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Resonant steps in the characteristics of a Josephson junctiovn coupled

to a transmission line
James A. Blackburn

Department of Physics and Computing, Wilfrid Laurier University, Waterloo, Ontario N2L3C5, Canada

H. J. T. Smith

Department of Physics, University of Waterloo, Waterloo, Ontario N2L3C5, Canada

N. Grgnbech-Jensen®

Department of Physics and Computing, Wilfrid Laurier University, Waterloo, Ontario N2L3C5, Canada
(Received 22 March 1991; accepted for publication 20 May 1991)

A novel circuit is described which functions as an electronic analog of lumped element
transmission line. The circuit requires only operational amplifiers, resistors, and capacitors.
This module was coupled to a Josephson junction simulator and current voltage
characteristics of the combined system were recorded. Steps were observed at voltages
determined by the appropriate line resonances. When the transmission line was terminated with
loads less than the characteristic impedance, chaos was seen in the lower steps. Similar
results were obtained by numerical integration of the corresponding system of differential

equations.

INTRODUCTION

Superconducting electronics is a term generally em-
ployed to describe circuits composed of a number of Jo-
sephson junctions (or weak links) interconnected by thin
film superconducting “‘wires”. Such circuits have been de-
signed to perform a variety of analog and/or digital func-
tions, including analog-to-digital conversion, signal pro-
cessing, and digital logic.! The inherent high speed of
Josephson junctions implies that the thin-film intercon-
nects should be regarded as transmission lines.”* The ele-
mental building block common to any superconducting
electronic network is thus a Josephson junction coupled to
a transmission line, which in turn is terminated by an ap-
propriate load impedance.

Because a transmission line possesses its own resonant
modes, the question naturally arises as to how such modes
might manifest themselves in the characteristics of the Jo-
sephson junction. Ganz and Mercereau® reported the ap-
pearance of steps induced in the current voltage (I-¥)
characteristics of noncapacitive superconducting micro-
bridges which were coupled to an open ended supercon-
ducting microstrip cavity. Smith ez al.® also noted constant
voltage steps in the I-V characteristics when an open ended
stripline was connected to a capacitive junction. Longacre’
considered the case of a Josephson junction driving a series
resonant tank and, again, cavity induced steps were pre-
dicted. More recently, Jensen et al.® reported steps and
chaos in numerical simulations of a Josephson junction
coupled to resonators, while Larsen ez al.,? observed steps
in experimental data obtained from Nb-Al,O;-Nb tunnel
junctions embedded in open-ended superconducting strip
lines.

The configuration which will be treated here consists
of a Josephson weak link directly coupled to a loaded

transmission line as illustrated in Fig. 1. The resistively
shunted junction is modeled by means of an appropriate
analog electronic circuit, while the transmission line is sim-
ulated with a novel network of operational amplifiers (op
amps). The combined modules are biased by a fixed cur-
rent and the resulting time dependent voltages, or their
time averages, are measured with a computer based data
acquisition system. This approach is a great deal faster
than numerical simulation, allowing complete I-¥ curves
to be generated in only a few minutes.

TRANSMISSION LINE SIMULATION

A transmission line can be characterized by the param-
eters: series inductance L (H/m), shunt capacitance C (F/
m), series resistance R; ({2/m), and shunt conductance
G, (dm) —1 A lumped element approximation to this
continuous line, with cells of unit length, is shown in Fig.
2. Applying Kirchhoff’s laws gives the following equations

AV Vi
Ity — Iy 1y=C dtn _R: , (1)
where R, = Gp“land
dniyy
Vi = Vorr =t pRe+L—2—. (2)

As a preamble to a discussion of the complete simulation
circuit, consider first the elementary op-amp configuration
shown in Fig. 3. The inverting input is a virtual ground,
and so equating currents arriving at this node and currents
leaving it, yields

®)Permanent address: Physics Lab I, Technical University of Denmark, Lyngby, Denmark.
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dt ~ T C\R, R, rC"
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FIG. 1. Josephson junction with shunt resistor R; coupled to a loaded
transmission line.

Figure 4 depicts the intermediate porti(')n' of a lrongA
ladder which will simulate the transmission line. It is com-

prised entirely of op-amp configurations of the type de-
scribed above, together with simple inverters. The two left
hand node voltages are labeled ¥V, and — Vins1) as
shown. Furthermore, the indicated right hand node volt-
ages are identified as /(,,,R and — I, 1,R. All unlabeled
nodes on both sides of the ladder are at virtual ground.
Bearing in mind Fig. 3'and Eq. (3), one may wnte for this
ladder,

dV(")_(I(ﬁ) — Iy ) _,V(") (.4,)
dt C: R.C,
and
rHorn_ T —Vurn) Rloyy (5)
at RC, RC, =

A comparison of Eq. (4) with Eq. (1), and of Eq. (5) with
Eq. (2), reveals that the ladder circuit is, in effect, an

I I+ v In+2)
Rs L V(n) é L V(n+1) Rs -
: ;: T Gp ’ ;3 == <Gp i i
g 1w
_oms " vega) mee Y2
’ E: == <Gp - o RL

FIG. 2. Josephson junction and lumped element transmission line com-
posed of 72 segments.
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FIG. 3. General conﬁguratlon of a two-mput integrator with shunt resis-
tor across the capac1tor

electronic analog computer for solving- Kirchhoff’s loop
and node conservation laws, with the following equiva-
lences:

C=C, R.=R, R*C,=L, R*R,=R.

As can be seen from these expressions, all parameters rel-
evant to the transmission line are controlled by three re-
sistors and two capacitors—no actual inductors are re-
quired. It is possible to simulate a transmission line of
stipulated length by constructing the ladder circuit with an
appropriate combination of C,, R, C,, R,, and R, and by
choosing a suitable value for the total number of sections in
the ladder. All node voltages along the lumped element
line are generated down the left hand side of the ladder,
while voltages down the right hand side are proportional to
the link currents. This approach to modeling a transmis-
sion line is quite general and could prove useful in studies
of systems other than the particular one which we shall
now consider. '
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-I(n+1)}R
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FIG. 4. Portion of the ladder circuit showing the assignment of node
voltages down the left-hand side, and link currents down the right-hand
side.
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FIG. 5. (2) Input stage of the ladder circuit, (b) final stage of the ladder
circuit showing the location of the termination resistor R,.

THE COMPLETE SYSTEM

As noted earlier, we are interested in the behavior of a
current biased Josephson junction which directly drives a
loaded transmission line. The ladder circuit described in
the previous section must therefore be connected at one
end to an appropriate Josephson junction electronic simu-
lator, and on the other end to suitable load. Figure 5 de-
picts the first and last segments of the circuit. The Joseph-
son junction simulator enclosed in a box in Fig. 5(a),
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consists -of an op-amp and voltage-controlled oscillator
(VCO). Detailed descriptions of this circuit and its oper-
ation have already been published.’®

The node and loop equations at the driven end of the
lumped line (Fig. 2) are

Toius=15+ 11y N ‘ o (6)

and -

Vir—Viy=Iq =5 3 +2 ar

where R/2 and L/2 appear because only one branch of the
lumped element pi section is present at the input to the
transmission line. These values are reflected in the first
integrator of Fig. 5(a) where the inductance is set by
C,/2 and the dissipation by 2R,. The constraint expressed
by Eq. (6) is imposed at the inverting node of the input op
amp, while Eq. (7) is satisfied by the first ladder op amp.
The bias current is given by Iy = Vin/R.

The loop equation at the termination end of the line is

R, LdI
Viny— Vload—I(N+ D7 +3 (Z: 4 S (8)

But I(N = Iload and I/Ioad = IloadRL’ where RL isthe load
resistor, and so -

Rs L dI load

Viy=hoaaRe + Jioaa 5 + 5

2 dt - ®

Again with reference to Fig. 3'and Eq. (3) we obtain from
the final section of the simulator [Fig. 5(b)]

L dly 2V - 2, RI,
R0 (N). oR 0 - (10)
dt ‘RC," R,C, R,C, -
which can be rearranged as. o N
g R* 1 R* " R:C,dI, "
un=log oo, T2 dr an

Comparing Egs. ( 11) and (9), itis apparent that the trans-
mission line load R;, and the simulator termination R, are
related as follows: ‘

RZ/RO_R I

Component values used in the actual circuit were: R=39
KQ,R, = 10MQ, R, = 10MQ, C,= 1nF, C, = 1 nF. Each .
segment has been taken to be of unit length. If, for exam-
ple, the length scale is chosen to be centimeters, then the
equivalent lumped element transmission line parameters
would be interpreted as: C=1 nF/cm, L=1.52 H/cm,
R, = 10 MQ cm, R; = 152 /cm. The ladder consisted of
72 sections and so required 218 op amps, not counting the
Josephson junction subcircuit. A lumped line of this length
has a cutoff frequency” of w, =2/~/(LC) = 8.164 KHz.
The characteristic impedance of a corresponding continu-
ous transmission line is!? Zy= J(L/C) =39 KQ and the
phase velocity is v; = 1/+/(LC) = 25 650.cm sl

‘If a transmission line is driven at one end, and is
shorted at the other, then. resonances will occur when the
line contains 1/4, 3/4, 5/4,... wavelengths. For the present
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case with an overall length of 72, the corresponding reso-
nant frequencies will be given by

Vs
Fu=n 33
or fr = 89.06, 267.19, 445.31 Hz, ... .
If the transmission line is open ended, then resonances
occur when the line contains 1/2, 1, 3/2, 2, 5/2,..., wave-
lengths, and so

n=1,3,5,7,..., (12)

fr=n s n=2,4,6
™7 288 ST
or fr = 178.13, 356.25, 534.38 Hz,... .

Note that the first ten resonances are located at fre-
quencies which are less than 209% of the cutoff w, quoted
above. This assures that the lumped element circuit is a
good approximation to the continuous line over such a
frequency interval.

The VCO used in the Josephson junction simulator
produced a maximum output amplitude of 0.85 V. Since
this was fed through a 10 KQ resistor, the equivalent Jo-
sephson supercurrent was 85 pA. The anticipated critical
input bias voltage to the system as shown in Fig. 5(a)
would then be 3.32 V (i.e., 3.32 V divided by 39 KQ equals
85 pA). The VCO sensitivity was determined to be 1080
Hz/V. As shown in Fig. 5(a), the junction shunt resistance
was 25 K. '

(13)

EXPERIMENTAL RESULTS

In order to obtain a current-voltage (/-¥) character-
istic for the system, it is necessary to measure the time
averaged junction voltage (¥ ;) while slowly incrementing
the input voltage ¥;, (and hence [y;,,). The junction volt-
age was averaged with a simple RC filter having a time
constant of about 1 s. Data acquisition was performed by a
desktop computer equipped with a Scientific Solutions'
LabMaster card, and was controlled by the Labtech Note-
book!* software package. With this setup, a predefined
datafile could be used to generate a bias voltage ramp from
one of the D/A channels on the LabMaster board with
user specified amplitude and period. Amplitudes up to 10
V were used, and sweep times were typically about 10 min.
The filtered junction voltage was measured on an input
A/D channel to 12 bits precision at 5 samples/s.

Two representative I-¥ curves are shown in Fig. 6 for
transmission line termination resistors R; smaller than the
characteristic impedance of 39 K. Both upward and
downward bias sweeps were carried out, revealing consid-
erable hysteresis in the curves. Vertical markers have been
placed at voltages corresponding to 178, 356, 534 Hz, ....
The conversion from frequency to equivalent voltage is
simply done using the VCO calibration of 1080 Hz/v. Note
that the bottom of each step begins at one of the marked
voltages. Each step then rises with a finite slope (the com-
monly encountered term “‘constant voltage step” is obvi-
ously not really appropriate), reaching its peak at a voltage

halfway to the next marker, after which a sudden transi-’

tion takes place to a point on the next step. Thus, for the

2398 J. Appl. Phys., Vol. 70, No. 4, 15 August 1991
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FIG. 6. Current-voltage characteristics of the combined Josephson junc-
tion and transmission line. The vertical scale is in units of the junction
critical current I, = 85 puA. The data were obtained directly from the
simulator circuit for three different load resistors. (Inset) Bifurcation
diagram spanning a small range of bias current for the R, = 0 (R,
= open) termination.

case R; < Zj, the step maxima are located at frequencies
(voltages) determined by Eq. (12) and the step width is 89
Hz (or 0.083 V). The third characteristic in this figure was
observed when the transmission line had a matched load
(R; = Z;). This termination prevents reflections at the end
of the line, which now appears infinitely long, eliminating
resonances and steps.

A clearer view is presented in Fig. 7 which depicts a
magnified portion of one of the /-¥ curves in Fig. 6. It is
easily seen that the distance from the top of one step to the
bottom of the next is 0.083 V. The central step begins at
about 0.85 V and, as noted above, has a width of 0.083 V.
This observed step width may be understood by next con-
sidering the frequency dependence of the transmission line
itself. ' _ -
A circuit simulation package (MicroCap II") was
used to model a lumped transmission line of 72 segments,
with L=1.52 h, C=1nF, R; = 150 Q, and R, = 10 MQ.
The output from MicroCap III, for R; = 15 KQ, is shown
in Fig. 8. The frequency range has been chosen to match

1.7 7 i e —
IRL=15K]

g5 L6F 0.083 volts

2 .

-

5 sk

©w E

8 E e

A 14t

E -

g 13F ‘ : E

g

5 / STEP

Z 12 ) 1
1] B Sou— : i

0.7 0.8 09 1.0 11

Junction Voltage (volts)

FIG. 7. Ekpanded portion of the I-¥ characteristic for R; = 15 KQ. Note
the comparatively small residual instrumentation noise. Dots mark the
beginning and end of the voltage steps.
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FIG. 8. Plot of the input impedance of a 72 segment lumped element
transmission line with L=1.52h, C=1nF, R, = 152 Q, R, = 10 M}, and
R; = 15 KQ. These data were generated with the Micro-Cap III simula-
tion package. The frequency range has been chosen to match the the
voltage range of the preceding figure. Dots mark the impedance maxima
and minima. '

the voltage range of Fig. 7. A comparison of these two
figures reveals that the step corresponds to the portion of
the impedance curve with positive slope. The shape and
width of a step is determined by the shape of the imped-
ance curve; varying the load R; would alter the sharpness
of the impedance maxima, and thus affect the Q of the
voltage steps. ‘

-Figure 9 is a companion to Fig. 6. Here the I-¥ char-
acteristics are plotted for termination resistors larger than
the characteristic impedance. Step maxima are now located
at frequencies defined by Eq. (13), that is 178, 356 Hz,
etc., corresponding to integer half wavelength modes.

Finally, we turn to the issue of noise in the I-¥ char-
acteristics. As can be seen in Fig. 7, the intrinsic instru-
mentation noise attributable to the electronics and/or the
data acquisition is considerably smaller than the noise
which is visible in the traces of Fig. 6. This is particularly
true in the case of the R; = O characteristic. As an insight
into the nature of this noise, a bifurcation diagram was
obtained experimentally by sampling the instantaneous

26|
k=
§ 22| RL=69K] |
O r’———/‘-/_
— "
ER e .
E:
g 14
zg 1.0 o __,_—_—’ﬁ
St RL = OPEN :
|
0.6 1 4 : I i U | A i 1 1 i

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
Junction Voltage (volts)

FIG. 9. Current-voltage curves from the electronic simulator showing the
appearance of steps when Ry > Z,. The characteristic for R; = 69 KQ has
been displaced upward by 0.8 units for clarity.
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junction voltage once in each oscillation of the junction
supercurrent. This was accomplished by generating strobe
pulses from the VCO and using them to trigger each A/D
conversion on the Scientific Solutions board. The inset to
Fig. 6 is such a bifurcation diagram containing 20 000
points spanning a narrow range of bias current. There is
clear evidence of multiperiodic, as well as chaotic, behavior
and this suggests that for R; < Z;, low-order steps may
exhibit chaos. At higher average voltages, the supercurrent
wave form in a resistively shunted Josephson junction is
more nearly sinusoidal. We believe that this property is
connected to the absence of chaos in the higher order steps.
No evidence of chaos is present in the I-V curves for
R L> Zo.

NUMERICAL SIMULATIONS

As an independent check of the results obtained from
the simulator circuit, we carried out numerical integrations
of the differential equations which govern the coupled Jo-
sephson junction and transmission line. The well known
¢quation of motion for the phase difference across a current
biased Josephson junction is

—4—’=iﬁ— sin().

dt )

~ Here dimensionless currents are expressed in terms of the

junction critical current /.. Time is normalized in units of
the characteristic period 7 = #/(2el R ), where R; is the
junction shunt resistance and ij; is the total current flowing
through the Josephson junction. The dimensionless form of
Eq. (6) is just iy = i;; 4+ i(y), where i(;, is the input current
to the transmission line. )

The differential equation governing the transverse volt-
age across a continuous transmission line is

d*v a*v av

-JEQ-:LC—d?‘ + (LG, + R,C) 7;.+_RSGPV‘

7 (15)

Transforming to the same normalized time units as were
used in Eq. (14), replacing the second-order spatial deriv-
ative with the central difference expression

@0 (Vg1 — W+ Vs )
dx*" Ax?

and rearranging

dv, 7

n RC + GpL \ dv,, -
FraTe =)

(vn+1—2vn+vn_1)-—( p 73

— R,Gpv,,], (16)

where v = V/(IR;). To match the numerical calculation
with the analog simulation, we have chosen Ax=1. Let
there be M nodes. Equation (16) then becomes a set of-
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FIG. 10. Current-voltage characteristics from numerical siinulations. Pa-
rameters were chosen to correspond to the. electronic simulator data
shown in Fig. 6.

coupled differential equations for n=(2,M — 1). The first

and last points are special and are governed by
dv, 7 R,C+ G,L\ dv
@ ~IC [(”2 3 = (W) @

—_— Rstvl

— 24; +2(iy — sin ¢)] (17)

duy ' 3 RC+ G,L\ dvy
W_—R[(UM— 1= 3vs) — (——T———) I
. (2R, :
—RSGpUM+lL (_R—) s ’ (18)
J

where iy = ijs,  is the normalized current through the load
resistor R;. Finally, the currents i; and i; obey the follow-
ing equations which arise from Kirchhoff’s laws applied to
the first and last segments

I [zb—tl( +2Rj>—-sm¢—v1] (19)
diy 27R; (R, R;
G (Eﬁﬁrj)] - 20

This system of equations (14,16-20) was solved for the set
of parameters M =72, R; = 25KQ, I, = 86 uA, L=1.52 H,
C=1nF, R; = 150 ), and G, = 0. Since the analog of 7i/2e
for the electronic Josephson circuit is (27b) ~ 1 where
b=~1000 Hz/V, 7=75 pus. The numerical integrations
were performed using a fourth-order Runge-Kutta algo-
rithm with a normalized time step of Ar=0.01. The bias
current was varied in steps of 0.003 and for each measure-
ment of the resulting voltage, averaging over a few thou-
sand time units was carried out.

2400 J. Appl. Phys., Vol. 70, No. 4, 15 August 1991
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FIG. 11. Current-voltage characteristics from numerical simulations. Pa-
rameters were chosen to correspond to the electronic simulator data
shown in Fig. 9.

Figures 10 and 11 show numerical results which cor-
respond to the analog simulation data in Figs. 6 and 9. As
expected, we find good agreement between the two meth-
ods. An important point to note is the significant speed
difference between the two techniques. I-¥ curves, such as
those presented in Fig. 10, required several days of vector
processor CPU time, yet were completed in only about 10
min on the electronic simulator! A clear artifact of the
shorter averaging time in the numerical calculations is seen
in the rather large variations in average (dc) voltage when
the dynamical states are chaotic.

3 F T 1 T
’t—l’—; I .
S—
— L i
]
Sy .
= - N
(&)
0 | R
[is]
2= [ -
m
1 R
A | S S | |7 | % B 1 L | i J.ﬁl__j_]___j_

0.0 0.2 0.4 0.6
Junction Voltage (R,I;)

FIG. 12. Numerical simulation using a half-length transmission line.
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One slight difference between the I-V curves for R
= 0 is that there appears to be a finite initial slope at i,
> 1 in the analog simulation data, whereas the numerical
simulation produces zero (or at least a very small) slope.
We believe that this discrepancy is of minor importance
since both characteristics display the same chaos for the
low voltage steps, as well as more regular behavior at
higher voltage steps. The origin of the discrepancy is most
likely the fact that the numerical simulation is “ideal,”
whereas components in the electronic circuit are subject to
offsets, thermal drift, parameter variations, and so forth. In

the electronic circuit we can thus expect more complex -

behavior, since reflections can occur at imperfections. An
elementary way to study these reflections is to consider a
shorter transmission line, in which case the loaded end of
the shorter line effectively models an imperfection. An I-V
curve was calculated using half the previous number of
segments, and the characteristic shown in Fig. 12 resulted.
Chaos is still present, but the initial slope for i, > 1 is now
positive. For a transmission line with a distribution of im-
perfections from which scattering takes place, further mod-
ifications in the I-¥ curve would be anticipated.
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