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Abstract

This work analyses a model for a hydro-electric system where some power stations
have reversible turbines. The goal is to optimize the profit of power production while
meeting the system’s associated restrictions.

This problem is formulated as an optimal control problem. A further analysis of such
formulation leads us to write the problem as a particular case of an abstract problem of
minimizing a quadratic non-definite functional, subject to linear and cone constraints.
The abstract formulation highlighted a relevant feature of our hydro-electric problem:
the minimum does not corresponds to an isolated minimizer.

For the abstract problem, and motivated by the particular case, new sufficient con-
ditions of optimality are deduced for local minimizers and for local directional mini-
mizers. A main feature of these new sufficient conditions is that they cover the case
when the minimizer is not isolated. We also directly deduce sufficient conditions of

optimality for the problem of hydro-electric system.

The cases of systems with one and two power stations are analyzed in detail, applying
numerical and analytical tools. Existence results, necessary and our new sufficient
conditions, as well as the particular properties of the problems are used, leading to a

comprehensive analysis of the solution of the problem.

Since the objective function associated to the problem is nonconvex, several local
minimums may exist. Global optimization methods are necessary to get a global
optimal solution. In this work two different approaches, involving a Chen-Burer

algorithm and a projection estimation refinement method, are discussed and compared.



11



Resumo

Neste trabalho, consideramos um modelo para um sistema hidroelétrico onde algumas
das centrais possuem turbinas reversiveis. O objectivo é optimizar o lucro da producao
de energia, tendo em consideracgao as restrigoes associadas ao sistema.

Este problema pode ser formulado como um problema de controlo 6timo. Uma anélise
mais aprofundada desta formulacao leva-nos a escrever o problema como um caso
particular de um problema abstrato de minimizacao de uma funcional quadratica nao
definida, sujeita a restri¢oes lineares e conicas.

Para este problema abstrato e motivados pelo caso particular, deduzimos novas con-
digoes suficientes de otimalidade para minimizantes locais e minimizantes direcionais
locais. Uma particularidade destas novas condigoes suficientes é que cobrem o caso de
minimizantes nao isolados, presentes no problema do sistema hidroelétrico. Para este

problema deduzimos diretamente condigoes suficientes de otimalidade.

Os casos particulares de sistemas com uma e duas estagoes hidroelétricas sao analisados
em detalhe, aplicando ferramentas numéricas e analiticas. Resultados de existéncia,
condicoes necessarias e as novas condicoes suficientes, bem como propriedades par-
ticulares do problema, permitem uma analise mais completa da solucao 6tima do

problema.

Como a func¢ao objectivo associada ao problema é nao convexa, podem existir varios
minimos locais. Métodos de optimizagao global sao considerados para se obter uma
solucao 6tima global. Duas abordagens diferentes, envolvendo um algoritmo de Chen-

Burer e um método de estimagao de projecao, sao discutidas e comparadas.

1l
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Chapter 1
Introduction

Water is becoming a scarce and valuable resource, with population and consumption
rising, and the concern for a good use of it is more evident nowadays. The way that
we use water to produce energy must be effective and efficient to maximize its benefit.
The management of interconnected reservoir systems in a river is of particular impor-
tance if there is also the possibility of reusing the water in a situation of drought. This
may be implemented in modern reversible hydro-electric power stations, which are
associated with reservoirs in a cascade structure, where it is possible both to turbine
water to downstream to produce electric power and to pump from downstream to refill
an upstream reservoir.

Hydro-electric systems with multi-reservoirs in cascade have attracted the attention of
many researchers in different contexts (see, for example, [24] and references therein).
Different methods were applied and/or developed to solve the problem of management
of these systems. Optimization and predictive control techniques (see, e.g. [28,36]) as
well as stochastic approaches (see, e.g. [25]), considering uncertainties in power prices
and water inflows, are frequently used. In this work we take a deterministic model and
we use optimal control techniques. Optimization of quadratic non-definite functions
subject to linear and cone constraints will also be under attention.

In an academic training in REN - Redes Energéticas Nacionais a model was developed
to represent a real hydro-electric system, taking into account the physical and technical
characteristics of the system. Associated to this model, it was considered as objective,
the maximization of the selling profit of electric energy production. The problem was
considered in the framework of optimal control theory and it was numerically solved.
Several numerical simulations addressing different scenarios were undertaken. Results
of this work were published in [23,41,42].
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The purpose of this thesis is to analyze the problem addressed in the above work, with
more detail and using analytical optimal control tools. Due to the complexity of the
model involved, it was decided to consider a simplified version of it. This simplified
version intends to retain the main characteristics of the original model. It is still
a model for a hydro-electric system where some power stations are equipped with

reversible turbines.

The problem is analyzed in the framework of optimal control theory. The fluxes of
water to turbine or pump on each power station are associated to control variables
and the water volumes in reservoirs are the state variables. The objective is to find
the turbined/pumped water flows and the corresponding volumes in the reservoirs
that maximize the profit of selling the energy produced by the system. It is still a
challenging problem since besides the constraints on the control, it also involves pure
state constraints. Furthermore, the cost function is non-convex which contributes to

increase the complexity of the problem.

To carry out an analytical study of the problem, we start by getting some knowledge of
its optimal trajectory profile. This is achieved with the use of an optimization software,

which allows us to obtain a numerical solution for the optimal control problem.

To validate the numerical solution, necessary and sufficient conditions of optimality
are called for. In some cases it is observed that the numerical solution has an irregular
behavior over a certain timeframe, making us wary of the possibility that the solution
for the problem may be not unique. In fact, we conclude to be in presence of an infinity
of minimizers leading to the same objective value. The minimizer is not an isolated
minimizer. Classical sufficient conditions of optimality involve hypothesis which are
not satisfied by non isolated local minimizers. Our problem can be interpreted as
an infinite dimensional optimization problem with a non convex quadratic functional
subject to linear and cone constraints. Quadratic forms play an important role in
the calculus of Variations (see, e.g., [2,22]) and particular attention is paid to the
Legendre condition, a condition associated to the second variation of the functional
to be optimized and involving derivatives of order two with respect to the derivative
argument. Here we have a quadratic form depending on the trajectories only and not
on their derivatives. However both the trajectories and the derivatives are subject to
some geometric constraints. The theory of infinite-dimensional quadratic functionals
is closely related to second-order sufficient optimality conditions for optimal control
problems, and have been studied by many authors (see, for example, [2,21, 22, 33,
37]). In general, these results are deduced under very restrictive hypotheses which

hardly can be verified in many problems. Motivated by our problem and in particular
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by the presence of non isolated minimizers we deduce new sufficient conditions of
optimality for an abstract problem with quadratic functional subject to linear and cone
constraints. Local minimizers and also directional minimizers are under attention. To

our knowledge the treatment of sufficient conditions for directional minimizers is new.

Since the cost function associated to our problem is a non-convex function there may
exist several local minima with different cost values. Global optimization methods are
necessary to obtain a global solution. Here, we present two different approaches with
the purpose of finding the global solution for the problem under consideration. These
approaches are based on the Chen-Burer algorithm (see [12] and references therein)

and on a projection estimation refinement method (see [7]).

1.1 Outline of the Thesis

This thesis is organized as follows:

Chapter 2 is dedicated to a description of the problem. A generic complex model
for a hydro-electric system, in optimal control context, is presented. We identify the
variables, the constraints and the objective function. The model presented is then
simplified and a new formulation for the hydro-electric system problem is considered.
This simplified model will be the focus of this thesis. Special cases are formulated: a

system with one power station and with two power stations in cascade.

The classical optimal control problem and some fundamental and basic tools for
its treatment are presented in chapter 3, namely, existence results and necessary

conditions of optimality.

From mathematical point of view, the problem associated with the hydro-electric power
system can be seen as a problem of minimizing a quadratic non-definite functional
subject to linear and cone constraints. A key feature of this problem is the possible
existence of minimizers which are not isolated. In chapter 4 new sufficient conditions
of optimality, for local minimizers and also for directional minimizers, are proposed.
These conditions cover the case of non-isolated minimizers. The results of this chapter

constitute the main contribution of the thesis. They are published in [17,18].

In chapter 5 we analyse with detail particular cases of the problems presented in
chapter 2. Taking into account the profile of numerical solutions, obtained with
available software, we apply some mathematical tools to validate such solutions. More

specifically, results on existence of solution and necessary conditions of optimality
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in the form of the maximum principle of Pontryagin (PMP) are applied. The new
sufficient conditions of optimality, developed in chapter 4, are then considered and the
proof that the solution found is in fact a local minimum follows.

Here, we illustrate the importance of combining numerical and theoretical tools to solve
an optimization problem. In many cases, the numerical methods alone do not give
assurance that the obtained candidate is a solution to the problem. However, those
methods supported by analytical results, sufficient conditions and analysis of particular
properties of the problem, can be all together essential for a rigorous treatment of the

problem.

In chapter 6 numerical methods with the goal of achieving global solutions, are under
attention. After discretization of our problem, we obtain a problem of minimization of
an indefinite quadratic form subject to linear constraints, to which we apply two
different approaches. In the first approach, the Chen-Burer algorithm is directly
applied and we obtain a candidate for the global solution of the problem.

In the second approach, we use a specific structure of the cost function and construct
a projection of the set of feasible solutions on a relevant subspace, reducing in this
way the dimension of the problem. The Chen-Burer algorithm is then applied to the
projected low-dimensional problem, solving it faster than in the first approach. In the
end of the chapter, we discuss and compare the two approaches. A brief overview of
these results are published in [8], and they will appear with more detail in a paper
submitted for publication ( [9]).

Finally, chapter 7 concludes this thesis, with a summary of the main contributions of

this work and a description of suggestions for future research.

1.2 Main contributions

e A model, which intends to keep some main characteristics of a hydro-electric
system is created. Such model is analyzed in the context of optimal control
theory;

e Optimal solutions for the problem of maximizing the profit of energy sale, con-

sidering systems with one and two power stations in cascade, are obtained;

e The optimal control problem of hydro-electric power production is treated with

analytical tools;
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e Sufficient conditions of optimality for the abstract problem of minimizing an
infinite-dimensional quadratic functional subject to linear and cone constraints
are derived. Such conditions are deduced for local minimizers and local direc-

tional minimizers;

e Sufficient conditions are derived for the problem of management of hydro-electric

system;

e Periodicity properties of the solution for the case of periodic price, are investi-

gated;

e For the system with one power station, it is proven that the presence of a

reversible turbine always improves the profit;

e A global solution to the problem of hydro-electric power production is obtained,
using a new and faster method. Such method focuses on global optimization
techniques and on projection estimation refinement methods, which ultimately

seeks to reduce the dimension of the problem.
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Chapter 2
Problem Presentation

A control problem for a cascade of hydro-electric power stations is presented in this
chapter. Several technical and physical constraints are associated to the hydro-electric
system. This turns the problem very complicated and a simplified model, which intends
to keep the main characteristics of the original problem, is defined. This model is
examined for the cases of a system with one power station and two power stations in

cascade.

2.1 Hydro-electric resources in cascade

When observing hydro-electric systems, we can distinguish power stations with dif-
ferent configurations. To characterize a hydro-electric power station it is necessary to

identify:

e storage capacity. In our case, we consider reservoirs, i.e., natural or artificial
water storages which in general are used to regularize flows, produce energy,

supply water, etc;

e hydraulic configuration. The stations can be in a cascade system or they may be
hydraulically independent from each other. In a cascade, a set of hydro-electric
power stations are connected through a net of water flows. The stations are both

hydraulically and electrically connected;

7
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e the following characteristics of the station:

¢ turbining - the power station can convert kinetic into mechanical energy
through the fall of water which activates the turbines and converts that

energy into electric energy;

o pumping - the power station has the possibility to reverse the turbine and
pump water from a downstream to an up-stream reservoir, increasing in

this way the volume of the reservoir upstream;

o discharging - this ability allows to ensure the security of the reservoirs.
When the water level is in the limit of the reservoir, the station releases

water without producing energy and without costs or earnings.

In this work we focus on a cascade where some of the hydro-electric power stations

can have reversible turbines. Discharging is not considered.

2.2 The Model

In this section, we present a model (based on [23,41,42]) for a cascade of hydro-electric
power stations where some of the stations have reversible turbines.
The dynamic behavior of the system is introduced in the model through differential

equations. These equations relate two types of variables:

e the volumes of each reservoir, V;(t). These are the state variables;

e the water flows, u;(¢). These are the control variables, which have a direct impact

on the process, affecting the state variables in a prefixed way.

Here, 7 is the index that identifies the reservoir and ¢ is the instant of time.

The following picture illustrates two reservoirs associated to a hypothetical system of

hydro-electric power stations in cascade.
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h; (t)

(nominal |head) A
i+

Zi(t)
(water level)

& |(tailwater level)

A 4

Sea
(end of the cascade)

Figure 2.1: Generic cascade mechanism considering reversible turbines

At instant ¢, the hydro-electric power station ¢ can be described in terms of the

following variables:

Z;(t) — water level in reservoir i;

hi(t) — head in reservoir i;

Vi(t) — volume of water in reservoir i;

A; — incoming flow to reservoir i (e.g. rain);

u;(t) — water flow in station ¢, from pumping or turbining action.

The water level in the reservoir i, Z;(t) is given by the following expression:

Vz(t) Bi
po — 1)

where
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0

V" — minimum water volume in reservoir %;

Z? — nominal water level (meters above sea level) in reservoir i;

«;, [B; — positive parameters.

At instant ¢ and for each reservoir i, the following dynamic equation is taken to be
valid
Vilt) = Ai = wi(t) + ) um(t),
meM;

where M; is the set of indices for upstream reservoirs immediately before reservoir i.

The variation of the water volume in a reservoir depends of the incoming flow and
depends on the total amount of water turbined or pumped. This means that the
stations depend on each other. So, all the decisions taken for one reservoir shall be
taken under a global vision, since it has impact along the cascade. This turns the

analysis of the problem quite difficult.

The hydro-electric power station is subject to physical and technical limitations (con-
straints or restrictions). The set of constraints defines the domain of admissible
controls for the problem.
In each reservoir, the water storage must be between a minimum and a maximum
level,

Zpn < Z,() < 2,

and the water flow must be between a minimum and a maximum value

0y _ 0P or (ha()\"?
Gi (hz(t) - hi) —u; <u(t) <y o )
i
where
uYT — amount of nominal turbined water in the station
uY” — amount of nominal pumped water in the station i;

(; — pumping coefficient in the station i;

hY — nominal heads of the reservoir i.

In particular, when the power station ¢ only turbines, the minimum value allowed for

u; 18 zero.
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Given a system of hydro-electric power stations, we have as objective to manage the
energetic resources that exist in an efficient way, bearing in mind the price of energy
during the time horizon considered. The quality and performance of the decisions
undertaken are measured by an objective function. The objective is to maximize the
profit obtained with buying/selling the electricity consumed/produced. Such objective

function is represented by:

where

I — total number of reservoirs in the cascade;

¢(t) —economic value of electric energy in the market at instant t;
T — length of the time horizon;

ri(t) — value of power produced/consumed by the station 4

r;(t) is described by

oy [580 () = AR T ¢ (= 7 (= g (= 0™ () 20
' 9.8 % u(t) % (hi(t) — ARE(8)) % 1/pf % (1 — o7™°%) % (1 — 6¢™™) % (1 — o) if wy(t) < 0.

Here

ART() = AT (u@-(t)>2’ ARP(t) = AROP <u@-(t))2

w7 udf

1 (]

and

ARYT — head loss in reservoir 7 at instant ¢ for turbining;
ARYF — head loss in reservoir i at instant ¢ for pumping;
ul — global efficiency of the reservoir i, when it turbines;
ul — global efficiency of the reservoir 7, when it pumps;

QP9 ot geint — rates of availability and maintenance.
A sequence of decisions determined essentially by choices of u;(-), that optimize the

objective function, satisfying the constraints of the problem, is called an optimal

control policy.
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2.2.1 Example - Problem with 2 reservoirs in cascade

The next picture (Fig. 2.2) illustrate a problem with 2 reservoirs.

Figure 2.2: Scheme of a cascade with two hydro-electric power stations

Each station has a volume associated, V;(t), i = 1,2, as well as a turbined or pumped
water flow, u;(t), i = 1, 2.

Only the station 1 is reversible, it has the ability to turbine downstream, with energy
production and consequent profit for the company, as well as, the ability to pump
water upstream, resulting power consumption and cost for the company.

The station 2 has only the ability to turbine downstream.

The respective optimal control problem can be written in the form:
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max /t :TO c(t) (i m-(t))

s.t. Vi(t) = Al — Ul(t),

hi(t) = Z1(t) — max{Za(t), &1},

ha(t) = Za(t) — &,
G (1n(0) = 1) i <o) < (M)
ooz ()

Zmn < Zi(t) < Zmer i=1,2

where t € [0,7].

In attachments A and B, we can find a table with the meaning of all the variables and
parameters of this model, as well as, an example of possible data that can be used

here.

2.3 Simplified Model

The model presented in the last section revealed very difficult to deal with, using
analytic tools. The treatment of the problem with such a complex objective function
and time-dependent control constraints is a very hard task to accomplish. Because of
that we start by considering a simplification of that model. We try to maintain the
main characteristics of the original model. The objective function is simplified and

the upper and lower bounds for the controls will now be fixed.
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The new model has shown to be a very stimulating problem from mathematical point

of view, and until the end of this work we do not come back to the original one.

An outline of the simplified model is now described.

For a cascade of N hydro-electric power stations, the dynamics of water volumes,

Vi(t), k =1, N, are described by the following control system

1,N, (2.1)

where M (k) is the set of indices of reservoirs upstream from the reservoir k& (immedi-

ately up).

Set V() = (Vi(+),...,Vn()) and u(-) = (ui(:),...,un(:)). The controls u(t) =
(u1(t),...,un(t)) are the turbined /pumped flows of water for reservoirs 1, N at time
t, and constants A, are the incoming flows, k = 1, N. V(t) = (Vi(t),...,Vn(t))
constitute the state variables.

The equation (2.1) is called water balance equation (see, e.g., [34]).

The state variables and the control variables satisfy the following technical constraints:
Vi(0) = Vi(T), Vi(t) € [Vi", Vi), ur(t) € [uyl', uy'].

The constants V™ and VM, k = 1, N, stand for the minimum and maximum water
volumes imposed; the constants uf* and ul!, k = 1, N, are the imposed minimum and
maximum turbined /pumped water flows.

The equality V;(0) = Vi(T) is called periodic constraint and it ensures, in particular,
that the reservoir & does not spend all the water on the period [0, T]. Also, and under
similar conditions, on a period of time that would follow, the optimal solution would

repeat itself.

The objective is to find optimal controls ugx(-) € Loo([0,T],R), space of measur-
able function u : [0,7] — R, essentially bounded, and respective volumes Vi(-) €
AC([0,T],R), space of absolutely continuous function V' : [0,7] — R, which maximize
the profit of selling energy. The objective function is given by:

N T V. 3
J(U(), V()) = ;/0 C(t) uk(t) (Vg(:) + Hk — %k()t) — Hj(@) dt. (22)
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where j(k) is the index associated to the (unique) downstream reservoir, which receives

water from reservoir k.

Here, ¢(+) is the price of the energy and the expression multiplied by c¢() represents
potential energy. Hj and Sy, k = 1, N, are the liquid surface elevation and the area
associated to each reservoir k. For simplicity, it is assumed that the reservoirs have
cylindric form and that the gravity constant is equal to one. It is also assumed that all
the potential energy is converted into electric energy. The following picture illustrates

the case of 2 power stations.

Figure 2.3: System with two power stations

The model of section 2.2 and the new one must be close to each other, and for this,

the parameters (ul*, ul, Hy, Sj) will be reasonably chosen (for details see appendix

Q).

Using (2.1), the objective function (2.2) can be equivalently written as

meM (k) Sk 3(k)

N
Z/OT c(t) —Vk(t) + A + Z um(t) | X <Vk(t) + Hp, — V:]s(k)(t) - Hj(k)) dt. (2.3)
k=1
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Lemma 2.3.1. The following equality holds:

/ S () ng) 3 um(t)—uk(t)vgk—)(t) dt = 0.
0 k=1

meM (k) i (k)

Proof. It m € M (k), then k = j(m). Moreover j(k) is empty or has only one element.
Therefore we have

[ 3w (05 - i B ) -
O k=1

[ X T M- X ) @

_ /OTc(t)

Vnlt) ) - 300 ) e

This completes the proof. [ |

The notation BV ([0,T],R) is used for the space of bounded variation functions
f:0,7] — R. We assume that ¢(-) € BV ([0,T],R), ¢(-) is right-continuous and

c(0) = (7).

Without changing the notation for the objective function J, we convert the maximiza-
tion problem into a minimization one. Integrating (2.3) by parts and using Lemma

2.3.1, we obtain the following problem:

= — 3 —Ak TC —1 2 &

(P)  min  J(u(-),V()) = ;1: 5. /0 OVilt)dt + 5 | Vet del?)
Hk—ij Vk Vm dc

+ ( @ A) . ( (t) +m§/(k) (t)) (t)
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s.t. Vi(t) =Ay, — ug(t) + Z Um(t), a.e. te|0,T]
meM (k)

Vii(0) =Vi(T),
Vk(t> e[v;gm, VkM]7 Vte [OvT]
up(t) €fu, urt], ae. t€l0,T], k=1,N.

Here, . (k) is the set containing the indices corresponding to all upstream reservoirs

appearing in cascade before reservoir k.

2.3.1 Particular cases

In this work, we analyze with detail two particular cases, of one and two power stations
in cascade.

Consider the case of a system with one power station with reversible turbines. The
Alqueva dam in Guadiana, a river in south of Portugal, is an example of that. The
Alqueva dam constitutes one of the largest dams and artificial lakes, 250km, in Western

Europe.

Figure 2.4 illustrates the case of a unique station which is reversible.

7

ﬂm

Figure 2.4: Scheme of a system with 1 power station
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For this particular case problem (P) takes the form:

(P) min  — {g—ll/o c(t)Vi(t)dt + Hy /}Oﬂ Vi(t)de(t) + QL&/]O,T} VE(t)de(t)

T
-+ AlHl/ C(t)dt:| s
0
s.t. Vl(t) = A —wu(t), ae tel0,T]
Vim<Vi(t) < VM viteloT),

u <uy(t) <ulM, ae t€[0,T].

Take the time horizon divided into two intervals, [0, 7] and [7,7T]. The price ¢(t) is
defined as
t e [0, 7[U{T
C(t) — Cl7 [ JT[ { } (24)
e, te€|[r,T],
where ¢, ¢y are positive constants.

This price function reflects a two different demand periods. A high price for the energy
corresponds to a high demand of energy and inversely, a low price corresponds to a
low demand of energy.

With this particular price function, problem (P;) can be written as :

Vi(7)

. A101 T A162 T C —C1.,9 Co — C1
P - Vi(t)dt — Vi(t)dt + V2(0) —
(Pic) min S /o 1(t)dt S /T L(t)dt T (0) 25,

+ Hi(ca — ¢1)Vi(0) — Hy(cg — e1)Vi(7) — AiHi(7¢1 + (T — 7)ca),

st Vi(t) = Ay —uy(t), ae. t €[0,T]
Vi(0) = Vi(T),
Vilt) e (v, VM, vt € [0, T)
uy(t) € W™ ul], ae. t €0,T].

By state augmentation techniques, we can additionally reformulate the above problem

into Mayer form (see [10]). In fact, if
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Wi(t) =Vi(t+ 1), t €0,7],

20 = | Viydt, ¢ e .

Zo(t) :/Ot Wi(t)dt, t € [0, 7],

the problem (P;¢) can be equivalently written as:

(Pip)  min

S.t.

+ Hi(ca — c1)VA(0) — Hy(cg — 1)W1 (0) — A1 Hy(Ter + (T — 7)ea),

Vi(t) = Ay — uy(t), a.e. t €0,7],
Wit) = Ay —wi(t), a.e. t €10,7]
Zy(t) = Vi(t), ae. t €0,7]

Zy(t) = Wi(t), ae. t e l0,7]
Vi(0) = Wi(r),

Vi(r) = Wi(0),

Vi(t), Wa(t) € [Vi", Vi), vt € [0, 7]

M

19

7], (2.5)
VE(0) ~ Z5g W 0)

(2.6)

uy(t),wy(t) € [ul*,uy’], a.e. t €10,7].
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The case of a system with 2 reservoirs in cascade is similar. Take A, = 0. We have in

this case, the following formulation for problem (P):

A

(P,) min - {?1 /0 Tc(t)wt)dt + (Hy — H) /0 Tvl(t)dc(t)

+35 ) V2(t)de(t) + Ho /0 (Va(t) 4 Vai(t)) de(t)
1

T T
+ — [ VE(t)dc(t) + A H, / c(t)dt} ,
252 0 0

st. Vi(t) = Ay —uy(t), ae. t €[0,T]

Va(t) = ug(t) — ug(t), a.e. t €0,T]

Vi(t) € (V" VM], V t € [0,T]

ui(t) € [u,ul], ae. t €[0,T), fori=1,2.

K3 K3

Considering the price function ¢(t) given by (2.4), we can write problem (F,) as:

A T A T —
(Pyo) min — 4 / Vi(t)dt — 212 / Vi(£)dt + Hi(co — e)Vi(0) + 2Ly
st Jo St Jr 251
Co — C1,9 Co — C1 .9
— Hi(cg —cr)Vi(7) — 5 Vi (T) + Ha(cz — 1)Va(0) + V5 (0)
S1 232
Co — C1y,9
— Hy(co — c1)Va(T) — 55 Vi (1) — A1Hy (11 + (T — 7)ca),
2
s.t. Vi(t) = Ay —uy(t), ae. t €[0,T] (2.7)

Va(t) = uy(t) — us(t), ace. t €[0,7]

Vi(t) € [V, V"], vt € [0,T]

wi(t) € [u, ul], a.e. t €[0,T), fori=1,2.

[ Eat)
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Based on similar definitions for W;(t) and Z;(t), ¢ = 1,2 (see (2.5)), the optimal control
problem (Ps¢) can be rewritten in the Mayer form:

Ac Aic —
(PQM) min — ! 121(7') — ! 2Z2(7')+H1<62—Cl)‘/1(0)+ @ 011/12(0)
S S1 251
Co — C1. ;9 Co —C1,9
— Hl(CQ — Cl)Wl(O) — 95 Wl (0) + HQ(CQ — Cl)‘/g(()) + s Vé (0)
1 2
— Hyes — c1)Wa(0) — 022; UCW20) — A Hy(rer + (T — 7)),
2
st. Vi(t) = Ay —uq(t), ae. t €0,7]
Wl(t) = Al — wl(t), a.e. te [O,T] (28)

Va(t) = uy (t) — usg(t), ae. t €0,7]
Wa(t) = wy(t) — ws(t), a.e. t €0,7]
Zy(t) = Vi(t), a.e. t €0,7]

Zy(t) = Wi(t), ae.t e l0,7]

Vi(t), Wi(t) € [V, V;M], vt € [0,7]

w(t), wi(t) € [ul*,u], ae. t€[0,7], fori=1,2.

[ Rt}

These different formulations for the same problem will be used in the thesis according
to convenience. The Mayer form (2.6) and (2.8), for instance, is necessary to apply
the software we use to get the numerical results.
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Chapter 3
Background notes

The optimal control theory emerge in the early to mid 1950’s, in response to several
engineering and economic problems. This theory grew rapidly and nowadays it is
recognized as an important tool for the treatment of problems that occur in such

diverse fields as medicine, ecology, economics and electric power production.

The optimal control theory can be seen as a generalization of the calculus of variations.
It gives mathematical methods to derive control policies for a given system, in such a
way that a certain optimality criterion is achieved.

This theory is grounded on two main ideas. The dynamic programming with the
associated optimality principle, introduced by Bellman, and the maximum principle
introduced by Pontryagin and his collaborators ( [38]).

The maximum principle of Pontryagin (PMP) which is seen by many authors as the
main result in optimal control theory, provides a set of necessary conditions for local
optimality. In general, these conditions are not sufficient. If an existence theorem
is applied and guarantees that a solution exists, then all the candidates that satisfy
the necessary conditions could be compared and the optimal global solution could
be chosen. However, to obtain all the candidates from the necessary conditions, can
be a hard or even impossible task. Such necessary conditions can be very complex,
essentially when constraints on the state and control are involved. To guarantee that
a candidate is in fact an optimal solution, at least in a local sense, sufficient conditions

of optimality can be of particular relevance.

In this chapter, we will present a classic optimal control problem and we will discuss
some fundamental and basic tools for the problem with state constraints. For a more
extensive study about these topics see [3,10,14,15,20,22,26,31,32,44,45,47,48|.

23
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3.1 Optimal Control Problem

Optimal control problems can appear with different formulations, depending on the
form of the cost function, the time domain (continuous/discrete), the type of con-
straints and the type of variables.

Here, we don’t give an exhaustive list of all the possibilities but we focus on the

problem we are interested in. For more details see [10], [11] and [26].

An optimal control problem requires:

e a mathematical model of the system to be controlled;

a cost function in a certain form (Mayer, Lagrange or Bolza);

the specification of all constraints to be satisfied by states and controls;

the specification of all boundary conditions on states;

the statement of what variables are free.

In control theory a main object is a dynamic system that we consider here to be given

by ordinary differential equations:

&= f(t,z(t),u(t)) ae. te[ST], (3.1)

where f: [S,T] x R" x R™ — R"™. The control function u(-) : [S,T] — R™ is usually

subject to some constraint
u(t) € U(t), ae. te€[S,T] (U(t) CR™).

The state variable z(+) is an absolutely continuous function, with values in R". Con-
straints on this variable can also be considered, for example, constraints at the initial

time and at the final time (endpoint constraints)
(x(5),2(T)) € C,
and /or pure state constraints

h(z(t)) <0, VtelST].
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The optimal control theory is a very useful tool to deal with continuous time opti-

mization problems of the following form:

T

(OCP) min  J(z(-),u(:)) = g(x(S),z(T)) +/S L(t, z(t),u(t))dt,

s.t. ft,z(t),u(t), ae tel[ST]
()EU(t), a.e. tE[ST]
),

(2(5),%(T)) €
h(z(t)) <0, VtG[ST}

where g : R* X R*" - R, L: RxR"xR™ = R, f: [S,T] x R* x R™ — R™ and
h:R" — R. U is a multifunction with U(t) C R™, t € [S,7] and C C R" x R" is a
closed set.

The objective functional (performance criterion) may be specified in Bolza form:

T

J = g(x(8),2(T)) + / L(t, (1), u(t))dt,

S

or in Mayer form:

J = g(x(5), z(T)),
or in Lagrange form:

J= /T L(t, (t), u(t))dt.

Mayer and Bolza problem formulations are theoretically equivalent.
We can recast Bolza form into Mayer form by means of a process called state augmen-
tation. An additional state variable x; is defined, the augmented state variable being

now Z = (x;,x). By introducing an additional differential equation
x(t) = L(t,z(t),u(t)) ) (S)=0

it is possible to replace the integral term in the cost by z;(T).

Feasible pair or feasible process
A control function u(-) such that u(t) € U(t), a.e. t € [S,T] is called feasible for
problem (OCP), if the response z(-, zo, u(-)), solution of (3.1) when z(5) = xy,
is defined on the interval S <t < T, and u(-) and x(-, zo,u(-)) satisfy all the
constraints of the problem in this time interval. The pair (u(-),z(-)) is then

called a feasible pair or feasible process.
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Optimal solution
(@, ) is an optimal solution for problem (OCP) if (@, ) is an admissible process

that minimizes the cost over all admissible processes.

Strong local minimum
An admissible process (u, ) is called a strong local minimum for the optimal

control problem if,

de > 0, V(u,x) admissible, ||z — 2| < e= J(z(),u(:)) < J(z(-),u(-)).

3.1.1 Existence of solution

The following theorem is adapted from [26] (Theorem 4 and Corollary 1 of chapter
4.2) for the case of fixed time interval.

We denote by C! the space of continuously differentiable functions.

Theorem 3.1.1.

Consider the nonlinear process in R™
T = f(t,x,u), where  f: RY™™ S R s CL.

The data are as follows:

1. The initial and final sets Xy and Xy are fixed, nonempty, compact sets in R™.

2. The control restraint set Q) (t, x) is a nonempty, compact set, varying continuously
in R™ for (t,z) € [S,T] x R".

3. The state constraints are (possibly vacuous) h*(z) >0, h*(z) >0, --- ,h"(z) >
0, a finite or infinite family of constraints, where h*, h?, ---  h" are real con-

tinuous functions on R™.

4. The family .% of admissible controllers consists of all measurable functions u :
[S,T] — R™ such that each u(t) has a response x(t) on S < t < T steering
z(S) € Xy to x(T) € Xy and u(t) € Qt,x(t)), h'(z(t)) > 0, h*(z(t)) >
0, ---,h"(z(t)) >0.
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5. The cost for each u € F is

C(u) =g($(T))+/S FO(t, (), ult))dt + max y(x(t))

S<t<T
where fO: RY™ ™ — R is a Ct function, and g(x) and v(z) are continuous in

R™.

Assume

(a) The family F of admissible controllers is not empty.
(b) There exists an uniform bound, |z(t)| < b on [S,T] for all responses x(t) to

controllers u € F .

(¢) The extended velocity set
V(t,2) = (2, u), £t 2,0)|u € 0}
is convex in R for each fized (t,z).
Then there exists an optimal controller u(t), S <t < T, in ¥, minimizing C(u).

This result is easily generalized for the case where g depends also on z(S). In this
case, we can reformulate the problem in such a way that g(z(S),z(7")) will depend
only on the final state. For that, it is enough to add a new state variable z € R"™, such

that 2(¢) = 0 and define new initial and final sets
Xo={(2,2) : 2 € Xg,x =2} C Xy X X

X =A{(z,2) rz € X1,z € X}
Observe that g(=(T), o(T)) = g((S), 2(T)) = g(x(S), =(T)).
3.1.2 Pontryagin’s maximum principle for OCP with state cons-
traints

The existence theorem of the previous section may guarantee that an optimal solution

exists. In that case, the optimal process is among all the processes that satisfy
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the necessary conditions of optimality. Theorem 3.1.2 of the next page presents the
Maximum Principle for the following optimal control problem (Pg) with pure state

constraints.

( Minimize g(x(S),x(T))

subject to
(P (t) = f(t,x(t),u(t)), ae t €[S T]
c) o
hi(t,xz(t)) <0, Vtel[S,T], i=1r
u(t) e U(t), ae. t €[S,T]
\ (2(S). 2(T)) € C.

where g : R* x R" — R, f: [S,T] x R* x R™ — R", and h; : [S,T] x R — R,
U:[S,T] ~ R™ is a multifunction and C' C R" x R" is a closed set.

Since the optimal control problem (Pg) includes pure state constraints, it requires
the introduction of multipliers that are Borel measures. The norm of a measure p is
denoted by ||p||7v. = f[Sﬂ w(dt) where T.V. means the total variation of the measure.
The support of a measure p, denoted by supp{u}, is the smallest closed subset A C
[S, T, such that for all relatively open subsets B C [S,T]\ A, we have u(B) = 0. For
more details about this topics see [19,39).

Denote by H the unmaximized Hamiltonian:

H(taxvpau) =p- f(t>$au)'

Theorem 3.1.2 that follows is a version of Theorem 9.5.1 from R.B. Vinter [47], for
the case where g and h are continuously differentiable and C' is convex.

Let C' C R™ be a nonempty, convex set, and ¢ € C'. Then the Normal Cone to C at
¢, denoted by N¢(c), is defined as

Ne(e)={peR": (p,x —c) <0, Vax € C}.

For details, see [43].

We use the notation GrU for the graph of a set-valued map U and B for the closed
unit ball in R™ centered in the origin. The product £ x % denotes the o-algebra
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generated by the Lebesgue subsets £ of [a; b] and the Borel subsets of R.

Theorem 3.1.2.

Let (4, &) be a local minimizer for (Pg). Assume that, for some § > 0, the hypotheses
(H1) to (H4) are satisfied, namely:

H1: f(-,x,:) is £ X B measurable for fixzed x. There exists a Borel measurable
function k(-,-) : [S,T] x R™ — R such that k(t,u(t)) is integrable and

(b, w) — F(t 2 w)| < bt )| — |
for all x,2" € (t) +0B,u € U(t), a.e.;
H2: Gr U is £ x % measurable;
H3: g is continuously differentiable on (Z(S),z(T)) + 0B;
H4: §h is continuously differentiable and there exists K; > 0 such that

\hi(t, ) — hi(t,2")| < Ki|le —2'| for all x,2" € 2(t) + 0B, t € [S,T].

Assume furthermore that

S1: f(t, -, u) is continuously differentiable on &(t)+0B, for allu € U(t), a.e.t € [S, T

Then, there exist p € AC([S,T],R™), A > 0, and a nonnegative Borel measure p
satisfying

(i) (p, 1, A) # 0,

(ii) the adjoint equation:

(i1i) the transversality condition:

(p(5), =¢(T)) € AVg(2(5), £(T)) + No(2(S), #(T)),
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(iv) the Weierstrass condition:

H(t,z(t),q(t),u(t)) = uI?Uagg)H(t, z(t),q(t),u) a.e.

(v) supp{p;} C Ii(),

p(t) + [ zl Voho(t, o) (ds)  t€[ST]

where q(t) = .

and I,(z) = {t € [S,T) : hy(t, z(t)) = 0}

The function p is called the adjoint function and A the cost multiplier.

Remark 1:
It is a simple matter to see that we may assume that A\ € {0, 1} ( If (p, A, u) serves as

a set of multipliers then, for any a > 0, (ap, a), ap) also serves).

Remark 2:
If problem (Pg) is in Bolza form, i.e., the cost function contains an added integral
T

term / L(t,z(t),u(t))dt, then the necessary conditions take the same form, applied
s

with H replaced by H(t,z,p,u) = p- f(t,x,u) — AL(t, z(t), u(t)).

This can easily be deduced using a state augmentation technique. Define 2(t) =

L(t,z(t),u(t)), z(0) = 0, add this new variable and constraint to the problem and

express the integral term on the cost as z(T"). Application of the Theorem 3.1.2 to this

reformulation gives the result.



Chapter 4
Sufficient conditions

In this section we propose a set of sufficient conditions of optimality for the control
problem of a cascade of hydro-electric power stations set out in section 2.3. Its
abstract formulation leads us to the consideration of infinite-dimensional quadratic
functionals subject to linear and cone constraints. Classical sufficient conditions of
optimality are validated under hypotheses that fail when local minimizers are not
isolated. Here, sufficient conditions of optimality for local minimizers and also for
directional minimizers are established for the abstract problem. These conditions
depart from classical ones since they apply to non-isolated local minimizers if some
additional conditions are satisfied. To our knowledge the treatment of sufficient
conditions for directional minimizers is new.

Taking advantage of the particular structure of the problem of hydro-electric systems
under consideration, we then deduce sufficient conditions of optimality for that prob-
lem.

We shall use the following notations: the closure of a set A, the orthogonal complement
of a subspace S, the adjoint of a linear operator B and the dual space of a normed
linear space Y are denoted by clA, S+, B* and Y*, respectively. If L is a linear map,
then kerL stands for the kernel of L; Ly([0,T],R) represents the space of measurable
functions f : [0, 7] — R, whose square is integrable. Given a normed linear space X,

Bx represents the closed unit ball centered in the origin of the space.

31
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4.1 Local minima of quadratic functionals subject to

cone constraints

Let X be a Hilbert space, Y and Z be normed spaces, K C Z be a closed and convex
cone, V:X — X, A: X =Y, and C : X — Z, be linear bounded operators, and
v € X be a vector. The operator V' is symmetric. Consider the following minimization
problem (Q):

Q)  min J(z) = %@;, Vi) 4 (0,2), st z€Q={reX|Ar=0, —Cx e K}.

We say that & € Q is a (local) minimizer point for problem (Q) iff there exists € > 0
such that J(x) > J(2), for all z € QN (2 + eBy).

We will also use the concept of directional minimizer. The point = € €2 is a directional
minimizer point iff, for all w satisfying + hw € €, for all h € [0, h,,| where h,, is some
positive constant, there exists €, > 0 such that J(& + hw) > J(Z), for all h € [0, €,].

Our aim is to deduce sufficient conditions assuring that zero is a local minimizer for
problem (Q). Set L = ker A Nker C. Assume the two following hypotheses:

(H1) (p,Vp) >0,V pecL;

(H2) there exist y* € Y* and z* € Z* such that A*y* + C*z* +v = 0.

Note that the classical sufficient conditions of optimality in the classic Lagrangian
theory and in the general mathematical programming problem (see, e.g., [22,35|)
impose the inequality (p, Vp) > (const)||p||?>, p € L. This guarantees that zero is an
isolated local minimizer. In this work, we deal with possibly non-isolated minima and,
as a consequence, we need a weaker condition. The non-negativity of the quadratic
functional (p, Vp) on the subspace L alone does not guarantee that zero is a local
minimum, and we shall also assume that one of the following additional conditions is
satisfied:

(Co) (2*,Cq) <0, for all ¢ such that ¢ € Lt Nker A, —Cq € K and q # 0;

(C,) there exists v > 0 such that (z*, Cq) < —v||q]|, for all ¢ satisfying ¢ € L+ Nker A
and —C'q € K.
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Lemma 4.1.1. Assume (H1) and (H2). Let 2 =p+ ¢ € ker A, where p € L and
q € L*. Then, the following inequality holds:

J(@) 2 =2, Ca) + (0, Vi) + 56, Va).

Proof. Indeed, we have

J(x) = %(m, V) + (v, x).

From this and condition (H2) we obtain

J(@) = ~(2",Ca) + (0. Ve) + 2 (0. Vi) + 0. Va).

Condition (H1) implies

I@) 2 =2, Ca) + (0, Vi) + 50, Va).

This completes the proof. |

Proposition 4.1.1. Assume (H1) and (H2). In addition,

(a) if condition (Cj) is satisfied, then, for all x € ker A and —Cz € K, there exists
€ > 0 such that the inequality J(tx) > 0 holds, whenever ¢ € [0,¢] (i.e., 0 is a

local directional minimizer for (Q)).

(b) if condition (C,) is satisfied, then, for all z € ker A and —Cz € K, there exists
€ > 0 such that the inequality J(z) > 0 holds, whenever ||z|| < € (i.e., 0 is a local

minimizer for (Q)).

Proof. Write x = p + ¢, where p € L and ¢ € L*. Since z and p are in ker A, also

q € ker A. From Lemma 4.1.1 and condition (Cj) we have
t2
J(tw) = (=", Cq) + (g, Vp) + 5 (¢, V) > 0,

whenever ¢ > 0 is sufficiently small. This completes the proof of (a).

From Lemma 4.1.1 and condition (C.,) we have

1) 2 =0 + Vi + 5 Va2l (3= I (1ol + 120} ) o
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whenever ||z|| is sufficiently small. This completes the proof of (b). |

Example 4.1.1. There are directional minimizers that are not minimizers.

Indeed, let X = Ly(]0,1],R) and consider the problem

min J(m(-)):—/le(s)ds—/01x2(s)ds, st. 2(s) < 0.

Let Z = X, K = {2(-) € Ly([0,1],R) | 2(s) > 0, s € [0,1]}, A =0, C = I, and
L = {0}. Condition (Cy) is satisfied with z* = 1. By Proposition 4.1.1, zero is a local

directional minimizer. Consider the sequence

£(s) = { ()—\/ﬁ, s €0,1/n]

s €]l/n,1].
Obviously, [|zn( )|z, = 1 and J(tzn()) = [ —= — 1) > 0, only if t < —— 0
v y7 n Lg_ n - \/ﬁ - 9 y — \/ﬁ

Lemma 4.1.2. Let M C X be a closed subspace, and let N C X be a finite-dimensional
subspace. Then dim (M N (]\4L + N)) < 400.

Proof. Let N = Lin{ey,...,e,}. Denote by my(y) the orthogonal projection of y € X
onto M. Set p; = ma(e;), i = 1,n. Consider x € M N (M'L + N). Then, there exist
&,...,& € R and ¢ € M+ such that

rT=q-+ Zfiei-
i—1

Since

r=my(xr)= Z&?TM(SZ') = Z&pm
i=1 i=1

we see that any z € M N (ML + N) is a linear combination of vectors py,...,p,. M

Proposition 4.1.2. Assume in problem (@) that Z = R", K = R, and 2* > 0. Then,

condition (C) is satisfied.

Proof. Since (ker C')* = imC™* is a finite-dimensional subspace, from Lemma 4.1.2 we

see that the subspace

ker AN L =ker ANcl ((ker A)" + (ker C)*) = ker AN ((ker A)*" + (ker C)*)
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is finite-dimensional. Suppose that there exists a sequence ¢; € ker ANL*, —Cq; € K,
|¢;| = 1 such that (z*, Cg;) 1 0. Without any loss of generality, ¢; converges to a vector
qo. Obviously gy € ker AN LY, —Cqy € K, (2*,Cq) = 0, and |go| = 1. Since 2* > 0,
we have Cqy = 0, i.e., gy € ker ANker C' = L. Therefore we have ¢y € L N L+ = {0},

a contradiction. [ |

Return to problem (@) in its more general setting. Denote by K* the conjugate cone
of cone K. Consider functionals 27 € K*, j = 1,n. Set &;(z) = (C*2},z) and

§(x) = (&a(2), ..., &),

Assume that Y = R™ and that the problem has now the following special form:

min J(z) = 1(5(:5), VE(x)) + (v,&(x)),

2
s.t. Af(z) =0,
—Cr e K.

Here V : R" - R", A:R"” — R™ and v € R".
Consider an auxiliary finite-dimensional majorant problem
1
min J(§) :§<§, VE) + (v,&), st. A¢=0and  <0.

Proposition 4.1.3. Assume that the following conditions are satisfied:

L (p,Vp) >0, p € ker 4,

2. there exist y* € R™ and z* € R” such that A*y* + 2* +v =0 and z* > 0.

Then, £ =0 is a local minimizer for the auxiliary problem, and x =0 is a local

minimizer for the original problem.

Proof. From Proposition 4.1.2 we see that £ = 0 is a local minimizer for the auxiliary
problem. Let x be an admissible point for the original problem. If the norm of z is
sufficiently small, then |£(z)| is also small. Moreover, the inclusion —Cx € K, implies
the inequality £(z) < 0. Therefore {(x) is an admissible point for the auxiliary problem
and J(z) > 0. |
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Example 4.1.2. Consider the problem

min/olx(t)dt— (/le(t)dt)2 st a(t) > 0.

Zero is a local minimizer.

Indeed, set X = Z = Ly([0,1],R), C =1, 2* =1, and

Obviously £ = 0 is a solution to the problem

min & — &2, st. £€>0.

We shall deal now with the problem
min J(z)+ (g, ), stz € Q,
where g € X.

Proposition 4.1.4. Assume that there exist € > 0, y* € Y* and 2* € K* such that

1. Ay* + C*2* 4+ g =0,

2. J(x) >0,z € QN eBy.
Then, J(z) 4+ (g,2) > 0 whenever x € Q2 N eBx.

Proof. Indeed, if x € Q2N eByx, then we have
J(x) + {g,2) > (g,2) = —(Cx,2*) > 0.

This completes the proof. ]

The second condition in Proposition 4.1.4 can be deduced from Proposition 4.1.3, for
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example. Indeed, consider the problem

min 1(z) = {€(), V@) + (0.6()) + {g,2),
s.t. Af(x) =0, Az =0 and — Cz € K.

The following result is an immediate consequence of Propositions 4.1.3 and 4.1.4

Proposition 4.1.5. Assume that there exist € > 0, y* € Y*, and z* € K* such that

1. Ay* + C*2* 4+ g =0,

2. conditions of Proposition 4.1.3 are satisfied.
Then, I(x) > 0 whenever x € 2 N eByx.

The following example shows that, if the second condition of Proposition 4.1.3 is not

satisfied, then there can exist local directional minimizers that are not local minimizers.

Example 4.1.3. Consider the problem

min [ ots)ds - 620),

¢p=u1z, ¢(0)=0 and ¢(s)>0.

Zero is a local directional minimizer, but not a local minimizer.

The problem can be written in the following form:

2

min J(x<-)):/01 /Osx(r)drds— (/le(s)ds) ,

/ 2(r)dr > 0.

0

Here, X = L,([0,1],R), Z = C([0,1],R), Z* = BV([0,1],R), A=0,C = — [,
K ={z(-) e C([0,1],R) | 2(s) > 0, s € [0,1]}, L = {0}, and condition (Cj) is satisfied
with z* = du(s) = ds. Indeed, if

/ q(r)dr >0 and ¢(-) #0, then Jse]0,1] : / q(r)dr >0,
0 0
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because

/08 q(r)dr =0, se€]l0,1],

implies ¢(-) = 0. By Proposition 4.1.1, zero is a local directional minimizer. Consider

- 0, sel0,1—1/n
7a(8) = vn, sel—1/n1].

the sequence

t 1
Obviously, ||z, (-)||z, = 1 and J(tz,()) = — (— - t) >0, only if t < —

2v/n 2\/'

Zero is a local directional minimizer for this problem but it is not a local minimizer.

In the next section the optimal control problem (P) presented in section 2.3 is con-
sidered, and sufficient conditions for local directional minimizers and also for local

minimizers are derived.

4.2 Sufficient Conditions of optimality for problem (P)

Motivated by the previous considerations, we deduce sufficient conditions of optimality

for the problem of hydro-electric power stations.

Recall the formulation of problem (P):

(P) min  J(u( Z /o c(t ()dt+ﬁ/ V2 (t) de(t)

+ (Hk—Hj(k))[()T] (Vk(t)+ > Vm(t)) dC(t)]

me. (k)

T
+ (Hie — Hjw) | Ax — Z A, / (t)dt],
0

meA (k

st Vi) = Ag—we(t) + D um(t), ae t €[0T

meM (k)
Vi(0) = Vi(T),
Vk(t) S [Vkm7 VkM]> Vite [OaT}

ug(t) € [ul, up'], a.e. t €[0,T).
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First, we deduce sufficient conditions for a local directional minimizer.

Theorem 4.2.1. Let (i(-), Vi(+)), k=1, N, be a control process. Assume that the
following conditions are satisfied:

1. there exist right-continuous functions p(-) € BV ([0,T],R) and
m(-) € BV([0,T],R), k =1, N, satisfying

dpi(t) = — ”;’“c(t)dt — (Hy — Hygy) de(t) — > (H — Hyg) de(t)

k let—1(k)
Vi(t
= VD ety + ), (4.1)
Sk
Pe(0) = pi(T);
2. the equality
N N
T TCT SRS S S ST AR ST
Ukel[i%k b meM (k) k=1 meM (k)
holds;

3. the functions n(-), k = 1, N, satisfy the inequalities

dne(t) <0, if  Vi(t) = V™,
dne(t) >0, if  Vi(t) = VM,
dn(t) =0, if  Vi(t) € [V, VM [;

4. if de(t) > 0, then the functions ng(-), k = 1, N, satisfy the inequalities
dn(t) <0, if  Vi(t) = V™ dn(t) > 0, if  Vi(t) = VM,
5 if Vi(t) € Vi VM for some k, then de(t) < 0.

Then, J(a(-) + ha(-),V(-) + V() = J(a(-), V (), whenever (iy(-) + (), Vi() +
Vi(+), k =1, N, is an admissible process and h > 0 is sufficiently small.

Note. In equation (4.1) we use the notation dv(t) = f(t)dp(t) to express the rela-

tionship v(t) — v(0) = / f(t) dp(t), this integral being a Lebesgue-Stieltjes integral.
10,t]
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Furthermore, in conditions 3. - 5. the inequality dv(t) > 0 (< 0,= 0), for t € E,

means that t)dv(t) >0 (< 0,=0) for every non-negative continuous function f.
E g

Proof. Let (ti(-) + tx(-), Vi(-) + Vi(+)), k = 1, N, be an admissible process and let
h > 0 be sufficiently small. Then, we have

AJ =J(a(-) + ha(-), V() + hV () = J(a(-), V()
S / £)dt + h ( V’;i”) Vi(t) de(t)
+hm§ (Hi— Hy /] | Tnl)de() + 5 /] , Ve

Using (4.1) we get

N
AJ = h Vi (t) dpy(t H - H Vi (1) de(t) — V(D (¢
; { (A)’T} 1 (t) dpi( )+l€k;(k)( ! l))/]O,T] Vie(t) de(t) /]o,T] 1 (£)dni ( ))
R
—hmg(k) (Hy — Hj) o Vin (t) de(t 25, /10T]V t) de( )]

Observe that

From this we obtain

AJ = Z[ (/ [ - [ ﬂvk(t)dnk(t))—% / 7T1w2<t>dc<t>].

Integrating by parts and using periodicity conditions we get

N T
AJ = h (t) | ur(t) — Um(t) | dt —h Vi(t) d V2(t) de(t
kzl { O/I?k ( k Z ) ) / k M (t 23 / i (

Taking into account conditions 2.-5. of the theorem we get AJ > 0.
This completes the proof. [ |

Under some additional conditions on the structure of the problem we can prove
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sufficient conditions for local minima. Consider a partition of the interval [0, 77,

0=7<m <...<T79=T. Assume that the price is a piecewise constant function:

c(t)=c, t€rgmml, ¢=0,Q—1.

(We set ¢ = ¢o.)

Theorem 4.2.2. Let (i(-), Vi(+)), k =1, N, be a control process. Assume that the

following conditions are satisfied:

1. there exist right-continuous functions pi(-) € BV ([0,T],R) and piecewise abso-
lutely continuous functions ng(+), k =1, N, satisfying

dp(0) = — el d = (Hi— Hy) delt)

Vio(t
- Z (Hl — Hj(l)) dC(t) — ,kS'( )dC(t) + dnk;
let—1 (k) k

Pe(0) = pp(T),
Q
me(t) = vi(t) + Y Anp(ry)H(t — 1),

where v, (-) € AC([0,T],R), Ang(7,) are constants, and H(-) stands for the Heav-

iside step function;

2. the equality

N N
SO D10 [RTSED DI B SIYCE SRACRED ST
“’“el[ikﬁk - meM (k) k=1 meM (k)
holds;

3. the functions vy (-), k = 1, N, satisfy the inequalities
du(t) <0, if V() = Vi, dw(t) 20, i Vi) = Vs
du(t) =0, if  Vi(t) € [V, VM [
4. if cg-1 < cq, for some q = 0,Q then, for all k =1, N, the inequalities

Ani(ty) <0, if  Vi(r) = Vi and An(ry) >0, if  Vi(r,) = VM,
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Ani(ry) =0, if  Vi(t) € [V VM, hold;

5. if Vk(t) € }Vkm, VkM[ for some k, then de(t) < 0.

~

Then, J((-) + a(-), V() + V(-)) > J(a(-), V(-)) wherever (iig,(-) + e (-), Vi (-) + Vi (")),
k=1,N, is an admissible process and max _gq ,—iw |Vi(7q)| is sufficiently small.

Observe that the conclusion of this theorem allow us to say that ((-), V() is a local

minimizer for the problem.

Proof. Let (iy(-) + (), Vi(-) + Vi(-)), k = 1, N, be an admissible process. Arguing

as in the proof of the previous theorem we get

A1=30 1 [ (= X w0 | de— [ Vian

me. (k) 10,7]
Q Q
ZV T,) Ang(1,) Z —c, 1) Vi3 (1) | >0, (4.2)
=0 =0
whenever max,_g5 ,—1w |Vi(7)] is sufficiently small. |

These sufficient conditions are formulated in terms of bounded variation functions
pr(+). These functions are strictly connected with multipliers gx(-) of the necessary
conditions of section 3.1.2. Moreover, ¢(-) absorbs in its definition the measure terms
(compare (iv) and (v) of Theorem 3.1.2 with 2. of Theorem 4.2.1 or Theorem 4.2.2).

Assume that the price ¢(t) is a T-periodic function. We shall show that the T-periodic
extension of a local optimal process on the interval [0, 7] to the interval [0,ST] is a

local optimal process on this interval. Let S > 1 be an integer. Consider the problem

10,57

H, — H ) + V() | de(®) ] |
 (H— Hy) /] . )3 ot

me (k)
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st Vil(t) = Ay — ug(t) + Z U (t), a.e. t €[0,ST]

meM (k)

Vi(0) = Vi (ST),
Vi(t) € [V, VM], YVt e|0,8T)

up(t) € [up,wy'], ae. t €0,ST), k=1,N.

Theorem 4.2.3. Let (i,(-), Vi(+)), k = 1, N, be a control process satisfying conditions
of Theorem 4.2.1 (Theorem 4.2.2) on the interval [0,T]. Then, its T-periodic contin-
uation to the interval [0, ST] is a local directional minimizer (local minimizer) for the

above problem (Ps).

Proof. (local directional minimizer)
Take the T-periodic functions on the interval [0, ST

Voo = xifk(t), t€[0,T] di(0) = ?k(t), t €[0,T]
Vi(t —sT), te|sT,(s+1)T7, u(t —sT), telsT, (s+1)T],

where s =1,5 -1, k=1, N.
By hypothesis,

c(t)=c(t—sT), YtelsT,(s+1)T], s=1,5—-1
. Define the multipliers

r(t), tel0,T]
pr(t —sT), te]sT, (s+ 1)T],

Mk (t), t € [0,T]

*(4) —
i (t) Mk(t — sT) + Mp(sT) — 7k (0),  t €]sT, (s + 1)T],

fors=1,5—-1, k=1,N.

To prove that (uj(-), Vi (+)), k=1, N is a local directional minimizer for problem (Ps),
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we check that all the conditions of the Theorem 4.2.1 are verified, with multipliers
Dy, mp. Let us start with condition 1.. By construction, pj(-) and n;(-) are right
continuous functions and belong to BV ([0,7],R). Also, for ¢t €]sT, (s + 1)T, with
s=0,5—-1,

dpi(t) =dpg(t — sT)

A
- S—kc(t — sT)dt — (Hy — Hyy) de(t —sT) — Y (Hy — Hp)de(t — sT)
k

le.s—1(k)
- Mdc(t — 8T) + diy(t — sT)
k
Ay Vit
=— S—C( Jdt — (Hy — Hygg) de(t) — Y (Hy— Hy)de(t) - 'fg( )dC(t)
k le—1 (k) k
+ dii (1)

Also,
pi(ST) = pe(T) = pr(0) = p;(0).

Condition I. is verified.

Now, let us consider condition 2., i.e

s Zpk et 3w =30 | i s 3 ),

upe[up u)] meM (k k=1 meM (k)
k=T,N

On the interval [0,7] this conditions is satisfied because pj(t) = pr(t), up(t) =
Uy (t) and u*,(t) = G (t), YVt € [0,T]. On the interval [sT, (s+1)T[, for s = 1, (s — 1)T,

it comes

max Zpk (—uk—l—Zum)— max Zpkt—sT<—uk+Zum>
k=1 k=1

up€[ul,uM] up€[ul, ulM]
M (k M(k
k=1,N me k=1,N meM(k)

i t—sT(—ka(t—sT)
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and condition 2. is verified.

In [sT, (s + )T, if Vi*(t) = Vi(t — sT) = V;™ then dij(t — sT) < 0 and dij(t — sT) =
dni(t) <0.

Similar arguments can be applied when V;*(¢t) = V;M and V¥ €]V, VM| so condition

3. follows.

Conditions 4. and 5. can be deduced also easily since dc(t) = de(t — sT).

In this way, we prove Theorem 4.2.3 for the case of local directional minimizer. ]

The part of proof concerning local minimizer follows with similar arguments.
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Chapter 5
Examples

In this chapter we analyze the two problems, (P;) and (P») presented in section 2.3.
We search for a solution, using available software. Taking into account the profile
of the solution given by the numerical tools, we apply some mathematical tools to
validate such solution. More specifically, we use existence results to guarantee that
an optimal solution exists. After that, we verify that the conditions of maximum
principle of Pontryagin for optimal control problem with state constraints, presented
in section 3.1.2, are satisfied. We then apply the new sufficient conditions of optimality
of section 4.2, and in this way the numerical solution is completely validated. For the
particular case of a system with one power station, we also prove that the use of

reversible turbines always improve the profit.

5.1 System with 1 reservoir

Consider problem (P;), for the case with one power station, presented in section 2.3.1,
and its reformulation (P;y;) as a Mayer problem (2.6). To help the reading, problem

(P1ar) is rewritten below.

Al C1 Al Co
Sy Sy

+ H1(02 — 61)‘/1(0) — Hl(CQ — Cl)Wl(O) — A1H1(7‘C1 + (T — 7’)02),

Zolr) + 25 VE0) = 5

2
2511 Wl (O)

Zy (1) —

(Pipy) min —

47
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st. Vi(t) = Ay —uy(t), a.e. t €0,7]
Wi(t) = Ay — wy(t), ae. te0,7]
Zy(t) = Vi(t), a.e. t €0,7] (5.1)
Zo(t) = Wi(t), ae. t €0,7]
Vi(0) = Wa(r),
Vi(r) = Wi (0),
Z1(0) = Zy(0) =0,
Vi(t), Wi(t) € [Vi", 1], vt € [0,7]

wy (t),wi(t) € [ul,ud"], a.e. t €0,7].

Here, and on what follows, we assume that u* < A; < u}. We start by proving the

existence of solution for this problem.

5.1.1 Existence of solution

The existence theorem, Theorem 3.1.1, presented in section 3.1.1, and the comments
that follow such theorem, can easily be applied to problem (5.1).

The constraints V1(0) = Wi(7), Vi(7) = W;(0) are not addressed in Theorem 3.1.1.
However, to have uncoupled initial and final constraint sets, we can replace the above

constraints by new variables and constraints in the following way:

Yi(t) = 0 Yalt) = 0
Y1(0) = Vi (0) Y(0) = W3 (0)
Yi(r) = Wi(7) Ya(r) = Vi(7)

The endpoint constraints can now be expressed as (V;(0), W5(0), Z1(0), Z5(0), Y1(0), Y5(0)) €
Xo and  (Vi(7), Wi(7), Z1(7), Za(7), Yi(7), Ya(T)) € X1,

where

Xo = {(z1, 22,23, x4, 25,26) €ERO: V" <y < VM VM <y < VM 2y =25, 15 =

xg, v3 =x4 =0} and
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Xl - {(y17y27y37y47y5>y6) S RG . ‘/1m S U S ‘GMa ‘/1m S Y2 S ‘/1M7 Y1 = Ys, Y2 =
Ys, L1 < y3 < Lo, Ly < yy < Lo}

Constants L; and L, are lower and upper bounds for the objective function when
(Z1(1), Zs(7)) € [rV™, VM) x [V, 7VM]. X, and X, are non-empty compact sets.

The control constraint set, Q = [u}*, u}] x [u7, u}] C R? is also a non empty compact

set.

The functions associated to the pure state constraints can be defined as
hl(‘/17W1> - ‘/1M - ‘/17

ho(Vi, Wh) = Vi = V|,
ha(Vi, Wy) = VM — W,
ha(Vi,Wi) = Wy — V™.
All the functions h;(Vi, W1), for i = 1,4 are real continuous functions.

The cost function is a particular case of

S>t>T

T
Clw) = gla(S). o)) + [ £t a(t), u(t))dt + mas (o)
s
where S =0, x = (Vi, W1, Z1, Z5, Y1, Y3), fO =~ = 0and g(z(S), x(T)) is the objective
function of (Pyy), a continuous function in R® x RS,

The family of admissible controllers is not empty, since uy(t) = wy(t) = Ay, Vt € [0, 7]
and V;(0) = W;(0) = V)M leads to an admissible process for the problem.

The existence of a uniform upper bound for all admissible trajectories is an immediate
consequence of the constraints V;(t), Wi (t) € [Vi™, VM], vt € [0,T].

Since fO(t,z,u) = 0, the extended velocity set is
Fle,t) = {(f(t, 2, u), 0)[u € Q).

For each fixed (t,z) the components of f(t,z,u) = (A1 — uy, Ay — wy, V4, W1,0,0)

depend linearly on u and € is convex. So, the extended velocity set, F'(¢, x), is convex



50 CHAPTER 5. EXAMPLES

for each (¢, x).

In conclusion, there exists an optimal control 4(t), 0 < ¢ < 7, minimizing C'(u) among

all admissible controls.

5.1.2 Numerical Results

Problem (5.1) was numerically treated, for particular data, with some software and
interfaces. It was used the optimization package from book [45], as well as, the interface
ICLOCS [16] (http://www.ee.ic.ac.uk/ICLOCS/) and AMPL (http://www.ampl.
com/) which use IPOPT (a software package for large-scale nonlinear optimization).
All these softwares are designed to find (local) solutions of mathematical optimization

problems.

The following data was used:
ulr=—-1 uM =2 V=3 V=10 A =1

(5.2)
01:2 02:5 H1:3 51:100 T=06

Figure 5.1 shows the numerical solution obtained for this problem, with the optimiza-

tion package from [45].

This software is configured to solve optimal control problems in a regime of dialogue
with the computer. The user has the possibility to select the optimization methods
during the optimization process (e.g. simplex, conjugated gradient, Newton’s method),
the possibility of choosing a penalty coefficient (to obtain a feasible solution this

coefficient must be large enough) and the numerical precision of the selected method.
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Figure 5.1: Numerical solution

As we can see in the picture, V;(t) reaches the boundary at an instant ¢t = 6 and stays
there until the end. The trajectory Wy (¢) starts in V; and decreases until attaining
the value V;(0). The control u; (t) pumps until ¢ = 6, being responsible for the increase
of Vi(t). After t = 0, it takes the value A; and Vj(¢) lies on the boundary. w;(t) is

equal to the maximum value allowed in all the interval [0, 7].

5.1.3 Necessary conditions of optimality

In a first step, and to consolidate the numeric results described in the previous section,
necessary conditions of optimality were used. These conditions, only necessary, do not
ensure that the given solution is optimal, they merely give more confidence to that
statement. In its turn, the sufficient conditions which we deal with in the next section,
validate completely the solution as locally optimal. So, the results of this section do
not contribute for the final conclusion of optimality, once sufficient conditions are
successfully applied. They are presented as an illustrative way of working out the

information contained in the necessary conditions.

The numerical solution can be expressed as:

. Vi(0) + (A — w™t, te 0,0 )
iy =4 MO T 00 vy 4 v e 0,4,
VM telo ],
mootel0,d
a1 (t) = . 0,61 iy (t) =u)!, vt e 0,7].
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Using the fact that

Vi(0) = VM = Vi(0) + (A — uf")o
V1(0) = Wi(r) = VM + (A — ul)r

we get

VM UM 4 (A — )+ (A — ) = o= T A

Ay —ul

We now check that the NCO as stated in Theorem 3.1.2 are satisfied with a set of
multipliers in normal form, i.e. with A = 1. In this case, condition (i) of this theorem
is trivially satisfied.
Observe that
(V1(0), W1(0), Z1(0), Z5(0), Va(7), Wi(7), Z1(7), Z2(7)) € C = {(y1, Y2, Y3, Y, Y5, Y6, Y7, Ys) -
Y1 =6, Y2 = Y5 and y3 = ys = 0} and
Ne = {(y1, Y2, Y3 Ya: U5, Y6, Y7: Ys) : Y1 = —Ve, Y2 = —y5 and y7 = ys = 0}.

According to the NCO there exist absolutely continuous functions p; and regular Borel

measures i, ¢ = 1,4 such that

(i) pi(t) = p1(0) — ps(0)t
p2(t) = p2(0) — pa(0)t
ps(t) = p3(0)
pa(t) = pa(0)

Coa —C1

(i) p1(0) = pa(r) + paf{ [0, 71} + Haleo = ca) + VA (0)
p2(0) = () + paA{[0, T} [ Hifea — 1) = F A (0)
ps(0) = 61;111
pa(0) = Cgh

= (%= i) = a0 ) o) + (%~ 200 = {0} ) )
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(v)

p2([0, 7]) = pa([0, 7])
114([0, 7]) = p4{0}.

The analysis of these conditions is made successively on subintervals that make up the

whole interval [0, 7].

e In [0,0[:

In this interval we can write

= g (%)) w0+ (2 ) - a0} ) w0,

We also have 4 (t) = u* and 0, (t) = u}’. So, we deduce that

01A1
S

t—p(0)<0, Vt€[0,0] = pi(0) > 0 (5.3)

t —p2(0) — pa{0} >0 = t —p2(0) = paf0} = 0Vt € 0,6

= p2(0) <0 (5.4)

o In [0,7]:

In this interval we can write

Since 14 (t) = A;, we deduce that

ClAl
S1

t=pi(0) = p2i(6,2[} = 0.
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Taking the limit, when ¢ — 77, it comes

7 = p1(0) = pa {10, 7[} (5.5)

From (#7), (i7i) and (5.4), we can write:

Alcl Cy — C1

p2(0) = p1(0) — 5 7+ pa{(0, 7]} — Hics — e1) — 5 Vit <o. (5.6)
1 1

Using the equality (5.5) and (5.6), it comes

Ay Ay C—Clm
pail0, Tlh+per} = ——T=p1(0)+p2ir} = p2(0)=p1 () +— =7+ Hi(cr—cr)+——V)

1 1 1
Co—¢C
= pia{7} = p2(0) + Hicz — 1) + 25 VM (5.7)
1

Also, from (7i) and (éi7), we obtain

Cy — C1

S, Vi(0). (5-8)

Arco

S

7+ {0} + Hi(co — 1) +

p1(0) = p2(0) —

Using (5.7) and (5.8) we get

Arcy Co — C1 ~
T4+

palr} + 0} = 27 + SN 4 (0) 4 a(0) > 0

= {7} and p4{0} not simultaneously null.

Assuming that po does not have an atom in ¢t = 7 (ug{7} = 0), we obtain

AiTe o —C ~
uaf0} = —— + p(0) + —— (M = 14(0))
Sy Sy
and
g —C
pQ(O) = —Hl(CQ — Cl) — 25 1‘/1M.
1
From (5.4), we know that —ps(0) > ps{0}. Then
Alch Co —C1
p(0) < - + Hi(ca — 1) + Vi(0). (5.9)

Sl Sl
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Joining the information from (5.3) and (5.9), we can write

A, 0c AqcoT Cy — €1~
pi(0) € 391 5 - 1912 + Hy(cp — 1) + 251 V1(0)
. Ai0cy T . .
Taking p;(0) = 5 we find a set of multipliers that respect the optimality necessary
1
conditions:
A=1
Ml{[oaT]} = N3{[O7T]} =0
(0.4 0, te0,0]
125 O,t = A
Lt —09), telpr]
S1
ATe A,0c cy—¢C ~
paf (0,1} = —o— + —a— + —— (W = Vi(0),  Vte€[0,7]
S1 Sh S
Ay Co— Cly, e Aqt
t) = 0 —1); t)=—Hy(co—c1) — VM
pi(t) S (0 —1t);  pat) 1(c2 — 1) 5 i S
ClAlt CQAlt
t) = t) =
palt) = 22 pilt) = 25

’ M M (up" — Ay)
where Vi(0) = VM + (A — )T and 0 =-———-7.
Al — UT
Observe that such set of multipliers was found with no particularization of values for
the parameters. This means that if c5 > ¢y, VI(O) is admissible and 0 < 0 < 7, there
is always a set of multipliers satisfying the NCO for the admissible solution with the
profile we considered and 6 defined as above. In particular for data (5.2) it comes

V1(0) = 4 and 6 = 3.
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5.1.4 Sufficient conditions of optimality

In chapter 4, sufficient conditions of optimality (Theorem 4.2.2) are developed for the
optimal control problem (P) presented in section 2.3, with N hydro-electric power
stations in cascade. Here we specify such conditions for our problem with 1 reservoir
and the price ¢(t) given by (2.4). We verify that these conditions are satisfied for the
reference pair (@(+), V(-)) of the previous sections. The formulation under considera-

tion is now (P;) (equivalent form to (5.1)) rewritten below

(P))  min — [g—ll /O ' c(t)VA(t)dt + H, /m ’T}Vl(t)dc(tﬂ— 2—; /m ; vf(t)dc(t)],

st. Vi(t) = Ay —uy(t), ae. t €[0,T]
Vi(0) = VA(T),
Vit <Wi(t) < VM vt e|o,T]

ul < uy(t) <ul ae t €[0,T).

We prove that under some assumptions on the data, the profile of the optimal trajec-
tory, found by numerical results for particular data (see Figure 5.1), is maintained in

a more general setting.

Theorem 5.1.1. Let V" < VM —0(A; — ul"), where

0= ufvf_Al

= = (T —
Al—u?‘( T)

and p; <0, where

VM M 0 m
pr=(c1— ) | Hi+—— + 20 7) +
Sy S

A

Assume that 0 < 7. Then, the process (1i;(+), V;(+)), where

u, t€l0,0] VM (t—0)(A —up), tel0,0]
i (t) =19 Ay, telo,r] and Vi(t) =< VM, t €10, 7]
u{”, t €lr,T)| V1M+(t—7')(A1—u{W), t €lr,T]

15 locally optimal.
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Proof. Consider the functions

t 0
0, teo,0] 3 < 0.l
Cl<t — 9)A1 0, t e [0, 7'[
n(t) = 5 FEl L and p(r) (t— 7)caAs
_ Pr — ) t [TaT[
c(t—0)A At T S,
g, +An, te[r,T] ey Ay 7
Sy ’
where A 4
1Ay Coq Co —C ~
An=20 T — \% — 11(0)).
1= 09+ (T =) 2+ 2O ) - Ti(0)

If p, < 0, then, since Ay > 0, the conditions of Theorem 4.2.2 are satisfied. (7(-), Vi (-))

is a local minimizer for the problem. Note that, in this case, from (4.2) we have

Co — C1 9

AJ = J(a(-) +al), V() + V() = J(a(-), V() = =AnWi(r) -

whenever V;(-) + Vi(-) is admissible and V;(7) is sufficiently small. O

Note that, the statement of the last theorem is made without particularization of the
values for the parameters. It suffices that the assumptions of the theorem are satisfied,

to validate such optimal solution profile.

5.1.5 Pumping action

In this section we use the equivalent formulation (Py¢) (see section 2.3.1) of the

problem (5.1) where the objective function takes the form:

J(ur(+), Vi(+)) = Hl(CQ—CI)‘/i(O)—i—L(CQ_Cl)( 2 c14y / Vit

251

co Ay T 2

/ ‘/1( )dt+Hl(Cl—C2)‘/1( )+_(01—C2)V (7')
Sl . 25’1

We are assuming that the affluence A, satisfies u* < A; < ul. For the case A; = ud?,

it is easy to conclude that the optimal solution is Vl( ) = VM, Vt. In this case no
pumping occurs. It would be expected that for values of A; very close to ul, A; < ul,
no pumping would occur also. Here we show that it is not the case. We show that the

use of reversible turbines always improves the profit. This is established in Theorem
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5.1.2. Before that two helping lemmas are deduced.
It is assumed that u]* < 0 < 4; < u{‘/[ and T, ¢y, co are constants such that 7 €]0, 7|

and ¢ < cs.

Lemma 5.1.1. If (4 (-), VJ()) is an optimal process for problem (Pic) and VJ(O) = VM,
then V,(t) = VM, for all t € [0, T).

Proof. Let (i1(-), Vi(-)) be an optimal process for problem (Py¢) and V;(0) = VM.
Then, for every admissible process (u;(-), Vi(+)) satisfying V;(0) = V¥ we have,

K (1) = Hiler = )V + (e = en) ()7 = 22 [Tvaeya

oA T 1
=22 [TVt + Hiler — eValr) + (e - ) (G
Sl T 251
1 2 1A T oA T
> Hi(cs — ) VM + 2—51(02 — ) (VM) — 1?;/0 Vit dt — 2’11 /T Vit dt
1
+ Hy(c; — e) VM + 25 (c1 — c3) (VlM)Q.
1

IfVi(t) < VM on some subset, then the above inequality is strict. Since the inequality
is still valid for (uy(-),Vi(:)) = (41(-),Vi(-)) and this process is optimal, we obtain
Vi(t) = VM. O

Lemma 5.1.2. The optimal process (i (+), Vi(-)) for problem (Pi¢ ) satisfies V1(0) < VM.

Proof. Assume that V;(0) = V;¥. Then, by Lemma 5.1.1 we have V;(t) = VM.

Moreover, 1 (t) = A;.

Consider the family of processes (u,(-), V,(+)), defined as

up, ift €[0,q] y+ (A —uP)e, if t € [0, of
uy(t) =4 Ay, iftela,B] and Vy(t) =<¢ VM, if t € [a, f]
ul) ift e [B, T VM 4+ (A —uM))(t-B), iftelpT|
with vy vy
a::—Ai—u?” and ﬁ::T——u{b_Al,

where VM — ¢y > 0 is small enough to satisfy y > V™ and o < 7 < 3.
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Then, we have

Ty (), V, () = J <a1 (), (.)> _

2
= Cgih (ya + (A —uy") %2 - V1M04> _ed ((Al —uy’) Cllnt:)n )

+ H, (CQ — Cl> (y VM) + % (02 — Cl) (312 - (‘/1M)2>

2
= 021;41@ (VlM - y) — CgAl ((A1 —uiw) M) + Hy (c3 — 1) (y _ VlM)
1 1

3, 0= (v = 04)')

ad (V=) oA (VM —y)’
21511 (Al — U1) 22511 (ui Az + Hi (2 — 1) (y — V'IM)

2; (c2 — 1) (y2 - (V) )

a4y VlM—y _I_C2A1 VlM—y 1

Gy) = — Hi(cy —
W) =S5 4 = T g wr—a,  Mle-a)l- gl

e —a)(y+ VM),

Since G(y) is linear in y and G(V}M) = —Hy(c; — c1) — g (ca — 1)) VM < 0, we have

~

S(uy(-), V(1)) < I (), Vi)

whenever y < V;M is close to V;, a contradiction. O

Theorem 5.1.2. Let (i4,(-), V;(-)) be an optimal process for problem (5.1). Then,

u1(t) < 0 on some non null measure set.

Proof. By Lemma 5.1.2 we have V;(0) < V™. Consider the set of admissible trajecto-
ries V4 (-), satisfying V;(0) = V;1(0). The associated cost is
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J(u1 (), Vi()) =Hi(ca — e1)VA(0) + 2%91(@ — ) VE(0) — Cgh /0 Va(t) dt

CQAl T 1 2
— / Vi(t)dt + Hy(c1 — co)Vi(T) + =—(c1 — o) Vi* (7).
Sty 25
Suppose that @1(t) > 0, a.e.t € [0,7]. Take § = min{s | Vi(s) = m[(z)xx}f/l(t)}
te|0, 7
Since ¢2 > ¢1, we have rr%g%‘ﬁ(t) > V4(0). Consider the process (i1(-), Vi(+)), with
telo,
V1(0) = V4(0) and
ul, if t € [0, ]
’[Ll(t> = Al, if t € [06,0[

a(t), iftels T

0

Here, « is chosen to satisfy Vi(«) = V;(0). Therefore, we have A0 — / Uy () dr =
0

a(A; — ul"). Hence,

0
A19—/0 Uy (7) dT 3 A0
o =

< 40.
Al—u’ln _Al—uT

~

Since @1 (t) > 0, by definition of @; we have V;(t) > Vi(t) on [0,6], and Vi(t) = Vi(t)

on [0, T]. Comparing cost functions we obtain

0
Clsi“ / (V2 (0)—Th (£))dt < 0.

0 «@

«
~ ~ 01A1

I (), o) = Tan(), i) = =22 [ (Ta(o-Ta(e) de~

a contradiction. O

Thus, the use of reversible turbines always improves the profit.

The following picture illustrates this fact. Take the data given in (5.2). We have
‘71(0) = 4 and 6 = 3. The condition p, < 0 is satisfied and the optimal process, as
was already shown, has the following profile (see Fig. 5.2).
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Figure 5.2: Optimal process - u}* <0

Note that 4, (t) = —1, t € [0, 3], i.e., water is pumped on this interval. In this way, the

station accumulates water when the price is low to be used when the price is higher.

This solution is optimal when compared to any particular admissible solutions satis-
fying uy(t) > 0, Vt.

Consider the case u]* = 0. Fig. 5.3 shows the numerical optimal solution obtained.

Figure 5.3: Optimal process - u]* =0

In this case, we have

o, telo,T] o V(0) + A, tel0,7]
ul(t)—{ ol T and Vl(t)_{ V1M+(t—7')(Al—u11w), tG]T,T].

Table 5.1 shows the cost for both situations, u* < 0 and u}* = 0.
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Case ui* =0 Case up* = —1
Cost -58.2 -58.4

Table 5.1: Costs obtained with and without reversible turbines

The values in the table represent a profit of 58.2€ and 58.4€, respectively. We can say
that pumping water brings benefits for the management of the cascade since a better

profit is obtained.

Remark:

From the periodic condition, V;(0) = Vi(T), and taking into account that V;(0) =

M
uy (I — 71
VM — A;7, we obtain the condition A; = M

in the case of uj* = 0 to give rise to a solution profile like in Fig. 5.3. For the data

. This equality must be satisfied

values used, (5.2), such condition is fulfilled.
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5.2 System with 2 reservoirs

In this section we analyze the problem (P,), with 2 reservoirs in cascade, presented
in section 2.3. The existence Theorem (3.1.1) can be applied to this more complex
problem, and following the same line of arguments used in section (5.1.1), we get
existence of optimal solution for (/). Similarly and based on the numerical solution,
we will verify that the necessary conditions and the sufficient condition are satisfied
for this problem, when considering some particular data.

Problem (P,) in Mayer form can be written as follows.

(Por) i (), V() = =222 24(0) = 212 24(0) + Halen = e)a(0) + 2 V2(0)
~ Hi(ea = en)Wa(0) = 252 WH(0) + Haes = ea) Va(0) + =55 =V (0)
—Hmb—mW%m—@¥;Wﬂm—AJMmrHT—ﬂ@L

st. Vi(t) = Ay —uy(t), ae. t€0,7]
Wi(t) = Ay —wi(t), a.e. t €10,7] (5.10)

Va(t) = uy(t) — usg(t), ae.t €0,7]
Wy(t) = wi(t) — wy(t), ae. t e 0,7]
Zi(t) = Vi(t), a.e. t €0,7]

Zo(t) = Wi(t), ae. t €[0,7]

Vi(0) = Wi(7),

Vi(r) = Wi(0),

Vi(t), Wit) € [V, VM), vt € [0,7]

ui(t), wi(t) € [u*,uM], a.e. t €[0,7], fori=1,2

[ Eat)

where u = (uq, ug, wy,wy) and V= (Vy, Vo, Wy, Wy, Z1, Z5).
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Continuity of the involved functions and convexity and compactness properties are
still present here. So existence of optimal solution follows.
Two sets of data were considered for problem (5.10). Two different profiles were

obtained and analyzed.

5.2.1 Case study 1

We start by getting a numerical solution using the software and interfaces referred

before.

5.2.1.1 Numerical Results

For the particular data (5.11) below, we obtain the numerical solution for problem
(5.10), presented in Fig. 5.4 - 5.5. Here 7 = T'/2.
Data:

wr=-1 uP=0 V=2 V=0 =2 H;=3 S=1 A=l

5.11
uf=2 wd=2 VM=10 VM=2 ;=20 Hy=1 S,=05 T=12 (5:11)

Figures 5.4 and 5.5 represent the numerical solution (trajectories and controls).

10 10
9 : 9
8 8
7 7
s~ 6 £
5 5
4 4
3 3
0 01 02 T 0 03 T
t t
2 2
1.5 1.5
SN |
0.5 0.5
0 0

01 02 T 03 T
t t

Figure 5.4: Numerical results - trajectories
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-0.5 ' -0.5
1
1
] et ; -1 i 3
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2 2
1.5 1.5
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0.5 0.5
0 : 0
0 T 0 T
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Figure 5.5: Numerical results - controls

The controls functions wy, w;, us, and wy are responsible for the behavior of the
trajectories Vq, Wy, Vs, and W5, As we can observe in the pictures, the station 1
pumps in the beginning of the time interval, causing the increase of the volume V.
During the interval [6;, 05], the station one is inactive, and after t = 6, it turbines a
constant amount A; of water. If such wouldn’t happen, the volume V; would exceed
the maximum allowable or would contribute to a less favorable cost. Note that V; and
Wi touch the upper bounds in [0, 7] and [0, 03], respectively. On the other hand, V5
attains the lower boundary in [0y, 65] and the upper boundary only at time ¢t = 7. The
behavior of the state variable V5, is the reflection of the control policy wu,, since usy is

equal to zero in all the time interval. The state W5 is equal to V¥ only at time ¢ = 0.

5.2.1.2 Necessary conditions of optimality

Based on the previous numerical results we make an analysis of the necessary condi-
tions of optimality. All that was written in the introduction of section 5.1.3, regarding
necessary conditions applies here too. Theorem 3.1.2 is used considering previous
data (5.11) and the formulation (5.10) of (). For shortness, we write H(t) when H

is calculated on the reference trajectory.
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The maximum principle establishes that, if ((4y, Wy, g, Ws), (%,W]_,%,WQ,ZA]_,ZQ))
is an optimal process, then there exist absolutely continuous functions p;, i = 1,6,

CHAPTER 5. EXAMPLES

nonnegative Borel measures p;, i = 1,8 and a real number A such that

(i)

(p, 1, A) # (0, 0, 0)

where p = (p1, P2, P3, Pa, D5, De)

(11) (ﬁ17ﬁ27ﬁ37p47p57p6) = _<q5aQ6a0707070)

(iii)

(v)

p1(0) = q2(T) + Ncg — 1) | Hi +
p2(0) = qi(T) — Mz — 1) | Hy
p3(0) = qu(T) + Mco —c1) | Ha +
pa(0) = g3(T) — AMca — 1) | H
ps(0), ps(0) € R

A101
Q5<T) = )\ Sl

Aico
QG(T) = )\ 52

H(t)= max

ug,wi,uz,w2 €U

supp {p;} C I,

where I, = {t € [0, 7]: h;(Vi(t), Wi(t))

and = (Ml,M2>M3>M4»H5aM6aM?aMS)

Q(t)(A —u1) + qa(t) (A — wy)

+ g3 (t) (ur — uz) + qa(t) (w1 — wy)

A

hi (Vi) =Vi — VM
ho(Vi) =V1" =V
hs(Wh) =W, — v
ha(Wh) =V — W,

and

q(t) = pi(t) — [0, ¢} + pa2{[0, 2]}

hs(Va) =V — Vi
h6(v2) =V =V
ha(Wa) =Wy — V3
hs(Wy) =V5" — Wy
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2(t) = p2(t) — paf[0, ¢[} + pa{[0, 2]}
q3(t) = ps(t) — us{[0, [} + pe{[0, [}
q1(t) = pa(t) — pr{[0, [} + ps{[0, 2]}
qs(t) = ps(t)

q6(t) = pe(1), vt € [0,7]

Using the data (5.11), we get the following information based on the analysis of the

necessary conditions.

(ii) pi(t) = pu(0) — 2Xt
pa(t) = pa(0) — 20t
ps(t) = ps(0)
pa(t) = pa(0)
pe(t) = 20\
(iii) p2(0) = p1(0) — 122 — pa{[0, 7]} + p12{[0, 7]} — 18A(3 + Vi (7))

p1(0) = p3(0) — us{[0, 71} + 6 {[0, 7]} — 18A(1 + 2V5(7))
36A(V2(0) — Va(7)) — p7{[0, 7]} + 1s{[0, 7]} — 15{[0, 7]} + p6{[0, 7]} = 0

—132X + 18A(VA(0) — VA(7)) — s {[0, 7]} + {0, 7]} — pur{[0, 7]} + po{[0, 7]} = 0

(iv)

H(t) = max (=p1(0) +2A¢ +p3(0) + [0, ¢[} — p2{[0, ¢} — 15 {[0, 2} + 16 {[0, 2[}) wa (t)

+ (=p2(0) + 20A¢ + p{[0, [} = p1a{[0, [} + pa(0) — p{[0, £} + ps [0, £[}) wn (2)
+ (=p3(0) + p5{[0, [} — p6[0, 2[}) ua(?)
+ (=pa(0) + pr{[0, 2]} — s{[0, 2[}) w2(t)

where U = [u]", ul?].
In Figure 5.4 the numerical optimal trajectories Vl, W, and VQ, Wg, are presented.

We define some instants that are crucial: 6, > and 63. These instants coincide with

changes of the controls behavior.
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According to the numerical solution we have:

_17 le [Oa 01[
~ ~ 17 le [Oa93[
() =40, telb, b Wi (t) =
2, t e [93,7’],
1, te [92,7’],
ag(t) = 0, t e [0,7'], lZ)g(t) = 2, t € [077'].
So, we can define the state variables as
( ~
Vi(0) + 2t, te|0,0
) 1(0) 0.6l VM, t e [0,
‘/1(15): ‘/1(0)+61+t, t e [91,92[ Wl(t) -
VY1M+93_t7 le [‘93)7—]7
‘GM, te [92,7’[,

V2(0)—t,  tel0,6] .
Va(t) = 4 Vg, t € (01,0, Wa(t) =
V{”—@g—l—t, te[QQ,T[,

\

From the continuity of V;(¢) and V(t), it comes
Vi(0) + 01 + 0, = VM

and
V5(0) — 6, = V™ = 0 = V3(0) = 6.

We proceed with the analysis on main subintervals of the interval [0, 7] :
Observe that the measures p;, p3 and p; are null since the corresponding state

constraints are never active. The measure pg is concentrated at t = 7

o [ c [0, 01[2
Here py = pus = 0.
Also,
H(t) = max (=pi(0)+ 2t +p3(0)) ur + (=p3(0)) uz + (=pa(0) — ps{0}) w2
PRy

+ (=p2(0) + 20t — pua{[0, [} + pa(0) + ps{0}) wy
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* U (t) = —1, then —py(0) + 2t + p3(0) < 0= —p1(0) + p3(0) < 0.
ety (f) = 1, then —pa(0) + 20¢ — jui{[0, €} + pa(0) + s {0} = 0.
* Ug(t) = 0, then p3(0) > 0 (= p1(0) > 0).
* Wa(t) = 2, then py(0) + ps{0} < 0= ps(0) <0

et c [91,93[2

Here py = 0 on every subset of [0, 05[, us{[0,t[} = ps{[01,t[} and us{[0,t[} =
1s{0}.

H(t) = max (=pi(0) + 2t + ps(0) — s {[00, t}) ws + (=p3(0) + pis{[01, £[}) s

+ (=p2(0) + 20t — pa{[0, [} + pa(0) + ps{0}) w1 + (=pa(0) — ps{0}) wo

« 1y (t) = 0, then us{[01,t[} = —p1(0) + 2t + p3(0) > 0.

* w1(t) = 1, then —ps(0) + 20t — pua{[0, ¢[} + pa(0) + ps{0} = 0.
s t) = 0, then —ps(0) + {80, €} < 0

—p3(0) — p1(0) + 2t + p3(0) < 0 = p:(0) > 265.

* W (t) = 2, then py(0) + ps{0} < 0= p4(0) < 0.

Since p3(0) —p1(0)+2t <0, Vit € [0,6;] and p3(0) —p1(0)+2t >0, V¢ € [0y, 6]
then p3(0) — p1(0) + 20, = 0 < p3(0) — p1(0) = —20,.

U RS [93,02[1

p2 = 0 on every subset of [0, 02], pa{[0, [} = 1[0, 0]}, ps{[0, ¢} = pis{[0r [},
ps{[0,2[} = ps{0}.

H(t) = max (=p1(0) + 2t + p3(0) — ps{[01, t[}) ur + (=p3(0) + ps{[01, t[}) ua
+ (=p2(0) + 20t — 124{[0, 03]} + pa(0) + pg{0}) w1 + (=pa(0) — pg{0}) wy

 uy(t) = 0, then ps{[01, [} = —p1(0) + 2t + p3(0) = ps{[01, [} = 2(t — 61).
W1 (1) = 2, then —po(0) + 20t — 114{[0, 03]} + pa(0) + ps{0} > 0.
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(1) = 0, then pa(0) > s {[01. 11} = 20t — ).
* Wa(t) = 2, then py(0) + ps{0} < 0= p4(0) < 0.

e [ cC [92,7’[2

p2(0, 1} = pa{62, 1]},
1a{[0, [} = pa{[0, O5]}, ps{[0,¢[} = ps{[61, 62[} and ps{[0, [} = ps{0}

H(t) = max, (=p1(0) + 2t + p3(0) — paf[0a, t[} — ps{[01,62]}) wa

+ (=p2(0) + 20t — 114{[0, 03]} + p4(0) + pg{0}) wr
+ (=p3(0) + ps{[01, 0] }) uz + (—pa(0) — ps{0}) wo

U (t) = 1, then —py(0) + 2t + p3(0) — pa{[02, t[} — ps{[61,62]} = 0
01 (1) = 2, then —pa(0) + 201 — o {[0. 0]} + pa(0) + s {0} > 0.

* Up(t) = 0, then p3(0) > us{[6h, 02]}.

() = 2, then pa(0) + i5{0} < 0= pa(0) < 0.

As po{[02, 1[} = —p1(0)+2t+p3(0) —ps{ (01, o[} — 15 {02}, pis{[01, Oo[} = 2(62—01)
and p3(0)—p1(0) = —20y, then we have po{[62, t[} = 2t—20,—2(02—0,)—pus{02} =
2(t — 60) — ps{0a}.

Applying limits when ¢ | 0y (t — 0, t > 05), it comes ps{fs} = —pus{62} =
ps{02} =0, pa{h} = 0.

From the periodic constraints, we have

Vi(0) = Wi (7) (10 — 6, — 0, = 4+ 05
Vi(1) = Wy(0) » 10 =10
V5(0) = Wy(7) 0, = W5(0) — 05

[ Va(r) = W5(0) CRZERAD)

Since Wy(t) starts on the lower boundary, W5(0) = 2 and we have

Oy =4 01 + 05 = 2.
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The information above and transversality conditions lead to:

pe{T} — 16 — 386, + {0} =0

p2(0) = p1(0) + po{[b2, 7]} — 246
ps{0} + {7} = 80 — 386,
p4(0) = p1(0) — 98 + {7}

And we conclude that 6; = 16/19, 05 = 22/19 and p2(0) = p1(0) — 242.

Take pg{7} = 0 and p;(0) = 8. We obtain a possible set of multipliers that satisfy all

the necessary conditions of optimality.

The trajectories ‘71, Vs can now be completely defined on the whole interval [0, 7]
(remember that Wi (t) = Vi(6 + t) and Wa(t) = Va(6 +t)):

( - ) 07 0
%+2t, € [0, 6] 19 € [0,61]
114 0, [9 [
. +t, € [01,0-] .
Vi(t) =4 ! Vat) =qt—4, te b6
10, € [02,6 + 03]
8 —1t, € [6,6 + 05]
\16+f—§—t, € [6+ 63,12], »
[ 195 € [6+ 03,12].
The values of 6, 6, and 63 were determined exactly:
16
br=1g fo=4 63=22/10.
The set of multipliers can be defined as:
fi1; M3, e, iz = 0 po{ (02, [} = 2(t — 62) ps{0} = 4800
192 + 20 0 N =0
+ 201, t < 03
M4{[07t[} - ,U/5{[6)17t[} = Z(t — ‘91), 01 <t< 92

192 + 2005, t > 65,
20, — 0,), t >0,

A=1

pi(t) =8 — 2t pa(t) = —234 — 20t pa(t) =8 — 2
pa(t) = —90 ps(t) =2 po(t) = 20, t e [0,6).



72 CHAPTER 5. EXAMPLES

Here 00y denotes the unit measure concentrated at ¢ = 0.

To completely validate (u, V) as a local minimizer, we analyze sufficient conditions of

optimality.

5.2.1.3 Sufficient conditions of optimality

We specify the conditions of Theorem 4.2.2 for our problem with 2 reservoirs and we

A~

verify that these conditions are satisfied for the reference pair (a(-), V(+)) displayed at

the end of last section. To do that, the formulation (/) will be under consideration:

(Py) min - {—/0 c(t)Va(t)dt + (Hy — Hs) A)ﬂ Vi(t)de(t)

10,71

i _Am V2(t)de(t) +H2/ (Va(t) + Vi(t)) de(t)

s.t. Vi(t) = Ay —uy(t), ae. t €[0,T]
Va(t) = up(t) — us(t), a.e. t €10,T]
Vi(0) = Vi(T),
Vi <Vi(t) < VML vt e [0,T]
u” < u(t) <ulM ae te€0,T]

for i = 1,2 and ¢(t) given by (2.4) with 7 = T'/2.

Theorem 5.2.1. Let (ix(-), Vi(-)), k = 1,2, be a control process. Assume that the

following conditions are satisfied:

1. there exist right continuous functions pi(-),p2(-) € BV([0,T], R) and piecewise
2,

absolutely continuous functions ny(+), k = 1,2, satisfying
1 .
dp (t) = —S—lc(t) dt — Hy de(t) — Vl—(t)dc(t) + dn,
1 1
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dpy(t) = —Hy de(t) — Vg—?dc(t) + dnp,
pi(0) =pu(T),  p2(0) = pa(T),
m(t) = vi(t) + An(T)H(t —7) + A (T)H(t = T),
ma(t) = va(t) + Ana(T)H(t — 7) + Anp(T)H(t = T),

where v1(+),15(+) € AC([0,T],R), Ani(r), An(T), i = 1,2 are constants, and
H(-) stands for the Heaviside step function,

2. the equality

max Uy (=p1(t) +p2(t)) +ua(—pa(t)) = i (=pi(t) +pa(t)) +ada(—pa2(t)),

up € [u'[:;n 7’“24]: k‘:T

holds a.e. te [0,T];

3. the functions vi(+), va(-), satisfy the inequalities

dve(t) <0, if  Vi(t) =V
dvp(t) >0, if Vi(t)=VM
dv,(t) =0, of Vk@) clv,", VkM[

fork=1,2;
4. if ¢1 < cq, then for all k =1,2 and 7, € {7, T}, the inequalities

Ank(Tq) < 07 Zf Vk(ﬂ]) = Vkm,
Ani(y) >0, if  Vi(r) = VM and
Ang(ry) =0, if Vk(Tq) eV, VM hold;

5. if Vi(t) €]Vi™, VM for some k, then de(t) < 0.

Then

wherever (iiy(-)+x(-), Vi () +Vi(-)),
1s sufficiently small.

= 1,2, is an admissible process and max;_13 |Vi(7)|

Taking into account the position of Vi(t) and Va(t) relative to the boundary of admis-
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sible volume sets, we can write

/ dn(t) = / dn(t)  and / dn (t) — / dia(t) + Ay {r}
10,77 [02,7403] 10,7 [01,02]

From 1. of Theorem 5.2.1, we have

_ [ Aice(t) o Vi(t) )
pi(t) =p1(0) A)?t] S dt—i_/}oﬂ dm (1) /]M (Hl + S, )d (t)

plt) =) [ (H2 + Vg(j)) ity + [ im()

and from the periodicity condition p;(0) = p;(T") we obtain

AlT(Cl + Cg) (CQ — Cl> M ~
= — Vi(T
A) Ly m® st g (v = 7A(m)

(c2—c) m ¢
o (t) =2 (UM _ (T
[ ) =20 )

Analysis of condition 2. leads to

Aici6
p2(0) >0 and p1(0) > 1;1 L4 py(0) >0 (5.12)
1
A101
d?]Q(T) :p1<0)— t_pQ(O) SO and d??g(T) 2 —pQ(O), te [91,92[
01 S1 01,1
(5.13)
. . Ay
From the last two inequalities, we get p;(0) > t.

1

Considering the first inequality of (5.13), taking the limit when ¢ | §; we obtain

Aici0
n(0) < 151 L4 po(0) (5.14)
1
From (5.12) and (5.14), it comes
A0
p1(0) 1si L4 pa(0) (5.15)

and with (5.13) we conclude

Aic
/ dns(t) = 51(91—15), te 6,0 (5.16)
[elvt] 1
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Also from condition 2. and (5.15), we can write

A
/ dn (t) = 5{‘31(15_91)+/ dna(t) <0, t €[y, 7] (5.17)
[02,t] 1 [01,02]

From 5.16 and 5.17 it comes

A
/ () = T2 - 0) e [,
[927t] 1
Condition 2. conveys that for ¢ € [7,03],
A A VM Va(T
/ dm(t) = 22X o)+ 22y (Hy o+ T~ Hy — 2(T) (ca—c1) (5.18)
[02,1] S S Sh Sy
V(T
p2(0) < (H + 25(, )> (co—c1) (5.19)
2
A0y Ajcy ‘71(T) %(T)
— — H — Hy — — >0, telb;,T
Sl -+ Sl (t T) + ( 1 -+ Sl 2 52 (CQ Cl) 5 - [ 3 [
(5.20)
A VA(T
pl(O) + ‘51,02 (t — T) + <H1 + 15(, )> (Cg - Cl) > 0, t e [93,T[ (521)
1 1

The above information allow us to express p1, pa, /

dny (1), / dns(t) as follows:
[0,¢] [0,¢]

p(0) — X% e (0,05
1
A
p1(0) — 1562, t € [0, 7]
1
) = A Vo(T
Pilt) =9 p1(0) a6, — (g — 1) | Hy 2(T) , t €T 65
Sl SQ
A o0 Vi(T
pi0) = 2 ey ey [+ B ) v
\ 1 1
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pi(0) = =2 te (0,6,
Ac1
p1(0) — élt,te[el,é’g[
(t) = Are
b2 p1(0) — S“ewe[ew[
1
A0
pr(0) = 22 (e — o)
\ Sl
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0, t€10,6y]
Alcl (t — 02), t e [02,7’[
S1 R
Ay Ajcy V1M V2(T)
—0 t— — Hy — Hy+ =+ —
tE [7’, 93[
AT VM —Vi(T)
c1+co)+ (ca—c ,t>0
k251(1 2) (2 1)( ) 3
and
4
0, t€10,64]
Ay

(01 —1), t € [01,09]

il
d t) = C
/[Ovﬂ 772( ) 51' 1(01 - 02)7 le [0277_[

1

S

Ajci0
Assuming that p;(0) = L2

1
A =1
(8 —2t, t €0,6s]
0, t € [0y, 7]
—10 — 3864, t € [r, 0]
| 86 — 20t + 186y, t € [0s, T

pi(t) =

1) (V—_Vm) y

> T,

pa(t)

and using the data (5.11) we can write:

(8 —20,, t€[0,6]
8—2t, t €[00
0, t e [92,7’[

| —10 — 386, t € [r,T]
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(0, t €0, 06, (0, t €[0,04]

2 — 8, t € [bs, 20, —t), t € [0,,0
[ ami= a7l [ amiy =20 e
[0,¢] —3881 + 20t + 108, te [T, 93[ [0,2] 2(@1 — 4), te [62,7’[

(204 + 1864, t > 05 (72— 186y, t > 7

where 6, =16/19, 6, =4, 0;=8—0; V;(0)=6—06; and V,(0)=6—0,.

In [0,0,[U]05, T, Vi(t) €]Vim, VM[. Also in [0,6, (U], 7[U]7, T, Va(t) €]Vy™, VM| and
in these intervals dv;(t) = 0 and di,(t) = 0 respectively. So condition 3. is satisfied.

In [0y, 03], Vi(t) = VM and diy(t) > 0. In [0y, 02] we have V() = V™ and diy(t) < 0.
Then (3) is verified.

Furthermore, V;(7) = V; and Any(7) = 176 > 0. Also V(1) = VM and Any(1) =
59 > 0. So condition 4. is also verified.

Condition §. is obviously true, since Vi(t) €]V, VM[ in [0,0,[U)05,T], Va(t) €
Vg, VM in [0, 01[U]0s, 7[U]7, T[ and in these intervals dc(t) = 0.

We conclude that (4, V) is in fact a local minimizer for the problem.

5.2.2 Case study 2

Problem (P,) is here considered with objective function in original form (2.2):

w3 [0 o0 (24 0] o (2 )

s.t. Vi(t) = Ay —wuy(t), ae. t €0,T]
Va(t) = uy(t) — ug(t), a.e. t €[0,T] (5.22)
Vi(0) = Vi(T),
Vi(t) € [V, VM), Yt € [0,T]
ui(t) € [u,uM], ae t€0,T], fori=1,2.
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The analysis made in this section is published in [40].

5.2.2.1 Numerical Results

Problem (5.22) is analyzed considering now the following data:

u™ = —0.351 wul =08316 V)" =483 Hy=1 ey =2
ul =0.44496 V" =867 VM =66 Sy =445 cy =20

upr =0 VM =147 H, =3 S =817 A=0.158

We take once more 7 = T'/2.

Figure 5.6 represents the numerical solution.

(5.23)

The picture represents Vi, Vs, uy, us on the whole interval [0,7]. We didn’t split the

interval on two as in case study 1.

147 51.3
50.8}
146}
50.3}
ST 1451 SN 498
493
144t
48.8
143 : : : : : 483
0 0 T T 0
t
0.45F . 08F
1
03} i
! 0.6
0.15f :
1
= ' SN 04
0 1
1
[ ]
—0.15¢ H 0.2
1
1
1
-0.35 (; 0

T T
t t

Figure 5.6: Numerical results - real data
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The profile of the optimal solution is different from case 1. Now, the trajectory ‘71()
only touches the upper boundary at instant ¢t = 7. ‘72() doesn’t attain the maximum
value allowed and it has an irregular behavior in the second part of the interval ([r, T7),

which is a consequence of the irregular behavior of the control function usy(-).

It is clear from the objective function written as in (5.10) (equivalent form for (5.22))
that changes on the trajectory V,(t) that maintain the values of V3(0)(=V4(T')) and
Va(7), do not affect the cost. The optimal trajectory Va(-) on the interval [r,T] is
not unique (a more detailed analysis will be presented in the next subsection). This

explains the irregular behavior of 4y and Vs on Figure 5.6.

5.2.2.2 Infinity of solutions

Let us see that the optimal trajectory Va(t) for problem (P;) with data (5.23) is not
unique. This explains the irregular behavior of @i, and V5 on Figure 5.6. Indeed, using
the fact that uy(t) = u, t € [7,T] and Vi(7) = VM, Vi(r) = VJ*, it is possible to
write any admissible trajectory (Vi(-), Va(+)) as:

Vi(T) =Vi(r) — /TT(A — MVt for t € [1,T]
V(A=)

Vo(T) =Va(r) — / ()t for £ € [ T]
=Vyr —udlr + /TT uy(t)dt

Observe that the cost function in (5.10) only depends on V,(7) and V2(0)(= Va(T)).
The values Va(7) and V5(0) can be attained by more than one V(-), while (us(-), Va(-))
remains admissible.

Take us(t) = const = uy, for t € [7,T]. If

_ 1 m
iy = —— (1/2(T) v m%) (5.24)

then Va(T) = Va(T).
For our particular data (5.23), this value uy belongs to the interval Juf®, ud![ and V5(-)

is admissible. This gives rise to another optimal solution for the problem.

Furthermore, we can show that there is an infinity of solutions to the problem. Take
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the above 1y which is admissible. Define a piecewise constant function uy(t) such that

ua(t) = a, t €]
B, tey,T]

with v, «, [ constants, and

where 5 is defined in (5.24).

Then
/u2 t)dt = /adt+/ Bdt

=ay + B(T —
=UsT
~ T(uy — B)
L T)

This equation has an infinity of solutions (v, o, ) with v €], T, a, 8 € [u*,u}!] and
Va(t) admissible.
The cost function keeps the same value for all control functions us(t) defined in such

way.

5.2.2.3 Necessary conditions of optimality

Observing the previous numerical results, we can write:

u, for t € [0,0]
. X 0, for t € [0, 7]
ui(t) = <0, for t € [0, 7] Us(t) = (5.25)
wy(t), for t € [1,T]
ul for t € [1,T),

where 6 €]0, 7] is the instant of change of control behavior.
Since V3(+) is not unique and () has an irregular behavior, we don’t fix the value of

the control on the interval [, T].

Also,
Vi(r) =VM and  V,(0) = V)" (5.26)



5.2. SYSTEM WITH 2 RESERVOIRS 81

and
Vi(0) + (Ay — up)t, t € [0,0] Va(0) + uf't, t € [0,6]
Vi(t) = S Vh(0) + Ay(t — 0), t € [0,7] Va(t) = Vg, t e (0,7
VM 4 (A —uM)(t—7), te[r,T], Vi uM(t — 1) —w(t), t €[r,T),

¢
where w(t) = / wo(s)ds and wo(s) € [uy, ud?].

From (5.26) and description of V;, V5 above we get

~ ~

Vi(0) = VM + a0 — AT and Va(0) = Vi — u'lé. (5.27)
Also, from the periodic constraints V;(0) = V;(T'), i = 1,2 we can deduce that

24, — M T
0 = T4 — ) and / wy(s)ds = Ay T. (5.28)

m
Uy

Applying necessary conditions we get (see formulation (5.22)):

(1) (p7 1y /\) 7é (07 07 0)7 p= (ph p2)7 M= (Ml? M2, U3, ,u4) ;

GMﬁbm@—%AWM@M

m@:m@+%4cwM@—w@Ma
(i) p1(0) = pu(T) — {0 7]} + {0, T},
p2(0) = po(T) — p3{[0, T} + paf[0, T}

(iv) The following maximum is attained when u; = 44(t) and uy = us(t), a.e. t €
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0, 77:

max u ( = pr(t) + pa{[0, 4]} — 210, [} + p2(t) — pa{[0, £} + pa{[0, 2[}

Faclt) (Vj;t) T+ H, — H, - Vf;t)) )

o ( = p2(t) + {10, £} = pad [0, £} 4 Aclt) (st*(;) - H2> )

(v) supp {p:} C I;, i = 1,4, where
L ={te|0,T]: Vi(t)=V"} L ={te0,T]: Vi(t) =V}

L={te0.T]: Vo) =V} L={te[0.7): Valt) = ;")

where py, ps are absolutely continuous functions, 1, o, 3, 14 are nonnegative Borel

measures and A is a non-negative real number ( we will assume that A = 1).

Observe that Vi(t) # Vi and Vi(t) # VM, Vt, so we have puy = puy = 0. Since
Vi(t) = VM only at t = 7, we can write po{[0,T]} = puo{7}. From (ii), (i) and (v)
we get

cuil CQU{VIT cuyl CQU{WT Cy /T
0,7} = 0,7} = - ds. (5.29
el (0,71} = g2+ T o1y = SR 2T 2 [ oas. (520)

Information expressed by condition (iv) is analyzed separately on [0, 6], [0, 7[ and
[7,T]. The signals of coefficients of u1, uy in (iv) determines the values of 4y and s.
We are departing from assumed u; and s, so, we obtain in this case those signals.

On what follows we use (i7) and write the expressions in terms of p;(0) and p2(0).

V1(0 V5(0
To make the reading easier we define a = (g—(> + H, — 25( ) — H2> )
1 2

e On [0,0[:

w2{[0,0[} = us{[0,0]} = 0. As 4,(t) = u}* and U (t) = ul* = 0, we have

A, V5(0
jS,Cl —pl(O) +p2(0) + ClQx S 0 — pQ(O) + CIS—Z() + C1H2 S 0. (530)
1 2
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e On [0, 7[:
paf[0,7[} =0 . As ay(t) = 0 €)ul, ud'[ and dy(t) = uy* we get

Alclt

0 10+ (0) + e = ps{10,1} 2 0 (5.31)

Taking the limit when ¢ | 6 (t — 6, t > 6) in the above expression, we obtain

A6
jgcl —p1(0) + p2(0) + crav > 0. (5.32)
1
From (5.30) and (5.32) we have
Ajci0
L pa(0) + 12(0) + 10 =0, (5.33)
1

Consider now uy(t) = 0 = uf*. From (iv), (5.31) and (5.33), we get

Ajert Vi (0
L1 —p1(0)+01< 1( )+H1> <0.

Sl Sl

The function on the left-hand side of the last inequality is increasing and continuous.
The inequality is satisfied V ¢ € [0, 7[ if and only if it is satisfied for ¢ = 7. We can

write X
AlT ‘/1 (O)

p1(0) > ¢ (S_l + S—l + H1> . (5.34)

e On [1,T:

w2 [0, T1} = pof{7}; 41(t) = ul. After some calculus, we conclude from (iv)

—p1(0) + % (—ut'7 — "0 + Ait) + p2(0) + 2—2 (AT — 't — u"0) + coa > 0.
1 2
(5.35)

Choosing Va(t) and @iy () admissible, such that Va(t) €]Vy", VM| and diy(t) €]u, ud![, ¥ t[r, T)
we obtain p3{[0,7} = ps{[0, 7]}. Figure 5.6 shows one such trajectory. We get, also
from (iv),

C
p2(0) = 5—22

Now, looking at the conclusions above, we can easily obtain:

~ A~

e V1(0), V2(0) and 6 written in terms of data of the problem (see (5.27) and (5.28))
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e 1-(0) written in terms of the data of the problem (see (5.36))
e p1(0) (see (5.33))
e equations defining pu3{[0,t[} = ps{[0, t[} and u3{[0,T]} (see (5.31) and (5.29))

e cquation defining po{[0, 7} = po{7} (see (5.29))

Using the data of the problem and the above information we can write

143.56 + 0.51¢, ¢ € [0, 6] 49.85 — 0.351t, t € [0,0]
Vi(t)={ 145.1 4 0.16t, t € [0, 7] Va(t)={ 483, t € [0, 7]
147 — 0.287(t — 12), t € [, T, 48.3 + 0.44496(t — 12) — w(t), t € [r, T,

¢
where w(t) = [ws(s)ds and 6 = 4.4.

The multipliers p; and p, are now completely determined. The inequalities (5.34) and
(5.35) must also be satisfied. For data (5.23), p; and ps can be defined as

(42.4—0.016t, t € [0,0]
A47.69 + 0.0086t, ¢ € [0, 6]
42.33, t € [0, 7]
pi(t) =< 47.73, t € [0, 7] pa(t) =
39.93 + 0.19t — 0.45w(t), t € [1,T|
49.04 — 0.11¢t, t € [r, T,
(43.03, t =T

and we can write

e 0, t € [0,0[U]r, T
pa{[0,2} = 7 < [0l 13{[0, [} = < 0.004¢ — 0.02, ¢t € [0, 7

1.27, t =T,
0.63, t =,

T
where w(7T) = / ws(s)ds = 3.79, V1(0) = 143.56 and V5(0) = 49.85.

Figure 5.7 overlaps the numerical solution with the analytical solution. These solutions
are the same with exception of V5(t) on [7,T]. As outlined before, the solution is not

unique on that set.
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147 51.3
50.8F

1461
50.3F
ST 145) SN 498
493

144+
* numerical solution 48.8

analytical solution
143 : ‘ : : 483
T T 0

t

Figure 5.7: Numerical results vs. analytical results

5.2.2.4 Sufficient conditions of optimality

We now prove that the sufficient conditions of optimality stated in Theorem 5.2.1 are
satisfied by some set of multipliers when the reference process is (a(-),V(-)) of the

previous section. The formulation under consideration is (P2) (see section 5.2.1.3).

Taking into account the profile of V;(¢) and V4(t), we can write

/ dm (t) = Any (1) and / dno(t) = / dns(t).
(0,17 [0, 17 [0,a]

From (5.27) and (5.28), 6§ = 4.4, V;(0) = 143.56 and V5(0) = 49.85.

Now, from condition 1.

pr(t) = pa(0) — ;‘— / c(t)dt + /] (o) - /] t] (Hl ; V;fl“) de(t),

Pa(t) = pa(0) — /] ) <H2+ Vfgg”) de(t) + /] |l

and from the periodicity condition p;(0) = pi(7T") we deduce

Ait(cr+c2) (2 —c1) M
dm (t) = + VY —vi(T)),
4),T} m{t) Sy S1 ( ! 1 )>

(2 =c) vm v
dna(t) = 22— (vm — V(7).
[, ) = R )

Analysis of condition 2. and 3. of Theorem 5.2.1 leads to
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p(0) > Ayt +12(0)>0  ae te0,0] and  py(0) >0 (5.37)
1
/ dns(s) = p1(0) — pa(0) — A;clt <0 ae. t e[, (5.38)
[0.1] 1

/ dn(s) =0 p2(0) > —/ dna(s) ae. ted 1|
10,¢] [0,t]

A1619
S

From conditions 3. and 4. of Theorem 5.2.1 we have

From (5.37) and (5.38) we obtain p;(0) = p2(0) +

/ dni(s) = An (1) and / dna(s) <0, Vt € [r,T].
10,t] [0,t]

Due to the infinity of solutions for V5(t) on [1, T, we can write, for ¢ € [1,T[

Vim — ™o
_pQ(t) =0= pg(()) = (02 — Cl) <H2 + 25’—u1>
2

Vi(T V(T Aey(t =T
—p1(0)+p2(0)+(CQ—C1) H1+L—H2— 2( ) + 162( ) 2 0.
Sy S Sh
Working the above information and the data of the problem we can write:
A=1 and
(38.16, ¢ € [0, 6]
38.18 + 0.0039¢, t € [0, 7[
38.18 — 0.004¢, t € [0, 7]
pi(t) =< —0.04t — 46.52, t € [, T p2(t) =
0, te|r,T]
38.18, t =T,
(38.16, t =T,
0, t<¥6
0, t<1
/ dm(s) = / dna(s) = ¢ —0.004¢ +0.02, t € [0, 7]
10.¢] 1.27, t > 1, 10,]
—0.63, t > 7.

These multipliers were calculated taking into consideration conditions 1. and 2.
of Theorem 4.2.2 essentially. Let us check that conditions &., 4. and 4. are fully
accomplished.
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In [0, 7[U]7, T), Vi(t) €]V;i™, VM| and we have dvy(t) = 0. For t = 7, Vi(7) = V¥ and
duy (t) > 0. Also Va(t) €]Vy™, VM| on [0,0[]7, T], and on that set diy(t) = 0. When
t € [0, 7], we have Va(t) = Vy" and diy(t) < 0. So we can claim that condition 3. is
verified.

Furthermore, Vi(7) = V¥ and Ani(7) = 1.27 > 0. Also, since Va(r) = V;" and
Any(1) = —0.63 — (0.02 — 0.004 * 12) < 0, condition 4. is verified.

Condition 5. is obviously satisfied. Observe that V;(t) €]Vy™, VM| in [0, 7[U]r, T] and
Va(t) €]Vy™, VM| in [0,0[U]7, T] and in these intervals de(t) = 0.

We conclude that (u, V) is in fact a local minimizer for the problem.
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Chapter 6

Global Solution

In this chapter we look for the global solution of the problem with 2 reservoirs and cost
function given by (2.4). The formulation under consideration is (Py¢) given in (2.7).
We look for an admissible process that optimizes the cost function over all admissible
processes for the problem.

The issue here is the maximization of an indefinite quadratic form subject to linear
constraints. The nonconvexity of the cost function enables the existence of several
local minima and the application of global optimization methods is relevant to ob-
tain the global optimal solution. We adopt two different numerical approaches that
focus on global optimization techniques, the Chen-Burer algorithm and the projection
estimation refinement method (PER method), used to reduce the dimension of the

problem. Results and execution time of the two procedures are compared.

6.1 Discretized Problem

We consider the formulation (P,¢) presented in section 2.3.1 with 7 = T7'/2. Let N
be an even natural number. In this analysis, we are assuming that N =T = 24. A

discretization of the problem is undertaken and we get

89
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51 N-

A
Vi(k - Z k) + Hi(cz — c))Vi(0) + 25, VE(0)

_N
k=0 k=4

N — N
— Hi(cg — 1)V} (5) - 6225 a V12 (3) + Hy(cg — ¢1)Va(0) + = ‘/22(0)
1

N Cy — C N
— H2(C2 — C1)V2 (5) - 2252 1‘/22 (5) )

k4 1) = Va(k) + ur (k) — ua(k),

Al 1

(
(

Define new variables x and y in the following way:

o= [non (5 ) o (3] (62)

and
y:{vl(l),---,%(ﬂ—l),vl<ﬁ+l),---,Vl(N—l), (6.3)
v2(1>,---,%(5—1)%@“),---%(N—l)]

The cost function can now be expressed as

I(z,y) = {a,2) + (b;y) + (z, Qu), (6.4)

where a and b are appropriate vectors, gathering the linear part of the cost, relative

to x and y respectively. () is an appropriate matrix representing the quadratic part of
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the cost function. More precisely, (), a and b are given by

Co — (1

0 0 0
25,
0 - 022 < 9 0
Q = 0 0 ! Co — C1 0 (6 5)
25,
Cy — C1
0 0 0 -
255
Aic Ajc
a = H1<CQ—01) -~ 1,—H1(CQ —Cl) A Z,HQ(CQ_Cl),_H2<CQ_Cl) (66)
Sl Sl
i ﬁ—1 components ﬁ—1 components 1
2 Ap 2 AP g—l components g—l components
A161 A101 AlCQ AlCQ —— —
Sl Y ? Sl Y Sl 9 Y Sl ) ) ) ) ) Y ( )

The constraints of the problem are translated into

Vi(k) € [Vi™ VM), for k=0,--- ,N —1landi=1,2,

Vi (N =1)+ Ay = Vi(0) € [uf",w"], (6.8)
Vo (N =1) + Vi (N = 1) + Ay = V4(0) = V5(0) € [u, uy'], (6.9)
and for k=0,--- N —2

Vilk) + A = Vi(k+1) € [u™, ul], (6.10)

Va(k) + Va(k) + AL = Vi(k + 1) = Va(k + 1) € [ug’, up']. (6.11)

The expressions in (6.8 - 6.11) are equal to u; (N — 1), us(N — 1), uy(k) and u;(k),
respectively. Observe that we do not consider V;(N), i = 1,2, as variables. In fact
since V;(N) = V;(T') = V;(0), we only need to ensure the admissibility of control action
to go from V;(N — 1) to Vi(N) = V;(0).
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This is guaranteed by equations (6.8) and (6.9).

6.2 Chen-Burer Algorithm

The algorithm introduced by Jieqiu Chen and Samuel Burer (see [12] and reference
therein) aims the optimization of nonconvex quadratic programming problems with
linear and bounded constraints. It is a global optimization algorithm which involves
two main components. The first one is a finite branch-and-bound (B&B) scheme,
in which branching is based on the first-order Karush-Kuhn-Tucker conditions (KKT
conditions). The other is a polyhedral-semidefinite relaxation that is applied at each
node of the B&B tree. Such relaxation is derived from completely positive and doubly
nonnegative programs (see [4-6]). One of the advantages of this method is that the
B&B tree is finite. Other, is that we can develop stronger relaxations for the problem.
The implementation of the global optimization solver for quadratic problems use the
same syntax of the local optimization routine quadprog of the Matlab and requires an

external linear programming solver.

Chen-Burer algorithm addresses problems of the form

1
minimize 5;I:THx + fTa (6.12)
s.t. Ax <b
Aeqt = beg
LB<x<UB

where z € R” is the variable and H € R™", f e R", A € R™" be R™, A, €
Rmeaxn b, € R™Mea, LB € R" and UB € R" are parameters. Here, H is a symmetric
and generally not positive semidefinite matrix. The admissible set must have an
interior point and A., must be of full row rank.

Components of the vectors LB and U B are allowed to be infinite, but the feasible set
of the problem must be bounded. The algorithm is of free use and it is available at

http://dollar.biz.uiowa.edu/ sburer.

6.3 Numerical Results

Problem (6.1) is considered, with data given by (5.23). Two different approaches
are discussed and compared. In the first approach, we directly apply the Chen-
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Burer algorithm. In the second one we use the specific structure of the cost function
already outlined in (6.4), to reduce the dimension of the problem. A projection of
the set of feasible solutions onto a subspace of the new cost function arguments is
taken. Then the Chen-Burer algorithm is applied to the projected low-dimensional
problem. The solution obtained is then used to construct an approximate solution
to the original discrete problem via a simple convex programming problem. Such

approximate solution is finally used as an initial guess for local optimization software.

6.3.1 1%t Approach

Direct application of Chen-Burer algorithm to the original discretized problem (6.1),
with NV = 24, gives the optimal trajectory shown in Fig. 6.1. Observe that this
problem involves 48 variables, 96 inequality constraints and 96 boxing constraints. By
rearranging the position of variables, the resultant global solution can be rewritten as
(Z,79) where

T = [143.64, 147, 49.76, 48.3].

Using relationship between (z,7) and V;, i = 1,2 (see (6.2) and (6.3) and also (6.8)-
(6.11)) we obtain the following pictures.

147 51.3
145| 50.3
- N
> >
143] 1 493/
Wo 4 8 12 16 20 24 B34 8 12 16 20 24
t t

Figure 6.1: Trajectories associated to the global solution
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0.4} ‘ ‘ 0.8
0.251 0.6
01
s s 04
-0.05
0.2
-0.2
034 8 12 16 20 24 0 4 8 12 16 20 24
t t

Figure 6.2: Control functions associated to the global solution

The cost value associated to this global solution is 308.918 and the execution time is 24
hours. This execution time is too long. In the next section we take another approach

to solve this same problem.

6.3.2 2"d Approach

On a second approach, we start by reducing the dimension of the problem with the
help of an algorithm, based on the projection estimation refinement method (PER)
from [7]. This method approximates the orthogonal projection P of a polytope X
onto a subspace, by a sequence of polytopes PY, P!, ..., P¥ ... that tend to P, and with
P* C P for all k. The number of vertices of the polytopes P, increase by one at each
iteration. A new polytope is constructed on the basis of the previous one by means
of computing support functions for the projection P and Fourier-Motzkin convolution

method (see [46]). In [13], a robust algorithm for solving this problem was proposed.

For approximating polyhedra, two descriptions are constructed simultaneously, one as
a set of its vertices that belong to the boundary of P and the other as the solution set

of the system of linear inequalities
Pk:{xERq : <Cj7$> de7 .]:]-727 aN}

where ¢; € R? and d; € R.

Figure 6.3 describes two iterations in the constructive process of the polytopes. The

e-dots on the left picture are the candidates to include in the next step. These are
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the most distant points of the feasible set, in the criteria space, from the convex set
planes. They are found through maximization in directions orthogonal to the convex
hull planes. In Fig. 6.3 (right), the most distant new point ®-dot is included into the

convex hull planes.

T, 1,

Figure 6.3: (Left) 1st iteration; (Right) 2nd iteration

If inequalities of internal approximating sets and the values of the corresponding sup-
port functions are known, it is easy to find external approximating sets P°, P!, ..., P*,
which contain the projection P, i.e., P¥* c P C P* for all k.

T
2y

g 3

Figure 6.4: Internal estimation (convex hull of vertices) and external estimation
(described by support-planes)

The objective is to find a pair (P*, P¥), such that d(P*, P¥) < ¢, where d(P*, P*) is
the Hausdorff distance between the sets P* and P* and € is a given precision.

Computational details and a discussion of these techniques for polyhedral approxima-
tion can be found in [29,30].
Returning to our discretized problem, recall that the cost function is

I(z,y) = (a,z) + (b;y) + (z, Q) — min,
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where @, a and b are defined in (6.5),(6.6) and (6.7). We remind that

o= no (5) 10w (3 )]

v=a (G -1 (G ) e -,
v2(1>,---,%(g—l),%(gﬂ),---%(N—l)]

Define a new variable
z=(b,y).

Once it is known the value of z, the value of V;(1) can be calculated as:

v1(1):—(Ailclz+v1(2)+...+m<g—1)+Z—j(v1 (g+1)+...+v1(1v—1)>).

The cost function is expressed in terms of x and z as

(a,z) + (T, QT) — min, (6.13)

where 7 = (7, 2), a = (a,1), and Q = ( @ 0).

The projection of the set of feasible solutions onto the subspace of variables
(V1(0), Vi(N/2), V2(0), Va(N/2), 2)

is constructed using PER method. Taking this projection as admissible set and cost

function (6.13), we obtain an optimization problem in R®.

The application of the Chen-Burer algorithm to this new simple problem, leads to a
solution (z,z). A simpler convex programming problem can then be applied and an
approximate solution (Z,y) to the original discrete problem is obtained. Finally, this
approximate solution is used as an initial guess in a local optimization software, from
which we get a global solution for the original problem. This approach was followed
for the discretized problem (6.1). A feasible set for the projected problem (exterior
approximation with 15 inequalities and 10 boxing constraints) is calculated, using the
PER method. The Chen-Burer algorithm is then applied to the low dimension problem
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and the solution obtained is

= (&,2) = [140.66, 147, 48.30, 49.16, — 68.18].

518

An approximate solution to the original discretized problem is calculated by solving
the following convex quadratic programming problem with the function QuadProg from
the Matlab:

minimize ITL(w) — 22,
s.t. Aw < b,
Aeqw = beqa
LB <w<UB,
where :(Vl(o)?vl< ) 7V(N_1)7v2(0)7‘/2(1>7 JVQ(N_l))?

[(w) = (Vi(0), Vl(N/Q) V2(0), V2(N/2)),

(V1(0), VA(IN/2), V2(0), Va(N/2)).

=>
I

Figure 6.5 shows the resultant solution, trajectories and control variables.

147 : : \ \ ‘ 51.3
145} 50.3t
- o~
> >
143} 493}
141 ‘ : : : ‘ 483

04 ‘ ‘ 0.8

0.25 06l
0.1

El S04

-0.05

0.2F
-0.2

_0'350 4 8 12 16 20 24 0 4 8

Figure 6.5: Approximate solution
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The controls, together with z, are then used as an initial guess to apply the optimiza-

tion package from [45]. The final result is presented in Fig. 6.6

147 51.3
145) 50.3
- N
> >
143] | 493
o4 8 12 16 20 24 B34 T8 12 16 20 2
t t
0.4 ‘ ‘ 0.8
0.251 0.6-
01
- o~
S Y04
-0.05/
02
-0.2
0354 8 12 16 20 24 0 4 8 12 16 20 24
t t

Figure 6.6: Final results with new approach

The cost obtained with the two approaches is almost the same, as we can see in table
6.1.

1st approach 2nd approach
e PER
e Chen - Burer e Chen - Burer
Algorithm Algorithm
(directly) e QuadProg
e Local optimization

Cost -308.9 -308.6
Total

time 24 hours 1.48 min
execution

Table 6.1: Comparison of methods

By carrying out this analysis, we may conclude that the 2" approach has a shorter
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runtime than the 1% approach. This difference is quite significant so, the use of the
2nd approach was quite rewarding.

The short gap between the two approaches is negligible. The 2"¢ approach use several
different numerical methods, it accumulates numerical errors from each of them, which

may explain the difference of the two cost values.
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Chapter 7
Conclusions

In this work, an optimal control problem for a model of hydro-electric power stations
in cascade where some of the stations have reversible turbines, is analyzed. The
objective was to optimize the profit of power production. In mathematical terms, this
is a problem of minimizing an infinite-dimensional quadratic non-definite functional
subject to linear and cone constraints. The presence of state constraints and the
nonconvexity of the cost function contribute to an increased complexity of the problem.
A characteristic feature of these problems is that it is possible that the minimizer
is not isolated. In such cases sufficient conditions for optimality are much more
effective than necessary conditions. Traditional sufficient conditions do not address
non-isolated minimizers. Thus, new sufficient conditions for optimality are deduced
for an abstract problem with mathematical structure as referred above. Sufficient
conditions of optimality for the problem with N power stations and a periodic price
were then directly derived. This showed that a periodic extension of the optimal
solution on the period is optimal on the whole interval. This is an important result
since it simplifies the elaboration of the management strategy. The new sufficient
conditions are an important contribution from this thesis. They are originally deduced
for an abstract problem of minimizing a quadratic non-definite functional subject to
linear and cone constraints. The developed results are expected to be of interest to
classes of problems other than those considered in this thesis. This will be considered

in future work.

Examples of hydro-electric power stations in cascade are analyzed. Numerical opti-
mization is performed, using available software. An analytical analysis of the problem
is undertaken to validate the numerical solution. Taking into account the profile of

the numerical solution, the sufficient conditions of optimality are proved to be met by

101
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this solution. It was demonstrated that, in the framework of our model, and in the
case of one power station, the use of reversible turbines always improves the profit.

It would be of interest to extend the analysis made in these simple cases of one and
two power stations, to the more general problem of several power stations. It is still
expected that, under some conditions on the data of the problem, the use of reversible

turbines always improves the profit.

The nonconvexity of the cost function enables the existence of several local minima
and global optimization methods are of particular relevance. Two different numerical
approaches were considered. These approaches focus on global optimization techniques
(Chen-Burer algorithm) and on the projection estimation refinement method (PER
method) to reduce the dimension of the problem. Results and execution time for the
two procedures were compared, and it was concluded that the 2"¢ approach is more

efficient and less time consuming.

Our models are meant to capture the essential features of real life problems in hydro-
electric systems. By increasing its complexity, it is possible to achieve models that
reflect more closely reality. This is a subject open to being further developed in the

future.



Appendix A

Notations

Variables
u;(t) - turbined /pumped flows of water for reservoir i at time ¢ (hm?/h)
Vi(t) -  water volume in the reservoir i at time ¢ (hm?)
Z;(t) - water level in reservoirs i at time ¢ (m)
hi(t) - heads (differences in water levels) at time ¢ (m)

incoming flows at time t (hm?3/h)

price function of selling energy ( €/MWh)

Constants
uT - nominal turbined water volumes(m3/s)
u? - nominal pumped water volumes(m?/s)
VO - minimal water volume in reservoir, i (hm?)
Z™* - maximal water level (meters above sea level) in reservoir i (m)
Z™" - minimal water level (meters above sea level) in reservoir i (m)
Z? - nominal water level (meters above sea level) in reservoirs i (m)
hY - nominal heads (m)
ARYT - nominal head loss in case of turbining (m)
ARYB - nominal head loss in case of pumping (m)
@, Biy Gy & positive technical parameters
,u;fr global income constant of the station ¢ when it is turbining
,ufg global income constant of the station ¢ when it is pumping

prog fort cint
<I>i ,(I)i , D5

probability parameters associated to forced stop of station ¢
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Appendix B

Data for the original model

Constants

Reservoir 1 Reservoir 2

max
Zi

min
Zi

e
¢ 7

(I)fort

i
cint
(I)i

450.000
435.900
147.000
86.700
120.000
96.000
48.900
420.000
211.000
3.000
1.900
1.396
0.669
0.250
226.100
94.000
0.087
0.013
0.015
0.158

105

231.000
226.100
66.000
48.300
220.000
48.000
226.000
66.000
2.000
0.299
0.975
158.100
85.500
0.087
0.013
0.015
0
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Appendix C

Adjustment of parameters

The model presented in section 2.2.1 is complex and a simplified model (P») (see
section 2.3) was considered for the problem of hydro-electric power production. Can
we compare or confront the results of both models? To do that the parameters of the
simplified model must be chosen with some criterion and linked in someway with the
original ones. Here, we take as reference the data for the original problem presented

in Appendix B.

Consider to adapt the control constraints. In the original model they are
Gilhi(t) — hY) — ud” < u(t) < ud” i=1,2.

In the simplified model, we take boxing control constraints. Our option was to take

intervals that contains the above ones.

GO = 1) = " < walt) <l

=
o

Defining
P =205 (m), B =68 (m) BT =224 (m), hyer =73 (m),

and converting units (m?®/s — hm?/h), we obtain
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—97.5 <wy(t) <123.6 (m®/s) — —0.351 < wy(t) <0.44496 (hm3/h)

0 < wug(t) <231 (m3/s) — 0 < wusg(t) <0.8316 (hm?/h).
We keep the original values for VM and V™.
86.7 < Vi(t) < 147 (hm?) 48.3 < Va(t) < 66 (hm?)
Ay = 0.158 (hm?).

To determine the parameters Si, S;, H; and Hy for (P), we use the following

expressions ( see Figure 2.3 )

Vi
Zl :H1+—1, ZQZFIQ—FE (Cl)
Sl 52

As we should ensure that
Zmin > Hy > Z3er > Zivn > Hy & 435.9 > Hy > 231 > 226 > H,,
then we take Hy = 300 m = 3 hm and Hy = 100 m = 1 hm, as acceptable parameters.

From (C.1), we take out the values of S; and Sy, obtaining S; = 81.7 hm? and
SQ =445 th.



References

1]

4]

15]

8]

19]

[10]

International Atomic Energy Agency. Valoragua - A model for the optimal
operating strateqy of mized hydrothermal generating systems, Users’ manual for
the mainframe computer version. TAEA computer manual series no. 4, Vienna
1992.

A V. Arutyunov. Optimality Conditions: Abnormal and Degenerate Problems.
Mathematics and Its Applications. Kluwer Academic Publishers, 2000.

L.D. Berkovitz. Optimal control theory. Applied mathematical sciences. Springer,
New York, 1974.

S. Burer. On the copositive representation of binary and continuous nonconvex
quadratic programs. Math. Program., 120(2):479-495, 2009.

S. Burer. Optimizing a polyhedral-semidefinite relaxation of completely positive

programs. Mathematical Programming Computation, 2(13):1-19, 2010.

S. Burer and D. Vandenbussche. A finite branch-and-bound algorithm for
nonconvex quadratic programming via semidefinite relaxations. Math. Program.,
113(2):259-282, 2008.

V.A. Bushenkov. An iteration method of constructing orthogonal projections of
convex polyhedral sets. U.S.S.R. Comput. Maths. Math. Phys., 20(3):1-5, 1995.

V.A. Bushenkov, M.M.A. Ferreira, A.F. Ribeiro, and G.V. Smirnov. Numerical
approach to a problem of hydroelectric resources management. AIP Conference
Proceedings, 1558(1):630-633, 2013.

V.A. Bushenkov, M.M.A. Ferreira, A.F. Ribeiro, and G.V. Smirnov. Problem of

hydroelectric resources management: Numerical approach. submitted, 2014.

L. Cesari. Optimization-theory and applications: problems with ordinary differ-

ential equations. Applications of mathematics. Springer-Verlag, 1983.

109



110

[11]

12|

[13]

[14]

[15]

[16]

[17]

18]

[19]

20]

21]

REFERENCES

B.C. Chachuat. Nonlinear and Dynamic Optimization: From Theory to Practice
- 1C-32: Spring Term 2009. Polycopiés de 'EPFL. EPFL, 2009.

J. Chen and S. Burer. Globally solving nonconvex quadratic programming
problems via completely positive programming.  Math. Program. Comput.,
4(1):33-52, 2012.

O.L. Chernykh. Construction of the convex hull of a finite set of points when the
computations are approximate. U.S.S.R. Comput. Maths. Math.Phys., 28(5):71-
77, 1988.

F. Clarke. Necessary Conditions in Dynamic Optimization. Number n. 816 in
Memoirs of the American Mathematical Society. American Mathematical Society,
2005.

F. Clarke. Functional Analysis, Calculus of Variations and Optimal Control.

Graduate Texts in Mathematics. Springer London, Limited, 2013.

P. Falugi, E. Kerrigan, and E. van Wyk. Imperial College London Optimal
Control Software User Guide (ICLOCS). Department of Electrical and Electronic
Engineering, Imperial College London, England, UK, 2010.

M.M.A. Ferreira, A.F. Ribeiro, and G.V. Smirnov. Sufficient conditions of opti-
mality for control of hydro-electric power stations. AIP Conference Proceedings,
1558(1):586-589, 2013.

M.M.A. Ferreira, A.F. Ribeiro, and G.V. Smirnov. Local minima of quadratic
functionals and control of hydro-electric power stations. accepted for publication

in Journal of Optimization Theory and Applications, May 2014.

G.B. Folland. Real analysis: modern techniques and their applications. Pure and

applied mathematics. Wiley, 1999.

L.M. Hocking. Optimal control : an introduction to the theory with applications.
Oxford applied mathematics and computing science series. Clarendon Press,
Oxford, 1991.

D. Hoehener. Variational approach to second-order optimality conditions for
control problems with pure state constraints. SIAM J. Control and Optimization,
50(3):1139-1173, 2012.



REFERENCES 111

22|

23]

[24]

[25]

26]

[27]

28]

29]

30]

[31]

32|

33]

A.D. loffe and V.M. Tikhomirov. Theory of extremal problems. Studies in mathe-
matics and its applications. North-Holland Pub. Co. New York, Amsterdam, New
York, 1979.

A. Korobeinikov, A. Kovacec, M. McGuinness, M. Pascoal, A. Pereira, and
S. Vilela. Optimizing the profit from a complex cascade of hydroelectric stations
with recirculating water. MICS Journal, 2:111-133, 2010.

J.W. Labadie. Optimal operation of multireservoir systems: State-of-the-art
review. Journal of Water Resources Planning and Management, 130(2):93-111,
2004.

Daniel De Ladurantaye, Michel Gendreau, and Jean-Yves Potvin. Optimizing
profits from hydroelectricity production. Computers and Operations Research,
36(2):499-529, 2009.

E.B. Lee and L. Markus. Foundations of Optimal Control Theory. Wiley, New
York, 1968.

R. Liangand and Y. Hsu. Hydroelectric generation scheduling using self-

organizing feature maps. FElectric Power Systems Research, 30(1):1-8, 1994.

H. Linke. A model-predictive controller for optimal hydro-power utilization
of river reservoirs. In Control Applications (CCA), 2010 IEEE International
Conference on, pages 1868-1873, Sept 2010.

A.V. Lotov, V.A. Bushenkov, and G.K. Kamenev. Interactive Decision Maps:

Approximation and Visualization of Pareto Frontier. Springer, 2004.

A.V. Lotov and A.L. Pospelov. The modified method of refined bounds for
polyhedral approximation of convex polytopes. Computational Mathematics and
Mathematical Physics, 48(6):933-941, 2008.

D.G. Luenberger. Optimization by Vector Space Methods. Professional Series.
Wiley, 1968.

J. Macki and A. Strauss. Introduction to Optimal Control Theory. Undergraduate
Texts in Mathematics. Springer, 1981.

K. Malanowski, H. Maurer, and S. Pickenhain. Second-order sufficient conditions
for state-constrained optimal control problems. Journal of Optimization Theory
and Applications, 123(3):595-617, 204.



112

[34]

[35]

[36]

37]

38|

[39]

[40]

|41]

42]

[43]

|44]

[45]

REFERENCES

S.J.P.S Mariano, J.P.S. Catalao, V.M.F. Mendes, and L.A.F.M. Ferreira. Profit-
based short-term hydro scheduling considering head-dependent power generation.
Power Tech, 2007 IEEE Lausanne, pages 1362-1367, 2007.

G. McCormick. Second order conditions for constrained minima. SIAM, J. Appl.
Math., 15(3):641-652, 1967.

N. Mizyed, J. Loftis, and D. Fontane. Operation of large multireservoir
systems using optimal control theory. Journal of Water Resources Planning and
Management, 118(4):371-387, 1992.

N.P. Osmolovskii and H. Maurer. Applications to Regular and Bang-Bang Control:
Second-Order Necessary and Sufficient Optimality Conditions in Calculus of
Variations and Optimal Control. Society for Industrial and Applied Mathematics,
Philadelphia, PA, USA, 2012.

L.S. Pontryagin, V.G. Boltyanskii, R.V. Gamkrelidze, and E.F. Mischenko. The
Mathematical Theory of Optimal Processes. Wiley-Interscience, New York, 1962.

LK. Rana. An introduction to measure and integration. Graduate texts in

mathematics. American Mathematical Society, Providence (R.1.), 2002.

A.F. Ribeiro. Optimal control for a cascade of hydroelectric power station: case
study. CONTROLO’ 2014 - Proc. of the 11th Port. Conf. on Autom. Control,

Lecture Notes in Electrical Engineering.

A.F. Ribeiro. Optimizagdo da operagdo de um conjunto de aproveitamentos
hidroeléctricos em cascata, em ambiente de mercado. Master’s thesis, Faculdade
de Ciéncias da Universidade do Porto, 2010.

A.F. Ribeiro, M.C.M. Guedes, G.V. Smirnov, and S. Vilela. On the optimal
control of a cascade of hydro-electric power stations. FElectric Power Systems
Research, 88:121 — 129, 2012.

R.T. Rockafellar. Convexr Analysis. Convex Analysis. Princeton University Press,

1997.

H. Schéttler and U. Ledzewicz. Geometric Optimal Control: Theory, Methods
and Fxamples. Interdisciplinary Applied Mathematics. Springer, 2012.

G. Smirnov and V. Bushenkov. Curso de Optimizagao: Programag¢ao Matemdtica,

Cdlculo das Variacéoes, Controlo Optimo. Escolar Editora, 2005.



REFERENCES 113

[46] S.N. Tcherniko. Lineare ungleichungen. Deutcher Verlag der Wissenschaften,
20(3):1-5, 1971.

[47] R.B. Vinter. Optimal Control. Birkhauser, Boston, 2000.

[48] J. Warga. Optimal control of differential and functional equations. Academic
Press, 1972.



