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On the theorem of N. Singh and K. M. Sharma
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Abstract. A new short proof of the Theorem of N. Singh and K.
M. Sharma (see [7]) is given.
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1. Introduction and preliminaries

The problem of L!-convergence, via Fourier coefficients, consists of finding the prop-
erties of Fourier coefficients such that the cosine series

a2—0 +nZ::1an CoSNT (1)

is a Fourier series of some f € L1(0,7) and
IS, — fll =0(1), n—oo ifandonlyif a,logn=0(1), n—oo. (2)

Here, S,, denotes the n-th partial sum of the series (1) and || || is the L!-norm.
Several authors have studied the question of L'-convergence of the series (1).

The sequence {a, } that satisfies the condition Y (n + 1) |AZ%a,| < oo, where
n=1

A%q, = A(Aay) = Aay — Aapt1 = an — 2ap41 + anya, foralln,

is called quasi-convex.
A classical result concerning the integrability and L!-convergence of a series (1)
is the following well-known theorem of Kolmogorov (see [5]).
Theorem 1 [see [4]]. If {a,} is a quasi-convex null-sequence, then the series
(1) is the Fourier series of some f € L*(0,7) and (2) holds.
The following class S of L!-convergence, was defined by Telyakovskii [9]. A
null-sequence {a,} belongs to the class S if there exists a monotonically decreasing
o0
sequence {4, } such that Y~ A4, < oo and |Aay,| < A, for all n.
n=0
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Theorem 2 [see [8]]. Let {a,} € S. Then the series (1) is the Fourier series
of some f € L*(0,7) and (2) holds.
The difference of noninteger order k > 0 of the sequence {a,}52 is defined as
follows: -
Akanzz<m_k_1>an+m (n=0,1,2,...) 3)

m
m=0

where

<m+a ) _(+a)-(m+a)

m m!

It is obvious that if a,, — 0 asn — oo, then series (3) is convergent and lim AFa,, =
n—oo
0

C. N. Moore in [6] generalized quasi-convexity of null-sequences {a,, } in the following
way

an|Ak+1an| < oo, forsome k>0. (M)
n=1

It is well-known [3] that if {a,} is a null-sequence satisfying the condition (M), then

ZnT|AT+1an|<oo, for 0<r<k. (4)

n=1

More recently, N. Singh and K. M. Sharma [7] proved the following generalized
theorem of Kolmogorov.
Theorem 3 [see [7]]. Let k be a real number such that k > 0. If

(i) lim a, =0,

n—oo

o0
(i) 3 nF|AM1a,| < oo,

n=1

then the series (1) is the Fourier series of some f € L'(0,7) and (2) holds.

2. Proof of Theorem 3

Applying Theorem 2, it suffices to show that the conditions (i) and (ii) of Theorem &
imply condition S. Firstly, we suppose that for some k, 0 < k < 1, the series in
(M) converges.

For 0 < k£ < 1, we construct the sequence

0o i—n+k—1
A, =3 in | iatra.

Then, we need the following properties for binomial coefficients ( @ Z " ) (see [2],
page 885 and [5], page 68):
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a) a>—1= > 0,

(a;n):(a+nm+3~(a+m

m(“+”)=—ﬁ——+mnn<a<L

e} MNa+1)
“fit+a ) [ nt+ta+l
c)E%)( o )—( n ),nEN,aeR.
‘We have
s L e[ i-nt k-1 kel
I

x L i—n+k—1

- ;Mkﬂai';—%( P )

= ke (R ey (1 )ata
1=0 n=0 =0

_éoo'k k+1 . - k41 .
- F(k+1);Z|A ail + 0 (D |AF g .

=0

Since series (3) is convergent, by condition (M), we obtain

o0 o0
Z|Ak+lai| — |Ak+1ao|+Z|Akﬂai|
=0 =1
— ([ m—k—2 k| AR
< m am—|—Zz [A" T a,] < oo
m=0 i=1

Thus, >, A, < oo and 4, | 0.
n=0

Then (see [1], Lemma 1)

(i nt k=1 ke
Aan—z< i—n )A a; ,

i=n

and hence

=N

|Aan|<z< Z_T?_Fk_l )|Ak+1ai|:An, for all n.

i=n

If k > 1, by Bosanquet result (4), we obtain > n|A%a,| < oo, i.e. {a,} € S.
n=1

Finally, {a,} € S, for all k£ > 0.
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