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Short weak link with distinct chemical potentials at the boundary

Sonia Frota-Pesséa
Instituto de Fisica, Universidade de Sdo Paulo, C. P. 20516, Sdo Paulo, SP, Brazil

James A. Blackburn
Physics Department, Wilfrid Laurier University, Waterloo, Ontario, Canada

Brian B. Schwartz
Francis Bitter National Magnet Laboratory, Massachusetts Institute of Technology,
Cambridge, Massachusetts 02139
and Department of Physics, Brooklyn College of the City University of New York,
Brooklvn, New York 11210
(Received 28 November 1978)

The difference between the chemical potentials for pairs (u,) and quasiparticles (u) at the
boundaries of a short superconducting weak link, which is usually disregarded, is shown to be
important when solving for the behavior of the link using the time-dependent Ginzburg-Landau
equation. Selected computational results are presented to illustrate the effects of the improved
boundary conditions on the space (time) dependence of ‘u, Hp. and normal current J,.

I. INTRODUCTION

The phenomenological time-dependent Ginzburg-
Landau (TDGL) equation has been extremely useful
for understanting the space (time) behavior of unidi-
mensional superconducting weak links operating
above their critical current.!5 In this regime, where
there is a conversion of supercurrent into normal
current and vice versa, the pair and quasiparticle elec-
trochemical potentials must be different from each
other.!'$ This difference, however, has generally been
disregarded when studying various characteristics of
short weak links using the TDGL equation.?™>7-8

In this paper we numerically solve the TDGL equa-
tion for a short weak link under current bias. In con-
trast to the usual procedure we take account of
differences between chemical potentials when impos-
ing the boundary conditions on the phase. We inves-
tigate the regular TDGL limit for a superconductor
with ordinary impurities in the dirty limit. We also
investigate the TDGL equation using parameters
which lead to a larger range for the variation of the
normal current and a smaller divergence for currents
inside the link. In both cases, treating the chemical
potentials as distinct at the boundaries leads to signi-
ficant modifications in the space (time) behavior of
various parameters within the link. The periods of
oscillation for example can be substantially reduced
below the values previously found,** thus bringing
about changes in the current-voltage characteristics.
We also present the first detailed calculation of the
space (time) behavior of the pair chemical potential
in the phase-slip regime using the TDGL equation,
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and find agreement with predictions based on more
qualitative arguments.® Finally, we calculate the
time-averaged values for u and u, inside the link.
Our results, in contrast to those obtained previously,
show that the potential drop across the link can be
smaller than the fotal potential drop for the phase-slip
region, in accordance with recent experimental
results.’

II. THEORY
We assume applicability of the TDGL equations

with standard normalizations?’ for the variables, and
write

d | . d?

4 -4y 1

Holar TRV T g M

J=Im|y+d¥|_dp Q)
dx dx

In addition, following Rieger et al.,! we use the
Josephson condition d¢/dt =—p,, where ¢ is the
phase of , and write

v T,
uolyl?
In the equations, Jis the total current (which is fixed
because current bias is assumed), J; is the super-

current, ug is the ratio of the relaxation times of ord-
er parameter and current, u is the quasiparticle

by = bt 3)
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chemical potential, and u, is the pair chemical poten-
tial. The other quantities have their usual meanings.
We use Likarev’s boundary conditions? modified to
take Eq. (3) into account, '

$(0,1) =e/*0D %(O,t) =—u, (0,1) ,

@)
W(L,1)=eidLn) | %(L,t) i, (Lo0)

where we assume the order parameter to be normal-
ized to its value at the banks. Considering the sym-
metry of the problem, we choose to measure the po-
tentials and phase relative to the center of the link.
Equations (1)—(4) together with J =J, +J; form a
complete problem specification. As Likharev origi-
nally pointed out,? singularities in the time depen-
dence are avoided if the differential equations are
reconstituted in terms of the real and imaginary com-
ponents of . Our computer program follows this
procedure. In our calculations we consider not only
ug="5.79 (the usual theoretical dirty limit value), but
also ug=0.3. This latter value was chosen to simu-
late spatical variations of the normal current over dis-
tances greater than the coherence length, on the ord-
er of the quasiparticle diffusion length.® In all the '
calculations discussed here, the length of the link in
reduced units is L =1 (one coherence length), and
the total current is J =1.5. We were able to check
our computer program by making u = u, at the boun-
dary lignoring Eq. (3)], and comparing our results for
the time dependence of several quantities in the
center of the link with the values presented in Ref. 3.

IIl. RESULTS AND DISCUSSION

In Fig. 1 we show the spatial behavior of the nor-
mal current J, for ug=>5.79 (the usual dirty limit
value) at two points of the cycle: when J, is max-
imum, and when || is maximum at the center of
the link. The results obtained with u=pu, at the
boundaries are indicated by dotted lines. For this
one-dimensional link we anticipate a spatial "healing"
of currents to the equilibrium values over a distance
of the order of the coherence length. However the
dotted lines show a flattening of the normal current
as it reaches the boundary. This is due to the inaccu-
rate boundary conditions which neglect ¥V -J,. The
solid lines reSult from Eq. (3) and exhibit the expect-
ed behavior. When we take smaller values of ug
(ug=0.3) a similar but less pronounced difference
between the two situations is observed, since in this
case the normal current decays over a larger length
and V-7J, at the boundary of the link is less pro-
nounced. It is interesting to note that because ug ap-
pears in the denominator of Eq. (3), the chemica! po-
tential differences for pair and quasiparticles can still
differ significantly even when ¥V 'T,, (and therefore,

NORMAL CURRENT (NORMALIZED UNITS)
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FI1G. 1. Space dependence of the normal currents of two
different times of the cycle: (i) J, maximum at the mid-
point and (ii) |¢| maximum at the midpoint. Dotted curves
correspond to u =u, at boundaries, whereas solid curves
were calculated using Eq. (3).

with current bias, V -J;) is small.

Figure 2 shows the time-averaged behavior for pair
(dotted lines) and quasiparticle (full lines) chemical
potentials inside the link using #g=15.79. The time-
averaged pair potential i, is easily obtained from the
period (T') of the temporal oscillations, since from
Josephson’s relation we have d¢/dt =—u, at any
point within the link. We integrate over a period to
find the time-average value of u,. From the center
of the junction to the left we have i, =n/T, and
from the center to the right we have i, =—=/T7, giv-
ing an average drop Ap, =2m/T across the link. We
note that since u =pu, well beyond the boundaries,
the total averaged voltage drop A across the entire
phase-slip region is equal to Au,, which is in turn
determined by solving the TDGL equation inside the
link and evaluating 7.

Figure 2(a) shows & and g, as calculated assuming
u =, at the boundary while Fig. 2(b) shows our
results for u # u, at the boundary. It is clear from
Fig. 2 that the first approach underestimates the
value for the total potential drop across the phase-slip
region (given by the discontinuity in &, at the center
of the link). It is easy to understand why this hap-
pens. Since u, is constant outside the phase-slip re-
gion and u = u, far from the link, the previous ap-
proach in which u equals u, at the boundary allows
for no variations of u outside the link. Actually
some voltage gradient must be present if the normal
currents, which are large at the boundary, are to de-
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FIG. 2. Spatial behavior for the time-averaged chemical
potentials i, (dotted lines) and ji (full lines) for uy=5.79
and J=1.5. We show results calculated with (a) u =y, at
the boundary and (b) u # #p at the boundary.

cay to zero far from the link.

Finally in Fig. 3 we show the space dependence of
w (full lines) and u, (dotted lines) for three different
stages of a cycle. Figure 3(a) illustraties the behavior
for ug=35.79, while Fig. 3(¢) illustrates the situation
when up=0.3. For comparison we also show results
[Fig. 3(b)] using the u = pu, at the boundaries and
Uy = 5.79.

The main features of our results agree with Ref. 6.
The potential u decays gradually across the junction
as does u, when the order parameter is not too small.
However when |y| —0 at the center of the link, the
pair chemical potential w, diverges corresponding to
the snap back time of Ref. 6. In our case, though,
this divergence sets in gradually as we approach the
phase-slip time, since the correct solution of the
TDGL equation has been shown to have no discon-
tinuities for the time behavior of the order parameter
in the phase-slip regime.2 Our predictions for the
average values of u and u,, presented in Fig.-2(b),
also have the same features as those of Ref. 6.

In summary, we have shown that neglecting the
differences between pair and quasiparticle chemical
potentials at boundaries may lead to erroneous
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FIG. 3. Spatial behavior of the chemical potentials Hp
(dotted lines) and u (full lines) for J =1.5 at three different
stages of the cycle: (i) near the time at which |¢| vanishes
at the midpoint, (ii) near J, maximum and (ii) near |¢|
maximum. We show results for wg=>5.79 with (a) u = u,
at the boundary and (b) w=u, at the boundary. In (c),
ug =03 with 5 u, at the boundary.

results when treating a short weak link under current
bias. This can be true even when V -7, is small in-
side the link. In particular, the period of oscillation is’
significantly modified thereby affecting the -V
curves. We further note that the average voltage

drop across the phase-slip region can be easily calcu-
lated from the oscillation period 7. This period is ob-
tained by solving the TDGL equation inside the link
with appropriate boundary conditions and does not

require detailed information on the behavior of the
currents outside the link.
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