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Abstract

Let M be a surface and R : M — M an area-preserving C* diffeomorphism
which is an involution and whose set of fixed points is a submanifold with
dimension one. We will prove that C' - generically either an area-preserving
R-reversible diffeomorphism, is Anosov, or, for p-almost every x € M, the
Lyapunov exponents at x vanish or else the orbit of x belongs to a compact
hyperbolic set with an empty interior. We will also describe a nonempty C!-
open subset of area-preserving R-reversible diffeomorphisms where for C! -
generically each map is either Anosov or its Lyapunov exponents vanish from
almost everywhere.

Keywords: dominated splitting, Lyapunov exponent, reversibility
Mathematics Subject Classification: 37D25, 37C80, 37C05

1. Introduction

Let M be a C* compact, connected, Riemannian two-dimensional manifold without boundary
and p its normalized Lebesgue measure. Denote by Diff ;f (M) the set of C"-diffeomorphisms
of M which preserve p endowed with the C”-topology (r € N U {oo}). A diffeomorphism
f M — M is said to be Anosov if M is a hyperbolic set for f. In [45], it was proved that a
generic p-preserving diffeomorphism is either Anosov or the set of elliptic periodic points is
dense in the surface. More recently [9,37,38], another C'-generic dichotomy in this setting has
been established. For f € Diff L(M ) and Lebesgue almost every x € M, the upper Lyapunov
exponent at x is given by

AY(f,x) = lim log||Dfr|"".
n—+00
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The main theorem of [9] states that in a C!-residual subset of Diff L(M ) each element is either
Anosov or has zero upper Lyapunov exponent at Lebesgue almost every point.

In this paper we address a similar question within the subspace of Diff L (M) which exhibits
some symmetry. More precisely, given a diffeomorphism R € Diff ;° (M) such that R = R,
denote by Difflll_ g (M) the subset of maps f € DiffL(M ), called R-reversible, such that R
conjugates f and f~!, that is,

Rof=f"'oR.
The spaces Diff '(M), Diff Ml (M) and Diff Ml (M) are Baire [19, 29] and an extension of

[11, Theorem 7] allows one to deduce that there is a residual subset C of Diff L g (M) such that
f € Cif and only if it is a continuity point of the (upper semi-continuous) map

h € Diff}, p(M) > / AT(h, x)du
M

and so, for almost every x € M, either A*(f, x) = 0 or the orbit of x by f has a dominated
splitting. Roughly speaking, the method used in [11] depends on the construction of Kakutani
towers on regions far away from hyperbolicity; we will uncover the quite involved machinery
behind this argument in section 8. To prevent the coexistence of both behaviours in substantial
sets of M, that is, to ensure that either hyperbolicity occurs on the whole manifold (so the
diffeomorphism is Anosov) or A*(f, x) = 0 Lebesgue almost everywhere, those towers had
to be built at a full measure subset of M. This dichotomy was obtained in [9] for surfaces and
area-preserving diffeomorphisms, assisted by the density of C? diffeomorphisms in DiffL (M)
proved in [55], and the fact that for a C? area-preserving diffeomorphism any uniformly
hyperbolic set has zero Lebesgue measure, unless it coincides with M see [11, Theorem 15]
for details. However, for the time being, no such density is known in the setting of reversible
conservative dynamics. To deal with positive Lebesgue measure hyperbolic sets, we adjusted
the result of [55] and the reasoning of [9] to the presence of reversibility.
Given an involution R € DiffZO(M ) such that

Fix(R) ={x e M : R(x) = x}
is a submanifold of M with dimension equal to 1, consider the nonempty open set
Wr =|f €Diff, (M) : f(x) # R(x), forallx € M},

As section 6 will discuss, if f € #%, then it may be C'-approximated by a diffeomorphism
g € Diff Mz g (M), for which any compact hyperbolic set is M or has zero measure. With due
regard to these constraints, we will prove the following generic characterization.

Theorem A. There exists a C'-residual Zr C Wy whose diffeomorphisms are either Anosov
or their Lyapunov exponents vanish Lebesgue almost everywhere.

As the torus T? = R?/Z? is the only surface that may support an Anosov diffeomorphism
[22,39], we may add that:

Corollary 1. If M # T?, thena C'-generic f € Wy has zero Lyapunov exponents at Lebesgue
almost every point.

The set #% deserves a further comment. If f € #%, then the involution R o f has no
fixed points since

(Rof)x)=x & RRof)x)=R(x) & f(x)=RXx)

so #&r # () only on manifolds that support fixed point free involutions; [18,27] contain more
information on necessary and sufficient conditions on the manifold for the existence of those
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involutions. For instance, consider the 2-sphere S?, the antipodal map A : S* — S? and the
rotation R : S> — S? of angle 7 around the north-south axis of S?>. Then both A and R are
involutions of DiffL (S?), A is fixed point free and the diffeomorphism f = R o A belongs to

Diff,'l, #(S?) since
Rof=Ro(RoA)=A=f"'0oR.

Moreover, R o f = A has no fixed points, so f € #k.

As we will see in section 7, a compact hyperbolic set for f € Diff}i‘ g (M) is equal to M
or has empty interior. Thus, without the assumption on the common images of f and R that
defines the set #%, we have:

Theorem B. There exists a C'-residual Rz C Difful’R(M) such that, if f € Rg, then either
f is Anosov or, for pu-almost every x € M, the Lyapunov exponents at x vanish or else the
orbit of x belongs to a compact hyperbolic set with empty interior.

2. Framework

A substantial amount of information about the geometry of the stable/unstable manifolds
may be obtained from the presence of nonzero Lyapunov exponents and the existence of
a dominated splitting. Hence, it is of primary importance to understand when one can
avoid vanishing exponents or to evaluate their prevalence. Several successful strategies
to characterize the generic dynamical behavior are worth mentioning: [10, 12] for volume-
preserving diffeomorphisms, sympletic maps and linear cocycles in any dimension; [5, 7]
for volume-preserving flows; [6] for Hamiltonians with two degrees of freedom; [28] for
diffeomorphisms acting in a three-dimensional manifold. In what follows, we will borrow ideas
and techniques from these articles. To extend them to area-preserving reversible dynamical
systems, the main difficulties are to handle with hyperbolic pieces which are not the entire
manifold (see sections 6 and 7), and to set up a program of C'! small perturbations which keep
invariant both the area-preserving character and the reversibility (details in section 5), and
collapse the expanding directions into the contracting ones to such an extent that the upper
Lyapunov exponent diminishes (done in section 9).

A dynamical symmetry is a geometric invariant which plays an important role in several
applications in physics, from classical [8] and quantum mechanics [48] to thermodynamics
[31]. In this context we may essentially distinguish two types of natural symmetries: those
which preserve orbits and those which invert them. Much attention has been paid to the former
(see, for instance, [20, 24] and references therein); the latter, called reversibility [2—4], is a
feature that most prominently arises in Hamiltonian systems and became a useful tool for the
analysis of periodic orbits and homoclinic or heteroclinic cycles [19]. The references [32]
and [51] present a thorough survey of reversible dynamical systems.

Another, more studied, dynamical invariant by smooth maps is a symplectic form [43].
Our research will be focused on surfaces, where symplectic maps are the area-preserving
ones. Some dynamical systems are twofold invariant, both reversible and symplectic, like, for
instance, the Chirikov—Taylor standard map [40], the Hénon conservative map [51] and the
Arnold cat map [4]. To the best of our knowledge, only a few systematic comparisons between
these two settings have been investigated, as in [19] and [53].
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3. Preliminaries

In this section, we will discuss some of the consequences of reversibility and summarize a few
properties of Lyapunov exponents and dominated splittings.

3.1. Reversibility

Let R € Diffff(M ) such that R = R~' and consider f € Diff}h r(M). Geometrically,
reversibility means that, applying R to an orbit of f, we get an orbit of f~!. The f-orbit of
apoint x € M, say O(x) = {f"(x), x € Z}, is said to be R-symmetric if R(O(x)) = O(x).
If x is a fixed point by f and its orbit is R-symmetric, then obviously x is a fixed point by
R as well. Yet, in general, the fixed point set of f, say Fix (f), is not preserved by R. Each
element of the set Fix (f) \ Fix (R) is called asymmetric.

Consider f, g € Diff}L’R(M). ThenRo f~' = foR,butRo(fog)=(f'oR)og =
(f'og™HoR = (go f)~' oR, so the set DiffL’R(M) endowed with the composition of
maps is, in general, not a group. Moreover, if f € Diff}h g(M) is conjugate through #/ to
g€ DiffL(M), then, although (R o h) o g = f~'(R o h), g may be not R-reversible.

Remark 3.1. The space Difff(M) is a Lie group whose differential structure is locally
Fréchet [17,34]. Its subset of involutions

Inve® = {R € Diff (°(M) : R*> = Idy}
is the fixed point set of the continuous group transformation
R € Diff’(M) — R,

and so Inv;o is a closed subgroup; therefore, it is also a Lie group (see [17, section 26] or [42]).
Moreover, given R € Invff,

Diff%, (M) = {f € Diff *(M): 3U e Iw%: f = Ro U}
since
o if f=RoU,forsome U € Invy,thenRo f =U =UoR)oR= f""oR;
eif Rof=f"oR,thenU=Rofelnvyand f=RoU.
So, Diff ;"R(M ) = R (Inv}?) and Diff ;"R (M) is a Lie pseudogroup.

3.2. Dominated splitting

In the following we will use the canonical norm of a bounded linear map A given by
Al = supy, = lAv[l. For f € Diff! (M), a compact f-invariant set A € M is said to
be uniformly hyperbolic if there is m € N such that, for every x € A, there is a Df -invariant
continuous splitting 7. M = E¥ @ E? such that

1 B 1
IDf!gsll < 5 and (DA Nl < R

There are several interesting ways to weaken the definition of uniform hyperbolicity. Here we
use the one introduced in [35,36,47]. Given m € N, a compact f-invariant set A C M is said
to have an m-dominated splitting if, for every x € A, there exists a Df-invariant continuous
splitting 7y A = E¥ @ E? satisfying

IDF N DA gl < (3.1)

(S
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Observe that, if A displays an m-dominated splitting for f, then the same splitting is dominated
for f~!. Under a dominating splitting, both sub-bundles may expand or contract, although E*
expands more efficiently than E* and, if both sub-bundles contract, E“ is less contracting than
E°. Moreover, as happens in the uniform hyperbolicity setting, the angle between these sub-
bundles is uniformly bounded away from zero, because the splitting varies continuously with
the point and A is compact, and the dominated splitting extends to the closure of A (see [14]
for full details). Within two-dimensional area-preserving diffeomorphisms, hyperbolicity is
in fact equivalent to the existence of a dominated splitting [9, Lemma 3.11].

Lemma 3.2. Consider f € Diff Ml gr(M) and a closed f-invariant set A C M with an
m-dominated splitting. Then R(A) is closed, f-invariant and has an m-dominated splitting
as well.

Proof. Clearly, as R is an involution, fR(A) = Rf~'(A) = R(A). Let x € A whose

orbit exhibits the decomposition TyiyM = E%, | @ E'; ), for i € Z. Then we also have a

Df-invariant decomposition for R(x), namely TfigxyM = E’;,,(R(X)) ® E},(Rm), fori € Z,
where

Efigray = DRy (Efiy)
and

Efi gy = DRy (B

Indeed, for x € A andi € Z, we have
foi(R(x))(ESf‘(R(x))) = DfR(f*’(X))(E}f(R(x))) = DfR(f*"(x))DRf*"(x)(E;ff(x))
-1
= DRy Df i) (Efpoi ) = DR oot (Efpois ) = Epin iy
and a similar invariance holds for the sub-bundle E*. Therefore, since R is a diffeomorphism

in the compact A, we deduce that the angle between the sub-bundles at R(x) is bounded away
from zero. Finally, notice that

DR I 1CDF 7)™ s 17" = 1D f R | DR L 1(DF 7)™ DRAEDI
= IRDL el IRDL DN
3.h1
= 1D el 1D el < 5 O

3.3. Lyapunov exponents

By Oseledets’ theorem [46], for u-a.e. pointx € M, thereisasplitting T,M = E!@...® EX™
(called Oseledets’ splitting) and real numbers Aj(x) > ... > Agr)(x) (called Lyapunov
exponents) such that Df, (EL) = EY, and

. 1 n j
lim —log||Df! )l = 2;(f, x)
n—xoo n

for any v/ € E){\{(S} and j = 1, ..., k(x). This allows us to conclude that, for n-a.e. x,
k(x)

lim + log | det(Df™)| = Zx S(x)dim(E) (3.2)
n—too n x — I x )
j:

which is related to the subexponential decrease of the angle between any two subspaces
of the Oseledets splitting along w-a.e. orbit. Since, in the area-preserving case, we have
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|det(Df})| = 1 for any x € M, by (3.2) we get A1(x) + A2(x) = 0. Hence either
A(x) = —A2(x) > O or they are both equal to zero. If the former holds for w-a.e. x,
then there are two one-dimensional subspaces E} and E3, associated to the positive Lyapunov
exponent A;(x) = A, (x) and the negative A(x) = A;(x), respectively. We denote by &( f)
the set of regular points, that is,

O(f) ={x € M : A(x), Ap(x) exist}

by O*(f) € O(f) the subset of points with one positive Lyapunov exponent
0" (f)={x € O(f) : M (x) > 0}

and by 6°(f) C O(f) the set of those points with both Lyapunov exponents equal to zero
O°(f) = {x € O(f) 1 M(x) = da(x) = O},

So O*(f) = O(f)\O°(f). With this notation, we may summarize Oseledets’ theorem in the
area-preserving reversible setting as:

Theorem 3.3 ([46]). Let f € DiffLYR(M). For Lebesgue almost every x € M, the limit

) 1
A(f.x) = lim —log|Df!||
n—+00 1§
exists and defines a non-negative measurable function of x. For almost any x € O™, there is

a splitting E, = E¥ ® E} which varies measurably with x and satisfies:

P 1
ve EN\0} = lim —log|Dfy (W)l = A*(f, x).
n—too n
- . 1 "
ve EN\0} = lim —log|Dfi ()l = =X (f, x).
n—too n

o 1 1
0#£v¢EYUES = lim —log|Dff ()|l =AT(f,x)and lim —log|Df’(v)|
n—+00 1N n——o00 n
= =AY (f, x).

The next result shows the natural rigidity on the Lyapunov exponents of reversible

diffeomorphisms.

Lemma 3.4. Let f € DiffllL’R(M). If x € O* has a decomposition E' @ E¥ , then

(a) R(x) € O*.

(b) The Oseledets splitting at R(x) is E,"W) ® Efe(x) with El"i,(x) = DR, (E}), E;e(x) =
DR, (EY).

(c) A7 (f, R(x)) = A*(f, x) and A~ (f, R(x)) = A~ (f, x) = —=A*([, x).

(d) If x € O° then R(x) € 0°.

Proof. Assume that x € 0* and let v € E;‘\{(S}. Consider the direction v" = DR, (v) €
Tr(xyM and let us compute the Lyapunov exponent at R(x) along this direction:

1 . 1 .
M R@), V) = lim —log[Dfg, (@)l = lim —log[D(Ro f™" o R)gew @)l
n—too n n—+oo n

1 _
= lim ; lOg ”DRf‘"(Rz(x))DfRZIEX)DRR(x)DRX ('U)”

n— oo

. 1 n
= lim ;log ”DRf"’(x)Dfx ('U)”

n—=+oo
. 1 —n : 1 —n
= lim —log||Df,"(W)ll = — lim —log||Df, W)l = =2%(f, x, v).
n—+oo n n—too —p

Thus R(x) € 0. The other properties are deduced similarly. g
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3.4. Integrated Lyapunov exponent

It was proved in [9] that, when DiffL(M ) is endowed the C'-topology and [0, +0o[ has the
usual distance, then the function
Z: Diff, (M) — [0, +oo[
f — [y A (fiodu
is upper semicontinuous. This is due to the fact that .Z is the infimum of continuous functions,
namely

. 1 n
L(f) = inf —/ log || Df" [l (3.3)
neN n Juy

Clearly, the same holds for the restriction of .Z to Diff}h r(M). Therefore, there exists a
residual set in Diff }L’ r (M) for which the map .Z is continuous. Now, the upper semicontinuity
of . implies that 2~ ([0, t[) is C'-open for any 7 > 0; hence

o, = {f €Diff), ,(M): Z(f) <t}

is C'-open.

3.5. (R, f)-free orbits
Given a subset X of M, we say that X is (R, f)-freeif f(x) # R(y) forall x, y € X.

Lemma 3.5. Let f € DiffL,R(M). If x € M and R(x) does not belong to the f-orbit of x,
then this orbit is (R, f)-free.

Proof. Let us assume that there exist i, j € Z such that fi(x) = R(f’(x)). Then
fi(x) = f7(R(x)) and f/* (x) = R(x), which contradicts the assumption. O

Proposition 3.6. There is a residual 9 C Diff}h g (M) such that, for any f € 9, the set of
orbits outside Fix (R) which are not (R, f)-free is countable.

Proof. Since f and R are smooth maps defined on M, by Thom’s transversality theorem [25]
there exists an open and dense set ; C Diff}t, (M) such that, if f € 2, the graphs of f
and R are transverse submanifolds of M x M, intersecting only at isolated points. Therefore,
we may find a neighborhood of each intersection point where it is unique. By compactness
of M, we conclude that generically the graphs of f and R intersect at a finite number of
points (and this is an open property). Denote by F; = {x|, j}l;lzl the set of points such that
fxj) = R(xy ;).

Analogously, for n € N, let 9, C Diff}h g(M) be the open and dense set of
diffeomorphisms f € DiffL’R(M) such that the graphs of {f~", .., f~', f, f% ..., [}

and R are transverse, and denote by F, = {x,, j}I;": , the finite set of f-orbits satisfying
f"(x,,,j) = R(x,,;) forsome j € {1, ..., k,} and i € {—n, ..., =1, 1, ..., n}. Finally, define
7=()%
neN

and the countable set of (R, f)-not-free orbits by

F= U rmen.

neNmeZ
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We are left to show that, if f € & and x € M\[F UFix (R)], then the orbit of x is an (R, f)-
free set. Indeed, by construction, for such an x, the iterate R(x) does not belong to the f-orbit
of x; thus, by lemma 3.5, this orbit is (R, f)-free. O

Remark 3.7. The previous argument may be performed in Diff | (M), for any r € N.
From this result and the fact that dim Fix (R) = 1, we easily get:

Corollary 3.8. Generically in DiffL’R(M), the set of (R, f)-free orbits has full Lebesgue
measure.

4. Stability of periodic orbits

Let R € Diff ff & (M) be an involution such that Fix (R) is a submanifold of M with dimension
equal to 1. Consider f € Diff}h g (M). For area-preserving diffeomorphisms, hyperbolicity is
an open but not dense property. Indeed, the C!-stable periodic points are hyperbolic or elliptic;
furthermore, in addition to openness, the area-preserving diffeomorphisms whose periodic
points are either elliptic or hyperbolic are generic [52]. A version of Kupka—Smale’s theorem
for reversible area-preserving diffeomorphisms has been established in [19]. It certifies that,
for a generic f in Diff}% r (M), all the periodic orbits of f with given period are isolated.

Theorem 4.1 ([19]). Let . = {f € Diff;y r(M): every periodic point of period less or
equal to k is elementary} and

S = () -

keN
Then, for each k, r € N, the set .} is residual in DiffL‘R(M). Thus, .7 is C"-residual as well.

Therefore a generic f € Diff;_ & (M) has countably many periodic points, a finite number
for each possible period.

Corollary 4.2. There is a residual &, C Diff), x(M) such that, for any f € &, the set of
periodic points of f has Lebesgue measure zero.

In [54], the author states generic properties of reversible vector fields on three-dimensional
manifolds. To convey those features to diffeomorphisms on surfaces, we take the vector
field defined by suspension of a reversible diffeomorphism f : M — M, without losing
differentiability [50], acting on a quotient manifold M = M x R/ ~ where it is transversal to
the section M x 0/ ~. This vector field is reversible with respect to the involution obtained
by projecting R x (—Id), whose fixed point set is still a submanifold of dimension 1 of M.
This way, we deduce from [54] that:

Proposition 4.3. A generic f € Diff;y r(M) has only asymmetric fixed points and all its
periodic orbits are hyperbolic or elliptic.

5. Local perturbations

Let R € Diff ff & (M) be an involution such that Fix (R) is a submanifold of M with dimension
equal to 1. Consider f € Diff }L z(M). Given p € M, if we differentiate the equality
Ro f = f~'oR at p, then we get DRypyoDf, = DfR’(lp) o DR, alinear constraint between

1702
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f(# (B
QL O
Fiz(

(R) Rl T~ [\ Fis(R)

(R f(“ f(R(#

N
e o

Figure 1. Illustration of the first perturbation lemma: 4 is the ball B(x, r).

four matrices of SL(2, R), two of which are also linked through the equality R> = Id. As the
dimension SL(2, R) is 3, there is some room to perform nontrivial perturbations.

In this section, we set two perturbation schemes that are the basis of the following
sections. The first one describes a local small C'! perturbation within reversible area-preserving
diffeomorphisms in order to change a map and its derivative at a point, provided x has an (R, f)-
free nonperiodic orbit of f. The second one is inspired by Franks’ lemma ( [21]), proved for
dissipative diffeomorphisms, and allows locally small abstract perturbations to be performed,
within the reversible setting, on the derivative along a segment of an orbit of an area-preserving
diffeomorphism. These perturbation lemmas have been proved in the C! topology only, for
reasons appositely illustrated in [14,49].

5.1. First perturbation lemma

Consider f € Diff #1 (M) and take a point x € M whose orbit by f is not periodic and
f(x) # R(x). Notice that those points exist if f € & N &}, as described in Proposition 3.6
and Corollary 4.2. We will see how to slightly change f and Df at a small neighborhood of
x without losing reversibility.

Denote by B(x, p) the open ball centered at x with radius p and by C the union
B(x, p) UR(f(B(x, p))).

Lemma 5.1. Given f € Diff}L,R(M) and n > 0, there exist p > 0 and { > 0 such that,
for any x € M satisfying f(x) # R(x) and for every C' area-preserving diffeomorphism
h: M — M coinciding with the identity in M\B(x, p) and ¢-C'-close to the identity, there
exists g € DiffL,R(M) which is n-C'-close to f and such that g = f outside C and g = f oh
in B(x, p).

Proof. Using the uniform continuity of f on the compact M and the fact that f is C!, we
may choose T > 0 such that, each time the distance between two points z and w of M is
smaller than 7, then the distance between their images by f, the norm of the difference of the
linear maps Df, and Df,, and the norm of the difference of the linear maps DR, and DR, are

smaller than min {2, ~——21—— 1.
22 201 fller IRl

As f(x) # R(x), calling on the continuity of both f and R we may find 0 < p < 7
such that the open ball B(x, p) satisfies f(B(x, p)) N R(B(x, p)) = @ (or, equivalently,
B(x, p) N R(f(B(x, p))) = ¥). Moreover, if x is not a fixed point of f, we may choose p so
that B(x, p) N f(B(x, p)) = ¥ (see figure 1).
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|
R(%) t

Figure 2. Illustration of the 1st perturbation lemma: x is fixed by f.

Consider the estimate

{ = — min {r, 7 }
2 2 max { || fller (IRIeD? I fller }

and take a C! area-preserving diffeomorphism 4: M — M equal to the identity in M\ B(x, p)
and ¢-C'-close to the identity. If x ¢ Fix (f), define g : M — M by

@) ifr¢C;
) foh() if t € B(x, p);
D=1 Rohof1oR() ifteR(f(Bx.p)):
@) if 1 € R(B(x, p)) U f(B(x, p)).
Otherwise, if f(x) = x as illustrated in figure 2, let g : M — M be given by
f@ ift ¢ C;
g) =9 foh() if 1 € B(x, p);

Roh™'o f'oR(t) ifte R(f(B(x,p))).

We are leftto confirmthat g € Diff}t’ # (M) andisn-C'-closeto f. We begin by showing that the
equality Rog = g 'oRholds. If y ¢ B(x, p)U f(B(x, p)) UR(B(x, p))URf(B(x, p)), then
R(y)isalsoout of this union and, therefore, g(y) = f(y) andg’l(R(y)) = f’l(R(y)). Hence

R(g(») = R(f(y) = [T (R() = g "(R(Y).If y € B(x, p), then R(y) € R(B(x, p))
and so

R(g(») = R(foh)(y) = R(f o ) (RoR)(y) = (Roh "o f "o R) ' (R(y) = g "(R(Y)).

Analogous computations prove the reversibility condition on R(f(B(x, p))). Finally, if

y € R(B(x, p)), then R(y) € B(x, p) and R(g(y)) = R(f(y)) = f~'(R(») = g~ (R(y)).
Similar reasoning works for y € f(B(x, p)).
Let us now verify that g is n-C'-close to f.

(a) C°-approximation.

By definition, the differences between the values of g and f are bounded by the distortion
the map & induces on the ball B(x, p) plus the effect that deformation creates on the first
iterate by f and the action of R (which preserves distances locally). Now, for z € B(x, p),
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the distance between h(z) and z is small than ¢, which is smaller than . So, by the choice of
7, the distance between g(z) and f(z) is smaller than 7.

(b) C'-approximation.

We have to estimate, for z € B(x, p), the norm ||Df, — Dg.| = |Df; — Dfu)(Dh.)|
and, for z € R(f(B(x, p))), |Df. — D(Roh~' o f~! o R).||. Concerning the former, from
the choices of 7 and ¢, we have
IDf: = Dfny Dhell < I1Dfz — Dfuill + 1D fuzy — Doy Dhel

n n
<o I fllct Ild, — Dh|| < >t I fllcr & <.

Regarding the latter,

IDf. = D(Roh™ oRo f).| =|Df. — D(Roh™ o R) s Df:|

< |Mdszy — DR oh™ o R) il | fllcr

= IDRr(s) DRy = D(R o h™r(sp DRyl I fllc
IDRr(f) — DR oh™Dresenll 1 fllcr IRllc:
IDRR(s) = DRy Pl syl 1 et IRl

n -

< 5 *+Mdriren = Dhiglpepll 1 fller (IRl e’
n

<5+l (IRIen® <. O

<
<

5.2. Second perturbation lemma

We will now consider an area-preserving reversible diffeomorphism, a finite set in M and
an abstract tangent action that performs a small perturbation of the derivative along that set.
Then we will search for an area-preserving reversible diffeomorphism, C' close to the initial
one, whose derivative equals the perturbed cocycle on those iterates. To find such a perturbed
diffeomorphism, we will benefit from the argument, suitable for area-preserving systems,
presented in [13]. But before proceeding, let us analyze an example.

Example 5.2. Take the linear involution R induced on the torus by the linear matrix A(x, y) =
(x, —y), and consider the diffeomorphism f = R. Clearly, Ro f = f~! o R. The set of fixed
points of f is the projection on the torus of [0, 1] x {0} U [0, 1] x {%}, and so it is made of
two closed curves. All the other orbits of f are periodic with period 2. Given p ¢ Fix (f),

we have Df, = Df;,) = < (1) (il ) Now, if n > 0 and
I+n O
L(p) = ( L >=L(f(p))
1+n

we claim that no diffeomorphism g on the torus satisfying

Dg, = L(p), Dgsrp =L(f(p) and g(p)= f(p)

can be R-reversible. Indeed, differentiating the equality R o g = g~

o R at p, we would get
AoDg, = Dgg(lp) oA = Dg;(lp) oA
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10 1+ 0 [ O 10
0 —1 n ~m ) \n 14y 0 —1
l+n O B ﬁ 0

- %n n 1+n

which yields n = 0. This example evinces the need to impose some restrictions on the set
where we wish to carry the perturbation.

that is,

thus

Lemma 5.3. Fix an involution R and f € DiffL’R(M). Let X = {x1, x2, ..., xx} be a finite
(R, f)-free set of distinct points in M. Denote by V = @®yexTxM and V' = @rexTryM and
let P:V — V' be a map such that, for each x € X, P(x) € SL(T:M — Ty M). For every
n > 0, there is ¢ > 0 such that, if ||P — Df|| < ¢, then there exists g € Diff}LYR(M) which is
n-C'-close to f and satisfies Dg, = Plr,m for every x € X. Moreover, if K C M is compact
and K N X = @, then g can be found so that g = f in K.

Proof. Given n > 0, take the values of p > 0 and ¢ > 0 associated to % by lemma 5.1,
and note that each element of X satisfies the hypothesis of this lemma. Starting with x; and
using Franks’ lemma for area-preserving diffeomorphisms [13], we perform a perturbation of
f supported in B(xy, p;), where 0 < p; < p is sufficiently small, obtaining G| € DiffL(M )
such that DGlxI = P(x;) and G, is ¢{-close to f.

Define hy = f~! o G,. The C' diffeomorphism h; is area-preserving, equal to
the identity in M\B(x;, p1) and ¢-C'-close to the identity. So, by lemma 5.1, there is
g1 € Diff}hR(M) which is %-Cl-closeto f,g1 = foutside C; = B(xy, p1)UR(f(B(x1, p1)))
and g; = f o hy = G inside B(xy, py).

We proceed repeating the above argument for x, and g; just constructed, taking care to
choose an open ball centered at x,, with radius 0 < p, < p, such that C, = B(x,, pp) U
R(f(B(x2, p2))) does not intersect Cy: this is a legitimate step according to the constraints X
has to fulfill. Applying again [13], we do a perturbation on g; supported in B(x,, p2), which
yields G, € Diffllt (M) such that DGZX2 = P(x») and G, is ¢-close to g;. Therefore, the C'
diffeomorphism 4, = gl’1 o G, is area-preserving, equal to the identity in M\ B(x,, p;) and
¢-C'-close to the identity. So, by lemma 5.1, there is g, € Diff}LyR(M) which is %-C‘-close
to g1, thus %-Cl-close to f, satisfies go = g; outside C, and is such that g, = gy 0o hy = G»
inside B(x3, p2).

In a similar way we do the remaining k — 2 perturbations till we have taken into
consideration all the elements of X. At the end of this process we obtain a diffeomorphism
g€ Diff}hR(M) which is n-C'-close to f and differs from f only at C = M\ Ule C;.

Surely, if K is compact and K N X = , then C may be chosen inside the complement
of K. ]

6. Smoothing out a reversible diffeomorphism

In this section we will show that a C! reversible area-preserving diffeomorphism of the open
and dense set Z; (see proposition 3.6) can be smoothed as an R-reversible area-preserving
C*° diffeomorphism up to a set of arbitrarily small Lebesgue measure. The argument follows
the guidelines of [55], although adapted to comply with reversibility.
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Proposition 6.1. Given f € 2, a neighborhood V; C Difflll, M) of f and € > 0, there
exist g € Diff}h r (M), a compact Z C M and an open neighborhood V; of Z such that:

(a) g € Vy.

(b) gis C*®in V.

(c) p(M\ Z) <e.

(d) u(Vz\ Z) < €/2.

(e) Z=M,if f(x) % R(x) forall x € M.

Proof. For the sake of completeness, we will reconstruct the main steps of the proof of [55],
highlighting the differences forced by the reversibility. Some details in the argument of [55]
are easier in our context of compact manifolds (for instance, [55] addressed locally compact
manifolds), while others demand full attention to reversibility.

6.1. Construction of Z

Assume that f is not C? and denote by P = {x1, - - -, x} the finite set {x € M : f(x) # R(x)}.
For arbitrary € > 0, take the open covering of P defined by (B(x;, r(€)));—1.... x}» Where r (€)
is chosen small enough so that B(x;, r(€)) N R(B(x;, r(€))) = @. Then, let B be the set

k k
B=|JB@&i,r@)UR (U B(x;, r(e)))
i=1

i=1
and consider the complement of B in M

Z = M\B.
Observe that we may select a value of r (¢) sufficiently small to guarantee that u(M\Z) < €/2.
Moreover, if f(x) # R(x) forallx € M, then Z = M.

6.2. Coverings and charts

As f is a C! area-preserving map, for each x € M there are symplectic charts, say (U (x), ¢1)
and (V(x), ¢2), such that x € U(x), f(x) € V(x), f(U(x)) C V(x), ¢; and ¢, are C* local
symplectomorphisms and

v=@ofop eClloUW). g2V ()]
where C'[A, B] stands for the set of C! maps from A C R? to B C R2. In what follows, the
map ¢ will be also addressed as

(u, v) = Y, v) =&, n).

Due to the compactness of Z we may take a finite open covering of Z made of these symplectic
charts

Uy = (Uidizt, )
such that U; NP = @, for all i, and the diameter of ¢/, is arbitrarily small. Denote by U/ the
open covering

Up =Uh UR(fU)) where R(fU)) = (R(fFWUi)))jzt,..0 -

As f(x) # R(x) for all x € U; and every i € {1,---, ¢}, we may find U; small enough so
that U; is disjoint from R(f (U;)). In particular, denoting by distco the Hausdorff distance we
have:

enlng ) {distco (U;, R(f(U))))} > 0.

ief
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Moreover, we may assume that the neighborhood V', is small enough so that V; C % and

heV, = r{IiliP».Z} {distco (Us, R(h(U}))) > 0

1€

which ensures, in particular, that

heV, = h(x)#Rx), VxeU,Viefl - 1t

6.3. Generating functions

The first part of Zehnder’s argument (see [55, Lemma 1]) characterizes locally symplectic maps
between symplectic manifolds of the same dimension by means of the so-called generating
functions. In particular, it proves that a diffeomorphism f : M — M is symplectic if
and only if, given x € M, there exist a symplectic chart (U(x), ¢;) at x and a C>-function
S ¢1(U(x)) — R such that, for all (¢, n) € ¢;(U(x)), we have

S, ) _ S, m)

3 o y a7

and det (d; d, S(t,n)) #0.

In this case, we say that the map 1 is generated by S, or that § is a generating function for .

6.4. Smoothing locally in R?

The second section of Zehnder’s reasoning is devoted to smooth a generating function;
see [55, Lemma 2]. Let W;, W, be open sets of R2 and Y : Wiy — W, be a map generated by
S. Given § > 0 and z € W}, take small open subsets Wl(l)(z), Wl(z) (z) and WIG) (z) containing
z such that

WO cwP@ cwP@ cw @ cw
and so that inside Wl(l)(z) we can construct a C>-map

Si=8—w (a)l S — Xj(w S)),
where w; and w, are real smooth maps on Wl(l)(z) satisfying w; = 1 on m, w, = 1on
w®(z) and

lwz (w1 S — X5 (w1 )2 < 8.

Here X3 (w; S) stands for the §-Friedrichs mollifier associated to w; S; see [23] and references
therein.
By construction, the map S; is C!-8-close to S and has the following properties:

(a) Sy is C* in W (2);
(b) Sy is C2in W2 (2) \ W (2);
© S =Sin W)\ W)

Let the map v, defined on Wl(l)(z), be generated by ;. Then:

(a) Y1 is C* on W1(3) (2);
(b) ¥ is C* on W (2);
(c) ¥ coincides with i on Wl(l)(z) \ Wlm (2).
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6.5. Smoothing locally in M

The third step in Zehnder’s proof (see [55, page 834]) is to smooth out the diffeomorphism f
in U;, forany i € {1, ---, £}, by locally smoothing its generating function. As f(x) # R(x)
for all x in any element of the open covering U/ of Z, we can perform a balanced perturbation,
as explained in lemma 5.1, in order to guarantee that the resulting diffeomorphism is still
R-reversible: each time we smooth in U;, we also induce smoothness in R(f(U;)). Let us
check this procedure in more detail.

Take the element U of the covering Uy and fix x € U;. Consider z = ¢ (x) and charts

at x, say Ul(l)(x), Ul(z)(x) and U,(3)(x), such that
UPx) cUP @) cuPx) cuPw) cu,
n (U UPw) <e/@o

and so that, on U 1(1) (x), every symplectic diffeomorphism in V, is given by a generating
function as described before and the previous local construction can be carried out, for a given
8 > 0, with respect to

W@ =@ ¢ W@ =00 @) ¢ W@ = o0 ).

Define the C! area-preserving diffeomorphism f; : M — M as follows:

Fiw) = ) ifueM\U?(x)
oy oy o) ifueU(x)
Notice that f; is C2 on U{® (x), is C® in U™ (x) and satisfies f,(U;) = f(U;). Besides,
could have been chosen small enough so that f; € V;.

Now,as U NRf(U;) =P and R € Diff/"f(M), we use the method explained in lemma 5.1
to change f; into a diffeomorphism g;, which is R-reversible, C', area-preserving, C™ in
UPx) URFWUP (x)), €2 on U (x) U RF(UP (x)) and satisfies g, (Uy) = f(U)). Itis
defined by

S u) ifueM\ (U URS(U))
gi(w) =1 fiw) ifu el
Ro fi'oRw) ifue Rf(Uy)

Observe that, by definition, g; € Vy.

6.6. Construction of g and V,
Afterwards, we consider the open chart U, and find, in a similar way,

o three charts Uz(]), Uz(z) and U2(3) such that
v cu®P cuP cu, and p (U2 \ Uf)) <€/(40);

e a C! area-preserving diffeomorphism f; : M — M such that
* fpis C* in U1(3) U UQG);
% fris C2inUP UUY,
* fr=g in M\ U,
* f2(Uz) = g1(Ua).
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Moreover, we have f, € V¢, so Uy N Rf>(Uz) = @. Therefore, as previously done, we get an
R-reversible, C', area-preserving diffeomorphism g», which is C* in U2(3) UR fz(Uz(S)) and
C2in UL U RA(USY), by defining

g1(u) ifu e M\ (UxURf>(U2))

&) =1 fa(w) ifuel,

Rofy'oRw) ifueRf(U,)
Notice that the definition of g, is compatible with the one of g; on intersecting charts and that
82 € Vf.

Iterating this procedure, we reach ¢ = g,. This is a C' diffeomorphism which is
R-reversible, area-preserving, C* in Ule Ul.(3) U Rfl_l(UiG)) and C? in Ule Ui(z) U
ng,l(Ul(z)). Moreover, g € Vy.

The neighborhood V; of Z is given by

4
vz ={J U U Rfa )
i=1
and we have
14

¢
pOVZ\Z) <Y wUN\UD) + wREUANU)) = 20U\ UP) <€/2. O
i=1 i=1
Remark 6.2. If A is a compact hyperbolic set for g such that u(A) > O but u(ANZ) =0,
then
Ay =pnANZ)+uA N (M\Z)) <e

and, as A and u are g-invariant,

planonzynlJs7@ | =u{@ananz nl]s/anz
JEZ JEL

=u U ANM\Z) N g /(AN 2Z)
JjEZ
<) n(gnanz)=0
JEZ
which means that the iterates by g of & almost every point in A N (M\ Z) remain there.

7. Hyperbolic sets

It is known [16] that basic hyperbolic sets of C?> non-Anosov diffeomorphisms have zero
measure. In [11], it was proved that the same result holds for compact hyperbolic sets of
C? symplectic diffeomorphisms without assuming that they are basic pieces. Using [55],
which says that every C! symplectic diffeomorphism can be approximated by a C? one,
it has been deduced in [12] that C' generically a symplectic diffeomorphism f is Anosov
or every hyperbolic set of f has Lebesgue zero measure. Up to now, no such density of
C? diffeomorphisms is known in the context of area-preserving reversible diffeomorphisms.
Therefore, we can only ensure that:

Proposition 7.1. If A ; is a compact hyperbolic set for f € Diff}L’R (M), then either Ay = M
or Ay has empty interior.
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Proof. As A is hyperbolic, there exist a neighborhood V of A ; in M and a neighborhood W
of fin DiffL(M ) such that, for each g € W, there is a compact hyperbolic set A, C V and a
(Holder) homeomorphism &2 : Ay — A,z such that h o f = g o h; see [30, Theorem 19.1.1].
Now, if A has interior points, then, for each g € W, the hyperbolic set A, has nonempty
interior as well. Moreover, by theorem 1.3 of [15], we may find a transitive diffeomorphism
goin W. A dense orbit of such a go has to enter A, so, by invariance, this orbit is contained
in Ay. By compactness of A, , we finally conclude that A,; = M. Thus, Ay = M
as well. g

8. Proof of theorem A

Consider f € Diff}l’ z(M). If fis Anosov orits integrated Lyapunov exponent (see section 3.4)
is zero, the proof ends. For instance, if f = R, then all orbits of f have zero Lyapunov
exponents. Otherwise, we start approaching f by fi of the open and dense set %,. Then,
given € > 0, by proposition 6.1 there exist a subset Z C M, whose complement in M has
Lebesgue measure smaller than €, and a diffeomorphism f, € %, whichis C _close to fj (thus
close to f) and is of class C? in an open neighborhood of Z. Using corollaries 4.2 and 3.8,
we then find a diffeomorphism F € & whose set of periodic points is countable (so it has null
Lebesgue measure), is C! close to f> (hence close to f) and is still C? when restricted to Z.

According to the proposition 7.1, either F is Anosov or any compact hyperbolic set A of
F has empty interior. Yet, in the latter case, A N Z may have positive (although strictly smaller
than one) Lebesgue measure. The next result, with which we will end the proof of theorem A,
will be proved under the assumption that

u(ANZ)y=0, foranycompacthyperbolic set A of F 8.1

in which case w(A) < € (see remark 6.2). This happens, for instance, when Z = M, since
then F is C? and u(A) = 0; or if p is ergodic for F, because then (A) = 0 as well, unless
A=M.

Proposition 8.1. Given § > 0, there is g € Diff}i’ #(M) which is C'-close to F and satisfies
ZL(g) <e+6.

Let o7 be the C'-open subset of Diff}h g (M) of the R-reversible Anosov diffeomorphisms
and, for any k, n € N, denote by 27 ,, the set

, 11
Lhen = {h € Diff}, p(M): L(h) < ot ;} _

Clearly (see section 3.4), the union
A

is C'-open in Diffl't, r(M). After proposition 8.1, we know that it is dense as well. Therefore,
the set

/U {h € Diff), o(M): £ (h) = 0}
is a countable intersection of the C! open and dense sets

. 1 1
o/ U {h € Diff | o (M): L (h) < i ;}

and so it is residual.
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9. Proof of proposition 8.1

Let F € 2 be the diffeomorphism constructed on section 8 after fixing f € Diff L (M) and

€ > 0. Recall that F belongs to Diffllh r(M)\ o7, Lebesgue almost all its orbits are (R, F)-free
and its set of periodic points has Lebesgue measure zero. In what follows we will assume that
F satisfies the property (8.1).

9.1. Reducing locally the Lyapunov exponent

The prior ingredient to prove proposition 8.1 is the next lemma whose statement is the reversible
version of the main lemma in [9].

Lemma 9.1. Given n, § > 0 and « €10, 1[, there exists a measurable function N: M — N
such that, for x in a set Z with Lebesgue measure bigger than 1 — € and every n > N(x),
there exists 0 = o(x,n) > 0 such that, for any ball B(x,r), with 0 < r < o, we may
find G € DiffL’R(M), which is n-C'-close to F, and compact sets Ki C B(x,r) and
K> C RF"(K{) C R F"(B(x,r)) satisfying:

(a) F = G outside (U'};é Fi(B(x, r))) U (U’;:l R Fi(B(x, r))).

(b) For j € {0, 1, ...,n — 1}, the iterates F/(B(x, r)) and R F/*'(B(x, r)) are pairwise dis-
Jjoint.

(c) (K1) >k u(B(x,r)) and ju(K3) > k n(R F"(B(x,r))).

(d) If y1 € Ky and y, € K», then % log|DGY || <& fori=1,2

Although the proof of this lemma follows closely the argument of [9], itis worth registering
the fundamental differences between the previous result and [9, main lemma]. Firstly, each time
we perturb the map F around F/ (x), for j € {0, ..., n— 1}, we must balance with a perturbation
around R F/*(x) to prevent the perturbed diffeomorphism’s exit from Diff ;1L g (M). Thus the
perturbations in U;;(l) FJ(B(x, r)) spread to a deformation of F in U;=1 R F/(B(x, r)). This
is possible because F' € &, but our choice of o must be more judicious and, in general, smaller
than the one in [9] to avoid inconvenient intersections. Secondly, we need an additional control
on the function A and on 1 (K>) to localize the computation of the Lyapunov exponents along
the orbits of elements of K>.

Aside from this, we also have a loss in measure. As F is not globally C2, instead of a
function A': M — N with nice properties on a full measure set, during the proof [9] we have
to take out a compact hyperbolic component with, perhaps, positive measure. Fortunately, that
portion has measure smaller than €, though its effect shows up in several computations and
cannot be crossed off the final expression of the integrated Lyapunov exponent.

Regardless of these difficulties, reversibility also relieves our task here and there. For
instance, the inequality for y, € K> in the previous lemma, that is, | Dgy || < e"?, follows
from the corresponding one for y; due to the reversibility and the fact that |A|| = ||A~!|| for
any A € SL(2, R). Indeed, given y, € K5, there exists y; € K, such that y, = R(F"(y;)) =
F7"(R(y1)). Then (see lemma 5.1)

IDG, || = ID(R G™" RY(3)l| < DGRl |l = DG || < e™.

In what follows we will check where differences start emerging and summarize the essential
lemmas where reversibility steps in.
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9.1.1. Sending E* to E*

Definition 9.2 ([9, section 3.1]). Givenn > 0,« €]0, 1[,n € Nand x € M, afinite family of
linear maps L; : TpiyM — TpinM, for j =0, ...,n — 1, is an (n, «)-realizable sequence
of length n at x if, for all y > 0, there is p > O such that, for j € {0, 1,...,n — 1}, the
iterates F/(B(x, p)) and R(F/(B(x, p))) are pairwise disjoint and, for any open nonempty
set U C B(x, p), there exist

(a) a measurable set K; C U such that u(K;) > « u(U)
(b) h e DiffL’R(M), n-C'-close to F satisfying:

| h = F outside (U';;g Fi (ﬁ)) U (U’}=1 R(Fi (ﬁ)))
2 lfyl € K, then ||th/(y]) - LJ” <Yy fOI'j =0,1,....,n— 1.

Notice that, if the orbit of x is (R, F)-free and not periodic (or periodic but with period
greater than n) and we define K, = R(F"(K,)) and, for j € {0, 1, ..., n — 1}, the sequence

L] TR(F”*/(x))M —> TR(Fn—j—l(x))M

v > DRF"*J*(X)L,:,IJ',IDRR(F"*I(X))(U)

then we obtain, for y, € K> and j =0, 1, ..., n — 1, the inequality || DAy y,) — f,j|| < y.

The following lemma is an elementary tool to interchange bundles using rotations of
the Oseledets directions, and thereby construct realizable sequences. If x € M and 6 € R,
consider a local chart at x, ¢, : V, — R? and the maps Do 'R Dy, : R*? — R?, where Ry
is the standard rotation of angle 6 at ¢, (x).

Denote by Y the full Lebesgue measure subset of M with countable complement, given
by proposition 3.6 and Corollary 4.2, whose points have (R, F')-free and nonperiodic orbits
by F.

Lemma 9.3 ([9, Lemma 3.3]). Givenn > Oand k €10, 1], there is 6y > 0 such that, ifx € Y
and 10| < 6y, then {DF, Ry} and {Rg DF,} are (n, k)-realizable sequence of length 1 at x.

The next result enables us to construct realizable sequences with a purpose: to send
expanding Oseledets directions into contracting ones. This will be done at a region of M
without uniform hyperbolicity because there the Oseledets directions can be blended. More
precisely, for x € 0*(F) and m € N, let

IDF! sl

AL (F,x) =
IDF™ | gugy

and

C(F, m)* = {x € 0" (F)NY : Ay(F,x) > %}

Lemma 9.4 ([9, Lemma 3.8]). Take n > O andk €10, 1[. Thereis m € N such that, for every
x € T'(F, m)*, there exists an (n, k)-realizable sequence {Ly, L1, ..., L,,—1} at x with length
m satisfying

Lm_l(. . )L]LO(EXM) = ESFm(x)
and, consequently,

Li—1(.. )L Lo(Elgpnieyy) = Eey-
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The ensuing step is to verify that the above construction may be done in such a way that
the composition of realizable sequences has small norm. Consider the F-invariant set

Q. (F) = | F'(C(F.m)").
nez
Then H,, = O*(F) — Q,,(F) is empty or its closure is a compact hyperbolic set [9, Lemma
3.11]. Under the hypothesis (8.1), we have u(H,,) < €. Hence,

Lemma 9.5 ([9, Lemma 3.13]). Consider n > 0, k €]0,1[ and 6 > 0. There exists a
measurable function N': M — N such that, for x in a subset with Lebesgue measure greater
that 1 — e and all n > N (x), we may find a (n, k)-realizable sequence {Lj};f;(]) of length n
such that

4
ILn—1(.. ) Lol <es5™®.

If y is chosen small enough in the definition 9.2, lemma 9.1 is a direct consequence of the
preceding one.

9.2. Reducing globally the Lyapunov exponent

After lemma 9.1 we know how to find large values of n such that, for some perturbation
G e Diff}LR(M) of F, we get | DG"|| < e" for a considerable amount of points x inside a
small ball and its image by RF. However, the Lyapunov exponent is an asymptotic concept
and we need to evaluate, or find a good approximation of it on a set with full « measure. In this
section we will extend the local procedure to an almost global perturbation, which allows us
to draw later on global conclusions. The classic ergodic theoretical construction of a Kakutani
castle [1] is the bridge between these two approaches, as was discovered in [9, section 4]. The
main novelties here are the possible presence of compact hyperbolic sets with positive measure
and the fact that, when building some tower of the castle, we simultaneously build its mirror
inverted reversible copy.

9.2.1. A reversible Kakutani castle Let A € M be a Borelian subset of M with positive
Lebesgue measure and n € N. The union of the mutually disjoint subsets U;:OI Fi(A) is
called a trower, n its height and A its base. The union of pairwise disjoint towers is called a
castle. The base of the castle is the union of the bases of its towers. The first return map to
A,say t : A - NU {00}, is defined as t(x) = inf{n € N : F"(x) € A}. Since u(A) > 0
and F is measure-preserving, by Poincaré’s recurrence theorem the orbit of Lebesgue-almost
all points in A will come back to A. Thus, 7(x) € N for Lesbesgue almost every x € A. If
Ay, ={xeA:1(x) =n},thenT, 4, = A,UF(A,)U... U F""1(A,) is a tower and the
F-invariant set | F"(A) is the union of the towers 7, 4, creating a castle with base A.
Moreover,

nez

Lemma 9.6 ([26, pp. 70 and 71]). Forevery Borelian U suchthat w(U) > Oandeveryn € N,
there exists a positive measure set V. C U suchthatV, F(V), ..., F"(V) are pairwise disjoint.
Besides, V can be chosen maximal, that is, no set containing V and with larger Lebesgue
measure than V has this property.

Fixn, 8§ > Oandtake 0 < x < 1 suchthat 1 —« < 8. Apply lemma 9.1 to get a function
N as stated. For each n € N, consider P, = {x € M : N (x) < n}. Clearly,

lim p(P,) > 1—e.

n—00
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Hence, there is o € N such that
wW(M\P,) < € +8°
and therefore
1 (M\(Py UR(P,))) < €+8%.

For U = P, U R(P,) and «, lemma 9.6 gives a maximal set B C P, U R(P,) with posAitive
Lebesgue measure and such that B, F (), ..., F*(B) are mutually disjoint. Denote by Q the
Kakutani castle associated to the base B, that is

0 =U,czF"(B).
Observe that, by the maximality of B, the set Q contains P, U R(P,), and so
" (Q\(Pa U R(Pa))) <e+8

Consider now the castle Q@ C O whose towers have heights less that 3«. Adapting the
argument in [9, Lemma 4.2], we obtain:

Lemma9.7. (Q\Q) <3(e+82).

Furthermore,
Lemma 9.8. (a) u (BAR(B)) =0.

(b) If T, is the tower of height n associated to B, then also is R(7,5). Besides,
RF"(T, 5N B) = R(T, 5) N B.

Proof.

(a) We will show that R(53) C B modulou. Assume that there exists a positive p-measure
subset C C R(B) such that C is not contained in B. Observe that C C P, U R(Py)
because P, U R(P,) is R-invariant and B C P, U R(P,). As B is maximal and there are
points of C out of B, we have F/ (C) N F/(C) # @ forsomei # j € {0, ..., a}. However,
R(C) C Band u(R(C)) = u(C) > 0,50 FI(R(C)) N F/(R(C)) = @ which, using re-
versibility, is equivalent to R(F~ (C))NR(F~/(C)) = @, thatis, F~/(C)NF~/(C) =9,
a contradiction.

(b) This is a direct consequence of (a). Since 7, 5 is a tower of height n with base B, its first
floor Ty and its top floor 7,, are in B. By (a), R(Ty) and R(T,) are in B as well, and so
they are, respectively, the top and first floor of the tower R(7, g), and its height has to be
n as well. 0

Remark 9.9. Atthis stage, one may wonder about the effect of the existence of a hyperbolic set
AN(M\Z) with positive, although small, Lebesgue measure. Could a typical orbit x € 3 visit
regions with hyperbolic-type behavior and positive measure? Yes, but only a null Lebesgue
measure subset of points in B may visit M\ Z; see remark 6.2.

9.2.2. Regular families of sets. Following [33], we say that collection V of mensurable
subsets of M is a regular family for the Lebesgue measure w if there exists v > 0 such that
diam(V)? < vu(V) for all V € V, where diam(A) = sup{d(x, y),x,y € A}. In what
follows, we will prove that the family of all ellipses with controlled eccentricity constitutes a
regular family for the Lebesgue measure.

An ellipse E C M whose major and minor axes have lengths a and b, respectively, has
eccentricity e > 1 if it is the image of the unitary disk D C M under a diffeomorphism
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d e DiffL(O), defined on an open neighborhood O of D and satisfying | ®||c0o = e = s/a/b.
Given ¢y > 1, the family of all ellipses whose eccentricity stays between 1 and e is a regular
family for the Lebesgue measure (just take v = e(z)).

Let B be the base of the castle Q and let n(x) be the height of the tower containing x.
Recall that we have N'(x) < o < n(x).

Lemma 9.10. Consider the castle Q and x € B. There exists r(x) > 0 and a ball B(x, r(x))
such that the set B(x, r(x)) U R(F"™ (B(x, r(x)))) is a regular family.

Proof. Clearly, the sets B(x,r(x)) are regular (choose v = 4/m). Let us see that
R F"™(B(x, r(x))) is also regular. Notice that, in general, this set is not an ellipse. However,
if B(x, r(x)) is small, then R F"(B(x, r(x))) is close to its first order approximation, that is
DR DF"(B(x,r(x))), which is an ellipse.

First observe that the height of a tower is constant in balls centered at points of B with
sufficiently small radius [9, section 4.3]. Denote by Cr = max ¢y ||DF,||. Since u is F and
R invariant, if r(x) < 1 we have

[diam(R F" (B(x, r())] = [diam(F"® (B(x, r(x))]’
(2 CF)Zn(x) r(x)Zn(x)—Z

< Q@rx) Cp*" = - 7 re?
6o 60—2 6o
< GO BEDT Ly
T T
2C (%
= i w(B(x, r(x))
=vu (R F”(x)(B(X, r(x))))
where v = M. -

T

9.2.3. Construction of g. The last auxiliary result says that it is possible, using the
Vitali covering lemma and lemma 9.10, to cover the base 5 essentially with balls and
ellipses.

Lemma 9.11 ([9, section 4.3]). Let y > 0 satisfy y < 8%a~'. Then:

(a) There is a compact castle Qy contained in Q and an open castle Q, containing Q with
the same shape3 as Q and such that n(Q\Qp) < y.

(b) The base Bs of the castle @, N Q may be covered by a finite number of balls B(x;, r'(x;))
and their images R F" (B(x;, r'(x;)), where x; € B3 and r'(x;) is small enough so that
n(x)‘B(XI_J,(X’_)) =n; and

" (33\ U BGi. r(x;) U R F™ (B(x;., r(x,-»))

w(Bs)

Once the covering | B(x;, r(x;)) U R F" (B(x;, r(x;))) is found, lemma 9.1 provides, for
each i, a diffeomorphism g; € Diff ,i # (M) which is C'-close to F and compact sets

<.

K| C B(x;,r(x;)) and K5 C R F"(B(x;, r(x;))))
3 This means that the castles have the same number of towers and the towers have the same heights.

1716



Nonlinearity 28 (2015) 1695 M Bessa et al

such that:
(a) gi = F outside [U'}-;}l FI/(B(xi, r(x;)))] UIUL, R(FI(B(x;, r(x))].

(b) For j € {0,1,...,n; — 1}, the iterates F/(B(x;, r(x;))) and R(F/*'(B(x;, r(x;)))) are
pairwise disjoint.

(©) u(K}) >k w(B(x;, r(x;))) and u(K5) > ik (R F™ (B(xi, r(x:))).
(d) If y; € Ki and y, € K}, then log |[(Dg}" )y, || < n; 8 and log ||(Dg}")y, |l < n; 8.

Finally, we define the diffeomorphism g € Diff }L (M) by g = g; in each component

ni—1

U F®BGi,rem | URFJ(B(xi,r(x,-))))

j=0 j=1

and g = f elsewhere.

9.2.4. Estimation of #(g). For ¢ € Diff' (M), let C, = max {||Dg,|| : z € M} and denote
by C; the maximum of the set

{C) :pe€ DiffLYR(M) and ¢ is n — C' —close toF } .

As in [9], despite the necessary adjustments, there are a constant C, > 0, a positive integer
N > 6 'a, a g-castle K of the same type as Q, and a subset G = ﬂjvz_ll g (K)of M
such that

L(g) = f 14 (g) du + / 3*(g) du + f (@ du
g Z\G M\Z
1 N + +
< N log [Dg” lldpu+ | A" (@du+ | A7(g)du
g Z\G M\Z

1
<C28+ln(C1)(8+e)+/ lim — In ||Dg"||du < C, 8
n

M\Z n—+oo
+ In(C)@+e€)+In(Cy)e
= (C,+1In(C1)) 8 +21n(Cy)e.

10. Proof of theorem B

Givenm € Nand f € Diff}L’R(M), let A(f, m) C M be the set of points with a m-dominated
splitting, Y, the set of points in M whose f-orbits are (R, f)-free and not periodic and
L(f.m) =M\ A(f, m)
L(f.m)* = O*(f)NT(f.m)
L(f,m)* =T(f,m)*NYy
L(f,00) = (| T(f,m)

meN
L(f,00)" = [\ T(f, m)*
meN
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The aim of this argument is to reduce the Lyapunov exponents in I'( £, m)®, if they are positive,
using a Kakutani castle in I'(f, m)* (instead of in the whole M as we did on the previous
section). The argument essentially follows three steps:

1st step . Mixing directions along an orbit segment and lowering the norm.

As proved in [11, Lemma 4.1], the set I'(f, 00)* contains no periodic points for f.
Moreover (see [11, Lemma 4.2]), given n > 0, « €]0, 1[, § > 0 and m sufficiently large,
there exists a measurable function

N:T(f,m)* - N
such that, for x € I'(f,m)* and all n > N(x), we may find a (7, x)-realizable sequence
{L; }’]’;(l) of length n such that
é}‘l
[ILn—1 (.. )Loll <e3"’.
Moreover (see [11, Proposition 4.8]), given f € Diff}t, r(M), g > 0 and § > 0, then there

existrn € Nand g € Diff}t’ g (M) whichis €y-C !_close to f, coincides with f outside the open
set I'(f, m) and satisfies

f A(g, x)du < 8.
I'(f,m)

2nd step . Globalization.
Define

= o
I'(f,00)

Then [11, Lemma 4.17] proves that, given f € Diff}l' (M), g > 0 and § > 0, then there
exists g € Diff), (M) €-C'-close to f such that

f At(g, x)dp < / AT(fox)dp — Jy+38.
M M

3rd step . Conclusion.
Let f € Diff}i. z(M) be a point of continuity of . defined by

3:]‘&—)/ AT(f, x)dpu.
M

Notice that J; must be 0, which means that A*(f, x) = 0 for almost every x € T'(f, c0). If
x € O(f) and all Lyapunov exponents of f at x vanish, then there is nothing left to prove.
Otherwise, if A*(f, x) > 0, then x ¢ I'(f, 00), that is, x € A(f, m) for some m; hence, there
is a dominated splitting along the orbit of x. As we are dealing with surfaces, we conclude
that the orbit of x is hyperbolic, and therefore its closure is a compact hyperbolic set which,
according to proposition 7.1, is M or has empty interior.
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