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Weight modules over generalized Witt algebras with
1-dimensional weight spaces1

Kaiming Zhao

(Communicated by Karl Hermann Neeb)

Abstract. In this paper, indecomposable and irreducible weight representations with 1
dimensional weight spaces for simple generalized Witt algebras over any field of characteristic
0 are classified. There are five classes of such nontrivial indecomposable modules.

2000 Mathematics Subject Classification: 17B10, 17B20, 17B65, 17B66, 17B68.

§1 Introduction

Throughout this paper we use the definitions and notations in [DZ1], and assume
that F is an arbitrary field of characteristic 0. Let me start with the definition of gen-
eralized Witt algebras.

Let A be an abelian group, T a vector space over F . We denote by F ½A� the group
algebra of A over F . The elements tx, x A A, form a basis of F ½A� with the multipli-
cation txty ¼ txþy. We shall write 1 instead of t0. The tensor product W ¼ F ½A�nF T

is a free left F ½A�-module. We shall usually denote an arbitrary element of T by q,
and for simplicity we write txq instead of tx n q. We now fix a pairing j : T � A !
F , which is F -linear in the first variable and additive in the second one. For conve-
nience we shall also use the following notations:

jðq; xÞ ¼ qðxÞ ¼ xðqÞ for any q A T and x A A:

Under the bracket

½txq1; tyq2� :¼ txþyðq1ðyÞq2 � q2ðxÞq1Þ; for any q1; q2 A T and x; y A A;

W becomes a Lie algebra. We shall refer to W ¼ WðA;T ; jÞ as a generalized Witt

algebra. Generalized Witt algebras were thoroughly studied in [DZ1]. For further

1 This work is supported by Hundred Talents Program of Chinese Academy of Sciences and
by NSF of China.



generalizations of this class of Lie algebras, please refer to [DZ2], [Jo], [P], and [X],
where Lie algebras not belonging to WðA;T ; jÞ generally do not have a torus. The
structure theory of generalized Witt algebras is quite complete.

From [DZ1] we know that W is a simple Lie algebra if and only if A is nonzero
and j is nondegenerate in the sense that jðx;AÞ ¼ 0 and jðA; yÞ ¼ 0 implies x ¼ 0
and y ¼ 0 respectively. In this case A must be torsion-free.

When AFZn and dimT ¼ n, the simple Lie algebra WðA;T ; jÞ is isomorphic
to the classical Witt algebra Wn ¼ DerðF ½tG1

1 ; . . . tG1
n �Þ, where F ½tG1

1 ; . . . tG1
n � is the

Laurent polynomial algebra. When dimT ¼ 1 (A arbitrary), the simple Lie algebra
WðA;T ; jÞ is isomorphic to a centerless generalized Virasoro algebra introduced in
[PZ] (a generalization of the centerless Virasoro algebra).

For representation theory, we have the complete classification for irreducible weight
modules (with finite dimensional weight spaces) over the Virasoro algebra, see [M].
All weight modules with 1-dimensional weight spaces over generalized Virasoro alge-
bras were obtained in [SZ], while the corresponding classification for the classical Vir-
asoro algebra was given in [Kp]. Eswara Rao [E1, E2] and Jia [J] constructed some
weight modules over Wn. In the study of toroidal Lie algebras, a particular case of
current algebras, representations of generalized Witt algebras play an important role,
see [BB].

We shall now describe the contents of this paper. We assume that W ¼ WðA;T ; jÞ is
always simple.

In Section 2, for convenience of the reader, we collect some known results for later
use. In Section 3, we construct five classes of indecomposable weight modules over W
with 1-dimensional weight spaces, give the necessary and su‰cient conditions for two
such modules to be isomorphic, and prove an important result on the module struc-
ture. This is di¤erent from that for generalized Virasoro algebras where we have only
three classes. Also conditions for two such modules for dimT > 2 to be isomorphic
are di¤erent from that for dimT ¼ 1 (the case of generalized Virasoro algebras). See
Theorem 3.6. When W FWn, the first class of these modules are essentially the ones
constructed in [E1, E2] and [J].

In Section 4, we classify indecomposable, and irreducible W -modules with 1-
dimensional weight spaces for algebraically closed field F of characteristic 0 (Theo-
rem 4.1). We first used the classification of weight modules with 1-dimensional weight
spaces over generalized Virasoro algebras obtained in [SZ] to prove this result for the
critical case of W2 (Claim 2 in the proof ) and then use the sewing technique (stitch
small pieces together) used in [SZ] to obtain the complete classification. The reason
we confine our argument on an algebraically closed field is that the proof of Claim 2
(and some other places) requires the field big enough to get a centerless generalized
Virasoro algebra.

Then in Section 5 we easily give the classification of indecomposable and irreduc-
ible W -modules with 1-dimensional weight spaces for arbitrary field F of character-
istic 0 (Theorems 5.2 and 5.3).

Here I would like to thank the referee for some suggestions to smooth this paper.
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§2 Relevant known results

The Lie algebra W ¼ WðA;T ; jÞ defined in Section 1 has a natural A-gradation
W ¼

L
x AA Wx where Wx ¼ txT for x A A. In particular we have W0 ¼ T . It follows

that

½q; txq1� ¼ qðxÞtxq1; Eq; q1 A T ; x A A;

i.e., adðqÞ acts on Wx as the scalar qðxÞ. Hence, q is semisimple in the sense that adðqÞ
is a semisimple operator on W . Consequently, T is a (actually the unique) torus, i.e.,
the maximal abelian subalgebra of W consisting of semisimple elements.

In this paper we are only interested in simple algebras WðA;T ; jÞ, that is, we
assume that A is nonzero (torsion-free) and j is nondegenerate. If dimT ¼ 1, the
simple algebra WðA;T ; jÞ is essentially the centerless generalized Virasoro algebra.
Now I am going to present this algebra in another notation used in [SZ].

Let M be an abelian additive sub-group of F . The centerless generalized Virasoro

algebra Vir½M� is defined to be the Lie algebra with F -basis fLm; c j m A Mg, subject to
the following commutator relations:

½Lm;Ln� ¼ ðn� mÞLmþn; for any m; n A M:

For any a; b A F , in [SZ] the following three series of Vir½M�-modules Aa;bðMÞ,
AaðMÞ, BaðMÞ were defined: they all have basis fvm j m A Mg with actions given by
the following formulas

Aa;bðMÞ : Lmvn ¼ ðaþ nþ mbÞvmþn;

AaðMÞ : Lmvn ¼ nvmþn; if nðmþ nÞ0 0; Lmv m ¼ 0; Lmv0 ¼ ðamþ 1Þvm;

BaðMÞ : Lmvn ¼ ðmþ nÞvmþn; if nðmþ nÞ0 0; Lmv0 ¼ 0; Lmv m ¼ �ðamþ 1Þv0;

for any m; n A M. We use A 0
a;bðMÞ, A 0

a ðMÞ, B 0
aðMÞ to denote the nontrivial irre-

ducible sub-quotient of Aa;bðMÞ, AaðMÞ, BaðMÞ, respectively. We know that
A 0

a;bðMÞ0Aa;bðMÞ if and only if a A M and b A f0; 1g.

Theorem 2.1 ([SZ, Theorem 4.1]). Among the Vir½M�-modules Aa;bðMÞ, AaðMÞ,
BaðMÞ for a; b A F, and their nontrivial sub-quotients, we have only the following mod-

ule isomorphisms:

(i) Aa;bðMÞFAa 0;bðMÞ if a� a 0 A M,

(ii) Aa;0ðMÞFAa 0;1ðMÞ for a B M with a� a 0 A M,

(iii) A 0
a;bðMÞFA 0

a 0;bðMÞ if a� a 0 A M,

(iv) A 0
a;0ðMÞFA 0

a 0;1ðMÞ if a� a 0 A M,

(v) A 0
a ðMÞFB 0

bðMÞFA 0
0;0ðMÞ. r
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Theorem 2.2. Let V ¼
L

j AM Vaþj be a Vir½M�-module with dimVaþj a 1 for all

j A M, where a A F and Va ¼ fv A V jL0 � v ¼ avg. Then V is isomorphic to one of the

following for appropriate a; b A F:

(i) A 0
a;bðMÞ,

(ii) A 0
0;0ðMÞlFv0 as direct sum of VirðMÞ-modules,

(iii) AbðMÞ,

(iv) BbðMÞ,

(v) A0;0ðMÞ, A0;1ðMÞ,

(vi) Fv0.

The proof here is the same as that of Theorem 4.5 of [SZ] just replacing [2, Theorem
2.1] there by [SZ, Theorem 4.6] in that proof. We omit the details. r

§3 Weight modules with weight multiplicity 1

In this section we shall define five classes of indecomposable W -modules: Aa;bðWÞ,
AaðWÞ, ~AAaðWÞ, BaðWÞ, ~BBaðWÞ for a A T �, b A F .

Recall that we have assumed that W is simple. Since j is nondegenerate we can
regard A as a sub-group of the dual space T � ¼ HomðT ;FÞ via j, i.e., xðqÞ ¼ jðq; xÞ,
Ex A A, q A T . A weight module over WðA;T ; jÞ is a module V ¼

L
a AT � Va, where

Va ¼ fv A V j q � v ¼ aðqÞv Eq A Tg which is called the weight space with weight

a A T �. The integer dimVa is called the multiplicity of a.

For any a A T � and b A F , we define the A-graded W -module Aa;bðWÞ ¼
L

x AA Fvx
with the action

ðtxqÞvy ¼ qðyþ aþ bxÞvxþy; for all x; y A A; q A T :ð3:1Þ

Remark. Clearly Aa;bðWÞFAaþx;bðWÞ for any x A A. In the case of A ¼ Zn and
dimT ¼ n, the modules Aa;bðWÞ were constructed in [E1, E2] and [J].

Similar to [E1, Proposition 4.1] or [J, Theorem 3.1] we have the following statement:

Lemma 3.1. Aa;bðWÞ is reducible if and only if a A A and b A f0; 1g. r

If a A A and b ¼ 0, then Fv a is the only nontrivial sub-module of Aa;b. If a A A and
b ¼ 1, then

L
x AAnf ag Fvx is the only nontrivial irreducible sub-module of Aa;b.

We use A 0
abðWÞ to denote the nontrivial irreducible sub-quotient of Aa;bðWÞ,

i.e., A 0
a;bðWÞ ¼ Aa;bðWÞ if ða; bÞ B ðA; f0; 1gÞ, A 0

0;0ðWÞ ¼ A0; 0ðW Þ
Fv0

, A 0
0;1ðWÞ ¼L

x AAnf0g Fvx.

Proposition 3.2. Suppose dimT b 2.
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(a) Aa;bðWÞFAa 0;b 0 ðWÞ if and only if a� a 0 A A and b ¼ b 0.

(b) A 0
a;bðWÞFA 0

a 0;b 0 ðWÞ if and if a� a 0 A A and b ¼ b 0.

Proof. (a) ‘‘(’’. This is clear.

‘‘)’’. Suppose Aa;bðWÞFAa 0;b 0 ðWÞ. Denote Aa;bðWÞ ¼
L

x AA Fvx, A
0
a 0;b 0 ðWÞ ¼L

x AA Fv 0x with actions in (3.1). Then a� a 0 A A. From the above remark we may
assume that a ¼ a 0, so we have an isomorphism of the form

y : Aa;bðWÞ ! Aa 0;b 0 ðWÞ; vx ! f ðxÞv 0x;

where f ðxÞ A F � with f ð0Þ ¼ 1. From tyqyðvxÞ ¼ yððtyqÞvxÞ, it follows that

f ðxÞqðxþ aþ b 0yÞv 0xþy ¼ qðxþ aþ byÞ f ðxþ yÞv 0xþy;

i.e.,

qðxþ aþ byÞ f ðxþ yÞ ¼ f ðxÞðqðxþ aþ b 0yÞÞ; for all x; y A A; q A T :ð3:2Þ

At x ¼ 0, (3.2) gives

qðaþ byÞ f ðyÞ ¼ qðaþ b 0yÞ for all y A A; q A T :ð3:3Þ

If a ¼ 0, (3.3) yields bqðyÞ f ðyÞ ¼ b 0qðyÞ, for all q A T , y A A. Then b ¼ 0 if and
only if b 0 ¼ 0. Suppose bb 0 0 0, then we have bf ðyÞ ¼ b 0 if y A AnkerðqÞ for some
q A Tnf0g. So bf ðyÞ ¼ b 0 if y A Anf0g. Thus

f ðyÞ ¼ b 0

b
for all y A Anf0g:

Going back to (3.2) we deduce that b ¼ b 0.
If a0 0, choose y such that a; y are linearly independent in T �. Suppose

b0 b 0, then aþ by, aþ b 0y are linearly independent. There exists q A T � such that
qðaþ byÞ ¼ 0 and qðaþ b 0yÞ0 0. So from (3.3) we deduce that f ðyÞ ¼ 0, this is a
contradiction. Therefore b ¼ b 0.

(b) From (a) it su‰ces to show that A 0
0;0 VA 0

0;1. Set A
0
0;0 ¼

L
x AAnf0g Fvx, A

0
0;1 ¼L

x AAnf0g Fv
0
x with actions

ðtxqÞvy ¼ qðyÞvxþy for all q A T ; x; y A A with y0 0 and xþ y0 0;

ðtxqÞv 0y ¼ qðyþ xÞv 0xþy for all q A T ; x; y A A with y0 0 and xþ y0 0:

Let y : A 0
0;0 ! A 0

0;1 be an isomorphism. Then

yðvxÞ ¼ f ðxÞv 0x for all x A Anf0g;
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where f ðxÞ A F �. From tyqjðvxÞ ¼ jððtyqÞvxÞ, it follows that

qðxÞ f ðxþ yÞv 0xþy ¼ f ðxÞqðxþ yÞv 0xþy;

to give

qðxÞ f ðxþ yÞ ¼ f ðxÞqðxþ yÞ; for all x; y A A with x0 00 xþ y:

Since f ðxÞ f ðxþ yÞ0 0, we obtain that

qðxÞ ¼ 0 , qðxþ yÞ ¼ 0; Eq A T ; x; y A A with x0 00 xþ y:

This is a contradiction since dimT b 2. So A 0
0;0 VA 0

0;1. r

Remark. If dimT ¼ 1, Proposition 3.2(b) does not hold (see Theorem 2.1).

For any a A T �, we define the A-graded W -module AaðWÞ ¼
L

x AA Fvx with the
actions

ðtxqÞvy ¼ qðyÞvxþy; for y0 00 xþ y;

ðtxqÞv x ¼ 0; for all x A A;ð3:4Þ

ðtxqÞv0 ¼ qðxþ aÞvx; for all x A Anf0g;

the A-graded W -module ~AAaðWÞ ¼
L

x AA Fvx with the actions

ðtxqÞvy ¼ qðyÞvxþy; for y0 00 xþ y;

ðtxqÞv x ¼ 0; for all x A A;ð3:4 0Þ

ðtxqÞv0 ¼ qðaÞvx; for all x A Anf0g;

the A-graded W -module BaðWÞ ¼
L

x AA Fvx with the actions

ðtxqÞvy ¼ qðxþ yÞvxþy; for y0 00 xþ y;

ðtxqÞv0 ¼ 0; for all x A A;ð3:5Þ

ðtxqÞv x ¼ qðxþ aÞv0; for all x A Anf0g;

the A-graded W -module ~BBaðWÞ ¼
L

x AA Fvx with the actions

K. Zhao730



ðtxqÞvy ¼ qðxþ yÞvxþy; for y0 00 xþ y;

ðtxqÞv0 ¼ 0; for all x A A;ð3:5 0Þ

ðtxqÞv x ¼ qðaÞv0; for all x A Anf0g:

The modules AaðWÞ, ~AAaðWÞ, BaðWÞ, ~BBaðWÞ for a A T � are indecomposable but
reducible.

Note that when dimT ¼ 1, we have ~AAaðWÞFA0;1ðWÞ, and ~BBaðWÞFA0;0ðWÞ.

Lemma 3.3. Let WðA;T ; jÞ be a simple generalized Witt algebra with dimT > 1, V ¼L
x AA Fvx an indecomposable W-module with the action

ðtxqÞvy ¼ qðyÞvxþy if y0 00 xþ y:ð3:6Þ

Then VFA0;0 or there exists a A T � such that VFAaðWÞ, or VF ~AAaðWÞ for a0 0.

Proof. We need only determine ðtxqÞvy for x; y A A with y ¼ 0 or xþ y ¼ 0.
Since V is indecomposable, we know that Tv0 ¼ 0, and ðtx0q0Þv x0 0 0 or

ðtx0q0Þv0 0 0 for some x0 A A, q0 A T .

Case 1: ðtx0q0Þv x0 0 0 for some x0 A A, q0 A T

Suppose ðtxqÞv x ¼ f ðq; xÞv0. Then f is linear in the first variable, and f ðq; 0Þ ¼
f ð0; xÞ ¼ 0. From the equation

½tx1q1; tx2q2�v x1 x2 ¼ tx1þx2ðq1ðx2Þq2 � q2ðx1Þq1Þv x1 x2 ;

we see that

ð3:7Þ
f ðq1ðx2Þq2 � q2ðx1Þq1; x1 þ x2Þ ¼ �q2ðx1 þ x2Þ f ðq1; x1Þ þ q1ðx1 þ x2Þ f ðq2; x2Þ

for all q1; q2 A T , x1; x2 A A, even when x1 or x2 is 0. If q2 ¼ q1 in (3.7), we obtain

q1ðx2 � x1Þ f ðq1; x1 þ x2Þ ¼ q1ðx1 þ x2Þð f ðq1; x2Þ � f ðq1; x1ÞÞð3:8Þ

for all x1; x2 A A. If q1ðx1Þ ¼ q1ðx2Þ0 0, (3.8) implies

f ðq1; x1Þ ¼ f ðq1; x2Þ:ð3:9Þ

If q1ðx1Þ ¼ 0 and q1ðx2Þ0 0, (3.8) implies

f ðq1; x1 þ x2Þ ¼ f ðq1; x2Þ � f ðq1; x1Þ:ð3:10Þ

From (3.9) and (3.10) we see that

f ðq1; x1Þ ¼ 0; if q1ðx1Þ ¼ 0:ð3:11Þ
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Claim 1. For any q A T, we have f ðq; xÞ ¼ aqðxÞ for all x A A where a A F � is a con-

stant.

Since dimT > 1, we can fix q1 A T such that kerðq1Þ0 0. Fix also x1 A Anf0g such
that q1ðx1Þ0 0. Choose x2 A kerðq1Þnf0g. Choose q 0

2 A T such that q 0
2ðx2Þ0 0. Let-

ting q2 ¼ q 0
2 � q 0

2ðx1Þq1ðx1Þ
1
q1, then

q1ðx1Þ0 00 q2ðx2Þ; q1ðx2Þ ¼ q2ðx1Þ ¼ 0:

From (3.7) we see that

f ðq1; x1Þ
q1ðx1Þ

¼ f ðq2; x2Þ
q2ðx2Þ

:ð3:12Þ

Applying (3.11) to (3.12), we deduce that

f ðq1; x1Þ
q1ðx1Þ

¼ f ðq 0
2; x2Þ

q 0
2ðx2Þ

:ð3:13Þ

By checking special cases (for example q1ðx1Þ ¼ 0), we see that the condition for
(3.13) is only q1ðx2Þ ¼ 0. Suppose q1ðx3Þ0 0 for x3 A Anf0g. Choose q3 A T such
that q3ðx2Þ0 0 and q3ðx3Þ ¼ 0. From (3.13) we see that

f ðq1; x1Þ
q1ðx1Þ

¼ f ðq3; x2Þ
q3ðx2Þ

¼ f ðq 0
2; x3Þ

q 0
2ðx3Þ

:ð3:14Þ

Thus

f ðq1; x1Þ
q1ðx1Þ

¼ f ðq2; x2Þ
q2ðx2Þ

¼ a0 0; Ex1; x2 A A; q1; q2 A T :ð3:15Þ

Claim 1 follows.
Thus, we can choose v0 such that

ðtxqÞv x ¼ �qðxÞv0 for all x A A; q A T :ð3:16Þ

Choose x0 0 0, q0ðx0Þ0 0. For any x1 A A, q A T , from

�q0ðx0Þðtx1q1Þv0 þ q1ðx0Þq0ðx1 � x0Þvx1 ¼ ½tx1q1; tx0q0�v x0

¼ tx1þx0ðq1ðx0Þq0 � q0ðx1Þq1Þv x0 ¼ q1ðx0Þq0ðx1 � x0Þvx1 ;

we see that ðtx1q1Þv0 ¼ 0. Thus, V FA0;0.

Case 2: ðtx0q0Þv0 0 0 for some x0 A A, q0 A T and ðtxqÞv x ¼ 0 for all x A A, q A T
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Suppose ðtxqÞv0 ¼ f ðq; xÞvx. Then f is linear in the first variable and f ðq; 0Þ ¼
f ð0; xÞ ¼ 0. From ½tx1q1; tx2q2�v0 ¼ tx1þx2ðq1ðx2Þq2 � q2ðx1Þq1Þv0 we see that

f ðq2; x2Þq1ðx2Þ � f ðq1; x1Þq2ðx1Þ ¼ f ðq1ðx2Þq2 � q2ðx1Þq1; x1 þ x2Þð3:17Þ

for all x1; x2 A A, q1; q2 A T with x1 þ x2 0 0. By letting q2 ¼ q1 in (3.17) we obtain
that

q1ðx2Þ f ðq1; x2Þ � q1ðx1Þ f ðq1; x1Þ ¼ q1ðx2 � x1Þ f ðq1; x1 þ x2Þð3:18Þ

for all x1; x2 A A, q1 A T .
For any nonzero sub-group A1 of A with A1 X kerðq1Þ ¼ 0. Let WðA1; q1Þ ¼L
x AA1

Ftxq1 JWðA;T ; jÞ, VðA1Þ ¼
L

x AA1
Fvx. Then WðA1; q1Þ is a centerless gen-

eralized Virasoro algebra, and VðA1Þ is a module over WðA1; q1Þ. From Theorem 2.2
we know that VðA1ÞFAaðA1Þ, VðA1ÞFA0;1ðA1Þ, or VðA1ÞFA 0

0;1ðA1ÞlFv0. So
there exist aq1 ; bq1 A F such that f ðq1; xÞ ¼ aq1q1ðxÞ þ bq1 for all x A A1. Note that
if VðA1ÞFAaðA1Þ then aq1 0 0, if VðA1ÞFA0;1ðA1Þ then aq1 ¼ 0 and bq1 0 0, if
VðA1ÞFA 0

0;1ðA1ÞlFv0 then aq1 ¼ 0 and bq1 ¼ 0.
For y0 A kerðq1Þ, by replacing x2 with x1 þ y0 in (3.18) and x1 A A1, we deduce that

f ðq1; x1 þ y0Þ ¼ f ðq1; x1Þ ¼ aq1q1ðx1 þ y0Þ þ bq1 , i.e.,

f ðq1; xÞ ¼ aq1q1ðxÞ þ bq1 ; Ex A ðA1 þ kerðq1ÞÞnkerðq1Þ:ð3:19Þ

For any y A AnðA1 þ kerðq1ÞÞ, we fix y0 A ðA1 þ kerðq1ÞÞnkerðq1Þ. If ðZyþ Zy0ÞX
kerðq1Þ ¼ 0, from (3.19) wee see that there are a 0; b 0 A F such that

f ðq1; xÞ ¼ a 0q1ðxÞ þ b 0; Ex A ðZyþ Zy0 þ kerðq1ÞÞnkerðq1Þ:ð3:20Þ

Note that ly0 B kerðq1Þ for l0 0. By computing f ðq1; ly0Þ, l A Z from (3.19) and
(3.20) we see that f ðq1; yÞ ¼ aq1q1ðyÞ þ bq1 . If ðZyþ Zy0ÞX kerðq1Þ0 0, say my A
ðA1 þ kerðq1ÞÞ for a positive integer m, from (3.19) we see that there are a 0; b 0 A F

such that

f ðq1; xÞ ¼ a 0q1ðxÞ þ b 0; Ex A ðZyþ kerðq1ÞÞnkerðq1Þ:ð3:21Þ

Note that lmy B kerðq1Þ for l0 0. By computing f ðq1; lmyÞ, l A Z from (3.20) and
(3.21) we see that f ðq1; yÞ ¼ aq1q1ðyÞ þ bq1 . Thus

f ðq1; xÞ ¼ aq1q1ðxÞ þ bq1 ; Ex A Ankerðq1Þ:ð3:22Þ

Since f ðq; xÞ is linear in the first variable, we see that

aq1þq2ðq1ðxÞ þ q2ðxÞÞ þ bq1þq2 ¼ aq1q1ðxÞ þ bq1 þ aq2q2ðxÞ þ bq2 ;

Ex A Anðkerðq1ÞW kerðq2ÞÞ;

Weight modules over Witt algebras 733



which implies that

aq1þq2 ¼ aq1 ¼ aq2 ; Eq1; q2 A T ;

and that bq is linear in q A T , which ensures that there exists an a A T � such that bq ¼
aðqÞ, Eq A T : So

f ðq; xÞ ¼ aqðxÞ þ aðqÞ; Eq A T ; x A AnkerðqÞ;ð3:23Þ

where a A F , a A T �. Since f ðq; xÞ is linear in q, we deduce that

f ðq; xÞ ¼ aqðxÞ þ aðqÞ; Eq A T ; x A Anf0g;ð3:24Þ

We see that V FAa 1aðWÞ if a0 0, V F ~AAaðWÞ if a ¼ 0. r

Lemma 3.4. Let WðA;T ; jÞ be a simple generalized Witt algebra with dimT > 1, V ¼L
x AA Fvx an indecomposable W-module with the action

ðtxqÞvy ¼ qðxþ yÞvxþy; for all y0 00 xþ y:

Then V FA0;1 or there exists a A T � such that V FBaðWÞ, or V F ~BBaðWÞ for a0 0.

The proof is similar to that of Lemma 3.3. We omit the details. r

From the above two lemmas, we can easily see

Lemma 3.5. Let W ¼ WðA;T ; jÞ be a simple generalized Witt algebra with dimT > 1.
Assume V ¼

L
x AA Vxþa is a W-module with dimVaþx a 1 for all x A A, where a A T �,

Vxþa ¼ fv A V j qv ¼ qðxþ aÞv Eq A Tg. Let vx A Vaþx (possibly vx ¼ 0 if aþ x ¼ 0),
and

ðtxqÞvy ¼ qðyþ aþ bxÞvxþy for all x; y A A; q A T

with b A F , yþ a0 00 xþ yþ a. Then V is isomorphic to one of the following for

appropriate b A F and b A T �: Fv0, Aa;bðWÞ, AbðWÞ, ~AAbðWÞ, BbðWÞ, ~AAbðWÞ,
A 0

0;bðWÞ ðb A f0; 1gÞ, A 0
0;bðWÞlFv0 ðb A f0; 1gÞ.

Similar to Theorem 2.1, we have

Theorem 3.6. Let W ¼ WðA;T ; jÞ be a simple generalized Witt algebra with

dimT > 1. Among the W-modules Aa;bðWÞ, AaðWÞ, BaðWÞ for a A T �, b A F, and

their nontrivial sub-quotients, we have only the following module isomorphisms:

(i) Aa;bðWÞFAa 0;bðWÞ if a� a 0 A M,

(ii) A 0
a;bðWÞFA 0

a 0;bðWÞ if a� a 0 A M,

(iii) A 0
a ðWÞF ~AA 0

a ðWÞFA 0
0;0ðWÞ,

(iv) B 0
aðWÞF ~BB 0

aðWÞFA 0
0;1ðWÞ.
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§4 Classification of modules with weight multiplicity 1

Now we are ready to show the main classification theorem over an algebraically
closed field.

Theorem 4.1. Let W ¼ WðA;T ; jÞ be a simple generalized Witt algebra over an alge-

braically closed field F of characteristic 0. Assume V ¼
L

x AA Vaþx is a W-module with

dimVaþx a 1 for all x A A, where a A T � and

Vaþx ¼ fv A V j qv ¼ qðaþ xÞv; for all q A Tg:ð4:1Þ

Then V is isomorphic to one of the following modules for appropriate b A F and b A T �:

(i) the trivial module Fv0,

(ii) Aa;bðWÞ,

(iii) AbðWÞ, ~AAbðWÞ,

(iv) BbðWÞ, ~BBbðWÞ,

(v) A 0
0;bðWÞ, where b A f0; 1g,

(vi) A 0
0;b lFv0 (direct sum of modules), where b A f0; 1g.

Proof. If a A A, we always choose a ¼ 0. If dimV ¼ 1, V is a trivial W -module which
is (i). If dimT ¼ 1, Theorem 2.2 ensures the theorem.

Next we suppose dimV > 1, and dimT b 2. If B is a sub-group of A, T0 is a sub-
space of T such that jjT0�B is non-degenerate, then WðB;T0; jÞ is also a simple Witt
algebra, and Vðb;BÞ ¼

L
x AB Vbþx is a WðB;T0; jÞ-module.

Claim 1. Vaþx 0 0 if aþ x0 0.

Otherwise suppose x0 A A such that Vaþx0 ¼ 0, and aþ x0 0 0. Since dimV > 1,
we can choose x1 A A such that Vaþx1 0 0, aþ x1 0 0. Choose q0 A T such that
q0ðaþ x0Þ0 0; and q0ðx1 � x0Þ0 0. Then WðZðx1 � x0Þ;Fq0; jÞ is a centerless Vir-
asoro algebra, and

Vðaþ x0;Zðx1 þ x0ÞÞ ¼
L
k AZ

Vaþx0þkðx1 x0Þð4:2Þ

is a nontrivial WðZðx1 � x0Þ;Fq0; jÞ-module with one weight missing. So

Vðaþ x0;Zðx1 � x0ÞÞFA 0
0;0ðWðZðx1 � x0Þ;Fq0; jÞÞ:ð4:3Þ

This forces q0ðaþ xÞ ¼ 0, which is a contradiction. So Claim 1 follows.

Claim 2. If dimT ¼ 2, and AFZlZ, then the statement in Theorem 4.1 holds.
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Since F is algebraically closed, we can choose a basis q0; q1 for T such that ker q0 ¼
ker q1 ¼ 0. Because WðA;Fq0; jÞ is a centerless Virasoro algebra, from Theorem 2.2
there exists b0 such that we can choose vy A Vaþy for all y A Anf0g satisfying:

ðtxq0Þvy ¼ q0ðyþ aþ b0xÞvxþy; Ex; y with yþ a0 00 aþ xþ y:ð4:4Þ

Let f ðx; yÞ A F be such that

ð4:5Þ
ðtxq1Þvy ¼ ðq1ðyþ aþ b0xÞ þ f ðx; yÞÞvxþy; Ex; y with yþ a0 00 xþ yþ a:

We are going to prove that f ðx; yÞ ¼ 0 for all x; y with yþ a0 00 aþ xþ y.
From

½tx1q1; tx2q1�vy

¼ q1ðx2 � x1Þðtx1þx2q1Þvy

¼ q1ðx2 � x1Þðq1ðyþ aþ b0ðx1 þ x2ÞÞ þ f ðx1 þ x2; yÞÞvx1þx2þy;

½tx1q1; tx2q1�vy

¼ ½ðq1ðyþ aþ b0x2Þ þ f ðx2; yÞÞðq1ðyþ x2 þ aþ b0x1Þ þ f ðx1; x2 þ yÞÞ

� ðq1ðyþ aþ b0x1Þ þ f ðx1; yÞÞðq1ðyþ x1 þ aþ b0x2Þ

þ f ðx2; x1 þ yÞÞ�vx1þx2þy;

we obtain

q1ðx2 � x1Þ f ðx1 þ x2; yÞ

¼ q1ðyþ aþ b0x2Þ f ðx1; x2 þ yÞ

þ q1ðyþ x2 þ aþ b0x1Þ f ðx2; yÞ þ f ðx2; yÞ f ðx1; x2 þ yÞ

� q1ðyþ aþ b0x1Þ f ðx2; x1 þ yÞ � f ðx1; yÞ f ðx2; x1 þ yÞ

� q1ðyþ x1 þ aþ b0x2Þ f ðx1; yÞ

ð4:6Þ

for all x1; x2; y A A with yþ a0 00 yþ x1 þ x2 þ a, and yþ x1 þ a0 00
yþ x2 þ a.
From the computation

½tx1q0; tx2q1�vy ¼ tx1þx2ðq0ðx2Þq1 � q1ðx1Þq0Þvy

¼ ½q0ðx2Þðq1ðyþ aþ b0ðx1 þ x2ÞÞ þ f ðx1 þ x2; yÞÞ

� q1ðx1Þq0ðyþ aþ b0ðx1 þ x2ÞÞ�vx1þx2þy;
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½tx1q0; tx2q1�vy

¼ ½ðq1ðyþ aþ b0x2Þ þ f ðx2; yÞÞðq0ðx2 þ yþ aþ b0x1Þ

� q0ðyþ aþ b0x1Þðq1ðx1 þ yþ aþ b0x2Þ þ f ðx2; x1 þ yÞÞ�vx1þx2þy;

we obtain

q0ðx2Þ f ðx1 þ x2; yÞ

¼ q0ðx2 þ yþ aþ b0x1Þ f ðx2; yÞ � q0ðyþ aþ b0x1Þ f ðx2; x1 þ yÞ;

ð4:7Þ

for all x1; x2; y A A with x1 þ yþ a0 00 x2 þ yþ a, yþ a0 00 x1 þ x2 þ yþ a.
From (4.5) it follows that

f ð0; yÞ ¼ 0:ð4:8Þ

By setting x2 ¼ �x1, in (4.7) and using (4.8) we obtain

q0ðyþ aþ ðb0 � 1Þx1Þ f ð�x1; yÞ ¼ q0ðyþ aþ b0x1Þ f ð�x1; yþ x1Þ;ð4:9Þ

Ex1; y A A with yþ aG x1 0 00 yþ a: Replacing y with yþ kx1 in (4.9) gives

q0ðyþ aþ ðb0 þ k � 1Þx1Þ f ð�x1; yþ kx1Þ

¼ q0ðyþ aþ ðb0 þ kÞx1Þ f ð�x1; yþ ðk þ 1Þx1Þ;

ð4:10Þ

for all x; y A A with yþ aþ ðkG 1Þx1 0 00 yþ aþ kx1.
For any fixed pair ðx1; yÞ, actually (4.10) holds for all k A Z except for at most

three k, say k ¼ k0; k0 � 1; k0 � 2. If such a k0 does not exists we should ignore all
restrictions related to k0. Noting that the right hand side of (4.10) is the left hand side
with k replaced by k þ 1, so there exist ax;y A F such that

f ð�x1; yþ kx1Þ ¼
a x1;y

q0ðyþ aþ ðb0 þ k � 1Þx1Þ
;

i.e.

f ðx1; yþ kx1Þ ¼
ax1;y

q0ðyþ aþ ðk þ 1� b0Þx1Þ
;ð4:11Þ

for all k > k0 (or k < k0 � 2), where ax1;y A F also depends on y. Note that for
k > k0 and k < k0 � 2, ax1;y is maybe di¤erent. But there will be no conflict we
use the same notation. Setting x1 ¼ kx2, y ¼ yþ jx2 in (4.7) and using (4.11), we
deduce that
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q0ðx2Þ f ððk þ 1Þx2; yþ jx2Þ

¼ q0ðyþ aþ ðkb0 þ 1þ jÞx2Þ f ðx2; yþ jx2Þ

� q0ðyþ aþ ðkb0 þ jÞx2Þf ðx2; yþ ðk þ jÞx2Þ

¼ ax2;y
q0ðyþ aþ ðkb0 þ 1þ jÞx2Þ
q0ðyþ aþ ð j þ 1� b0Þx2Þ

� q0ðyþ aþ ðkb0 þ jÞx2Þ
q0ðyþ aþ ðk þ j þ 1� b0Þx2Þ

� �

¼ ax2;yðk þ 1Þq0ðx2Þq0ðyþ aþ ð j þ 1þ ðk � 1Þb0Þx2Þ
q0ðyþ aþ ð j þ 1� b0Þx2Þq0ðyþ aþ ðk þ j þ 1� b0Þx2Þ

:

So

f ðkx2; yþ jx2Þ ¼
kax2;yq0ðyþ aþ ð j þ 1þ ðk � 2Þb0Þx2Þ

q0ðyþ aþ ð j þ 1� b0Þx2Þq0ðyþ aþ ðk þ j � b0Þx2Þ
;

i.e.,

f ð jx2; yþ kx2Þ ¼
jax2;yq0ðyþ aþ ðk þ 1þ ð j � 2Þb0Þx2Þ

q0ðyþ aþ ðk þ 1� b0Þx2Þq0ðyþ aþ ð j þ k � b0Þx2Þ
;ð4:12Þ

for all j > k0, k > k0 (or j < k0 � 2, k < k0 � 2). Thus,

f ð jx1; yþ kjx1Þ ¼
ajx1;y

q0ðyþ aþ ðk þ 1� b0Þ jx1Þ

¼ jax1;yq0ðyþ aþ ðkj þ 1þ ð j � 2Þb0Þx1Þ
q0ðyþ aþ ðkj þ 1� b0Þx1Þq0ðyþ aþ ðk þ kj � b0Þx1Þ

;

for all j > k0, k > k0 (or j < k0 � 2, k < k0 � 2). So

ajx1;yq0ðyþ aþ ðkj þ 1� b0Þx1Þq0ðyþ aþ ðk þ kj � b0Þx1Þ

¼ jax1;yq0ðyþ aþ ðk þ 1� b0Þ jx1Þq0ðyþ aþ ðkj þ 1þ ð j � 2Þb0Þx1Þ;

ð4:13Þ

for all j > k0, k > k0 (or j < k0 � 2, k < k0 � 2). Comparing the coe‰cients of k2,
we see that

ajx1;y jq0ðx1Þð1þ jÞq0ðx1Þ ¼ jax1;y jq0ðx1Þ jq0ðx1Þ;

i.e.,

ajx1;y ¼
j2

j þ 1
ax1;y; Ej > k0 ðor j < k0 � 2Þ:ð4:14Þ
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Applying (4.14) to (4.13) gives

jq0ðyþ aþ ðkj þ 1� b0Þx1Þq0ðyþ aþ ðk þ kj � b0Þx1Þax;y

¼ ð j þ 1Þq0ðyþ aþ ðk þ 1� b0Þ jx1Þq0ðyþ aþ ðkj þ 1þ ð j � 2Þb0Þx1Þax1;y

ð4:15Þ

for all j; k A Z with j > k0, k > k0 (or j < k0 � 2, k < k0 � 2).
It is clear that (4.15) is a polynomial identity in j and k, so (4.15) holds for all

j; k A F . Setting j ¼ 0;�1 in (4.15) respectively, we obtain

ax1;yq0ðyþ aÞq0ðyþ aþ ð1� 2b0Þx1Þ ¼ 0;ð4:16Þ

ax1;yq0ðyþ aþ ð1� k � b0Þx1Þq0ðyþ a� b0x1Þ ¼ 0; Ek A Z:ð4:17Þ

From (4.17) we get

ax1;yq0ðyþ a� b0x1Þ ¼ 0; if x0 0 0:ð4:18Þ

Applying this to (4.16), we see that

ax1;y ¼ 0; b ¼ 0 or b ¼ 1:ð4:19Þ

Combining this with (4.18) yields one of the following

(i) ax1;y 0 0, b0 ¼ 1 and yþ a ¼ x1 0 0,

(ii) ax1;y 0 0, yþ a ¼ 0 and b0 ¼ 0,

(iii) ax1;y ¼ 0.

In the first case, we deduce that y ¼ x1 (we have chosen a ¼ 0). In the second
case, we deduce that y ¼ 0 (we have chosen a ¼ 0). Thus ax;y ¼ 0 for all x; y A A

with x0 y, yþ a0 00 xþ yþ a. From (4.11) we see that f ðx; yÞ ¼ 0 for all
x; y A A with yþ a0 00 xþ yþ a. Therefore from this fact and Lemma 3.5, we
deduce that V FAa;bðWÞ, A 0

0;0ðWÞ, A 0
0;1ðWÞ, AbðWÞ, ~AAbðWÞ, BbðWÞ, ~BBbðWÞ,

A 0
0;0ðWÞlFv0,A

0
0;1ðWÞlFv0, for some b A T �, b A F . Claim 2 follows.

Claim 3. If dimT ¼ 2, then the statement in Theorem 4.1 holds.

We say that a sub-group B of A is non-degenerate if jjT�B is non-degenerate. For any
sub-group B of A, recall that

Vðaþ x0;BÞ ¼
L
x AB

Vaþx0þx:ð4:20Þ

From Zorn’s Lemma and Claim 2, there exists a maximal non-degenerate sub-group
M0 of A satisfying the following condition:
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(C1) Let fxi j i A Ig be the set of all representatives of cosets of M0 in A with 0 A I ,
x0 ¼ 0. For any i A I ,

Vðaþ xi;M0ÞF

Aaþxi ;b
0
i
ðWðM0;T ; jÞÞ;

AbðWðM0;T ; jÞÞ; b 0
0 ¼ 0;

~AAbðWðM0;T ; jÞÞ; b 0
0 ¼ 0;

BbðWðM0;T ; jÞÞ; b 0
0 ¼ 1;

~BBbðWðM0;T ; jÞÞ; b 0
0 ¼ 1;

A 0
0;b 0

0
ðWðM0;T ; jÞÞ; b 0

0 A f0; 1g;
A 0

0;b 0
0
ðWðM0;T ; jÞÞlFv0; b 0

0 A f0; 1g;

8>>>>>>>>>>><
>>>>>>>>>>>:

ð4:21Þ

for some b A T �, b 0
i A F . Note that the last six cases maybe occur only when i ¼ 0 and

aþ xi ¼ 0, and we regard b 0
0 ¼ 0 for Ab and ~AAb, b

0
0 ¼ 1 for Bb and ~BBb, and herein-

after.

To prove Claim 3 it su‰ces to show that A ¼ M0. Otherwise suppose M0 0A. So
jI j > 1, and x1 A AnM0 for 1 A Inf0g. Let M1 ¼ M0 þ Zx1, fyi j j A Jg be the set of
all representatives of cosets of M1 in A, with 0 A J and y0 ¼ 0. Let fix1 j i A Kg be the
set of all representatives of cosets of M0 in M1, where K JZ and jK j > 1. Fix an
arbitrary x 0

1 A x1 þM0.
Now we fix yj, from (C1) we see that

Vðaþ yj þ ix 0
1;M0ÞF

Aaþyjþix 0
1
;biðWðM0;T ; jÞÞ;

AbðWðM0;T ; jÞÞ; b0 ¼ 0;
~AAbðWðM0;T ; jÞÞ; b0 ¼ 0;

BbðWðM0;T ; jÞÞ; b0 ¼ 1;
~BBbðWðM0;T ; jÞÞ; b0 ¼ 1;

A 0
0;b0

ðWðM0;T ; jÞÞ; b0 A f0; 1g;
A 0

0;b0
ðWðM0;T ; jÞÞlFv0; b0 A f0; 1g;

8>>>>>>>>>><
>>>>>>>>>>:

ð4:22Þ

for all i A K , where b A T �, bi A F . Note that if i A Knf0g, in (4.22) only the first case
occurs, since we have assumed that aþ yj þ ix 0

1 B M0 if i0 0. For this fixed yj, for
any z0 A M0nf0g with the property that N0 ¼ Zz0 þ Zx 0

1 is non-degenerate, choose
q0 A T such that and q0ðz0Þ0 0. Fix any z1 A M0.

From Claim 2 we know that there exists b A F such that

Vðaþ z1 þ yj ;N0ÞF

Aaþz1þyj ;bðWðN0;T ; jÞÞ;
Ab 0 ðWðN0;T ; jÞÞ; b ¼ 0;

~AAb 0 ðWðN0;T ; jÞÞ; b ¼ 0;

Bb 0 ðWðN0;T ; jÞÞ; b ¼ 1;

~BBb 0 ðWðN0;T ; jÞÞ; b ¼ 1;

A 0
0;bðWðN0;T ; jÞÞ; b A f0; 1g;

A 0
0;bðWðN0;T ; jÞÞlFv0; b A f0; 1g;

8>>>>>>>>>><
>>>>>>>>>>:

ð4:23Þ
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for some b 0 A T �. The last six cases possibly occur if i ¼ j ¼ 0, z1 þ aþ yj A N0. As
modules over the Virasoro algebra W0;0 ¼ WðZz0;Fq0; jÞ, from (4.22) we deduce

Vðaþ z1 þ yj þ ix 0
1;Zz0ÞF

Aaþz1þyjþix 0
i
;biðW0;0Þ;

AbðW0;0Þ; b0 ¼ 0;
~AAbðW0;0Þ; b0 ¼ 0;

BbðW0;0Þ; b0 ¼ 1;
~BBbðW0;0Þ; b0 ¼ 1;

A 0
0;b0

ðW0;0Þ; b0 A f0; 1g;
A 0

0;b0
ðW0;0ÞlFv0; b0 A f0; 1g:

8>>>>>>>>>><
>>>>>>>>>>:

ð4:24Þ

The last six cases possibly occur if i ¼ j ¼ 0, z1 þ aþ yj þ ix 0
i A Zz0. From (4.23) we

see that

Vðaþ z1 þ yj þ ix 0
1;Zz0ÞF

Aaþz1þyjþix 0
i
;bðW0;0Þ;

Ab 0 ðW0;0Þ; b ¼ 0;

~AAb 0 ðW0;0Þ; b ¼ 0;

Bb 0 ðW0;0Þ; b ¼ 1;

~BBb 0 ðW0;0Þ; b ¼ 1;

A 0
0;bðW0;0Þ; b A f0; 1g;

A 0
0;bðW0;0ÞlFv0; b A f0; 1g:

8>>>>>>>>>><
>>>>>>>>>>:

ð4:25Þ

From Theorem 2.2 we see that b ¼ b 0.

Claim 3.1. In (4.22) and (4.23), we have b ¼ bi for all i A K correspondingly.

Suppose b0 bi for some i A K , say, b0 b1. From (4.24), (4.25) and Theorem 2.1, we
see that b; b1 A f0; 1g: Without loss of generality we assume that b ¼ 1, b1 ¼ 0. From
(4.22) and (4.23) we can choose vyjþz1þkz0þx 0

1
; v 0yjþz1þkz0þx 0

1
A Vyjþz1þaþkz0 for all k A Z

such that, for all k1; k2; k A Z and q A T ,

vyjþz1þkz0þx 0
1
¼ f ðkÞv 0yjþz1þkz0þx 0

1
; f ðkÞ0 0;

ðtk1z0qÞvyjþz1þk2z0þx 0
1
¼ qðyj þ z1 þ aþ x 0

1 þ k2z0Þvyjþz1þðk1þk2Þz0þx 0
1
;ð4:26Þ

ðtk1z0qÞv 0yjþz1þk2z0þx 0
1
¼ qðyj þ z1 þ aþ x 0

1 þ ðk1 þ k2Þz0Þv 0yjþz1þðk1þk2Þz0þx 0
1
:ð4:27Þ

Thus, we obtain that

ð4:28Þ
f ðk2Þqðyj þ z1 þ aþ x 0

1 þ ðk1 þ k2Þz0Þ ¼ f ðk1 þ k2Þqðyj þ z1 þ aþ x 0
i þ k2z0Þ;

for all k1; k2; k A Z, q A T : Letting k2 ¼ 0 in (4.28) yields

ð4:29Þ
f ð0Þqðyj þ z1 þ aþ x 0

1 þ k1z0Þ ¼ f ðk1Þqðyj þ z1 þ aþ x 0
1Þ; for all k1 A Z; q A T :
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Since yj þ z1 þ aþ x 0
1 B M0 unless it is zero, then yj þ z1 þ aþ x 0

1, z0 are linearly
independent unless yj þ z1 þ aþ x 0

1 ¼ 0. We can choose q A T such that qðyj þ z1 þ
x 0
1 þ aÞ ¼ 00 qðz0Þ. Applying this to (4.29) we get a contradiction. This contradic-

tion shows that our assumption b0 bi for some i A Znf0g is not true. Thus, b ¼ bi
for all i A K .

From Claim 3.1, for the fixed j A J we know that in (4.22) and (4.23),

b ¼ bi; for all i A K ;ð4:30Þ

for any x 0
1 A x1 þM0, z0 A M0 with N0 ¼ Zx 0

1 þ Zz0 being non-degenerate. Then,
for any x 0

1 A x1 þM0, z0 A M0 with N0 ¼ Zx 0
1 þ Zz0 being non-degenerate, we can

choose vxþyj A Vyjþaþxnf0g for any x A M1 ¼ Zx 0
1 þM0 such that

ðtzqÞvxþyjþz1 ¼ qðyj þ z1 þ aþ xþ bzÞvxþzþz1þyj ;

for all z1 A M0, x; z A M0 or x; z A N0, with restriction xþ zþ aþ yj 0 00 xþ yj þ
z1 þ a if b A f0; 1g, i.e.,

ðtzqÞvxþyj ¼ qðyj þ aþ xþ bzÞvxþzþyj ;ð4:31Þ

for all z A M0 WN0, x A M0 þN0 ¼ M1, with restriction xþ zþ aþ yj 0 00
xþ yj þ a if b A f0; 1g.

Thus, we have chosen all vxþyj A Vaþxþyj for all x A M1, with xþ yj þ a0 0 if
b A f0; 1g.

Claim 3.2. For a fixed j A J,

ðtzqÞvxþyj ¼ qðaþ yj þ xþ bzÞvyjþxþzð4:32Þ

for all z; x A M1, if b A f0; 1g we need restrictions xþ yj þ a0 00 yj þ xþ zþ a.

If z A M0, (4.31) implies (4.32). Suppose z A M0 þN0nM0. Then we can choose z 01 A
x1 þM0, z2 A M0 (since M0 is non-degenerate) such that Zz 01 þ Zz2 is non-degenerate
and z A Zz 01 þ Zz2. From (4.31) we know that (4.32) holds for this z also. Claim 3.2
follows.

From Claim 3.2, it follows that

Vðaþ yj;M1ÞF

Aaþyj ;bj ðWðM1;T ; jÞÞ;
AbðWðM1;T ; jÞÞ; b0 ¼ 0;
~AAbðWðM1;T ; jÞÞ; b0 ¼ 0;

BbðWðM1;T ; jÞÞ; b0 ¼ 1;
~BBbðWðM1;T ; jÞÞ; b0 ¼ 1;

A 0
0;b0

ðWðM1;T ; jÞÞ; b0 A f0; 1g;
A 0

0;b0
ðWðM1;T ; jÞÞ þ Fv0; b0 A f0; 1g:

8>>>>>>>>>>><
>>>>>>>>>>>:

ð4:33Þ
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The last six cases possibly occur only when aþ yj A M1. SinceM1 ¼ M0 þ Zx1 0M0,
then (4.33) contradicts the maximality of M0. Therefore we must have A ¼ M0,
Claim 3 follows.

Next we suppose dimT b 3.

Claim 4. For any two fixed linearly independent elements q1; q2 A T, there exist b A F

and vx A Vaþx for all x A A such that

ðtxqÞvy ¼ qðyþ aþ bxÞvxþy; for all x; y A A; q A T0;ð4:34Þ

with yþ a0 00 xþ yþ a where T0 ¼ Fq1 þ Fq2.

From Zorn’s Lemma and Claim 3, there exists a maximal sub-group B of A so that
there exist a sub-group B1 HB, b A F and vx A Vaþx for all x A B such that jjT0�B1

is
non-degenerate, and that

ðtxqÞvy ¼ qðyþ aþ bxÞvxþy; for all x; y A B; q A T0;ð4:35Þ

with yþ a0 00 xþ yþ a. We shall show that B ¼ A. Otherwise we suppose that
A0B.

Let x3 A AnB. For any x1; x2 A Bnf0g, we can choose x 0
1 A B such that q1ðx 0

1Þ0 0
and dimF ðFx1 þ Fx 0

1Þ ¼ dimF ðFx2 þ Fx 0
1Þ ¼ 2 in T �

0 . We choose q3 A TnT0 (since F

is algebraically closed) such that

q3ðxÞ0 0; Ex A N1 ¼
X3

i¼1

Zxi þ Zx 0
1nf0g;ð4:36Þ

and jjðFq1þFq3Þ�N0
is non-degenerate where N0 ¼ Zx1 þ Zx 0

1 þ Zx2 is a free abe-
lian group. Note that jjðFq1þFq3Þ�N1

is non-degenerate. Since F is algebraically
closed, there exist distinct l1; l2; l3 A F such that kerðq2 þ liq3ÞjN1

¼ 0 and jjTi�N0

is non-degenerate, where Ti ¼ Fq1 þ Fðq2 þ liq3Þ for i ¼ 1; 2; 3. So jjTi�N1
is non-

degenerate. Then Wi ¼ WðN1;Ti; jÞ are simple generalized Witt algebras. From
Claim 3, corresponding to (4.35) we know that, for i ¼ 1; 2; 3,

Vða;N1ÞF

Aa;biðWiÞ;
AbiðWiÞ; bi ¼ 0;
~AAbiðWiÞ; bi ¼ 0;

BbiðWiÞ; bi ¼ 1;
~BBbiðWiÞ; bi ¼ 1;

A 0
0;bi

ðWiÞ; bi A f0; 1g;
A 0

0;bi
ðWiÞlFv0; bi A f0; 1g;

8>>>>>>>>>><
>>>>>>>>>>:

ð4:37Þ
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where bi A F , bi A T �. We know that U ¼ WðZx 0
1;Fq1; jÞ is a centerless Virasoro

algebra. From (4.37) we see that

Vða;Zx 0
1ÞF

Aa;biðUÞ;
AbiðUÞ; bi ¼ 0;

BbiðUÞ; bi ¼ 1;

A 0
0;bi

ðUÞ; bi A f0; 1g;
A 0

0;b 0
i
ðUÞlFv0; bi A f0; 1g:

8>>>>><
>>>>>:

ð4:38Þ

Using Theorem 3.2 we see that b1 ¼ b2 ¼ b3 or b1; b2; b3 A f0; 1g. So two of
fb1; b2; b3g are equal, say b1 ¼ b2, (actually we will see that b1 ¼ b2 ¼ b3Þ.

From (3.37) for i ¼ 1, we can choose vx A Vaþx for all x A N1 such that

ðtxqÞvy ¼ qðyþ aþ b1xÞvxþy; for all x; y A N1; q A T1;ð4:39Þ

with aþ xþ y0 00 aþ y.
Since N1 is of finite rank, we know that there exists a sub-group N 0

0 JN1 such that
q1ðxÞ0 0 for any N1 ¼ N 0

0 lK0 where K0 ¼ kerðq1jN1
Þ. Then WðN 0

0; q1; jÞ is a sim-
ple generalized Witt algebra.

From (4.37) for i ¼ 2, we can choose v 0x A Vaþx for all x A N1 such that

v 0x ¼ vx; for all x A N 0
0; and

ðtxqÞv 0y ¼ qðyþ aþ b1xÞv 0xþy; for all x; y A N1; q A T2;

ð4:40Þ

with aþ xþ y0 00 aþ y.

Claim 4.1. vy ¼ v 0y for all y A N1 with aþ y0 0.

From (4.39), (4.40) we know that

ðtxq1Þv 0y ¼ q1ðyþ aþ b1xÞv 0xþy for all x; y A N1;ð4:41Þ

ðtxq1Þvy ¼ q1ðyþ aþ b1xÞvxþy; for all x; y A N1;ð4:42Þ

with yþ a0 00 yþ xþ a.

Case 1: b1 0 0

For any x A N1, there exists y A N 0
0 such that q1ðxþ aþ b1ðy� xÞÞ0 0. From

ðty xq1Þvx ¼ q1ðxþ aþ b1ðy� xÞÞvy

¼ q1ðxþ aþ b1ðy� xÞÞv 0y ðsince y A N 0
0Þ

¼ ðty xq1Þv 0x 0 0

we obtain that v 0x ¼ vx for all x A N1 with xþ a0 0. Claim 4.1 follows in this case.
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Case 2: b1 ¼ 0

Choose y0 A N 0
0 with q1ðy0 þ aÞ0 0. Then for any x A N1nf0g we deduce

q1ðy0 þ aÞvx ¼ ðtx y0q1Þvy0 ¼ ðtx y0q1Þv 0y ¼ q1ðy0 þ aÞv 0x 0 0;

so vx ¼ v 0x for all x A N1 with xþ a0 0. Claim 4.1 also holds in this case. Therefore
Claim 4.1 follows.

From Claim 4.1, Equations (4.39) and (4.40), we know that

ðtxqÞvy ¼ qðyþ aþ b1xÞvxþy; for all x; y A N1; q A
L3
i¼1

Fqið4:43Þ

with aþ y0 00 aþ xþ y. Therefore in (4.35) and (4.37)

b ¼ b1 ¼ b2 ¼ b3:ð4:44Þ

Since x1; x2 run over B, since (4.43) is compatible for di¤erent x1; x2, we can choose
vx A Vaþx for all x A Bþ Zx3 such that

ðtxqÞvy ¼ qðyþ aþ b1xÞvxþy; for all x; y A Bþ Zx3; q A T0;ð4:45Þ

with aþ y0 00 aþ xþ y. A contradiction to the maximality of B. Claim 4 follows.

From Claim 4, we know that there exists a maximal subspace T 0 HT with
dimT 0 b 2 and with the property: we can choose vx A Vaþx for all x A A such that

ðtxqÞvy ¼ qðyþ aþ bxÞvxþy; for all x; y A A; q A T 0;ð4:46Þ

where b A F , yþ a0 00 xþ yþ a.
It is su‰cient to show that T 0 ¼ T . To the contrary, suppose T 0 0T . Choose

x0; y0 A A such that ðaþ y0ÞjT 0 and x0jT 0 are linearly independent over F . Then there
exist q1 A T 0 such that q1ðy0 þ aþ bx0Þ ¼ 00 q1ðx0Þ. Choose q2 A TnT 0.

From Claim 4, there exist b 0 A F , and v 0x A Vaþx for all x A A such that

ðtxqÞv 0y ¼ qðyþ aþ b 0xÞv 0xþy; for all x; y A A; q A Fq1 þ Fq2;ð4:47Þ

with yþ a0 00 aþ xþ y. From (4.47), (4.46) we see that

ðtx0q1Þvy0 ¼ q1ðy0 þ aþ bx0Þvx0þy0 ¼ 0;

ðtx0q1Þv 0y0 ¼ q1ðy0 þ aþ b 0x0Þv 0x0þy0
¼ q1ðx0Þðb 0 � bÞv 0x0þy0

:
ð4:48Þ

It is clear that v 0y0 A Fvy0 , so ðtx0q1Þv 0y0 A Fðtx0q1Þvy0 ¼ 0: Applying this to (4.48) we

deduce that b 0 ¼ b in (4.46) and (4.47).
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Claim 5. In (4.46), (4.47), v 0x ¼ avx for all x A A with aþ x0 0 where a A F �.

Suppose that v 0x ¼ f ðxÞvx for all x A Anf0g. From txq1v
0
y ¼ qðyþ aþ bxÞv 0xþy, we

deduce that

q1ðyþ aþ bxÞð f ðyÞ � f ðxþ yÞÞ ¼ 0; Ex; y A Anf0g:

It is not di‰cult to obtain that

f ðxÞ ¼ f ðyÞ; Ex; y A Anf0g:

Therefore Claim 5 follows.

From (3.46), (3.47) and Claim 5, then, for ~TT ¼ T 0 lFq2, there exists vx A Vaþx for all
x A A such that

ðtxqÞvy ¼ qðyþ aþ bxÞvxþy; for all x; y A A; q A ~TT ;ð4:49Þ

with y0 a0 00 xþ yþ a. This contradicts the choice of T 0. Therefore T 0 ¼ T ,
i.e., (4.49) holds for all q A T . From Lemma 3.5 we know that Theorem 4.1
follows. r

§5 Classification over arbitrary field

In Section 4 we classified weight representations with weight multiplicity 1 of simple
generalized Witt algebras over algebraically closed field of characteristic 0. Now we
shall give the classification of indecomposable and irreducible weight representations
with weight multiplicity 1 of simple generalized Witt algebras over an arbitrary field
F of characteristic 0.

Theorem 5.1. Suppose F is an arbitrary field of characteristic 0, W ¼ WðA;T ; jÞ is a
simple generalized Witt algebra. Let V ¼

L
x AA Vaþx be a W-module, where b A T �,

Vaþx ¼ fv A V j qv ¼ qðaþ xÞv; for all q A Tg

with dimVaþx a 1. Then V is isomorphic to one of the following for appropriate b A T �

and b A F:

(i) A 0
a;bðWÞ,

(ii) A 0
0;bðWÞlFv0 as direct sum of W-modules, where b A f0; 1g,

(iii) AbðWÞ, ~AAbðWÞ,

(iv) BbðWÞ, ~BBbðWÞ,

(v) Fv0, 1-dimensional trivial module,

(vi) A 0
0;bðWÞ, where b A f0; 1g.
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Proof. Denote the algebraically closed extension of F by F . Consider the F exten-
sions V ¼ F nF V , W ¼ F nF W , Vaþx ¼ F nF Vaþx. Then V is a weight module
with weight multiplicity 1 over W . From Theorem 4.4 we see that there exist b A F

and b A T � such that V is isomorphic to one of the following: (i) Aa;bðWÞ, (ii)
AbðWÞ, ~AAbðWÞ, (iii) BbðWÞ, ~BBbðWÞ, (iv) A 0

0;bðWÞlFv0 as direct sum of W -
modules, where b A f0; 1g, (v) A0;bðWÞ, where b A f0; 1g, (vi) Fv0.

It su‰ces to show that b A F and b A T �.

Case (i): V FAa;bðWÞ

Fix q A Tnf0g. There exists x A A such that qðxÞ0 0. Then W0 ¼ WðZx;Fq; jÞ is a
centerless Virasoro algebra over F , and VðZxÞ ¼

L
k AZ Vaþkx is a weight module

with multiplicity 1 over W0. From the hypothesis we see that

VðZxÞFAa;bðW0Þ:ð5:1Þ

From Theorem 2.2 and (5.1) there exists b 0 A F such that VðZxÞFAa;b 0 ðW0Þ. So

VðZxÞFAa;b 0 ðW0Þ:

Therefore b ¼ b 0 A F or b; b 0 A f0; 1gHF .

Case (ii): V FAbðWÞ

In this case we may assume that a ¼ 0. Fix an arbitrary q A Tnf0g. There exists x A A

such that qðxÞ0 0. Then W0 ¼ WðZx;Fq; jÞ is a centerless Virasoro algebra over F ,
and VðZxÞ ¼

L
k AZ Vaþkx is a weight module with multiplicity 1 over W0. From the

hypothesis we see that

VðZxÞFAbðqÞðW0Þ:ð5:2Þ

From Theorem 2.2 and (5.2) there exists a A F such that VðZxÞFAaðW0Þ. So

VðZxÞFAaðW0Þ:

Therefore bðqÞ ¼ a A F for all q A T , i.e., b A T �.

Case (iii): V FAbðWÞ

In this case the proof is the same as in Case (ii).

The other cases are quite clear. r

As consequences, we have the following two theorems.

Theorem 5.2. Suppose F is an arbitrary field of characteristic 0, W ¼ WðA;T ; jÞ is

a simple generalized Witt algebra. Let V be a nontrivial irreducible weight module over

W with weight multiplicity 1. Then V FA 0
a;bðWÞ for appropriate a A T � and b A F .
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Theorem 5.3. Suppose F is an arbitrary field of characteristic 0, W ¼ WðA;T ; jÞ is a
simple generalized Witt algebra. Let V be a nontrivial indecomposable weight module

over W with weight multiplicity 1. Then V is isomorphic to only one of the following for

appropriate b A T � and b A F:

(i) Ab;bðWÞ,

(ii) AbðWÞ, ~AAbðWÞ,

(iii) BbðWÞ, ~BBbðWÞ,

(iv) A 0
0;bðWÞ, where b A f0; 1g.
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