i2, i3, i4, i5) is any permutation of{2,3,4,5}

Further, we have:

Theorem 1.6
P(A1a1A1,A2,A3a3A3,A4)⇐⇒P(A1a1A1,A3a3A3,A2,A4).

Proof. We must prove thata1∩a3 = U , A1A2∩A3A4 = V,
A2A3∩A4A1 = W are collinear points iffa1∩A3A2 = U ′,
A1A3 ∩ A2A4 = V ′, a3 ∩ A4A1 = W′ are collinear points
(Fig. 3). If the pointsU , V, W are collinear, then the
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lines A3A4, UW, A1A2 pass through the pointV and ac-
cording to Desargues theorem the pointsUA1∩WA2 = U ′,
A1A3 ∩A2A4 = V ′, A3U ∩A4W = W′ are collinear. Con-
versely, ifU ′, V ′, W′ are collinear points, then the lines
A2A4, U ′W′, A1A3 pass through the pointV ′ and Desargues
theorem implies the collinearity of pointsU ′A1∩W′A3 =

U , A1A2∩A3A4 = V, A2U ′∩A4W′
= W.

Figure 3

Theorem 1.7
P(A1a1A1,A2a2A2,A3,A4)=⇒P(A1a1A1,A2a2A2,A4,A3).

Proof. According to Theorem 1.6 we have
P(A1a1A1,A3,A2a2A2,A4), i.e. P(A1a1A1,A4,A2a2A2,A3)

and then Theorem 1.6 impliesP(A1a1A1,A2a2A2,A4,A3).

2 Ordinary Pascal sets

Let A1, A2, A3, A4, A5 be five points such that any
three of them are non-collinear. Anordinary Pascal
set determined byA1, A2, A3, A4, A5 is the set of
points p(A1,A2,A3,A4,A5) = {A1,A2,A3,A4,A5} ∪ {X |

P(A1,A2,A3,A4,A5,X)}.

In virtue of Theorem 1.1 we havep(A1,A2,A3,A4,A5) =

p(Ai1,Ai2,Ai3,Ai4,Ai5), where(i1, i2, i3, i4, i5) is any per-
mutation of{1,2,3,4,5}.

Now, we have a theorem proved in [2].

Theorem 2.1
p(A1,A2,A3,A4,A5) = p(A1′ ,A2′ ,A3′ ,A4′ ,A5′) for any dif-
ferent points A1′ ,A2′ ,A3′ ,A4′ ,A5′ ∈ p(A1,A2,A3,A4,A5),
i.e. an ordinary Pascal set is uniquely determined by any
five different of its points.

Theorem 2.1 and the definition of ordinary Pascal set im-
ply that any three different points of an ordinary Pascal set
are non-collinear.

A line a1 such that P(A1a1A1,A2,A3,A4,A5) holds
is said to be atangent of the ordinary Pascal set
p(A1,A2,A3,A4,A5) at its point A1. According to Theo-
rem 1.5a1 is a tangent ofp(A1,Ai2,Ai3,Ai4,Ai5) at the point
A1, where(i2, i3, i4, i5) is any permutation of{2,3,4,5}.

Let us prove:

Theorem 2.2
There is one and only one tangent of p(A1,A2,A3,A4,A5)

at the point A1.

Proof. Let V = A1A2 ∩A4A5, W = A2A3 ∩A5A1. A line
a1 is a tangent ofp(A1,A2,A3,A4,A5) at the pointA1 iff
P(A1a1A1,A2,A3,A4,A5) holds, i.e. iffA1Ia1 and iff the
pointsU = a1∩A3A4, V, W are collinear, i.e. iffa1 = A1U ,
whereU = A3A4∩VW (Fig. 1).

Theorem 2.3
Let A5′ ∈ p(A1,A2,A3,A4,A5)\ {A1,A2,A3,A4}. A line a1

is the tangent of p(A1,A2,A3,A4,A5) at the point A1 iff a1

is the tangent of p(A1,A2,A3,A4,A5′) at the point A1.

Proof. The statment is trivial ifA5′ = A5.
Let further A5′ 6= A5. In virtue of Theorem 1.1
A5′ ∈ p(A1,A2,A3,A4,A5) \ {A1,A2,A3,A4} implies A5 ∈

p(A1,A2,A3,A4,A5′) \ {A1,A2,A3,A4} and we have
P(A1,A2,A5′ ,A4,A5,A3), i.e. the pointsA1A2∩A4A5 = U ,
A2A5′∩A5A3 =V, A5′A4∩A3A1 =W are collinear (Fig. 4).

Figure 4
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Let a1 be the tangent ofp(A1,A2,A3,A4,A5) at the
point A1, i.e. let P(A1a1A1,A2,A3,A4,A5) holds. Then
by Theorem 1.4 we haveP(A1a1A1,A2,A3,A5,A4), i.e.
a1 ∩ A3A5 = U ′, A1A2 ∩ A5A4 = U , A2A3 ∩ A4A1 =

W′ are collinear points. By Pappus theorem we have
P(U ′,A1,A3,A2,V,U), i.e. U ′A1 ∩ A2V = U ′′, A1A3 ∩

VU = W, A3A2 ∩UU ′
= W′ are collinear points. But,

this means thata1 ∩ A2A5′ = U ′′, A1A3 ∩ A5′A4 = W,
A3A2 ∩ A4A1 = W′ are collinear points, i.e. we have
P(A1a1A1,A3,A2,A5′ ,A4), wherefrom by Theorem 1.5
P(A1a1A1,A2,A3,A4,A5′) follows, i.e. a1 is the tangent
of p(A1,A2,A3,A4,A5′) at the pointA1. The proof of the
converse follows by the substitutionA5 ↔ A5′ .

On the basis of Theorem 2.3 we can prove:

Theorem 2.4
Let A2′ ,A3′ ,A4′ ,A5′ ∈ p(A1,A2,A3,A4,A5) \ {A1} be
four different points. A line a1 is the tangent of
p(A1,A2,A3,A4,A5) at the point A1 iff a1 is the tangent of
p(A1,A2′ ,A3′ ,A4′ ,A5′) at the point A1, i.e. the tangent of
an ordinary Pascal set at anyone of its points is uniquely
determined.

Proof. By Theorem 2.1 p(A1,A2,A3,A4,A5) =

P(A1,A2′ ,A3′ ,A4′ ,A5′). At least one of the pointsA2′ ,
A3′ , A4′ , A5′ is different from the pointsA2, A3, A4. Let
be e.g.A5′ 6= A2,A3,A4. FromA5′ ∈ p(A1,A2,A3,A4,A5)\

{A1,A2,A3,A4} by Theorem 2.1p(A1,A2,A3,A4,A5) =

p(A1,A5′ ,A2,A3,A4) follows and by Theorem 2.3a1 is
the tangent ofp(A1,A2,A3,A4,A5) at the pointA1 iff a1

is the tangent ofp(A1,A5′ ,A2,A3,A4) at the pointA1. At
least one of the pointsA2′ , A3′ , A4′ is different from the
points A2, A3. Let be e.g. A4′ 6= A2,A3. From A4′ ∈

p(A1,A5′ ,A2,A3,A4) \ {A1,A5′ ,A2,A3} by Theorem 2.1
p(A1,A5′ ,A2,A3,A4) = p(A1,A4′ ,A5′ ,A2,A3) follows and
by Theorem 2.3a1 is the tangent ofp(A1,A5′ ,A2,A3,A4)

at the pointA1 iff a1 is the tangent ofp(A1,A4′ ,A5′ ,A2,A3)

at the pointA1. At least one of the pointsA2′ , A3′ is differ-
ent from the pointA2. Let be e.g.A3′ 6= A2. FromA3′ ∈

p(A1,A4′ ,A5′ ,A2,A3) \ {A1,A4′ ,A5′ ,A2} by Theorem 2.1
p(A1,A4′ ,A5′ ,A2,A3) = p(A1,A3′ ,A4′ ,A5′ ,A2) follows and
by Theorem 2.3a1 is the tangent ofp(A1,A4′ ,A5′ ,A2,A3)

at the pointA1 iff a1 is the tangent ofp(A1,A3′ ,A4′ ,A5′ ,A2)

at the pointA1. Finally, fromA2′ ∈ p(A1,A3′ ,A4′ ,A5′ ,A2)\

{A1,A3′ ,A4′ ,A5′} by Theorem 2.3 follows thata1 is the
tangent ofp(A1,A3′ ,A4′ ,A5′ ,A2) at the pointA1 iff a1 is
the tangent ofp(A1,A2′ ,A3′ ,A4′ ,A5′) at the pointA1.

If a is the tangent of an ordinary Pascal setp at its pointA,
then we say thatAaA is aflagof p.

Theorem 2.5
If A1a1A1 is a flag of an ordinary Pascal set p, then A1 is
the unique point such that A1 ∈ p and A1Ia1.

Proof. Suppose that there is a pointA2 such thatA2 6= A1;
A2Ia1 andA2 ∈ p. But p contains at least five different
points and there are three different pointsA3,A4,A5 ∈ p\
{A1,A2}. Then we haveP(A1a1A1,A2,A3,A4,A5) which
contradicts withA2Ia1.

3 One-fold specialized Pascal sets

Let A1, A2, A3, A4 be four points such that any three of
them are non-collinear and leta1 be a line such thatAiIa1

iff i = 1. An one-fold specialized Pascal setdetermined
by the flagA1a1A1 and the pointsA2, A3, A4 is the set
of points p(A1a1A1,A2,A3,A4) = {A1,A2,A3,A4} ∪ {X |

P(A1a1A1,A2,A3,A4,X)}.

According to Theorem 1.5 we havep(A1a1A1,A2,A3,A4)=

p(A1a1A1,Ai2,Ai3,Ai4), where(i2, i3, i4) is any permuta-
tion of {2,3,4}.

Theorem 3.1
p(A1a1A1,A2,A3,A4) = p(A1a1A1,A2,A3,A4′) for any
point A4′ ∈ p(A1a1A1,A2,A3,A4)\ {A1,A2,A3}.

Proof. If A4′ = A4, the statement is trivial. Let
be furtherA4′ 6= A4. As A4′ ∈ p(A1a1A1,A2,A3,A4) \

{A1,A2,A3,A4}, so we haveP(A1a1A1,A2,A3,A4,A4′),
wherefrom by Theorem 1.4P(A1a1A1,A2,A3,A4′ ,A4) fol-
lows, i.e. A4 ∈ p(A1a1A1,A2,A3,A4′) \ {A1,A2,A3,A4′}

holds. Let X ∈ p(A1a1A1,A2,A3,A4) \ {A1,A2,A3,A4},
i.e, let P(A1a1A1,A2,A3,A4,X) holds, and letX 6= A4′ .
It is necessary to proveX ∈ p(A1a1A1,A2,A3,A4′) \

{A1,A2,A3,A4′}, i.e. P(A1a1A1,A2,A3,A4′ ,X). There-
fore, because of Theorem 1.5 we must prove that
P(A1a1A1,A2,A4,A3,A4′), P(A1a1A1,A2,A4,A3,X) and
A4′ 6= X imply P(A1a1A1,A2,X,A3,A4′). But, the first two
hypotheses mean thata1∩A4A3 = U , A1A2∩A3A4′ = V,
A2A4∩A4′A1 = W resp.a1∩A4A3 = U , A1A2∩A3X = V ′,
A2A4 ∩ XA1 = W′ are collinear points (Fig. 5). Con-
sider two triangles with the verticesW,A1, U resp. A2,
X, V ′. As the linesWA2, A1X, UV′ pass through the
point W′ so by Desargues theoremA1U ∩ XV′

= U ′′,
UW∩V ′A2 = V, WA1 ∩A2X = W′′ are collinear points.
But,U ′′

= a1∩XA3, V = A1A2∩A3A4′ , W′′
= A2X∩A4′A1

and we haveP(A1a1A1,A2,X,A3,A4′). On the same man-
ner (by the substitutionA4 ↔ A4′ ) we can prove thatX ∈

p(A1a1A1,A2,A3,A4′)\{A1,A2,A3,A4′} andX 6= A4 imply
X ∈ p(A1a1A1,A2,A3,A4)\ {A1,A2,A3,A4}.
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Figure 5

Theorem 3.2
p(A1a1A1,A2,A3,A4) = p(A1a1A1,A2′ ,A3′ ,A4′) for any
different points A2′ ,A3′ ,A4′ ∈ p(A1a1A1,A2,A3,A4)\{A1},
i.e, an one-fold specialized Pascal set is uniquely deter-
mined by its flag A1a1A1 and any three of its points, which
are mutually different and different from A1.

Proof. At least one of the pointsA2′ , A3′ , A4′ is differ-
ent from the pointsA2, A3. Let be e.g. A4′ 6= A2,A3.
From A4′ ∈ p(A1a1A1,A2,A3,A4) \ {A1,A2,A3} by The-
orem 3.1 p(A1a1A1,A2,A3,A4) = p(A1a1A1,A4′ ,A2,A3)

follows. At least one of the pointsA2′ , A3′ is dif-
ferent from the pointA2. Let be e.g. A3′ 6= A2.
From A3′ ∈ p(A1a1A1,A4′ ,A2,A3) \ {A1,A4′ ,A2} by The-
orem 3.1p(A1a1A1,A4′ ,A2,A3) = p(A1a1A1,A3′ ,A4′ ,A2)

follows. Finally, from A2′ ∈ p(A1a1A1,A3′ ,A4′ ,A2) \

{A1,A3′ ,A4′} by Theorem 3.1p(A1a1A1,A3′ ,A4′ ,A2) =

p(A1a1A1,A2′ ,A3′ ,A4′) follows.

Theorem 3.2 and the definition of one-fold specialized Pas-
cal setp determined by the flagAaA imply that any three
different points ofp are non-collinear and thatXIa iff
X = A for any pointX ∈ p.

A line a2 such thatP(A1a1A1,A2a2A2,A3,A4) holds is
said to be atangent of the one-fold specialized Pascal set
p(A1a1A1,A2,A3,A4) at the point A2. According to The-
orem 1.7 thena2 is a tangent ofp(A1a1A1,A2,A4,A3) at
the point A2. The line a1 is said to be the tangent of
p(A1a1A1,A2,A3,A4) at the pointA1.

Theorem 3.3
There is one and only one tangent of p(A1a1A1,A2,A3,A4)

at the point A2.

Proof. Let U = a1 ∩ A2A3, V = A1A2 ∩ A3A4. A line
a2 is a tangent ofp(A1a1A1,A2,A3,A4) at the pointA2

iff P(A1a1A1,A2a2A2,A3,A4) holds, i.e. iff U,V,W =

a2 ∩A4A1 are collinear points, i.e. iffa2 = A2W, where
W = A4A1∩UV.

Theorem 3.4
Let be A4′ ∈ p(A1a1A1,A2,A3,A4)\{A1,A2,A3}. A line a2

is the tangent of p(A1a1A1,A2,A3,A4) at the point A2 iff a2

is the tangent of p(A1a1A1,A2,A3,A4′) at the point A2.

Proof. The statement is trivial ifA4′ = A4. Let further
A4′ 6= A4. By Theorem 1.5A4′ ∈ p(A1a1A1,A2,A3,A4) \

{A1,A2,A3} implies A4 ∈ p(A1a1A1,A2,A3,A4′) \

{A1,A2,A3} and we haveP(A1a1A1,A4,A2,A4′ ,A3), i.e.
a1 ∩ A2A4′ = U , A1A4 ∩ A4′A3 = V, A4A2 ∩ A3A1 =

W are collinear points (Fig. 6). Leta2 be the tan-
gent of p(A1a1A1,A2,A3,A4) at the pointA2, i.e. let
P(A1a1A1,A2a2A2,A3,A4) hold. Then by Theorem 1.6
we haveP(A1a1A1,A3,A2a2A2,A4), i.e. a1 ∩ a2 = U ′,
A1A3∩A2A4 = W, A3A2∩A4A1 = W′ are collinear points.
Consider the triangles with the verticesA2, U ′, A1 resp.A3,
W, V. The linesA2A3, U ′W, A1V pass through the point
W′ and Desargues theorem implies thatU ′A1 ∩WV = U ,
A1A2∩VA3 = V ′′, A2U ′∩A3W = W′′ are collinear points.
But,U = a1∩A2A4′ , V ′′

= A1A2∩A4′A3, W′′
= a2∩A3A1

and we haveP(A1a1A1,A2a2A2,A4′ ,A3), i.e. a2 is the tan-
gent of p(A1a1A1,A2,A4′ ,A3) = p(A1a1A1,A2,A3,A4′) at
the pointA2. The proof of the converse follows by the
substitutionA4 ↔ A4′ .

Figure 6

9
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Theorem 3.5
Let A3′ ,A4′ ∈ p(A1a1A1,A2,A3,A4) \ {A1,A2} be
two different points. A line a2 is the tangent of
p(A1a1A1,A2,A3,A4) at the point A2 iff a2 is the tangent
of p(A1a1A1,A2,A3′ ,A4′) at the point A2.

Proof. By Theorem 3.2 p(A1a1A1,A2,A3,A4) =

p(A1a1A1,A2,A3′ ,A4′). At least one of the pointsA3′ , A4′

is different from the pointA3. Let be e.g.A4′ 6= A3. From
A4′ ∈ p(A1a1A1,A2,A3,A4)\ {A1,A2,A3} by Theorem 3.2
p(A1a1A1,A2,A3,A4)= p(A1a1A1,A2,A4′ ,A3) follows and
by Theorem 3.4a2 is the tangent ofp(A1a1A1,A2,A3,A4)

at the pointA2 iff a2 is the tangent ofp(A1a1A1,A2,A4′ ,A3)

at the point A2. From A3′ ∈ p(A1a1A1,A2,A4′ ,A3) \

{A1,A2,A4′} by Theorem 3.2 it follows thata2 is the tan-
gent of p(A1a1A1,A2,A4′ ,A3) at the pointA2 iff a2 is the
tangent ofp(A1a1A1,A2,A4′ ,A3′)= p(A1a1A1,A2,A3′ ,A4′)

at the pointA2.

Theorem 3.6
If a2 is the tangent of p= p(A1a1A1,A2,A3,A4) at the point
A2, then A2 is the unique point such that A2 ∈ p and A2Ia2.

Proof. We haveP(A1a1A1,A2a2A2,A3,A4) and therefore
AiIa2 iff i = 2. Suppose that there is a pointA5 ∈ p\

{A1,A2,A3,A4} such thatA5Ia2. Owing to Theorem 3.2
we havep = p(A1a1A1,A2,A3,A5) and by Theorem 3.5
a2 is the tangent ofp(A1a1A1,A2,A3,A5) at the pointA2.
Therefore we haveP(A1a1A1,A2a2A2,A3,A5) which con-
tradicts withA5Ia2.

If p is an one-fold specialized Pascal set anda2 is a tangent
of p at its pointA2, then we say thatA2a2A2 is aflagof p.

Theorem 3.7
If A2a2A2 is a flag of p(A1a1A1,A2,A3,A4), then
P(A1a1A1,A2,A3,A4) = P(A2a2A2,A1,A3,A4).

Proof. The linea2 is the tangent ofp(A1a1A1,A2,A3,A4)

at the pointA2 and soP(A1a1A1,A2a2A2,A3,A4) holds,
wherefrom by Theorem 1.7P(A2a2A2,A1a1A1,A3,A4)

follows, i.e. a1 is the tangent ofp(A2a2A2,A1,A3,A4)

at the point A1, and a1 ∩ A2A3 = U , A1A2 ∩

A3A4 = V, a2 ∩ A4A1 = W are collinear points
(Fig. 7). LetX ∈ p(A1a1A1,A2,A3,A4) \ {A1,A2,A3,A4},
i.e. let P(A1a1A1,A2,A3,A4,X) holds. We must
prove X ∈ p(A2a2A2,A1,A3,A4) \ {A1,A2,A3,A4}, i.e.
P(A2a2A2,A1,A3,A4,X). According to Theorem 1.5
we haveP(A1a1A1,A2,X,A3,A4), i.e. a1 ∩ XA3 = U ′,
A1A2 ∩A3A4 = V, A2X ∩A4A1 = W′ are collinear points.
The linesA3X, VW′ , UA1 pass through the pointU ′ and

Desargues theorem implies the collinearity of the points
VU ∩W′A1 = W, UA3 ∩ A1X = V ′′, A3V ∩ XW′

= W′′.
But, we haveW = a2 ∩A4A1, V ′′

= A2A3 ∩A1X, W′′
=

A3A4 ∩ XA2, i.e. P(A2a2A2,A3,A4,A1,X), and Theo-
rem 1.5 impliesP(A2a2A2,A1,A3,A4,X). On the same
manner (by the substitutionsA1 ↔ A2, a1 ↔ a2) it can
be proved thatX ∈ p(A2a2A2,A1,A3,A4)\{A1,A2,A3,A4}

impliesX ∈ p(A1a1A1,A2,A3,A4)\ {A1,A2,A3,A4}.

Figure 7

Theorem 3.8
Let A2a2A2 be a flag of p(A1a1A1,A2,A3,A4). A line a3 is
the tangent of p(A1a1A1,A2,A3,A4) at the point A3 iff a3 is
the tangent of p(A2a2A2,A1,A3,A4) at the point A3.

Proof. As in the proof of Theorem 3.7 we con-
clude that a1 is the tangent ofp(A2a2A2,A1,A3,A4)

at the point A1. We have P(A1a1A1,A2a2A2,A3,A4)

i.e. by Theorem 1.6P(A1a1A1,A3,A2a2A2,A4), and
a1 ∩ a2 = U , A1A3 ∩ A2A4 = V, A3A2 ∩ A4A1 = W are
collinear points (Fig. 8). Leta3 be the tangent of
p(A1a1A1,A2,A3,A4) = p(A1a1A1,A3,A2,A4) at the point
A3. Then P(A1a1A1,A3a3A3,A2,A4) holds, i.e. a1 ∩

A3A2 =U ′, A1A3∩A2A4 =V, a3∩A4A1 =W′ are collinear
points. The linesW′V, A3A2, A1U pass through the point
U ′ and Desargues theorem implies thatA3A1∩A2U = U ′′,
A1W′ ∩UV = W, W′A3∩VA2 = W′′ are collinear points.
But, U ′′

= a2∩A3A1, W = A2A3∩A1A4, W′′
= a3∩A4A2

and we haveP(A2a2A2,A3a3A3,A1,A4), i.e. a3 is the tan-
gent of p(A2a2A2,A3,A1,A4) = p(A2a2A2,A1,A3,A4) at
the pointA3. The proof of the converse follows by the
substitutionsA1 ↔ A2, a1 ↔ a2.

10
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Figure 8

Theorem 3.9
If A1′ , A2′ , A3′ , A4′ ∈ p = p(A1a1A1,A2,A3,A4) are four
different points and if a1′ is a tangent of p at the point A1′
then p= p(A1′a1′A1′ ,A2′ ,A3′ ,A4′), i.e. an one-fold spe-
cialized Pascal set is uniquely determined by anyone of its
flags AaA and any three of its points which are mutually
different and different from the point A.

Proof. If A1′ = A1 then we use Theorem 3.2. Let be
further A1′ 6= A1. At most one of the pointsA2′ , A3′ ,
A4′ is equal toA1. Let be e.g. A1 6= A2′ .A3′ . Then
Theorem 3.2 impliesp = p(A1a1A1,A1′ ,A2′ ,A3′). By
Theorem 3.5a1′ is the tangent ofp(A1a1A1,A1′ ,A2′ ,A3′)

at the point A1′ . Therefore, Theorem 3.7 im-
plies p(A1a1A1,A1′ ,A2′ ,A3′) = p(A1′a1′A1′ ,A1,A2′ ,A3′).
So we have A4′ ∈ p(A1′a1′A1′ ,A1,A2′ ,A3′) and fi-
nally Theorem 3.2 impliesp(A1′a1′A1′ ,A1,A2′ ,A3′) =

p(A1′a1′A1′ ,A2′ ,A3′ ,A4′).

Theorem 3.10
Let A1′ , A2′ , A3′ ∈ p = p(A1a1A1,A2,A3,A4) be different
points such that A1′ , A2′ , A3′ 6= A4 and let a1′ be the tan-
gent of p at the point A1′ . A line a4 is the tangent of p at
the point A4 iff a4 is the tangent of p(A1′a1′A1′ ,A2′ ,A3′ ,A4)

at the point A4, i.e. the tangent of an one-fold specialized
Pascal set at anyone of its points is uniquely determined.

Proof. If A1′ = A1, then we use Theorem 3.5. Let be fur-
therA1′ 6= A1. At most one of the pointsA2′ , A3′ is equal
to A1. Let be e.g.A1 6= A2′ . By Theorem 3.5 it follows that
a4 is the tangent ofp at the pointA4 iff a4 is the tangent
of p(A1a1A1,A1′ ,A2′ ,A4) at the pointA4. If we apply this
fact to the pointA1′ instead of the pointA4, then it follows
thata1′ is the tangent ofp(A1a1A1,A1′ ,A2′ ,A4) at the point

A1′ . Therefore, Theorem 3.8 implies thata4 is the tangent
of p(A1a1A1,A1′ ,A2′ ,A4) at the pointA4 iff a4 is the tan-
gent of p(A1′a1′A1′ ,A1,A2′ ,A4) at the pointA4. But, A3′

p(A1′a1′A1′ ,A1,A2′ ,A4) and Theorem 3.5 implies thata4 is
the tangent ofp(A1′a1′A1′ ,A1,A2′ ,A4) in the pointA4 iff a4

is the tangent ofp(A1′a1′A1′ ,A2′ ,A3′ ,A4) at the pointA4.

4 Two-fold specialized Pascal sets

Let A1, A2, A3 be three non-collinear points anda1, a2

two lines such thatAiIa j iff i = j. A two-fold specialized
Pascal setdetermined by the flagsA1a1A1, A2a2A2 and
the pointA3 is the set of pointsp(A1a1A1,A2a2A2,A3) =

{A1,A2,A3}∪{X | P(A1a1A1,A2a2A2,A3,X)}.

Theorem 4.1
p(A1a1A1,A2a2A2,A3) = p(A1a1A1,A2a2A2,A3′) for any
point A3′ ∈ p(A1a1A1,A2a2A2,A3)\ {A1,A2}.

Proof. If A3′ = A3, the statement is trivial.
Let be furtherA3′ 6= A3. As A3′ ∈ P(A1a1A1,A2a2A2,A3)\

{A1,A2,A3}, so we have P(A1a1A1,A2a2A2,A3,A3′),
wherefrom by Theorem 1.7P(A1a1A1,A2a2A2,A3′ ,A3)

follows, i.e. A3 ∈ p(A1a1A1,A2a2A2,A3′) \ {A1,A2,A3′}.
Let now be X ∈ p(A1a1A1,A2a2A2,A3) \ {A1,A2,A3′},
i.e. let we haveP(A1a1A1,A2a2A2,A3,X), and let
X 6= A3′ . We must proveX ∈ p(A1a1A1,A2a2A2,A3′) \

{A1,A2,A3′}, i.e. P(A1a1A1,A2a2A2,A3′ ,X). There-
fore, because of Theorem 1.6, we must prove that
P(A1a1A1,A3,A2a2A2,A3′),P(A1a1A1,A3,A2a2A2,X) and
A3′ 6= X imply P(A1a1A1,A3′ ,A2a2A2,X). But, the first
two hypotheses mean thata1∩a2 = U , A1A3∩A2A3′ = V,
A3A2 ∩A3′A1 = W resp. a1∩ a2 = U , A1A3 ∩A2X = V ′,
A3A2∩XA1 = W′ are collinear points (Fig. 9).

Figure 9
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By Pappus theorem we haveP(V,W,A1,W′,V ′,A2),
i.e. VW ∩ W′V ′

= U , WA1 ∩ V ′A2 = V ′′, A1W′ ∩

A2V = W′′ are collinear points. But,U = a1 ∩ a2,
V ′′

= A1A3′ ∩ A2X, W′′
= A3′A2 ∩ XA1, and we have

P(A1a1A1,A3′ ,A2a2A2,X). On the same manner (by
the substitutionA3 ↔ A3′) it can be proved thatX ∈

p(A1a1A1,A2a2A2,A3′) \ {A1,A2,A3′} and X 6= A3 imply
X ∈ p(A1a1A1,A2a2A2,A3)\ {A1,A2,A3}.

Theorem 4.1 and the definition of two-fold specialized Pas-
cal setp determined by flagsA1a1A1 and A2a2A2 imply
that any point ofp\ {A1,A2} is not-incident with the lines
a1, a2, A1A2.

A line a3 such thatp(A1a1A1,A2a2A2,A3a3A3) holds is
said to be atangent of the two-fold specialized Pascal set
p(A1a1A1,A2a2A2,A3) at the point A3. The linesa1 anda2

are said to be the tangents ofp(A1a1A1,A2a2A2,A3) at the
pointsA1 andA2, respectively.

Theorem 4.2
There is one and only one tangent of p(A1a1A1,A2a2A2,A3)

at the point A3.

Proof. Let U = a1 ∩A2A3, W = a2 ∩A3A1. A line a3

is a tangent ofp(A1a1A1,A2a2A2,A3) at the pointA3 iff
P(A1a1A1,A2a2A2,A3a3A3) holds, i.e. iff A3Ia3 and iff
U,V = A1A2∩a3, W are collinear points, i.e. iffa3 = A3V,
whereV = A1A2∩UW.

Theorem 4.3
If a3 is the tangent of p= p(A1a1A1,A2a2A2,A3) at the
point A3, then A3 is the unique point such that A3 ∈ p and
A3Ia3.

Proof. We haveP(A1a1A1,A2a2A2,A3a3A3) and there-
fore AiIa3 iff i = 3. The pointsa1 ∩A2A3 = U , A1A2 ∩

a3 = V, a2∩A3A1 = W are collinear. Suppose that there
is a pointA4 ∈ p\ {A1,A2,A3} such thatA4Ia3. Then
we haveP(A1a1A1,A2a2A2,A3,A4), i.e. a1 ∩A2A3 = U ,
A1A2∩A3A4 = A1A2∩a3 =V, a2∩A4A1 =W′ are collinear
points. Therefore we haveW′

IUV andW′
= a2∩UV =W

i.e. finally A4 = a3∩A1W′
= a3∩A1W = A3, contrary to

the hypothesis.

If p is a two-fold specialized Pascal set anda3 a tangent of
p at its pointA3, then we say thatA3a3A3 is aflagof p.

Theorem 4.4
If A3a3A3 is a flag of p(A1a1A1,A2a2A2,A3), then
p(A1a1A1,A2a2A2,A3) = p(A1a1A1,A3a3A3,A2).

Proof. The linea3 is the tangent ofp(A1a1A1,A2a2A2,A3)

at the pointA3 and soP(A1a1A1,A2a2A2,A3a3A3), i.e.
P(A1a1A1,A3a3A3,A2a2A2) holds, anda2 is the tangent
of p(A1a1A1,A3a3A3,A2) at the pointA2. Moreover, we
have collinear pointsa1 ∩ A2A3 = U , A1A2 ∩ a3 = V,
a2∩A3A1 =W (Fig. 10). LetX ∈ p(A1a1A1,A2a2A2,A3)\

{A1,A2,A3}, i.e. letP(A1a1A1,A2a2A2,A3,X) hold. Then
a1 ∩ A2A3 = U , A1A2 ∩ A3X = V ′, a2 ∩ XA1 = W′ are
collinear points. The linesWA2, UV′, A1X pass through
the point W′ and by Desargues theoremUA1 ∩V ′X =

U ′′, A1W ∩ XA2 = V ′′, WU ∩ A2V ′
= V are collinear

points. But, U ′′
= a1 ∩ A3X, V ′′

= A1A3 ∩ XA2, V =

a3 ∩ A2A1 and we haveP(A1a1A1,A3a3A3,X,A2), i.e.
P(A1a1A1,A3a3A3,A2,X) because of Theorem 1.7. Hence
X ∈ p(A1a1A1,A3a3A3,A2) \ {A1,A2,A3}. On the same
manner (by the substitutionsA2 ↔ A3, a2 ↔ a3) we can
prove thatX ∈ p(A1a1A1,A3a3A3,A2) \ {A1,A2,A3} im-
pliesX ∈ p(A1a1A1,A2a2A2,A3)\ {A1,A2,A3}.

Figure 10

Theorem 4.5
Let A4 ∈ p(A1a1A1,A2a2A2,A3)\{A1,A2,A3}. A line a3 is
the tangent of p(A1a1A1,A2a2A2,A3) at the point A3 iff a3

is the tangent of p(A1a1A1,A2,A3,A4) at the point A3.

Proof. By Theorem 1.7 we haveP(A1a1A1,A2a2A2,A4,A3),
i.e. a1 ∩ A2A4 = U , A1A2 ∩ A4A3 = V, a2 ∩

A3A1 = W are collinear points (Fig. 11). We must
prove that P(A1a1A1,A3a3A3,A4,A2) is equivalent to
P(A1a1A1,A2a2A2,A3a3A3). If a1 ∩A3A4 = U ′, A1A3 ∩

A4A2 = V ′, a3∩A2A1 = W′ are collinear points, then Pap-
pus theorem impliesP(A3,A2,V,U,U ′,V ′

), i.e. A3A2 ∩

UU ′
=U ′′, A2V∩U ′V ′

=W′, VU∩V ′A3 =W are collinear
points. But, U ′′

= a1 ∩ A2A3, W′
= A1A2 ∩ a3, W =

a2∩A3A1. Conversely, ifa1∩A2A3 =U ′′, A1A2∩a3 =W′,

12
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a2 ∩ A3A1 = W are collinear points, then Pappus theo-
rem impliesP(U ′′,U,A2,V,A3,W), i.e. U ′′U ∩VA3 = U ′,
UA2 ∩A3W = V ′, A2V ∩WU′′

= W′ are collinear points.
But,U ′

= a1∩A3A4, V ′
= A1A3∩A4A2, W′

= a3∩A2A1.

Figure 11

Theorem 4.6
Let A3a3A3 be a flag and A4 a point of
p(A1a1A1,A2a2A2,A3). A line a4 is a tangent of
p(A1a1A1,A2a2A2,A3) at the point A4 iff a4 is a tangent of
p(A1a1A1,A3a3A3,A2) at the point A4.

Proof. The statement is obvious ifA4 ∈ {A1,A2,A3}.
Let be further A4 6= A1,A2,A3. We have A4 ∈

p(A1a1A1,A2a2A2,A3) \ {A1,A2,A3} and Theorem 1.7
implies A3 ∈ p(A1a1A1,A2a2A2,A4) \ {A1,A2,A4}. Let
us suppose thata4 is a tangent ofp(A1a1A1,A2a2A2,A3)

at the pointA4. Then, by the definition,a4 is the tan-
gent of p(A1a1A1,A2a2A2,A4) at the pointA4. There-
fore, Theorem 4.5 implies (by the substitutionsA3 ↔ A4,
a3 ↔ a4) thata4 is the tangent ofp(A1a1A1,A2,A4,A3) =

p(A1a1A1,A2,A3,A4) at the pointA4. But A3a3A3 is
a flag of p(A1a1A1,A2a2A2,A3) and Theorem 4.4 im-
plies p(A1a1A1,A2a2A2,A3) = p(A1a1A1,A3a3A3,A2).
So we haveA4 ∈ p(A1a1A1,A3a3A3,A2) and by Theo-
rem 1.7 we obtainP(A1a1A1,A3a3A3,A4,A2), i.e. A2 ∈

p(A1a1A1,A3a3A3,A4) \ {A1,A3,A4}. Moreover,a4 is the
tangent of p(A1a1A1,A2,A3,A4) = p(A1a1A1,A3,A4,A2)

at the pointA4 and Theorem 4.5 implies (by the substitu-
tionsA2 → A3, A3 → A4, A4 → A2, a3 → a4) thata4 is the
tangent ofp(A1a1A1,A3a3A3,A4) at the pointA4. Then, by
the definition,a4 is a tangent ofp(A1a1A1,A3a3A3,A2) at
the pointA4. AsA3a3A3 is a flag ofp(A1a1A1,A2a2A2,A3),
so A2a2A2 is a flag of p(A1a1A1,A3a3A3,A2). More-
over, A4 ∈ p(A1a1A1,A2a2A2,A3) implies A4 ∈

p(A1a1A1,A3a3A3,A2) because of Theorem 4.4. Now, if

we suppose thata4 is a tangent ofp(A1a1A1,A3a3A3,A2)

at the pointA4, then on the same way as in the first part
of this proof (by the substitutionsA2 ↔ A3, a2 ↔ a3) it
follows thata4 is a tangent ofp(A1a1A1,A2a2A2,A3) at the
pointA4.

Theorem 4.7
If A1′ , A2′ , A3′ ∈ p(A1a1A1,A2a2A2,A3) are dif-
ferent points and a1′ , a2′ are two tangents of
p(A1a1A1,A2a2A2,A3) at the points A1′ , A2′ , respectively,
then p(A1a1A1,A2a2A2,A3) = p(A1′a1′A1′ ,A2′a2′A2′ ,A3′)

i.e. a two-fold specialized Pascal set is uniquely deter-
mined by any two of its flags AaA, BaB and anyone of its
points different from A, B.

Proof. At least one of the pointsA1′ , A2′ is dif-
ferent from A1. Let be e.g. A2′ 6= A1. At first
let be A2′ 6= A2. Then A2′ ∈ p(A1a1A1,A2a2A2,A3) \

{A1,A2} implies by Theorem 4.1p(A1a1A1,A2a2A2,A3)=

p(A1a1A1,A2a2A2,A2′). As a2′ is a tangent of
p(A1a1A1,A2a2A2,A3) at the pointA2′ so a2′ is the tan-
gent of p(A1a1A1,A2a2A2,A2′) at this point. There-
fore, Theorem 4.4 impliesp(A1a1A1,A2a2A2,A2′) =

p(A1a1A1,A2′a2′A2′ ,A2). At least one of the points
A1, A2 is different from A3′ . Let be e.g. A1 6=

A3′ . ThenA3′ ∈ p(A1a1A1,A2′a2′A2′ ,A2) \ {A1,A2′} im-
plies p(A1a1A1,A2′a2′A2′ ,A2) = p(A1a1A1,A2′a2′A2′ ,A3′).
Therefore, if we haveA2′ 6= A2, thenp(A1a1A1,A2a2A2,A3)=

p(A1a1A1,A2′a2′A2′ ,A3′) holds. As a1′ is a tangent of
p(A1a1A1,A2a2A2,A3) at the pointA1′ , thena1′ is a tan-
gent of p(A1a1A1,A2a2A2,A2′) at this point. By The-
orem 4.6a1′ is a tangent ofp(A1a1A1,A2′a2′A2′ ,A2) at
the pointA1′ , i.e. a tangent ofp(A1a1A1,A2′a2′A2′ ,A3′)

at this point. If we haveA2′ = A2 and then necessar-
ily A2′ 6= A3′ then obviously p(A1a1A1,A2a2A2,A3) =

p(A1a1A1,A2′a2′A2′ ,A3) and we conclude again that
p(A1a1A1,A2′a2′A2′ ,A3) = p(A1a1A1,A2′a2′A2′ ,A3′) and
that a1′ is a tangent of p(A1a1A1,A2′a2′A2′ ,A3′) at
the point A1′ . Therefore, in every case we have
p(A1a1A1,A2a2A2,A3) = p(A2′a2′A2′ ,A1a1A1,A3′) and so
A1′ ∈ p(A2′a2′A2′ ,A1a1A1,A3′). Moreover,a1′ is a tan-
gent ofp(A2′a2′A2′ ,A1a1A1,A3′) at the pointA1′ . Now, let
A1′ 6= A1 at first. FromA1′ ∈ p(A2′a2′A2′ ,A1a1A1,A3′) \

{A2′ ,A1} we obtain p(A2′a2′A2′ ,A1a1A1,A3′) =

p(A2′a2′A2′ ,A1a1A1,A1′) by Theorem 4.1. Asa1′ is
a tangent ofp(A2′a2′A2′ ,A1a1A1,A3′) at the pointA1′

so a1′ is the tangent of p(A2′a2′A2′ ,A1a1A1,A1′) at
the same pointA1′ . Therefore, Theorem 4.4 implies
p(A2′a2′A2′ ,A1a1A1,A1′) = p(A2′a2′A2′ ,A1′a1′A1′ ,A1).
From A3′ ∈ p(A1a1A1,A2a2A2,A3) \ {A1′ ,A2′} =

p(A1′a1′A1′ ,A2′a2′A2′ ,A1) \ {A1′ ,A2′} we obtain finally

13
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p(A1′a1′A1′ ,A2′a2′A2′ ,A1) = p(A1′a1′A1′ ,A2′a2′A2′ ,A3′)

by Theorem 4.1. If we haveA1′ = A1, then
p(A1a1a1,A2′a2′A2′ ,A3′) = p(A1′a1′A1′ ,A2′a2′A2′ ,A3′) ob-
viously holds.

Theorem 4.8
Let A1′a1′A1′ , A2′a2′A2′ be two different flags of
p(A1a1A1,A2a2A2,A3) and let A1′ ,A2′ 6= A3. A line a3 is
the tangent of p(A1a1A1,A2a2A2,A3) at the point A3 iff a3

is a tangent of p(A1′a1′A1′ ,A2′a2′A2′ ,A3′) at this point, i.e.
the tangent of a two-fold specialized Pascal set in anyone
of its points is uniquely determined.

Proof. At least one of the pointsA1′ , A2′ is different from
A1. Let be e.g.A2′ 6= A1. At first, let A2′ 6= A2. According
to proof of Theorem 4.7 we havep(A1a1A1,A2a2A2,A3) =

p(A1a1A1,A2a2A2,A2′) = p(A1a1A1,A2′a2′A2′ ,A2).
Then A3 ∈ p(A1a1A1,A2′a2′A2′ ,A2) \ {A1,A2′} and
Theorem 4.1 implies p(A1a1A1,A2′a2′A2′ ,A2) =

p(A1a1A1,A2′a2′A2′ ,A3). Moreover, A2′a2′A2′ is a
flag of p(A1a1A1,A2a2A2,A3) and therefore a flag of
p(A1a1A1,A2a2A2,A2′). So, Theorem 4.6 implies that
a3 is a tangent ofp(A1a1A1,A2a2A2,A2′) at the point
A3 iff a3 is a tangent ofp(A1a1A1,A2′a2′A2′ ,A2) at this
point. Moreover, we conclude thata3 is the tangent of
p(A1a1A1,A2a2A2,A3) at the pointA3 iff a3 is a tangent
of p(A1a1A1,A2a2A2,A2′) at this point and thata3 is a
tangent ofp(A1a1A1,A2′a2′A2′ ,A2) at the pointA3 iff a3

is the tangent ofp(A1a1A1,A2′a2′A2′ ,A3) at this point.
Therefore, it follows finally in the caseA2′ 6= A2 that
a3 is the tangent ofp(A1a1A1,A2a2A2,A3) at the point
A3 iff a3 is the tangent ofp(A1a1A1,A2′a2′A2′ ,A3) at
this point. In the caseA2′ = A2 this statement is triv-
ial. Therefore, we have the conclusion: ifA2′a2′A2′

is a flag of p(A1a1A1,A2a2A2,A3) and A2′ 6= A1,A3

then p(A1a1A1,A2a2A2,A3) = p(A1a1A1,A2′a2′A2′ ,A3)

and a3 is the tangent ofp(A1a1A1,A2a2A2,A3) at the
point A3 iff a3 is the tangent ofp(A1a1A1,A2′a2′A2′ ,A3),
i.e. of p(A2′a2′A2′ ,A1a1A1,A3) at this point. So, we
have now a flagA1′a1′A1′ of p(A1a1A1,A2a2A2,A3) =

p(A2′a2′A2′ ,A1a1A1,A3) and A1′ 6= A2′ ,A3 and on the
same manner (by the substitutionsA1 → A2′ , A2 → A1,
A2′ → A1′ , a1 → a2′ , a2 → a1, a2′ → a1′) we conclude that
p(A2′a2′A2′ ,A1a1A1,A3) = p(A2′a2′A2′ ,A1′a1′A1′ ,A3) and
that a3 is the tangent ofp(A2′a2′A2′ ,A1a1A1,A3) at the
pointA3 iff a3 is the tangent ofp(A2′a2′A2′ ,A1′a1′A1′ ,A3),
i.e. of p(A1′a1′A1′ ,A2′a2′A2′ ,A3) at the pointA3.

5 Pascal sets

Now, we shall investigate the mutual relationships between
different types of Pascal sets.

Theorem 5.1
a) If A1a1A1 is a flag of p(A1,A2,A3,A4,A5), then
p(A1,A2,A3,A4,A5) = p(A1a1A1,A2,A3,A4).

b) If A5 ∈ p(A1a1A1,A2,A3,A4) \ {A1,A2,A3,A4}, then
p(A1a1A1,A2,A3,A4) = p(A1,A2,A3,A4,A5).

Proof. The hypothesis of a) resp. b) is that
P(A1a1A1,A2,A3,A4,A5) holds, wherefrom by The-
orem 1.4 P(A1a1A1,A2,A3,A5,A4) follows, i.e, the
points a1 ∩ A3A5 = U ′, A1A2 ∩ A5A4 = U , A2A3 ∩

A4A1 = W′ are collinear. We must show thatX ∈

p(A1,A2,A3,A4,A5) iff X ∈ p(A1a1A1,A2,A3,A4). This
is obvious if X ∈ {A1,A2,A3,A4,A5}. Let be fur-
ther X 6= A1,A2,A3,A4,A5. We must show that
P(A1,A2,A3,A4,A5,X) implies P(A1a1A1,A2,A3,A4,X)

and conversely thatP(A1a1A1,A2,A3,A4,X) implies
P(A1,A2,A3,A4,A5,X). The first statement was proved
in fact in the proof of Theorem 2.3 (instead ofA5′

it must be takenX). Let us prove the second state-
ment. P(A1a1A1,A2,A3,A4,X) implies by Theorem 1.5
P(A1a1A1,A3,A2,X,A4), i.e. a1 ∩ A2X = U ′′, A1A3 ∩

XA4 = W, A3A2∩A4A1 = W′ are collinear points (Fig. 4)
with X instead ofA5′ ). By Pappus theorem we have
P(A1,A2,U ′′,W′,U ′,A3), i.e. A1A2 ∩W′U ′

= U , A2U ′′ ∩

U ′A3 = V, U ′′W′ ∩A3A1 = W are collinear points. But,
U = A1A2∩A4A5, V = A2X∩A5A3, W = XA4∩A3A1 and
so P(A1,A2,X,A4,A5,A3) holds and Theorem 1.1 implies
P(A1,A2,A3,A4,A5,X).

Theorem 5.2
If A1, A2, A3, A4 are four different points of an ordi-
nary Pascal set p and a1 the tangent of p at the point
A1, then p is equal to the one-fold specialized Pascal set
p(A1a1A1,A2,A3,A4). Conversely, if A1, A2, A3, A4, A5

are five different points of an one-fold specialized Pas-
cal set p, then p is equal to the ordinary Pascal set
p(A1,A2,A3,A4,A5).

Proof. Let p be an ordinary Pascal set,A1, A2, A3, A4 ∈ p
four different points anda1 the tangent ofp at the point
A1. There is a pointA5 ∈ p\ {A1,A2,A3,A4} and by The-
orem 2.1 we havep = p(A1,A2,A3,A4,A5). By Theo-
rem 2.4a1 is the tangent ofp(A1,A2,A3,A4,A5) at the
point A1. So Theorem 5.1 impliesp(A1,A2,A3,A4,A5) =

p(A1a1A1,A2,A3,A4). Conversely, letp be an one-fold
specialized Pascal set andA1,A2,A3,A4,A5 ∈ p five dif-
ferent points. By Theorem 3.10 there is the tangent

14
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a1 of p at the pointA1 and according to Theorem 3.9
we havep = p(A1a1A1,A2,A3,A4). As we haveA5 ∈

p(A1a1A1,A2,A3,A4) \ {A1,A2,A3,A4}, so Theorem 5.1
implies p(A1a1A1,A2,A3,A4) = p(A1,A2,A3,A4,A5).

Theorem 5.3
a) Let A1a1A1 be a flag of p(A1,A2,A3,A4,A5).

b) Let A5 ∈ p(A1a1A1,A2,A3,A4)\ {A1,A2,A3,A4}.

In both cases a line a2 is the tangent of p(A1,A2,A3,A4,A5)

at the point A2 iff it is tangent of p(A1a1A1,A2,A3,A4) at
the same point.

Proof. The hypothesis of a) resp. b) is that
P(A1a1A1,A2,A3,A4,A5) holds, wherefrom by Theo-
rem 1.5p(A1a1A1,A2,A5,A3,A4) follows, i.e.a1∩A5A3 =

U , A1A2∩A3A4 =V, A2A5∩A4A1 =W are collinear points
(Fig. 12). We must show thatP(A2a2A2,A1,A3,A4,A5)

holds iff P(A1a1A1,A2a2A2,A3,A4). The hypothe-
sis P(A2a2A2,A1,A3,A4,A5) implies by Theorem 1.5
P(A2a2A2,A4,A1,A3,A5), i.e. a2 ∩ A1A3 = W′, A2A4 ∩

A3A5 = V ′, A4A1∩A5A2 = W are collinear points. Using
the Pappus theorem we haveP(A1,U,W′,V ′,A4,A3), i.e.
A1U ∩V ′A4 = U ′′, UW∩A4A3 = V, WV′∩A3A1 = W′ are
collinear points. But,U ′′

= a1∩A2A4, V = A1A2∩A4A3,
W′

= a2 ∩A3A1 and soP(A1a1A1,A2a2A2,A4,A3) holds,
wherefrom by Theorem 1.7P(A1a1A1,A2a2A2,A3,A4) fol-
lows. Conversely, letP(A1a1A1,A2a2A2,A4,A3), i.e.
P(A1a1A1,A2a2A2,A3,A4) holds. ThenU ′′, V, W′ are
collinear points. The Pappus theorem implies now
P(A1,A3,U,V,U ′′,A4), i.e. A1A3 ∩VU′′

= W′, A3U ∩

U ′′A4 = V ′, UV ∩ A4A1 = W are collinear points. But,
W′

= a2 ∩ A1A3, V ′
= A2A4 ∩ A3A5, W = A4A1 ∩ A5A2

and soP(A2a2A2,A4,A1,A3,A5), P(A2a2A2,A1,A3,A4,A5)

holds.

Figure 12

Theorem 5.4
Let p1 be an ordinary Pascal set and p2 an one-fold spe-
cialized Pascal set such that p1 = p2 and let A2 ∈ p1 = p2.
A line a2 is the tangent of p1 at the point A2 iff it is the
tangent of p2 at this point.

Proof. Let A1, A3, A4, A5 ∈ p1 \ {A2} = p2 \ {A2}

be four different points and leta1 be the tangent of
p2 at the pointA1. Then by Theorem 2.1 we have
p1 = p(A1,A2,A3,A4,A5) and by Theorem 3.9p2 =

p(A1a1A1,A2,A3,A4) holds. Moreover, by Theorems 2.4
and 3.10 it follows thatp1 and p(A1,A2,A3,A4,A5)

resp. p2 and p(A1a1A1,A2,A3,A4) have the same tan-
gent at the pointA2. As A5 ∈ p2 \ {A1,A2,A3,A4} =

p(A1a1A1,A2,A3,A4)\{A1,A2,A3,A4}, so by Theorem 5.3
b) it follows thata2 is the tangent ofp(A1,A2,A3,A4,A5)

at the pointA2 iff a2 is the tangent ofp(A1a1A1,A2,A3,A4)

at the same point.

Theorem 5.5
a) If A2a2A2 is a flag of p(A1a1A1,A2,A3,A4), then
p(A1a1A1,A2,A3,A4) = p(A1a1A1,A2a2A2,A3).

b) If A4 ∈ p(A1a1A1,A2a2A2,A3) \ {A1,A2,A3}, then
p(A1a1A1,A2a2A2,A3) = p(A1a1A1,A2,A3,A4).

Proof. The hypothesis of a) resp. b) implies
P(A1a1A1,A2a2A2,A4,A3) by Theorem 1.7, i.e. a1 ∩

A2A4 = U , A1A2∩A4A3 = V, a2∩A3A1 = W are oollinear
points (Fig. 13).

Figure 13

We must prove thatX ∈ p(A1a1A1,A2,A3,A4) iff
X ∈ p(A1a1A1,A2a2A2,A3). The statement is ob-
vious if X ∈ {A1,A2,A3,A4}. Let be now X 6=

A1,A2,A3,A4. Because of Theorem 1.5 and 1.6
we must show that P(A1a1A1,A3,A4,A2,X) holds
iff P(A1a1A1,A3,A2a2A2,X) holds. If we have
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P(A1a1A1,A3,A4,A2,X), then a1 ∩ A4A2 = U , A1A3 ∩

A2X = V ′, A3A4 ∩ XA1 = W′ are collinear points. As
the linesW′A3, A1A2, UW pass through the pointV,
so Desargues theorem implies thatA1U ∩ A2W = U ′′,
UW′∩WA3 = V ′, W′A1∩A3A2 = W′′ are collinear points.
But, U ′′

= a1 ∩ a2, V ′
= A1A3 ∩A2X, W′′

= A3A2 ∩XA1

and so P(A1a1A1,A3,A2a2A2,X) holds. Conversely,
if P(A1a1A1,A3,A2a2A2,X) holds, thenU ′′, V ′, W′′

are collinear points. As the linesW′′A3, A1V, U ′′W
pass through the pointA2 so by Desargues theorem
A1U ′′ ∩VW = U , U ′′W′′ ∩WA3 = V ′, W′′A1∩A3V = W′

are collinear points. But,U = a1∩A4A2, V ′
= A1A3∩A2X,

W′
= A3A4∩XA1 and we haveP(A1a1A1,A3,A4,A2,X).

Theorem 5.6
If A1, A2, A3 are three different points of an one-fold spe-
cialized Pascal set p and a1, a2 are the tangents of p at the
points A1, A2, respectively, then p is equal to the two-fold
specialized Pascal set p(A1a1A1,A2a2A2,A3). Conversely,
if A1, A2, A3, A4 are four different points of a two-fold spe-
cialized Pascal set p and a1 the tangent of p at the point
A1, then p is equal to the one-fold specialized Pascal set
p(A1a1A1,A2,A3,A4).

Proof. Let p be an one-fold specialized Pascal set,A1,
A2, A3 ∈ p three different points anda1, a2 the tan-
gents ofp at the pointsA1, A2, respectively. There is a
point A4 ∈ p\ {A1,A2,A3} and by Theorem 3.9 we have
p = p(A1a1A1,A2,A3,A4). According to Theorem 3.10
a4 is the tangent ofp(A1a1A1,A2,A3,A4) at the pointA2.
Therefore, Theorem 5.5 impliesp(A1a1A1,A2,A3,A4) =

p(A1a1A1,A2a2A2,A3). Conversely, letp be a two-
fold specialized Pascal set,A1,A2,A3,A4 ∈ p four dif-
ferent points anda1 the tangent ofp at the pointA1.
According to Theorem 4.8 there is the tangenta2 of
p at the point A2 and because of Theorem 4.7 we
have the equalityp = p(A1a1A1,A2a2A2,A3). As A4 ∈

p(A1a1A1,A2a2A2,A3) \ {A1,A2,A3}, so Theorem 5.5 im-
plies p(A1a1A1,A2a2A2,A3) = p(A1a1A1,A2,A3,A4).

Theorem 5.7
Let A2a2A2 be a flag of p(A1a1A1,A2,A3,A4). A line a3 is
the tangent of p(A1a1A1,A2,A3,A4) at the point A3 iff it is
the tangent of p(A1a1A1,A2a2A2,A3) at the same point.

Proof. The hypothesisP(A1a1A1,A2a2A2,A3,A4) is the
same as the hypothesis of Theorem 4.5 and so the proof
is the same as the proof of Theorem 4.5.

Theorem 5.8
Let p1 be an one-fold specialized Pascal set and p2 a

two-fold specialized Pascal set such that p1 = p2 and let
A3 ∈ p1 = p2. A line a3 is the tangent of p1 at the point A3
iff it is the tangent of p2 at this point.

Proof. Let A1,A2,A4 ∈ p1 \ {A3} = p2 \ {A3} be three
different points and leta1, a2 be the tangents ofp2 at
the pointsA1, A2, respectively. Then by Theorem 3.9 we
havep1 = p(A1a1A1,A2,A3A4) and by Theorem 4.7p2 =

p(A1a1A1,A2a2A2,A3). Moreover, by Theorem 3.10 resp.
Theorem 4.8 it follows thatp1 and p(A1a1A1,A2,A3,A4)

resp. p2 and p(A1a1A1,A2a2A2,A3) have the same tan-
gent at the pointA3. As A4 ∈ p2 \ {A1,A2,A3} =

p(A1a1A1,A2a2A2,A3)\ {A1,A2,A3} so by Theorem 4.5 it
follows thata3 is the tangent ofp(A1a1A1,A2,A3,A4) at
the pointA3 iff it is the tangent ofp(A1a1A1,A2a2A2,A3)

at this point.

Any ordinary Pascal set, any one-fold specialized Pascal
set and any two-fold specialized Pascal set are said to be
a Pascal set. Because of Theorems 5.1 and 5.5 any Pascal
set is simultaneously an ordinary Pascal set, an one-fold
specialized Pascal set, and a two-fold specialized Pascal
set.

6 Pascal-Brianchon sets

A simple 6-line a1a2a3a4a5a6 is a set of six linesa1, a2,
a3, a4, a5, a6 taken in this cyclic order in which any two
consecutive lines and any other line are non-concurrent.
We say that this 6-line is aBrianchonian 6-lineand we
write B(a1,a2,a3,a4,a5,a6) if the lines(a1∩a2)(a4∩a5),
(a2∩a3)(a5∩a6), (a3∩a4)(a6∩a1) are concurrent.

The Pappus theorem can be stated now in the dual form:

If a1, a3, a5 resp. a2, a4, a6 are concurrent lines then
B(a1,a2,a3,a4,a5,a6).

Now, we shall dualize the whole above-mentioned
theory. E.g. a two-fold specialized simple 6-line
a1A1a1a2A2a2a3a4 of type 1 is a set of four linesa1,
a2, a3, a4 taken in this cyclic order in which any three
lines are non-concurrent, and of two pointsA1, A2 such
that AiIa j iff i = j. We say that this 6-line is aBri-
anchonian two-fold specialized 6-line of type 1and we
write B(a1A1a1,a2A2a2,a3,a4) if the lines A1(a2 ∩ a3),
(a1 ∩ a2)(a3 ∩ a4), A2(a4 ∩ a1) are concurrent. Atwo-
fold specialized Brianchon setdetermined by two flags
a1A1a1, a2A2a2 and a linea3 such thatAiIa j iff i = j is
the set of linesb(a1A1a1,a2A2a2,a3) = {a1,a2,a3}∪ {x |
B(a1A1a1,a2A2a2,a3,x)}.
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A tangent of a Pascal set at one of its points has for the dual
the notion of apoint of contactof a Brianchon set with one
of its lines.

Now, we can prove:

Theorem 6.1
The set of tangents of a Pascal set is a Brianchon set. Con-
versely, the set of points of contact of a Brianchon set is a
Pascal set.

Proof. It suffices to prove only the first statement. Let
p be the given Pascal set andA1a1A1, A2a2A2, A3a3A3

three different flags ofp. Let AaA be any flag of
p. We shall prove thata is a line of the Brianchon
set B(a1A1a1,a2A2a2,a3). The statement is trivial if
A ∈ {A1,A2,A3}, i.e. a ∈ {a1,a2,a3}. Let be now
A 6= A1,A2,A3, i.e. a 6= a1,a2,a3. We must show that
B(a1A1a1,a2A2a2,a3,a) holds. By the hypothesis we
have P(A1a1A1,A2,A3a3a3,A), P(A2a2A2,A1,AaA,A3),
P(A1a1A1,A2,AaA,A3) andP(A2a2A2,A1,A3a3A3,A), i.e.
the triples of pointsa1∩a3 =V ′′, A1A2∩A3A=W, A2A3∩

AA1 = U ; a2 ∩ a = V ′, A2A1 ∩AA3 = W, A1A∩A3A2 =

U ; a1 ∩ a = U ′, A1A2 ∩AA3 = W, A2A∩A3A1 = V and
a2 ∩ a3 = U ′′, A2A1 ∩ A3A = W, A1A3 ∩ AA2 = V are
collinear (Fig. 14). Therefore, we haveV ′′, V ′

IUW, and
U ′, U ′′

IVW, i.e. V ′, V ′′, W resp.U ′, U ′′, W are collinear
points. As the linesA1A2, (a1 ∩ a3)(a2 ∩ a) = V ′′V ′,
(a3 ∩ a2)(a∩ a1) = U ′′U ′ pass through the pointW, so
B(a1A1a1,a3,a2A2a2,a) holds, wherefrom by the dual of
Theorem 1.6B(a1A1a1,a2A2a2,a3,a) follows.

Figure 14

If p is a Pascal set andb a Brianchon set such thatb is the
set of tangents ofp, i.e. p is the set of points of contact

of b, then the ordered pair(p,b) is said to be aPascal-
Brianchon set. If A∈ p is a point anda∈ b a line such that
AaA is a flag ofp, i.e. aAa is a flag ofb, then we say that
(A,a) is aflagof (p,b).

According to Theorems 2.1, 3.9, 4.7 and their duals the
following theorem follows:

Theorem 6.2
A Pascal-Brianchon set is uniquely determined by:

a) any five different of its points;

b) anyone of its flags(A,a) and any three of its points
which are mutual different and different from A;

c) any two different of its flags(A1,a1), (A2,a2) and any-
one of its points different from A1 and A2;

d) any two different of its flags(A1,a1), (A2,a2) and any-
one of its lines different from a1 and a2;

e) anyone of its flags(A,a) and any three of its lines which
are mutual different and different from a;

f) any five different of its lines.

Theorems 2.5, 3.6 and 4.3 and their duals imply:

Theorem 6.3
If (A,a) is a flag of a Pascal-Brianchon set(p,b) and
A1 ∈ p, a1 ∈ b, then A1Ia implies A1 = A and AIa1 im-
plies a1 = a.

Let us prove the following theorem.

Theorem 6.4
Let(A1,a1) be a flag of a Pascal-Brianchon set(p,b). If b1

is any line such that A1Ib1 and b1 6= a1, then there is one
and only one point X such that XIb1 and X∈ p\ {A1}.
Dually, if B1 is any point such that BIa1 and B1 6= A1,
then there is one and only one line x such that B1Ix and
x∈ b\ {a1}.

Proof. It suffices to prove the statement for an ordinary
Pascal setp, any flagA1a1A1 of p and any lineb1 such
thatA1Ib1 andb1 6= a1. At first let us prove the existence
of the required pointX. Let A2,A3,A4,A5 ∈ p\ {A1} be
four different points. The statement of theorem is obvi-
ous if AiIb1, for any i ∈ {2,3,4,5}. Let be furtherA2,
A3, A4, A5 non-incident withb1. Put A1A2 ∩A4A5 = U ,
A3A4 ∩ b1 = W, A2A3 ∩UW = V, b1 ∩ A5V = X. If it
wereX = A1, then would beP(A1b1A1,A2,A3,A4,A5) be-
cause of the collinearity of the pointsb1 ∩ A3A4 = W,
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A1A2 ∩A4A5 = U , A2A3 ∩A5A1 = V. But, thenA1b1A1

would be a flag ofp, which is in contradiction withb1 6= a1.
Therefore, we haveX 6= A1. The pointsA1A2∩A4A5 = U ,
A2A3 ∩A5X = V, A3A4 ∩XA1 = W are collinear and we
haveP(A1,A2,A3,A4,A5,X), i.e. X ∈ p. Let now X′ be
a point such thatX′

Ib1 and X′ ∈ p\ {A1}. Because of
non-collinearity of any three different points ofp it follows
necessarilyX′

= X.

Theorem 6.4 implies that any Pascal or Brianchon set con-
tainsn+1 points resp. lines, wheren is the order (finite or
infinite) of the projective plane.

In virtue of Theorem 6.4 we can define two new notions.

Let (A,a) be a flag of a Pascal-Brianchon set(p,b). If c is
any line such thatAIc andc 6= a, then the pointX such that
XIc andX ∈ p\ {A} is said to bethe second intersection
of the linec with the Pascal setp. If c= a, then we say that
A is the second intersection of the linec with p. If C is any
point, such thatCIa andC 6= A, then the linex such that
CIx andx ∈ b\ {a} is said to bethe second tangentfrom
the pointC onto the Brianchon setb. If C = A, then we say
thata is the second tangent from the pointC ontob.

We shall say that the simple 6-pointsA1A2A3A4A5A6,
A1a1A1A2A3A4A5, A1a1A1A2a2A2A3A4, A1a1A1A2A3a3A3A4,
or A1a1A1A2a2A2A3a3A3 are inscribed resp. that
the simple 6-lines a1a2a3a4a5a6, a1A1a1a2a3a4a5,
a1A1a1a2A2a2a3a4, a1A1a1a2a3A3a3a4 ora1A1a1a2A2a2a3A3a3

arecircumscribedto a Pascal-Brianchon set(p,b) if Ai ∈ p
andai ∈ b for i = 1,2,3,4,5,6.

Now, the definitions of various types of Pascal and Bri-
anchon sets and of tangents of Pascal sets or of points of
contact of Brianchon sets imply:

Theorem 6.5 (generalized Pascal theorem)
A simple 6-point is a Pascalian 6-point iff it is inscribed to
a Pascal-Brianchon set.

Theorem 6.6 (generalized Brianchon theorem)
A simple 6-line is a Brianchonian 6-line iff it is circum-
scribed to a Pascal-Brianchon set.
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