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Entanglement dynamics in chaotic systems

Shohini Ghost? and Barry C. Sanderd
Ynstitute for Quantum Information Science, University of Calgary, Alberta, Canada T2N 1N4
2Department of Physics and Astronomy, University of New Mexico, Albuquerque, New Mexico 87131, USA
3Centre for Quantum Computer Technology, Macquarie University, Sydney, New South Wales, Australia
(Received 22 July 2004; revised manuscript received 9 September 2004; published 16 Decemper 2004

We study quantum chaos for systems with more than one degree of freedom, for which we present an
analysis of the dynamics of entanglement. Our analysis explains the main features of entanglement dynamics
and identifies entanglement-based signatures of quantum chaos. We discuss entanglement dynamics for a
feasible experiment involving an atom in a magneto-optical trap and compare the results with entanglement
dynamics for the well-studied quantum kicked top.
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I. INTRODUCTION makes it possible to study the evolution of this entanglement

Theories of chaos and of quantum mechanics juxtapose i#Perimentally. We analyze the dynamics of entanglement
the discipline of “quantum chaogQC), which has attracted (Vi@ the entropy of the spin density mafriand characterize
significant theoretical and experimenfa] efforts. Recently ~the global dynamics by the size of the chaoticity parameter
the advent of quantum informatiof2] has highlighted the @and local dynamics by whether the initial state is supported
role of entanglement as a resource, and stimulated theoreticafimarily by regular or chaotic eigenstates of the Hamil-
studies of entanglement in QC systerf&-8]. Whereas tonian. AMOL experiments would allow the first empirical
maximal entanglement can be created in many systems wittstudies of entanglement evolution in a QC system.
out chaos, QC systems may generate entanglement at a fasterAn AMOL provides an attractive framework for studying
rate. Here we present a general analysis of entanglement dgatanglement evolution in a QC system with and without
namics for unitarily evolving QC systems, and apply thiscoupling to an environment. This is because, in addition to
analysis to a system of significant experimental interest: alaving more than one degree of freedom and the ability to
atom in a magneto-optical latticdMOL), which we show  tomographically reconstruct states, decoherence can be con-
is a feasible experimental system to observe and test efrolled by detuning the laser relative to the atomic resonance
tanglement dynamics and to rapidly enhance entanglemefffiequency. Decoherence is negligible for the far off-
production for certain initial states. The theoretical methodgesonance AMOL so coupling to the environment can be
and results are general, which we demonstrate by applicatidgnored (unitary dynamics), and entanglement between the
to the well-studied quantum kicked t¢@KT) [6,9-11]. We  spin and motional subsystems of the overall chaotic system
also identify the initial entanglement rate as a signature ofan be explored. By tuning the laser frequency close to
guantum chaos. atomic resonance, coupling to the environment is increased

Entanglement features of QC systems can be subtle. R@nd the resulting effects of entanglement with the environ-
cent theoretical studies have revealed that entanglement mayent can be observed. Here we are concerned with the
be enhanced as the chaoticity parameter is incref&&d.  former case of the far off-resonance magneto-optical lattice
Other studies indicate that increased chaos can lead to a saf@r which coupling to the environment can be neglected and
ration of the rate of entanglement generat[di. Entangle- entanglement is enhanced. We show that the AMOL can ex-
ment generation in a bipartite system depends on both theibit generic features of entanglement dynamics, for example
coupling strength between the two systems as well as thguasiperiodicity for a state initially localized in a regular
degree of chaos as shown by Jacq{®[d Hence, the rate of regime and a rapid increase of entanglement with no subse-
entanglement generation between two subsystems can va@ygent quasiperiodicity in a chaotic regime.
depending on whether the total bipartite system is globally
strongly chaotic or whether the two subsystems are each in-
dividually strongly chaotic but weakly coupled. Whereas our Il. ANALYSIS OF ENTANGLEMENT DYNAMICS
focus is on the former case, which can yield a rapid increase . .
of entanglement, our multiqubit analysis of the entanglement Generic features of entanglement in QC systems can be
dynamics of a single kicked top can be used to understandnderstood by examining the spectral properties of the evo-
the saturation in entanglement obtained for coupled kickedHtion operator U(t) on the system Hilbert spaceé{=
tops. @N,HD with H the Hilbert space of dimensiad for the

We focus our attention on the evolution of an AMOL ith subsystem. We consider two common categories of uni-
[12,13]under realistic experimental conditions and show thatary —evolution: (i) U(t)=expti Ht/A) for a time-
entanglement arises between the atomic spin and motion#idependent Hamiltoniatd and timet, and (i) U(t=n7)
degrees of freedom. The ability to tomographically recon—=F" with F a Floquet operatdf=T exp[-i/A[j H(t)dt]. The
struct the reduced density matrix of the atomic spin §tk4¢  evolution operator can be expressed as
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d
U(t) = X expC o) ¢)(d) (1)
J

for {|qu>} a time-independent orthonormal basistofof di-

mensiond and{exp(-iwjt)} the corresponding eigenvalues.

The evolution of an arbitrary initial density operatp(0)
over timet is

U®)p(0)UT(t) = X e7'“py| by ) oy )
ik

for wy= wj—w, and pj={(¢#;|p(0)[ ).

Entanglement for pure statés=p?) with two subsystems

is given by the entropy of the reduced density operator
of either subsystem. The linear entro@g1-Tr(p?) is a
convenient measure of entanglement, withO for no en-

tanglement an@®=1-1/d for maximum entanglement. The

time-dependent entropy is

St=1- % Cime™ (et m” 3)

with h
Cikim = ijﬂlmp%r S<Uvar|¢j><¢k|Uans> X {Ugyvel 1) brnlUgy )
- (4)

for {|up},{Jv,)} orthonormal bases fok™ and+?.
Diagonal elementg;; quantify support ofp on U eigen-
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part(independent of the atom’s spin stagad a vector part,
which appears as an effective Zeeman interaction. The result-
ant Hamiltonian ig13]

2
p- 4
H= >m + évlcos@)Lcos Xz p - Beii(2) (6)

for
m=hyF =— ugF/F, (7

v the gyromagnetic ratio, arfe the total angular momentum
vector of the hyperfine ground state, with the quantization
axis along the direction. As an example, we considéfCs

with F=4 and /VLBBeff(z):—%Vl sin O sin Xze,+B,g,, for

k the laser wave vectol/; the single-beam light shift, and
€., €&, unit vectors in thex andz directions. Thez component

of Bei(2) arises from the vector term in the atomic polariz-
ability tensor while thex component is due to an additional
applied transverse magnetic fiel, which is the tunable
chaoticity parameter. The coupling between the spin preces-
sion and center-of-mass motion leads to entangled spinor
wave packetsfIn fact, Eq.(4) is applicable to more general
systems if the periodic potential is replaced by a harmonic
potential[17].]

In the classical limit, Eq(3) describes a magnetic mo-
ment interacting with the sant®.(z) [18], withn=F/F the
direction vector for the classical angular momentum. The
classical four-dimensional phase space is parametrized by
atomic position and momentufa, p) and direction(8, ¢) of

states|¢;). These eigenstates can be associated with reguld/F. This is equivalent to a system with two effective de-
and chaotic regimefd 5,16]; hence a stagecan be identified grees of freedom. The resulting classical equations of motion
with classical regular or chaotic regimés a combination) are
by its support onlJ eigenstates. We employ this correspon-
dence between suppdttO] and regular vs chaotic dynamics

to characterize entanglement dynamics for an AMOL and
other QC systems.

dz_p

dt m’

dp d (4 )
—=——|=V;c050, cos Xz+ ugn -B(2) |,
Ill. ENTANGLEMENT DYNAMICS OF ATOMS dt = dz\3'*' L 1 - Ber(2)
IN A MAGNETO-OPTICAL LATTICE
The AMOL system consists of atoms trapped in a one- dn =1[n X Bx(2)]. (8)
dt

dimensional1D) far off-resonance optical lattice created by
two counterpropagating laser beams with an artgjebe-
tween their linear polarizations. The light shift potential that
results from the dipole interaction between the atom and th
laser beam electric field is [12]

Nonintegrability of these equations follows since there is
only one constant of the motion, the energy.
€ We seek to study dynamical entanglement between spin
and center-of-mass motion for lattice parameters that are ac-
N 1, cessible in current experiments. Therefore we chodge
U=-7E -a-E. (5  =160E;, ©,=80° andugB,=12ER, for Eg=#%k?/2M, the
recoil energy. Classical Poincaré sections for these param-
Here & is the atomic polarizability tensor. For a multilevel eters and total enerdy=p?/2M +V=-280E; reveal a mixed
atom, the polarizability tensor depends on the internal stateghase space with islands of regular motion embedded in the
of the atom and can be written as the sum of a scalar term, ¢haotic segFig. 1). Quantum states are localized to phase
vector term, and a tensor term. space coordinate@,p, 6, ¢) by preparation in a product of
In experiments using alkali-metal atoni$3], the total the motional and spin coherent statas-z+ip)|6, ¢) [19].
angular momentum is prepared in a hyperfine ground state An AMOL state localized aroundz, 0,6, ¢) can be pre-
with quantum numbeF. When the laser field is sufficiently pared by cooling atoms to the ground state of the diabatic
detuned from resonance such that the excited state hyperfipatentials. The lattice is then shifted until this state is cen-
splitting can be neglected, the light-shift potential as a functered atz/\. The spin is rotated until the Bloch vector is
tion of the atomic positiorz reduces to the sum of a scalar pointing in the directior{, ¢). We pick an initial state that is
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FIG. 1. Classical Poincaré sections for the AMOL Bt FIG. 3. Populatiorp; vs corresponding eigenenergy=7.«; for
-280E; for V;=160E;, ©_=80°, and ugB,=12Ex with (a) the AMOL with an initial state localized ife) a regular island with
=0,duy/dt>0 and(b) p=0,dp/dt>0. (z/IN,pltk,0,$)=(-0.15,0,1.27,p and (b) the chaotic sea with

(z/N,pltk,0,$)=(0.06,0,7/2,0).

centered on an island in the Poincaré section in Fig. 1. For
comparison we also consider an initial state in the chaoti¢egular eigenstates with each pair nearly degenerate. This
sea. support over few eigenstates is responsible for the quasiperi-
The evolution of entanglement between spin and motiona®dic evolution of linear entropy, and Fig. 4(ahows that
degrees of freedom, quantified ISt), for states that are excellen_t replication of entanglement_ dynamics is possible
initially regular or chaotic can be experimentally measured?y only including these four pairs of eigenstates. In contrast,
by reconstructing the time evolving reduced density matrixthe initial state in the chaotic sea has support over a larger
of the spin using tomographic techniques that have recentifpumber of the chaotic set of eigenstates extending over a
been demonstratefl4]. The populations in the different Proader frequency spectrufig. 3(b)], due to a breakdown
magnetic sublevels alongF4- 1 different quantization axes Of semiclassical theory in the chaotic regifie, 16]. _
can be experimentally measured using Stern-Gerlach mea- A rigorous understanding of entanglement evolution
surements, and thé2F+1)2 elements of the spin density emerges by noting thaiS(t) in Eq. (3) depends on
matrix can be calculated from these measurements. The lirtigenfrequency-difference sumg +wy, which can be iden-
ear entropﬂt) of the Spin can then be easily Computed' tified in the power SpeCtrum Cﬁ(t) The fast oscillations in
The predicted dynamical behavior 8ft) in regular[Fig.  Fig. 2(a)are due to the large differencés between the four
2(a)] versus chaotidFig. 2(b)] regions exhibits two main Main peaks in Fig. 3(a), and small frequency differences be-
signatures of chaos. At short times, entanglement in the chdWeen almost degenerate eigenstate pairs at each peak in Fig.
otic regime increases at a faster rate than for the regula3(®@ result in slow oscillations with long periods as seen in
regime, thereby supporting the concept that chaos can cauliéé long-term behavior of the entanglement in Fign)4The
rapid generation of entanglement as predicted in other syde'MS wjj +wy that appear in the evolution correspond not
tems[3,6]. Also oscillations are prevalent for initially regular Just to differences in the eigenfrequencies, but also can be a
states but not for chaotic statéshich has been also ob- SUM of wjj+wy. For example, the main oscillation in Fig.
served for the quantum kicked tdf]). We explain how the 2(a)is du_e to the sum of two difference f_requenmes. These
power spectrum ofS can provide a signature of chaos, asfrequenmes can be extracted_from a Fourier transform of the
Lahiri suggested?7], by exploiting theU eigenbasis. dynamics, which revgals a discrete power sp.e_c.trum in con-
U-eigenstate support for the states initially in the regu|artrast to the more continuous spectrum for the initially chaotic
and chaotic regimes are depicted in Fig. 3. The initial statState.

on the regular island has support dominated by four pairs of The key feature of dynamical entanglement for our pur-
pose is the initial increase of entanglement for a chaotic

state, which is more rapid than for the regular stat® inset

08 (a) 0.8 (b)
b
0.6 1 (b)
0.8
v 04
" 0.6
0.2 0.4
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% 5 10
T % 5 10 % 100 200 300 4oc
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FIG. 2. Entanglemen$ vs time r=Egt/% in the AMOL for an
initial state that is localized on(a) a regular island with FIG. 4. (a) For the initial state localized on the regular island the
(zI\,pltk,6,¢)=(-0.15,0,1.27,D and (b) the chaotic sea with entanglement dynamicsolid curve)can be reproduced by only
(zI\,pltk,6,$)=(0.06,0,7/2,0). The inset shows the initial in- considering the evolution of the four main pairs of eigenstates
crease of entanglement for the regulsolid) and chaotiqdashed) (dashed curve). The long term behavitm shows quasiperiodic
initial states. motion with multiple frequencies.
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of Fig. 2). This rapid rise in entanglement is not unique to the (a) (b)
AMOL system[3,6]. The rate of increase of entanglementis o4
obtained by expanding E@l) att=0, which reveals a qua-

dratic increase as a function of tim&=(t/ty)? with tg E
=0.01; this behavior is surprising at first because an expo= 02

0.3 0.1

nential increase is expected for states in the chaotic regime g4 8

and a quadratic increase for states in the regular re¢@e l‘ .l‘ l‘l .|| | ‘
The predicted quadratic versus exponential behavior is ob: 25 1.3 135 0 -2 0 2
tained by relating the purity of the reduced density matrix to @ .

a classical time correlatof8]. Of course this expectation . _ o
applies for the asymptotic semiclassical regime, but our sys- F!G- 5. (Color online)Populationpyy, vs corresponding eigen-
tem lies in a quantum regime, hence the chaotic state is n@'@seshm for the QKT with an initial state localized ifa) a regular
well localized, with resultant non-negligible support over the'Siand andb) the chaotic sea in Fig. 1 ¢8].

regular regime yielding a quadratic increase in entanglement.

For the initial state in the chaotic regime, degenerate. The difference between the corresponding eigen-
phasesp,,, 5¢=0.003, determines the frequencies of oscilla-
AX/\ = 0.07, Aplfik=2.7, (9)  tion in the evolution ofS [Fig. 6(a)].
and The flat entanglement power spectrum for the chaotic
state is due to the broad supp¢size N) [10] of the initial
Auy=0, Ap,=Auy= 1h2. (10) state on the “chaoticU eigenstate$Fig. 5(b)]. Becaus&\

=50 qubits is in the semiclassical regime, the distinction be-
tween regular and chaotic entanglement dynamics is more
pronounced than what we observed for the AMOL, which
was not as semiclassicalAs we consider’*3Cs for the
AMOL, F=4 is fixed and thus not adjustable to reach the
Our methods to analyze the AMOL are generic and gensemiclassical regimeMoreover the rise time for the initial
eralize to other unitarily evolving QC systems as we nowchaotic state is exponentig8] which can be regarded as a
show for the quantum kicked top with Hamiltonig®—11] signature of quantum chaos.
. The QKT system oN qubits behaves collectively like a
K system with one degree of freedom unlike the AMOL which
H= E_Jz + p‘]yngw at-n7), (11 has two degrees of freedom: spin and motion. Coupling be-
- tween two QKTs, however, allows for entanglement dynam-
for J,,J,,J, su@) operators andk the chaoticity parameter. ics between two coupled degrees of freedom to be observed,
The QKT can be constructed from a collection#2j qu-  but entanglement is suppressed in the strong chaotic regime
bits in the symmetric representation with collective spin op-[5]. Our results for the single QKT provide an intuitive un-
erators derstanding of this suppression of entanglement. Since chaos
enhances the entanglement between the qubits in each kicked
top, the qubits cannot also be highly entangled with the qu-

-\ Yia
‘]“—gl 2" (12) bits of the other top.

IV. ENTANGLEMENT DYNAMICS IN A QUANTUM
KICKED TOP

N

and{o;,} the Pauli operators for thigh qubit[6]. For k=3, V. CONCLUSION

=1, p=m/2 entanglement behavior is similar to that of the _ _
trapped atoms described hdf. Bipartite entanglement be- In conclus_|on, we have presented entanglement dynamics
tween a pair of qubits and the remaining qubits reveals quafor an experimentally feasible QC system of atoms trapped

siperiodic evolution for an initial state centered on an elliptic

fixed point. For a state centered in the chaotic sea, no quasi (a) (b)
periodic motion is present, and just as in our AMOL, an 4 _ 0 pi——
initial rapid increase of entanglement is observed confirming [
this generic behavior. , 04 " uf

Support of an initial state ovétJ=F") eigenstates, of the 03 Z |
Floquet operator 02 2|

01) Z:I ! * bk
F = exp iJ2/2j rexp(- ipdy) (13) . | e ]
n

n

is shown for an initial state centered on the elliptic fixed
point and one in the chaotic region of R¢8] (Fig. 5). The FIG. 6. (a) For the regular initial state of the QKT the entangle-
initial state centered in the regular region can be mainly dement dynamicgsolid curve)can be reproduced by considering the
composed into a fewsize VN) “regular” eigenstatefl0]. In  evolution of the three highest weighted eigenstatizshed curve)
this case the state that we have localized at a fixed point has Fig. 5(a). (b) The rise time for the state in the chaotic sea is
most of its support on three eigenstates, of which two areoughly exponential.
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in a magneto-optical lattice. For realistic experimental pa-entanglement dynamics in such systems, exploiting quantum
rameters, quantum signatures of chaos exist in the dynamichaos for a rapid increase in entanglement, and explaining
of entanglement, specifically in the initial rise and the powerwhen chaos enhances vs diminishes entanglement generation
spectrum, even when the system is not in a semiclassicabr initially chaotic states.

regime, and there is a rapid increase of entanglement for

initial states in the chaotic regime. Our results show that the

AMOL system is a convenient setting in which entanglement ACKNOWLEGMENTS

dynamics can be experimentally observed.
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