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Dynamical properties of Josephson junctions coupled
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A system composed of two Josephson junctions connected by a transmission line has been
studied by means of electronic analog simulation. Under external current bias, the resistive
component of the coupling induces frequency locking between the two junctions at
commensurate ratios. The resonant modes of the transmission line give rise to steps in the I-V

characteristics of the system.

I. INTRODUCTION

Josephson junctions have been of considerable interest
for many years both because of their potential practical
applications in superconducting electronics, and because
the nonlinear nature of their dynamics gives rise to various
phenomena such as chaos. Although only a few commer-
cial products based on superconducting devices have
emerged, research is continuing in new areas such as
analog-digital converters and digital logic.! Circuits assem-
bled from Josephson junctions are “wired” via thin-film
interconnects which, at the high frequencies involved, act
as striplines.>™*

In a previous paper,” we studied the dynamics of a
noncapacitive Josephson junction coupled to a resistively
terminated transmission line. The present work is a gener-
alization to the case where the termination is a second
Josephson junction, or equivalently, where two junctions
are coupled by a transmission line.

The coupling of two nonlinear devices was first re-
ported by Huygens who observed that when two pendula
were coupled by mounting them adjacent to each other on
the same beam the periods became synchronized. A gen-
eral review of synchronization is given by Blekhman.® Syn-
chronization can occur between nonlinear devices because
the resonant frequency of each device is a function of the
amplitude of the oscillation of that device and, when cou-
pled together, the oscillators can adjust their amplitudes
and hence their resonant frequencies until these resonant
frequencies are either identical or commensurate. On the
other hand, two coupled /inear devices cannot synchronize,
but will instead give rise to such phenomena as beats.

The possible modes of motion of an isolated junction
consist of oscillations of the phase anglie about either a
fixed value or a steadily rotating value. When a pair of
junctions can interact, the two junction frequencies would
be expected to form a commensurate ratio regardless of the
mode of motion. In the case to be considered here, the
coupling is provided by a transmission line with its own
characteristic resonances; hence the strength of the cou-
pling will generally be frequency dependent and will be
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further influenced by resonance broadening due to damp-
ing in the line.

As in our earlier work,’ electronic analogs of the trans-
mission line and Josephson junctions are used to model the
system. This experimental approach is extremely fast com-
pared to direct computational solutions obtained from nu-
merical simulations of the complete set of coupled differ-
ential equations, although there is inevitably some trade-off
in precision. To avoid confusion in the discussions to fol-
low, we shall adopt the convention of referring to data
obtained from electronic analogs as “experimental,” and
data generated from numerical solutions as “simulation.”

il. RESISTOR COUPLING

It is instructive to first consider the situation when the
distributed reactances are deleted from the transmission
line, leaving only the simple coupling indicated in Fig. 1. In
so doing, we are temporarily setting aside the resonant
attributes of the transmission line so as to focus on the
contribution of the line resistance alone to the locking of
the junction oscillations. Surprisingly, this arrangement of
parallel shunt coupling does not appear to have been con-
sidered before, although series connected weak links with
resistive’™ and reactive'®'2 shunts have been the subject of
many reports.

An electronic analog of this configuration is depicted
schematically in Fig. 2. The operation of the two Joseph-
son junction modules (in boxes) has been discussed in
previous publications.>!> The central op-amp with the R £
feedback resistor serves to impose Kirchhoff’s law:

Via=1pRix+Vyp. (D
The equivalence of the coupling are R,,,=R2/R - The
complete transmission line, to be discussed in the next sec-
tion, is made up of 71 discrete “I”’ segments, each con-
taining a series resistance R;=152 ; hence
R 1=71x152=10.79 K. Therefore since R was chosen to
be 39 K, Ry=141 K.

The time-averaged voltage across each of the junctions
was measured as a function of the input bias voltage V-
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FIG. 1. Two Josephson junctions coupled via a resistor.

The corresponding input bias current as depicted in Fig. 1
is thus ;.= P/ R- These measurements were performed
using a PC-based data acquisition system consisting of a
programmable dc power supply for Vi, (HP 6632A) and
digital voltmeters (HP 3478A), all connected to the PC via
the GPIB bus. The controlling software was written in
Microsoft QuickBASIC 4.5. Each I-V curve is composed
of 1400 points, spaced at 5 mV intervals in Fi;,s. The
waveforms from the junctions were prefiltered so the volt-
meters would see essentially only time-averaged values.
Figure 3 displays the experimental results.

Input bias-junction voltage characteristics were also
obtained from a numerical solution of the appropriate
equations. Such a solution is comparatively easy in this
resistively coupled case (as opposed to the general trans-
mission line coupling to be treated in the next section). For
the arrangement shown in Fig. 1, the equations are

(112 o122

blas

B+sm(¢A)-— (2)

and

[1+a] 202 ¢B 2 dé,

;- +sin(43) =0, (3)
where ¢4 and ¢y are the junction phases, a=R /Ry
(=2.32 for this study), Iy, is the input bias current, I, is
the critical current (assumed equal for the two junctions),

R
AN A vbias

“Rlj

FIG. 2. Schematic of analog simulation circuit for resistively coupled
Josephson junctions. The op-amps are type 741 and R=39 K.
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FIG. 3. Input bias (volts) vs time-averaged junction voltage obtained
from the electronic analog. Upper characteristic: termination junction;
lower characteristic: input junction. Circles are from numerical simula-
tion.

and time is expressed in units of #/(2el R;). The elec-
tronic Josephson analogs were characterized by 1,86 uA
and R;=25 kQ. The voltage-controlled oscillators (VCO)
were designed to have 1000 Hz per volt (in fact they were
within a few percent of this value). Because this is the
analog counterpart of 2e/A, a unit of time in Eqgs. (2) and
(3) equals (27X 1000X IR ;) ~' =74 ps of electronic ana-
log time. In dimensionless time the usual Josephson
voltage/phase relation is simply d¢/dt=V;/I R yand so an
average (d¢/dt) produced from the numerical simulation
must be multiplied by 2.15 to yield an equivalent voltage
for comparison with experiments.

Numerical solutions of Egs. (2) and (3) were obtained
using a time grid Az=0.01. “dc” values (d¢/dt) were eval-
uated by averaging over several thousand cycles of d¢/dr.
Results of these computations are shown as data points in
Fig. 3. The very good agreement which is evident between
simulation and experiment serves as a confirmation of the
accuracy of the electronic circuit as an analog of the cou-
pled Josephson junctions.

At low bias levels 3.5 < ¥y, <5.5, the phase on the
input junction is rotating thus resulting in nonzero
{d¢ 4/dt), while the phase on the terminating junction os-
cillates such that {d¢ z/dr)=0. Typical waveforms from
numerical simulations are shown in Fig. 4. Because the
terminating junction carries less than I, in this bias range,
it might seem that it should act simply as a superconduct-
ing short. However, a true short would clamp the voltage
at zero, whereas the dynamic response of this load junction
just guarantees that the average voltage is zero. Only in the
limit of a junction with infinite critical current would ¢ be
time independent.

The critical value of the bias current [, at which the
load junction first enters the finite voltage state can be
estimated with the following simple analysis. If all ac ef-
fects in the interaction between the two junctions are ne-
glected, Eq. (2) can be written
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FIG. 4. Junction waveforms at Vy;,,=3.8 from numerical simulation.
Upper trace: input junction; lower trace: terminating junction. An initial
transient interval has been discarded.

I bias
1.

d
[1+a]—£ﬁ+sm(¢ﬁ= (4)

and the average phase velocity of junction 4 is then given
by'

d¢A 1 : Ibias
<_dt"> T+ ( I ) -t ®
For 1<Iy,/I.<Iy/I,, junction B
{d¢ g/dr) =0 and so Eq. (3) becomes

still maintains

d
—a(%‘;) +sin( ) =0. (6)

From Egs. (5) and (6), and noting that sin2(¢3)<1, we
obtain the critical bias current from the condition

Tyias Tnc ‘/—T—z——
I, <7:—— (™ 41"+ 1 N

For a=2.32, the critical bias is then Vi, =RI;.=5.8. This
value is quite close to the switching point Fi;,,=~5.6 ob-
served in the numerical simulation data (Fig. 3).

Above V,~5.6, the load junction receives enough
current to force phase rotation. As a particular example,
consider the case for Fi;,,==8.3. The junction phase veloc-
ities at this bias are shown in Fig. 5, where it can be seen
that the voltage oscillations are locked. Both d¢,/dt and
d¢ g/dt have identical repeat intervals of 26.3 normalized
time units. The essential nature of this locking is revealed
by examining the corresponding phase motion as depicted
in Fig. 6: during the repeat interval the phase on the load
junction completes three revolutions while the phase on the
input junction completes five revolutions. This will be de-
noted as 3:5 locking.

Computed power spectra of the d¢,/dt and dép/dt
waveforms are plotted in Fig. 7. All the peaks are equally
spaced along the frequency axis in increments of 0.038,
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FIG. 5. Junction waveforms at Vi;,,=8.3 from numerical simulation.
Upper trace: input junction; lower trace: terminating junction. An initial
transient interval has been discarded.

which is simply the reciprocal of the previously mentioned
repeat interval of 26.3. The complex voltage waveforms
clearly contain two principal frequencies, f4 and fp, as
well as various other components at frequencies deter-
mined by multiples of sums and differences of f4 and f.
This occurs because of the nonlinear mixing mediated by
the junctions themselves.

For an isolated- Josephson junction, w=2eV/#, where
o is the angular frequency of the junction oscillation. In
normalized units, this is expressed as
=)~ (V/I.R;)=(2w) " '(d¢/dt). Careful examina-
tion of the data in Figs. 3 and 7 shows that the following
relations are satisfied.

1 ydéy 1 td¢p
fa=5— <7>, f8=5_ <717> (8)

7 T T T
6 7]

.‘Z : ‘PA/

3 /

§

o
L

100 110 120 130
Time
FIG. 6. Junction phases vs time (normalized units) obtained from nu-

merical simulation. The dotted line marks the end of one repeat interval.
An initial transient interval has been discarded.
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FIG. 7. Power spectra of junction waveforms at V};,,=8.3 obtained from
numerical simulation. Upper: input junction; lower: termination junction.
The abscissa is in normalized frequency units.

In other words, the two principal frequency components
are determined by the average phase velocities (voltages).

The locking ratio was observed to increase as the bias
was increased. It was, for example, 5:8 at V;,,=9.0. In
each junction, the current is composed of a normal channel
component ¥/R;, and a supercurrent I, sin{¢). At high
bias currents, because the supercurrent can never exceed
I, most of the flow is through the normal channel. Ulti-
mately, then, the combination of junction resistors and R,
just acts like a voltage divider and it would be expected
that the ratio of the junction dc voltages, and hence the
locking ratio, would approach the limiting value
R;/(R;+Ry)=a/(a+1)=0.698. Such a limit is consis-
tent with the experimental results in Fig. 3, where the ratio
of the two junction voltages has reached the value 0.628 at
Vbias= 9.2.

11l. TRANSMISSION LINE COUPLING

We now turn to the more general situation, illustrated
in Fig. 8, of a pair of Josephson junctions linked by a
transmission line. The capacitive and inductive reactances
which were eliminated in the preceding discussion, are now
restored to the problem. For this case a lumped line con-
sisting of 71 “T” segments was modeled by a modified
version of the circuit described in Ref. 5. Only the termi-
nation section [Ref. 5, Fig. 5(b)], which originally repre-
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FIG. 8. Two Josephson junctions coupled by a transmission line which is
approximated by a series of lumped “T” segments as indicated in the box.

sented a simple load resistor R ;, must be altered, as shown
in Fig. 9, to introduce the required second Josephson junc-
tion. This new arrangement is designed to comply with
Kirchhoff’s law as it applies to the final cell of the line:

R, Ld
V71_VJB=IB?+_2"d‘t'(IB)’ 9)

where I is the net current flowing into junction B. As
discussed in Ref. 5, the equivalences between circuit com-
ponents and transmission line parameters are C,=C,
R.=G!, R*C,=L, and R*/R,=R,. With the particular
choices R=39 kQ, C.=1 nF, C,=1 nF, G=(10 MQ) "},
and R,=10 MQQ, the equivalents are C=1 nF, L=1.52 H,
G=10""7 Q7!, and R,=152 Q. The characteristic imped-
ance of such a line is Zy= J(L/C) =39 k{}, and the phase
velocity is vy=1/J(LC) =25 650 segments per second.
Figure 10 displays the measured applied bias versus
junction voltage characteristics. The general shape is essen-

Rc
4 AA 3
RS " |I|:C 2 R
L) .
-V TR <L»
+ *|
2Ra = B
4 A ]
R2 C?|/2 2R
L
J'J> -~
. N e s
L 10K J
A3 vCo Sh
R >
Z R 2 >
Vg | .
JUNCTION B

FIG. 9. Schematic of the final section of the analog simulation circuit for
the problem of transmission line coupled junctions. The op-amps are type
741 and R=39 K. ‘
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FIG. 10. Input bias (volts) vs time-averaged junction voltage from ex-
periment. Upper characteristic: termination junction; lower characteris-
tic: input junction. Locking ratios for various steps are indicated.

tially the same as the simple resistively coupled case pre-
sented in Fig. 3, except that now the curves are “deco-
rated” with additional step structures.

For ¥y, between 3.5 and 6.0, the input junction is in
a finite voltage state, but the load junction, which receives
less than I, only generates pulses with zero average volt-
age. Figure 11 shows a typical view of the junction voltage
waveforms in this bias interval. These data were obtained
by means of a Gould/Biomation model 2805 transient re-
corder (2048 8-bit samples per channel) which was linked
to the GPIB bus with an I/O Tech Digital488 interface
module. The indicated delay of 2.7 ms between a given
voltage peak at the input junction, and the dynamic re-
sponse at the load, is simply the propagation time for a
signal down the transmission line: 71/v;. Apart from the

Voltage

Voltage

0 4 8 1'2 1'8 20
Time (milliseconds)

FIG. 11. Junction waveforms at Vy;,,=3.8 from experiment. Upper trace:
input junction; lower trace: termination junction. Vertical scales are in
volts. The indicated time delay is 2.7 ms. Time is measured from the
moment when the transient recorder is triggered.
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FIG. 12. Junction waveforms at Vy;,,==7.7 from experiment. Upper trace:
input junction; lower trace: termination junction. Vertical scales are in
volts. The waveforms repeat in 4.14 ms. Time is measured from the
moment when the transient recorder is triggered.

delay, one may note the similarity to the corresponding
picture for the resistively coupled case, as in Fig. 4.

To lowest order the termination may be viewed as a
quasishort in this bias range. The structure on the lower
portion of the “I-¥> curve of the input junction can then
be understood in terms of the resonant steps for a shorted
line which were discussed in Refs. 5 and 15.

Our main interest here lies above Fi;,,=6.0 where
both junctions develop a dc voltage. A typical set of junc-
tion waveforms measured at Vy;,,=7.70 is shown in Fig.
12. The common repeat interval is 4.14 ms, which is equiv-
alent to a frequency of 242 Hz. The power spectra are
given in Fig. 13, where it can be seen that the peaks are
positioned at increments of 242 Hz. As in the resistively
coupled case, there are two principal components, f, and
[, together with various sums and differences. In this
particular example, the locking ratio is f5:f4=5:8. We
have confirmed by integrating the voltage waveforms given
in Fig. 12, that, over a period of 4.14 ms, the input junction
phase does indeed rotate by eight times 27 while the load
Jjunction phase rotates by five times 2. The various locking
ratios which appear as step labels in Fig. 11 were deter-
mined by examining the power spectra of V;,(¢) and
V;p(t) at the relevant bias levels. The pattern of these
ratios- 1:2, 3:5, 5:8, 9:14, 2:3, 17:25 forms a monotonic
sequence leading towards the limiting value
a/{a+1)=0.698.

Figure 14 is a magnified view of the 5:8 and 9:14 steps.
A number of points were selected along these steps for
closer study. At each chosen Vy;,,, the voltage waveforms
V;4(t) and V;5(2) were acquired in the transient recorder.
The 2048 samples were normally taken at intervals of 50 or
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FIG. 13. Power spectra of junction waveforms at Vy;,,=7.7 from exper-
iment. Upper: input junction; lower: termination junction.

100 us. The digitized waveforms were then transferred to
the PC and power spectra were computed. From these
spectra, as discussed already, the principal components £,
and f  were easily found. The resulting data are plotted in
Fig. 15. Along each step the dominant frequency is seen to
increase linearly with Vi, with a jump to a new linear
segment occurring at the top and bottom of the step. It was
found from the power spectra that although f, and fj,

8.4 j

8.3

7
I

|

gaf
81 |— [
[] g:1d4 [
(‘g 8.0H——— / /
e 7.9 # — /J
= 7.8

N /
N /
:

08 1.0 1.2 1.4 1.6 1.8 20 22 24
Junction Voltage

FIG. 14. Expanded portion of characteristics in Fig. 10 showing the 5:8
and 9:14 steps.
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FIG. 15. Principal frequencies f, and fp along the 5:8 and 9:14 steps.

change along any step, they remain locked at the desig-
nated ratio for that step. What is different between this
situation and the previous resistively coupled case, which
has no steps, is that the transmission line resonances are
asserting their influence on the system. This is a sitnation
reminiscent of the frequency pulling which occurs when a
Josephson junction is placed in a resonant cavity.'®

The resonant frequencies of a transmission line are as-
sociated with the possible standing wave modes. For n
standing half waves, they are given by f,=n(vy/2X71)
=n(180.6) Hz. In Fig. 15 it can be seen that the top of the
5:8 step occurs at Vi;,,=7.87, where the principal fre-
quency of junction A equals f,;, and the principal fre-
quency of junction B equals f;. Two resonances are simul-
taneously present in the transmission line, with the input
junction acting as the source for one and the terminating
junction acting as the source for the other. In this case
there are 7 half wavelengths at the frequency of junction B
and 11 half wavelengths at the frequency of junction 4. For
lower points on this 5:8 step, simple standing waves do not
occur. Here the principal junction frequencies, while not
strictly aligned with fy; and £, clearly are pulled'é to-
wards these resonances. Similar effects are evident in the
9:14 step, which is controlled by the f, and f; resonances.

Thus at each step there are two competing phenomena
to control the junction frequencies. The first is the reso-
nance condition for which an integer number of standing
half waves exists in the transmission line, and the second is
the synchronization requirement that the junction frequen-
cies should form a commensurate ratio.

IV. CONCLUSIONS

The results of these numerical and electronic analog
simulations demonstrate that the behavior of a pair of Jo-
sephson junctions coupled through a transmission line may
be understood in terms of two separate processes. First, the
purely resistive link provided by the transmission line en-
ables the junction oscillations to lock so that for any given
external bias, the oscillations share some common funda-

Smith, Blackburn, and Grénbech-Jensen 5106



mental periodicity. Within this constraint, each junction
has a unique waveform whose dominant Fourier compo-
nent is an integer multiple of the reciprocal of this common
period. Second, the reactive properties of the transmission
line induce steps in the junction I-¥ curves. These steps
originate in the competition between the transmission
line’s tendency to resonate, and the junctions’ necessity to
lock.
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