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Abstract

We observed that in a decision model, where individuals have gains in their utilities
by making the same decisions as the other individuals of the same group, the pure
Nash equilibria are cohesive. However if there are frictions among individuals of the
same group, then there will be disparate Nash equilibria where the group is disrupted
and different elements will make different decisions. Finally, we did a full analysis
of a resort-tourist game that might become a paradigm to understand comercial
interactions between individuals that have to choose among different offers of public

or private services and care about the other individuals choices.
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Introduction

The main goal in Planned Behavior or Reasoned Action theories, as developed in the
works of Ajzen (see [1]) and Baker (see [2]), is to understand and predict the way
individuals turn intentions into behaviors. Almeida-Cruz-Ferreira-Pinto (see [3, 4, 5])
developed a game theoretical model for reasoned action, inspired by the works of
J. Cownley and M. Wooders (see [6]). Here, we study the game theoretical model

presented in [3] that we call the decision model.

In the decision model, the individuals will have to make decisions according to their
preferences. The preferences have the interesting feature of taking into account not
only how much the individuals like or dislike a certain decision, but also the other
individuals’ decisions. We consider that individuals with the same utility functions
belong to a same group. We say that a group is cohesive if every individual has a
gain in his utility when other individuals of the same group make the same decision
as his. Almeida et al. [3] proved that all the individuals of a cohesive group make
the same decision at a pure Nash equilibria. We extended this concept and so we
say that a pure strategy is cohesive if all the individuals belonging to a same group
will make the same decision. Hence, by Almeida et al. [3], if all groups are cohesive
then all pure Nash are cohesive strategies. In the first chapter we find the cohesive
thresholds that characterize the space of all parameters where the cohesive strategies
are Nash equilibria (see [7]). Mousa et al. [8] show, for a model with two groups and
two decisions, the existence of disparate Nash equilibria, where individuals in a same
group can make different decisions at certain Nash equilibria. Here we extend these
results to the general decision model discussed in this work. We present sufficient and

necessary conditions that guarantee the existence of disparate Nash equilibria.

In the second chapter we do a first discussion of a resort-tourist game with two stages.
In the first stage the resorts decide their prices and in the second stage the tourists
(individuals) choose their favorite resort. Hence the second stage game is similar to

the game discussed in the first chapter. We do a full discussion of the mixed Nash



equilibria in this case. Finally, we study and fully characterize the Nash equilibria
and subgame-perfect Nash equilibria for the resort-tourist game, when resorts use
pure strategies. We link the equilibria with the relevant parameters of the model.
These analysis will be the basis for future studies of the impacts of different policies

of investment and publicity under uncertainties.



Chapter 1

Decision Model: general case.

The decision model has N types T = {t,ts,...,tx} of individuals. Let I, = {1, ... ,n;}
be the set of all individuals with type ¢t € T and set I = |_|fl 1 It . The individual 7 € I
has to make a decision d € D = {dy,...,duy}.

The type function t : I — T associates to each individual i his type t(i) € T. Hence
t~1(t) determines the group of all individuals ¢ with type ¢ = t(i). We describe the
pure decision of the individuals by a strategy map S : I — D that associates to each
individual i € T his decision S(i) € D. Let the preference decision coordinates w?
indicate how much an individual ¢ with type t(i) likes or dislikes, to make decision
d = S(i). The preference decision coordinates indicate for each type of individuals
the decision that the individuals prefer, i.e. the taste type of the individuals (see

3, 12, 6, 5, 10]). Hence, the preference decision matriz 0 = Q(S) € R¥M is given by

1 M
wl . .. wl

1 M

Wy Wy

Let the preference meighbors coordinates af, indicate how much an individual with
type t who decides d likes or dislikes that an individual with type ¢’ makes decision d.
The preference neighbors coordinates indicate, for each type of individuals who make
decision d, whom they prefer, or do not prefer, to share that decision with, i.e. the
crowding type of the individuals (see [3, 12, 6, 5, 10]).

Given a strategy S, let L(S) be the strategic decision matriz whose coordinates [ =

14(S) indicate the number of individuals with type ¢ who make decision d

7



CHAPTER 1. DECISION MODEL: GENERAL CASE. 8

I 1
L(S)=|: :
In N

Let S be the space of all strategies S. Let L = {L(S) € R : S € S} be the set of

all strategic decision matrices L(S). The auziliar utility function
U:TxDxL—R
is given by
U(t;d, L) = w! — ol + Zatt,l
The utility function U : I xS — R is
U(i;5) = U(t(2); S(4); L(S)) -

We observe that, if two individuals ¢; and i with the same type £(:) = ¢(i’) make the
same decision d = S(i) = S(7'), then their utilities U (i;.S) and U(i; S) are equal, i.e.

U(i; S) = U(t; d, L(S)) = U(j; ).

Given a strategy S*, for every i € I and d € D \ {S(i)}, we define the strategy S; .,
by 57,4(1) = d and S7_,,(j) = 57(j), for every j € T\ {i}.

A strategy S*: I x S — D is a (pure) Nash equilibrium if
U<i; S*) > U(Zv z—>d)

for every i € T and d € D\ {S(7)}. The Nash domain N(S) of a strategy S € S is the
set of all preference decision matrices 2 € R¥M with the property that S is a Nash

equilibrium.

We define the relative decision preference coordinate x(t;d,d') of an individual i with

type t = t(i) by
z(t;d,d) = wl —w?

for every d,d’ € D with d # d'.

Given a strategy S, for every individual ¢ € I with type ¢ = ¢(i) and for every d € D\
{S(i)}, the preference threshold T (i — d) of the relative decision preference coordinate
x(t;d, S(i)) is defined by

T(i — d) = T(t(i); S(i),d) = —ap) + (aft@zfiw - ozft,lf,> . (1.0.1)
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Remark 1 (Transitive and reflexive thresholds properties). For every iy,is, i3 € I
satisfying t(iy) = t(ia) = t(iz) and S(i1) # S(ia), S(iz) # S(i3) and S(iz) # S(i1), the
following identities hold:

T(iy — S(is)) + T(is — S(is)) — T(iy — S(i3)) = —aj ™ (1.0.2)
T(ir — S(is)) + T(is — S(i))) = — @f}"“ n aft“?)) (1.0.3)
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1.1 Cohesive Nash equilibria

A cohesive strategy® S : I — D is a strategy in which all individuals with the same
type prefer to make the same decision, i.e. for every t € T, S(¢t7!(t)) is a singleton.

We note that there are NM cohesive strategies.
Theorem 1. A cohesive strategy S is a Nash equilibrium if, and only if,
z(t(i);d, S(1)) < T(i — d) (1.1.1)

for every individual i € I and every decision d € D \ {S(i)}.

Therefore, the Nash domain IN(.S) of a cohesive strategy S is non-empty and coincides
with the half-hyper-plan consisting of all the preference decision matrices in the space

RNMM satisfying inequalities (1.1.1).

Proof. A cohesive strategy S is a Nash equilibrium if, and only if, for every individual
i € T and every decision d € D\ {S(4)},

U(i; S) > U(Z, Sz’—>d)'

Let ¢ = S(i) and t = t(i) and note that ¢ = n; and [{ = 0. Substituting the values in

the utilities, we obtain

N N
wEal (ng— 1)+ Y abls >wl 4+ Y adl
t tt t it — %t tt' vt -
t'=1 t'=1
£t t/ £t

Rearranging the terms of the last inequality, we get

N

d c c d jd c jc
wy —wp < —ay, — E (att,lt/ — att,lt,) .

t'=1

Lor equivalently herd strategy
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1.2 Disparate Nash equilibria

In this section, we study the existence of equilibria where individuals of the same type

might be making different decisions.

We say that one type t € T of individuals is splitted among different decisions, if there
is at least one individual ¢ with type ¢(i) = t € T deciding d = S(i) and another
individual ¢ with the same type ¢(i") = ¢ not deciding d, meaning S(i') # d.

Definition 1. A disparate strategy is a strategy with at least one type of individuals
splitted among different decisions.
Therefore, the herd effect is broken for a disparate strategy at least for one type of
individuals. We note that a pure strategy is either a cohesive or a disparate strategy.
The set D(S) of splitted decisions of a strategy S is
Di(S) = {{d1,ds} :  S(i) =di # dy = S(j) with (i) =t(j) =t}

Given a strategy S, for every individual ¢ € I and for every decision d € D \ {S(i)},
we define the interval I(: — d) = I(t(:); S(i),d) as follows:

1. if {S(Z), d} §é Dt(i)<S) then

I(i = d) = (=00, T(i — d)]
2. if {S(i),d} € Dy (S) then there is j € I with ¢(j) =t such that S(j) = d and
I(i = 5(7)) = [=T( = 5()), T(5 — 5(9))]

Therefore, given a strategy S, for all individuals 4,7 € I with the same type t(i) =
t(j) =t and S(i) # S(j) the center of the interval I(i — S(7)) is

(i = S4)) = elt(0): 8, d) = T ID T2 U]

Moreover, by Remark 1, the length of the interval I(i — S(j)) is

11(i = S(G))| = —(a? + o).

S(j S(i S(j
Oy +att(]) —i—c(i _ S(])), _(att()2+ att(J))

+c(i— S(H))| -
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Theorem 2. A pure stategy S is a Nash equilibrium if, and only if, for every individual
i € I and for every decision d € D\ {S(7)}

2(t(i); S(), d) € I(i — d). (1.2.1)

The set D, of negative relative influences is
D, = {{di,dy} c D: o} + a2 <0}.
We say that a strategy S satisfies the disparate property if, for every type t € T,
D,(S5) c D;.

Hence, putting together equality (1.0.3) and the inequality characterizing the set of

negative relative influences, we get the following corollary.

Corollary 1. If a disparate strategy S € S is a Nash equilibrium then S satisfies the
disparate property.

Proof. The disparate strategy S : I x S — D is a Nash equilibrium if, and only if,
U(3;8) > U(4; Sisa)

for every i € Tand d € D\ {S(i)}. Letting [{ = 1¢(S) and ¢ = S(i) and t = (i), we

get

N N
c c § c jc d E d 1d
t'=1 t'=1

Rearranging the terms, the previous inequality is equivalent to

N
z(t;e,d) > af, — Z (afuly — afll)

t'=1

Hence, U(i;S) > U(i; S;q) if, and only if,
z(t;e,d) > =T(i — d). (1.2.2)

If {c,d} ¢ Dy(S) then (1.2.2) is equivalent to (1.2.1). On the other hand, if {c,d} €
D,(S) then there is j € I with ¢ = ¢(j) such that S(j) = d. Thus, similarly, we have
that U(j;5) > U(j; S;j—¢) is equivalent to

z(t;d,c) > =T(j — c)
Noting that x(¢;¢,d) = —z(t;d, c), we get
T(j—c) <x(t;e,d) < =T(i — d)

that is equivalent to (1.2.1). O
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For every t € T, let

d; = ar max al} and of =min{0,a} }. 1.2.3
! g{S(i)eD;t(i):t}{ it} t {0, ay¢ } ( )

Let i* € I be such that S(i*) = dj. Given a strategy S, for every ¢t € T and for every
individual ¢ € I; with {S(i),d;} € Dy(S), we define

5(4) df * 5(4) df *
| +ay - | —(ap? + o — |
T(E:50). ) = | SO0 (g gy, O ) +c<Hd:>].
and
df 5(2) * df 5(4) *
" . Qy +ay " —« - . —(ay a7 —« i ‘
olt: 5067, S(0)) = | AT gy gy, MG o) ﬁS(z»]'

Theorem 3. Let S be a disparate strategy. If for every individual i € T
x(t(i); S(0),S(")) € J(t(i); S(1), dyyy),

then S is a Nash equilibrium.

Proof. For every t € T with D,(S) # 0, and for every individuals i,j € I, with
{S(i),S(j)} € Di(S), letting ¢ = S(i),d = S(j), we have that

z(t;e,d) = x(t; ¢, dy) + x(t; d;, d) (1.2.4)

Let ¢* be the individual with type t such that S(i*) = d;, where d is as in (1.2.3).
Since x(t;c,d;) € J(t;c,dy) and z(t;d;,d) € g(t;d;,d), consider the deviations from

the centers of the respective intervals, given by
€. = |x(t;e,df) —c(i — dy)] and  eq=|z(t;df,d) — c(i* — d)|.

This deviatons are majorated

oy, + ol — o al + ol — o
tt tt
€. < tt t and €4 S tt t
2 2
Thus, we obtain
d d d d
ol + o d* oy + o
€oteg < |1 5 4oy —af| < |H—12 5 f

We now note that
cli = di) 4 c(i* — d) = c(i — d).



CHAPTER 1. DECISION MODEL: GENERAL CASE.
Therefore using (1.2.4)
z(t;e,d) = c(i — d) + €. + €4

implying
x(t;e,d) € I(i — d).

Hence, by Theorem 2, S is a Nash equilibrium.

14



Chapter 2

Tourists and Resorts Game

We consider a two stage game where there are two types of players: tourists and
resorts. In the first stage resorts decide simultaneously their prices, and in the second
stage tourists observe prices, and choose one of the resorts. As a clarifying example
we take a group of n € N tourists having to choose between spending holidays in a
Beach or in a Mountain resort. We denote the set of players by Z = RUT, where the
set of resorts is R = { B, M} and the set of tourists is T = {1,...,n}.

The tourists set of actions is the resorts. After a pair of prices has been set on the first
stage of the game, the tourists choice will depend on their relative preferences and the

influence they have on each other.

The parameters appearing in the tourists’ utility function and the utility function itself
follow from the model presented in the first chapter. Here we consider just one type of
tourists facing a dichotomous decision, and we add the new feature of prices entering
the utility function. Thus, for a given resort R € R, the parameters influencing a
tourist decision are:

Or - the price set by resort R;

wpg - how much a tourist likes or dislikes resort R

ag - how much a tourist likes to be with other tourist in resort R;
The parameters regarding tourists preferences and influences are common knowledge

for all players. The outcome of the game is the pair of prices and the tourists allocation.

We characterize game equilibria using the notions of Nash equilibrium and subgame-

15



CHAPTER 2. TOURISTS AND RESORTS GAME 16

perfect Nash equilibrium. We allow for two different cases: tourists reaction to price
changes depends on which resort is changing its price; tourists reaction depends only

on the price difference’

. In the latter case, if the average influence (ap + ays) is
positive then the subgame-perfect Nash equilibria are either monopolies or competitive
equilibria where resorts have zero profits. When there are negative average influences,
non-monopolistic and non-zero profit subgame-perfect Nash equilibria exist. We find

the prices and preferences for which these equilibria occur.

LA different interpretation may be that resorts have different understandings of how the market
will respond if they deviate.
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2.1 Tourists Nash allocations

We describe the tourists decisions by a strategy map S : {1,...,n} — [0,1] that
assignes to each individual ¢ his choice probability. Namely, an individual chooses
resort B with probability S(i) = p? and resort M with probability pM = 1 — S(i).

The set of all tourists strategies is

S(T)={(wl,p5,....p5):0<p? <1 and  pl+p=1}.

Given the tourists strategy S(0p,0r) = (p2,...,p2) € S(T), we define the beach

market share Sg and the mountain market share Sy; by

n

Sp(0p,0m) =Y pf  and  Sy(6,02) = > (1—pP) =N — Sp(0s,0u).
=0

=0

Let Sp(i) = S(i) and Sy (i) = 1 — S(4). The utility U; : S(T') — R of each individual
118

U(S)= > p(—0r +wr + ar(Sr(05,00) — pf)).
Re{B,M}

Let A = ap + ay;. We say the tourists like to meet each other in the same resort if
A > 0, and that the tourists do not like to meet each other in the same resort if A < 0.

The free price relative preference for the tourists is xp = wp — wy € R. The price

relative preference for the tourists is
r=0y—0g+2xr €R. (2.1.1)

Let the relative preference thresholds be T(l) = —Al + ayp(n — 1) and let the auziliar
relative preference thresholds be T'(l) = T(l — 1) with respect to the relative price

preference x.

An [-strategy S € S(T) is a strategy (i) with [ individuals ¢ opting to choose resort
B with probability S(i) = 1 and (ii) with n — [ individuals ¢ opting to choose resort
M with probability 1 — S(i) = 1. Hence, Sp = [. The pure Nash equilibria are the
union of all [-strategies that are Nash equilibria. We note that if one [-strategy S is
a Nash equilibrium for some price relative preference x, then all [-strategies are Nash
equilibria for the same x. The following two lemmas follow from the theorems 1 and

2 in chapter 1.
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Lemma 1 (Pure Nash equilibria for tourists that like to meet each other). Let A > 0.

(i) An l-strategy is a Nash equilibrium if, and only if, | =0 or | =n.
(i1) If a O-strategy is a Nash equilibrium then x € (—oo, T(0)].

(ii1) If an n-strategy is a Nash equilibrium then x € [T'(n), 4+00).

Proof. Since A > 0 the set of negative relative influences is empty (chapter 1, page

12). The proof then follows from corollary 1 and theorem 1. ]

When A > 0, we have 7"(n) < T(0). Hence, if z € [T"(n),T(0)] then a pure Nash

equilibrium can be either a 0-strategy or an n-strategy.

Lemma 2 (Pure Nash equilibria for tourists that do not like to meet each other). Let
A<O.

(i) A O-strategy is a Nash equilibrium if, and only if, x € (—oo,T(0)].
(i) An n-strategy is a Nash equilibrium if, and only if, x € [T'(n), +00).

(i1i) An l-strategy is a Nash equilibrium if, and only if, x € [T"(1),T(1)].
Proof. Follows from theorem 2. O]

We note that T'(1) = T"(1 + 1). Hence, when A <0, if z € R\ U {T'(I)} then there
is a unique pure tourist strategy that is a Nash equilibrium; if z = T'() then a pure

Nash equilibrium can be either an [-strategy or an [ + 1-strategy.

An (I, k) strategy S € S(T) is a strategy (i) with [ individuals 7 opting to choose resort
B with probability S(i) = 1, (ii) with n — (I + k) individuals ¢ opting to choose resort
M with probability 1 — S(i) = 1, and (iii) with £ > 1 individuals 7 opting to choose
resort B with some probability 0 < S(i) = ps < 1. We call pg the (I, k) probability
of the strategy S. Hence, Sp = | + kps. A strict (I, k) strategy S € S(T) is an (I, k)
strategy with ([, k)-probability 0 < ps < 1. Hence, [ and [ + k strategies are contained
in the (I, k) strategies but not in the strict (I, k) strategies. We note that if one (I, k)
strategy S is a Nash equilibrium for some price relative preference x then all (I, k)
strategies are Nash equilibria for the same z. Let N(7';z) be the set of all tourists’
strategies that are Nash equilibria for some price relative preference x. The results

below characterize the mixed Nash equilibria, and a more general version is proved in

8]-
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Lemma 3 (Mixed Nash equilibria for tourists that like to meet each other). Let A > 0.

(i) A strict mized strategy is a Nash equilibria if, and only if, the strategy is of the
type (I, k) = (0,n) and z € (T"(n),T(0)).

(ii) Furthermore, the triple (0,n;z) uniquely determines

k(x —T(0)) 2 —T(0)

x—T(0)
—An—1) "’ Ps = —A(n—1) '

Sp =1+ —

and SB—psz

Theorem 4 (Mixed Nash equilibria for tourists that do like to meet each other). Let
A<O.

(i) The mized Nash equilibria are the union of all (I, k)-strategies that are Nash
equilibria.

(i1) An (1, k) strategy is a mized Nash equilibria if, and only if, x € [T'(1),T"(l + k)].

(i1i) Furthermore, the triple (I, k; x) uniquely determines

ke—T()  2-T()

x —T(0)
“Ak—1) O PPT AR ‘

Sp =1+ —

and Sp — ps =

The results above concerning Nash equilibria are now summarized, characterizing the

possible second stage Nash market shares for resorts.

The horizontal market share fibers are
Hy ={(2,0):2<T0)} ; H={(zn):z>T(n)}

HE = {(x,1): T'() <z <T(1)}.

The global horizontal market share fiber is Hp = |J; HP. The vertical market share

fibers are

VE={(T(),y): 1<y <Ii+1}.

The global vertical market share fiber is Vg = ;' V. Let yi be the straight-line
given by

k(z = T(1)

=+ —7"
() =1+ 30

The oblique market share fibers are
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The global oblique market share fiber is Op = Ul,kgn Ofk. If A <0 the beach market
share fiber Fp is
Fp=HpUVpUOs.

If A > 0 the beach market share fiber Fpg is
Fh =Hg UH UOG,.

The mountain market share fiber Fy is the set of all points (z,y) € R? with the
property that (z,n —y) € Fp. In figure 2.1 it is depicted the market share fiber for
the case where A > 0. In figure 2.2 it is depicted the market share fiber for the case

where A < 0 and there are n = 6 tourists.

Corollary 2 (Geometry of the mixed Nash equilibria). Let A < 0. There is a well
defined correspondence between the Nash strategies of the beach Nash domain and the

points on the beach market share fiber
S(QB,QM) - N(T, [E) = (ZL’, SB(QB,QM» € Fp

with the following properties:

(i) An 1 tourist strategy S(0p,0r) is Nash if, and only if, (z,Sp(0p,0n)) € HE.
(ii) An (1,1) tourist strateqy S(0p,0r) is Nash if, and only if, (x, Sp(0p,0r)) € VE.

(iii) An (1, k) tourist strategy S(0p,0x) is Nash if, and only if, (z, Ss(0p,0um)) € OF,
with k > 2.

The oblique line segment Of}, starts at the corner (T'(1), yix(T'(1))) formed by the right
end of the horizontal line segment HP and the bottom end of the vertical line segment
V;P. The oblique line segment Of%, ends at the corner (T"(14 k), y.x(T'(I+k))) formed
by the left end of the horizontal line segment H/, and the top end of the vertical line
segment V;¥;. Every oblique line segment O}, crosses the interior of the horizontal line
segments H. lﬁj and the interior of the vertical line segments Vlfj with 1 <7<k —1.
If ] <l'"and [ + k < I’ + k' then the oblique line segment Ofk and Oﬁ  do not cross
each other and Ofk is on the left hand side of Oﬁk,, ie. yl’,j (y) < y;}« (y) for every

[<y<Il+k.

Lemma 4 (Geometry of the beach market share fiber). Let A < 0. Ifl' <[ and

k' < k then the oblique line segments Oﬁk and Oﬁk, cross at the point

(@l ks UK, y(L ks U KDY € [T, T (1 + K] x 1,1 + K]
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gien by
sy - —AKR =D =) —AK —1)(1—1) :
. _ . .
a(l, kU k) & — k) + T(1) k) +7(1"
and k(1 1) M=)
Okl ) = 1y FUEEZU=R) K k=1 = )

(k' — k) (k' — k)
Before the crossing point, Oﬁk s on the right hand side of Oﬁk/, and after the crossing
point, Oﬁk s on the left hand side of Oﬁk,.

Proof. Note that if a crossing point of two oblique line segments occurs, then A # 0
and for those segments k£ > 1. The crossing point is determined by
k(z —T(1)) k(e —T(')

a —A(k —1) —A(k'—1)

=yi(z) =y wp(x) = '+
Hence,

A= DK — D)l + (K — Dk(z —T()) = —A(k — D)(K — )" + (k — D (@ — T(1)).

Thus,
(K — ke =Ak-1DFK -1 -0+ (K —1DkT() — (k—1DET).
Since,
T(l)=—-Al+ apy(n—1)
we get
(' —k)z=—-AK — DI+ Ak — )"+ (K — k)ay(n—1).
Therefore, ( A )
—AK =Dl + Ak -1
x = =) +7(0)

or, equivalently,
—AE-1)(1=1)

r= +1(1)
Hence, ( (1)) ( )
k(x —T(l k=T
wl0) =14 = =

or, equivalently,

BItk—U—FK) KOtk 1—F)

Lk U W) =1+ k
YL ) =1+ b+ —— ="
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Figure 2.1: The beach market share fiber for the case when A > 0.

22



CHAPTER 2. TOURISTS AND RESORTS GAME 23

SB
6
5
4 |
) | !
7
: " — Vg
1 OB
T0O)  T(1) T(2) T(3) T(4) T(5) L

Figure 2.2: The beach market share fiber for the case when A < 0 and there are n = 6
tourists.
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2.2 Resorts profit

In this section we analyze some consequences for resorts, arising from the existence of

multiple Nash equilibria of the second stage game for the same pair of prices.

The profit Il : S(R) — R of the beach resort is
p(0p; S(0p,00)) = 0S5(0B, 0r).

The profit I : S(R) — R of the mountain resort is

HM(933 S(GB, QM)) = QMSM(QB, QM)-

The case A < 0 is particularly relevant in this setting, since the existence of multiple
Nash equilibria in the second stage, for the same pair of prices, poses a problem as
to which should be the strategy chosen by resorts on the first stage, given a relative
price preference x. Namely we can ask: if the resorts do not know what equilibria will
occur, is it possible to know what are the resorts’ best responses and what are the
resorts strategies leading to game equilibria? Before we address this question we will
study the set of second stage equilibria N(7T', x), given a pair of prices and the free
price relative preferences xr. Recall that x = xp — 0 + 0. Throughout this section

we will assume A < 0.

By the properties of the fiber space we know that for every Nash equilibrium S €
N(T,x) there is a unique pg associated to each (I, k) strategy. Therefore we have
an order of the Nash equilibria in this set associated to their probability, pmin <
coo < pg < -+ < Prrae- The profit of resorts will depend on the market share fiber

equilibrium that will be chosen by the tourists.

By theorem 4
Sp—ps = (x = T(0))/(—A)

and so Sp — ps does not depend upon the tourists strategy but only on the relative
price preference z. Let the tourists strategy free fibers T'SF'g and T'SF'y; of resorts B
and M, respectively, be given by

(x, :‘:__—Z(O» e [T(O),T’(n)]} (2.2.1)
(:c, T(ﬁ—)A_x) e [T(O),T’(n)]} (2.2.2)
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Figure 2.3: A zooming of the fiber space for A < 0, ilustrating the multiplicity of
equilibria in the set N(7T', z*).
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Figure 2.4: The T'S F-fibers.
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Let the tourists strategy free profit (T'SF — profit) of resort B and M be

Hp(0p, 00 x) =05 - (S —ps) = 05 (m—_—ﬁ(())) (2.2.3)

T (03 6313 2) = Or - (S — (1~ ps)) = Oy (n . ””‘_—ﬂ(‘”) (2.2.4)

We observe that the T'S F-profit function does not depend upon the tourists strategy,
but only on the relative price preference x. For a given tourists strategy, with strategy
probability pg, the resorts’ profits are

p(05; S(05,00m)) = Ug(0p, O0rr; ) + Opps. (2.2.5)

Hence, the order of the equilibria associated with their strategy probability induces

the same order on the profits of the set N(7',z) given by

508,00 ) <p(pmin) < --- <Ug(ps) < -+ <Up(prar) < Up(0p,00;2) + 05
(2.2.7)

The profits I15(0p,0; ) and I1,, (05, Oar; ©) associated to the T'SF fibers give the

lower and upper bound in relation 2.2.7.

Definition 2. A TSF Nash equilibrium s the pair of prices (0p,0y) that are Nash
equilitbrium with respect to the T'S F'-profit.

Lemma 5. A TSF Nash equilibrium is characterized by

(i) the TSF best response price 0% of resort B

Op(Or; vr) = 5

(11) the TSF best response price 05, of resort M

—A(TL— 1) —|—93 +T(O) — TF

0y (0p;2r) = 5

(i1i) the TSFE Nash equilibrium prices are
zp+T(n—1)427T(0)
3
TO0)+2T(n—1)—zp
3

0y =

0y =
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Proof. Using equations 2.2.3 and 2.2.4 and x = xp — 0 + 0y, TSF-profit functions

become

Uy(0p,0u;7) = (—A) 0 (—0p + Oy + xp — T(0)) (2.2.8)
—0 0 —-T
Iy (6,: (05, 031)) = O (n —y- et (O)) S (29)
For resort B we have
Iy = (—A) (=05 + 05(0u + zr — T(0))
therefore the best response is
% t9M +xp + T(O)
0y = .
2
For resort M .
— -T
1= (no1- IOy
hence the best response is
QM —
2
Using both responses we obtain the equilibrium. O

As depicted in figure 2.5, let

m(x*) = |Sp — ps| = V__—IZ(O)J € {0,...,n};

and g(z*) = w*:—i(o) —m(z*) € [0,1]. We call m(x*) the closest threshold index and
q(z*) the threshold distance. This location parameters allow us to characterize, given
x* the set N(T, z*).

Theorem 5 (Regularity paradox). Let A < 0 and q(x*) € [0,1). Consider the Nash
equilibria N(T, z*) and the resort’s B profit restricted to these tourists Nash equilibria.
(1) If q(x*) > 1/(m(z*)+1) then the tourists Nash equilibrium that yields the highest

profit for resort B is the mized (0, m(z*) + 1) strategy;

(11) If q(z*) < 1/(m(x*)+1) then the tourists Nash equilibrium that yields the highest
profit for resort B is the pure m(z*) strategy,
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A<O

T(0)  T(m-1) T(m) T(n 1)
T’(n)

Figure 2.5: Geometric ilustration of m(z*) and ¢(z*).

(iii) If q(z*) < (n —m(x*))/(n — m(z*) + 1) then the tourists Nash equilibrium that
yields the lowest profit for resort B is the mized (m(z*) — 1,n — m(x*) 4+ 1)
strateqy;

() If g(z*) > (n —m(x*))/(n — m(z*) + 1) then the tourists Nash equilibrium that
yields the lowest profit for resort B is the pure m(z*) strategy.

Remark 2. Observe that for every x € R

1/(m(z) +1) < (n - m(x))/(n — m(x) +1).

Thus, no contradiction arises from lemma 5.

Proof. Given x*, let m = m(x*) and ¢ = ¢(z*). Recall that T'(l) = —Al+ap - (n—1),
we note that
Tim—1)—qgA=2"=T() — Ak — 1)ps

For each (I, k) strategy with k # 1 and S € N(T, 2*), using the above relation, we get

m—I1l—14¢q

2.2.1

Ps =

With ps € (0,1) and k+1 < n. Hence,l € {0,...,m—1} and k € {m—I1+1,...,n—1}.
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If k=1 then ¢ =0V g =1, and any probability ps results in equilibrium, hence the
higher profit is associated to ps = 1.

Suppose k > 1. By equation 2.2.10, the maximum profit of a Nash equilibrium S &€
N(T,z) is an (I, k) strategy that maximizes ps = (m —1—14¢q)/(k—1) < 1. The

minimum k is m — [ + 1. Therefore,

m—l—l+q}

I* =
argmax{m_l_'_l_l

Hence I* =0 and &* =m + 1.

Using a similar argument, the equilibrium with smallest profit is given by

o (m—1-1+¢q
[=argming —— 5.
n—101-—1
Hencel=m—1,k=n—m+ 1.

Thus we have found the strict mixed equilibrium yielding the highest and lowest profits.
Now we need to compare them with the profits associated to the pure equilibrium in
N(T,z*), when l=mand k=0orl=m —1, k=1 and pg = 1.

Recall that S = [ + kpg, hence we have that the strict mixed equilibrium for the
(0, m + 1) strategy still yields the highest profit when

(m+ 1)ps > m
Using equation (2.2.10) for pg, we get the following condition
g>1/(m+1)

The strict mixed equilibrium for the (m — 1,n —m + 1) strategy still yields the lowest
profit when
m—1+(Mn—m+1)ps<m

Using again equation (2.2.10), we get the following condition
g<(n—-m)/(n—m+1)

Which concludes the proof. O]
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2.3 Resorts Nash prices

A resort-tourist strategy ((0',6%,); S(0p,0xr)) is (i) a price strategy 0% > 0 for the
beach resort and a price strategy 6}, > 0 for the mountain resort, and (ii) a strategy
S(0p,0xr) € S(T) for the tourists for all admissible resorts’ prices. Let S(R) be the
set of all resort-tourist strategies. The profit IIg : S(R) — R of the beach resort is

Hp(05; S(0p,0h)) = 05S5(0p, Oi)-
The profit 115, : S(R) — R of the mountain resort is

s (0 S (05, 0ar)) = O S (05, 0

The beach resort best response price 05 to the price ), of the mountain resort is

05 (0r) = argn;gx{HB(QB; S(0p,0M))}- (2.3.1)
The mountain resort best response price 03, to the price fp of the beach resort is

03,(0p) = arg n;]\a;X{HM(HB; S(0p,0M))} (2.3.2)
A resort-tourist strategy ((6%,03,); S(05,0n)) is a Nash resort-tourist equilibrium if

S(0%,03) € N(T, z")
and
Op(0y) =0p  and  03,(0p) =0}y,
where 2% = 03 — 03, + xp and zp is the free price relative preference. Let
N(R —T;zr)

be the set of all Nash resort-tourist equilibria.

If S(0%,63,) € N(T;x) then ((65,03,),S(0%,0%,)) is an equilibrium price path strategy.
The deviation from the equilibrium price path of resort B is a strategy S(0p,03,) for
every g € [0, +00) \ {0%}. Let I5(0%) = (—oo,z* + 0%] \ {z*}. The deviation of the

price relative preference with respect to resort B is
B :92—934-33*, (233)

for xp € Ip(0}). We note that if xp > 2* + 5, the price 65 < 0 is not admissible as

a strategy for the resort B. The deviation from the equilibrium path of resort M is a
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strategy S(0%, 0 ) for every 6y, € [0,+00)\ {03, }. Let Iy (0%) = [x*—63,, +00) \ {z*}.
The deviation of the price relative preference with respect to resort M is

xMzﬁM—H}kw—l—x*

for xpr € In(03,). We note that if xp, < 2* — 6%, the price 6y, < 0 is not admissible

as a strategy for the resort M.

Let Ip = {(zp;05,0%,) : xp € I5(03),05 > 0,03, > 0}, the isoprofit market share of
the beach resort hg : Ip — R is given by

_ 055805, 04)

= > 0.
9*B+$*—$B -

hp(xp; 05, 0y)

We observe that hg(z*;0%5,0%,) = Sp(05,0%,). Furthermore,

* * * SB(Q*,Q* ) * " % QSB(Q*,Q* )
Wy(x™; 05, 03) = —;; M) 5 ), and (2" 0%, 0%,) = W > 0.
(2.3.4)
Let Iny = {(xpr;05,0%,) - xp € In(03),05 > 0,03, > 0}, the isoprofit market share

of the mountain resort hyy = Iy — Ry is given by

_ 0 Su(05,0%)

= > 0.
QT\/I—F.??M—.T* -

hat(war; 05, 03)

We observe that hy(z*; 6%, 0%,) = S (05, 05,). Furthermore,

. e s Su(0%, 05 v e s 250 (0%, 03
by (2% 605, 60%,) = —% and Ry (% 0%, 05,) = W. (2.3.5)
Theorem 6 (Geometric resort best response). The price 05 of the resort B is the best

response to the price 0%, of the resort M if, and only if, for every xp € I5(05),
SB(ZE* — B+ 0*37 07\4) S hB(fL‘B; 0*37 0;/1)

The price 03, of the resort M is the best response to the price 0% of the resort B if,
and only if, for every xp € In(03),

Hence, the price 0} of the resort B is the best response to the price 83}, of the resort
M i, and only if, the graph of Sp is below the graph of hp. Similarly, the price 03,
of the resort M is the best response to the price 03 of the resort B if, and only if, the
graph of Sy, is below the graph of hy,.
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Proof. The price 0} of the resort B is the best response to the price 83, of the resort
M if, and only if,

This is equivalent to

St o) < 52U bia)
B

By equality (2.3.3), zp + 05 = 05 + 2*. Hence 2.3.7 is equivalent to

_ 05S5(03,05)

Sel0e00) < 4 s
B

= hp(zp; 5, 0))

The proof of inequality (2.3.6) follows similarly. O

2.3.1 Nash equilibria

Given an equilibrium price path (0%, 0%,, S(0%,0%,)), an out of equilibrium price tourist

N strategy S*(0p,0)) is a tourist strategy with the following properties:

(1) S*(0p, 03r) = S0, 04));
(ii) for every zp € Ig(0%3),

Sh(x* —xp +05,04) < hg(zp; 05, 04);
(iii) for every xp € In(63)),

Let O(0%,0%,5(0%,0%,); xr) be the set of all out of equilibrium price tourist N
strategies. Let S*(0p,0)r) be the following strategy:

(i) S*(0%,03) = S(05,04);

(ii) for every zp € Ig(03), Sy(a* —xp + 05,0%,) = 0;
(iii) for every zpr € Ine(63)), Sif(05, xp — 2* + 03,) = n.
Hence S*(0p,0,) € O(0%,65,,5(0%,0%,); vr), and so

OO, 00, S(0, 00 ); wr) 7 0.

Using Theorem 6, we obtain the following remark.
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Remark 3 (Geometric resort Nash equilibria N(R—T,zp)). A resort-tourist strategy
(05,04, 50p,00)) € N(R—T,xp) if, and only if,

1. (05,03, 5(605%,0%,)) is an equilibrium price path; and

Furthermore,

A resort-tourist deviation impartial strategy ((0%5,04,); ST(0p,0r)) € S(R) is a resort-
tourist strategy with the property that

S*t(0p,0r) = S0 — Ou).
Let ST(R) C S(R) be the set of all resort-tourist deviation impartial strategies. Let
NT(R—T;zr)=ST(R)NN(R —T;zF).

A N7 equilibrium price path (6%, 0%, S(0% — 03%,)) is an equilibrium price with the
property that

0% 0%, 0% + 0%, o
Furthermore,
Lp(05 —03) _ (05— 03) _ n
(075)? (031)° 0% + O

The auxiliar isoprofit market share of the mountain resort h,, : Iny — R is given by

x 9 x n(xy — %) + 03, Sp(0%, 03
hy(xar; 0%, 05%) =n — hy(xar 05, 03) = (1 5 l_ M_Bi B M)‘
M ZL’M xr

We observe that h,,(z*;6%5,0%,) = Sp(05,03,). Furthermore,

_25u(05,03)

03)*
(2.3.9)

by (%5 0, 6) = >0 and Dy (2" 05, 0y) =

We note that equality (2.3.8) is equivalent to

Given an equilibrium price path (0%,0%,,S(0% — 03,)), an out of equilibrium price

tourist N strategy S* is a tourist strategy with the following properties:
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0)
S*(0p — Or) = S(0p — O);
(ii) for every zp € K = Ip(03) NIy (63,),

hy(zp;05,03) < Sp(a™ —axp+ 05 — 0y) < hg(xp; 05,05);

(iii) for every zp € In(03,) \ K,

hy(war; 05, 04) < Sp(0p, o — 2" + 6)y).

(iv) for every xp € Ip(05) \ K,
Sp(r” —wp + 05 — O) < hp(vs; 05, 0y);

Let O (0%, 0%, S(0% — 03,); xr) be the set of all out of equilibrium price tourist Nash
N strategies
Theorem 7 (Geometric resort Nash equilibria N¥(R — T;xr)). A resort-tourist
strategy (0%, 0%, S(0p,00)) € NY(R — T;xr) if, and only if,

1. (0%,0%,,8(0%,0%,)) is an N equilibrium price path; and

2. S € O (03,03, (03,03, wr).

Furthermore,

0+<9*B79}k\47 5(9*370;4)71'15’> 7£ (Z)

Proof. By theorem 6, if (0%, 0%,,S(05,0,)) € NT(R—T;zr) then for every zp € K =
Ip(0%) N Iy (0%)), we have

hy(wp; 0%, 04) < Sp(a” —xp+ 05 — 0y) < hp(wp; 05, 03). (2.3.10)
We note that
hoy (27505, 03) = hp(2™; 0%, 03) = Sp(0p — 03y)-
If
By (2™ 0, 03,) # Wp(a™; 0%, 03)
then
hy(zp; 05, 0y) > hp(zs; 05, 0y)
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either for zp < z* or for xp > 2*. Hence, there is no strategy Sg(z* — x5 + 05 — 0%,)
satisfying (2.3.10). Therefore,

W (2™ 0, 03y) = Iy (27 65, 63)
is a necessary condition. Hence,
Sp(05 — 030)(05) ™" = Su (05 — 03,)(03) "
Therefore, 03,5505 — 03) = 05(n — Sp(05 — 03,)). Thus,

* * On
B M

Hence, (0%, 0%, S(0%,0%,)) is an NT equilibrium price path. Since k', (z*; 0%, 0%,) < 0
and A5 (z*;05,05,) = Sp(05 — 63,) > 0, we obtain

O+(Q*B70L7 S(Q*B7ej\/l>a$F) 7é @

Therefore, this theorem follows from theorem 6. O]

In figure 2.6 is depicted a geometric ilustration of theorem 7.
Fix S§ € [, + k|. Assume that

k(0 — Oy +xr —T(1))

Let S}, =n— S§.
Lemma 6. If (0%,0%,,5(0%,0%,)) is an N equilibrium price path then
0 = Sy (S~ and 0 = Sy(Sh) "
Furthermore,
rp=—Ak —1)ps — 05+ 03, + T(1).
1. If S3; < NJ2 then xp < —A(k — 1)ps + T'(1).
2. If S3; > NJ2 then xp > —A(k — )ps + T'(1).

Proof. Since S§ = 05n(05+0%,)71, we get 0% = S50%,(S3,) " and 0%, = S%,05(S%) L.

By theorem 4,
k(0 — by +xr — T(1))
—A(k—1)

Sy =1+
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Figure 2.6: Geometric ilustration of theorem 7

37
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Therefore,
vp=—Ak—1)(Sy - Dkt =05+ 05, +T(1). (2.3.11)
Puting together (2.3.11) and 6}, = S;,05(S5) 7",
(1= 83 (Sp) 05 =—A(k = 1)(Sg — Dk~ + T(l) — zp.

If S3; < N/2 then zp < —A(k — 1)(Sy — Dk~' +T(l). If S}, > N/2 then xp >
—A(k—=1)(SE =Dkt +T(). O
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Figure 2.7: The competitive equilibrium when A > 0.

2.3.2 Subgame-perfect Nash equilibria

39

A subgame-perfect Nash resort-tourist equilibrium ((0%, 0%,); S(0p,0xr)) is a Nash resort-

tourist equilibrium with the property that S(0p,0)) € N(T') for every resort price

strategy (0, 0a). Let PN(R; zr) be the set of all subgame-perfect Nash resort-tourist

equilibria.

Throughout we will prove the following results:

Lemma 7. Let A > 0. A subgame-perfect equilibrium for tourists impartial strategies

15 either a monopoly or a competitive equilibrium where resorts have zero profits.

Theorem 8. Let A < 0. A subgame-perfect equilibrium for tourists impartial strategies

18

(1) a monopoly if xr ¢ [T(0)+ A(n—1),T(n) — A(n — 1)];
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(it) a competitive equilibrium if vp € [T'(0) + A(n —1),T(n) — A(n — 1)].

Furthermore we will characterize preferences and prices for each equilibria.

Let A < 0. The deviation from the equilibrium path of resort B is a strategy S(6g,03,)
for every 0 € [0,2* + 65 —T(0)) \ {05} Let

A/ nx * % *
Jp(03) = [T(0), 2" + 0F] \ {z"}.
The deviation tourists price relative preference with respect of resort B is
rp = 9*3 — HB + z*

for x5 € J5(0%). We note that if x5 < T(0), there is only one Nash equilibrium

strategy S and Sg = 0, so there are no tourists choosing resort B at a Nash equilibrium.

Similarly, if A > 0, we define

J5(05) = [T(n), " + 03] \ {z"}.

We note that if x5 < T'(n), there is only one Nash equilibrium strategy S and Sp = 0,

so there are no tourists choosing resort B at a Nash equilibrium.

Let A < 0. The deviation from the equilibrium path of resort M is a strategy S (6%, 0ar)
for every 0y € [0,7"(n) + 63, —2*) \ {03} Let

Tir(0) = [o* = 03, T'(n)] \ {"},
The deviation from the equilibrium path of resort M tourists relative preference is

for zp; € Jik(03,). We note that if xy; > T"(n) there is only one Nash equilibrium
strategy S and Sy = 0, so there are no tourists choosing resort M at a Nash

equilibrium.

Similarly, if A > 0, we define

Tai(0p) = [o" = 03, T'(0)] \ {6}, }-

We note that if zg > T"(0), there is only one Nash equilibrium strategy S and Sg = 0,

so there are no tourists choosing resort B at a Nash equilibrium.
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An out of equilibrium price PN tourist strategy S* is a tourist strategy with the
following properties: (i) for every xp € J5(0%), S(0%,0%,) is a Nash equilibrium and

Fi 0 ({zs} x [0, hp(xp: 05, 03,)]) # 0;
(ii) for every zas € Jih(0%), S(0%,0%,) is a Nash equilibrium and

Fir 0 ({zar} < [0, has(war; 05, 03,)]) # 0.
Let
be the set of all out of equilibrium price tourist PN strategies.

Theorems 6 and 2 imply the following result.
Remark 4 (Geometric resort subgame-perfect Nash equilibria PN(R — T 2r)). A
resort-tourist strategy (0%, 0%, 5(0p,0r)) € PN(R — T;xp) if, and only if,

1. (0%,63,,5(0%,0%,)) is a equilibrium price path; and

2. S € OP(0%, 0%, S(0%,0%,): vr).

A PCN equilibrium price path (0%, 63, 5(6%,03,)) is an equilibrium price with the
following property: There are I’ < [ and k' < k such that Sg(0%,63,) = yik(z) =
et k S5(6,0 K

A1) = B<§Z i < —A(k — 1)

and /
E_Sullp0i) - K
—Ak—-1) — 0%, - A —-1)
One of the fibers has to be obliquous but the other one can be horizontal (k=0). We

note that the market share fibers Oﬁk and Oﬁk, can be the same.

An out of equilibrium price PCN tourist strategy S* is a continuous out of equilibrium
price PN tourist strategy. Let OPC(60%,03,,S(0%,603,); xr) be the set of all out of
equilibrium price tourist PCN strategies. If A > 0 then there is only one obliquous
fiber OF, and OPC(0, 63, S(05,605);xr) =0
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Theorem 9 (Geometric resort subgame-perfect Nash equilibria PCN(R — T xp)).
Let A < 0. A resort-tourist strategy (65,05, 5(05,00)) € PCN(R — T;xp) if, and
only if,

1. (05,03, 5(60%,0%,)) is a PCN equilibrium price path; and

2. Se€ OPC(03,03,50%,0%);xF).

Furthermore,

Proof. 1f a resort-tourist strategy (0%, 64, S(0p,0r)) € PCN(R —T'; xF) the tourists
strategy has to belong to the market share fiber Fpg, i.e.

Fe N ({zp} x [0, hp(xs; 05, 03)]) 7 0.

We note that

k Sp(0%, 03 K
“AG—1) = (9?; i < —A( —1)

is equivalent to

R e < —

Ak —1) © BYBTBUM) = A Z )
Hence, the Nash tourists strategies in the fiber Oﬁ w With higher slope, for x5 < 273,
and the Nash tourists strategies in the fiber Ofk with smaller slope, for xp > 27} give
lower profit to resort B than S(07%, 6%,). Similarly, the Nash tourists strategies in the
fiber Ofk, for xpr < 7}, and the Nash tourists strategies in the fiber (’)ﬁk,, for xpr > 23,
give lower profit to resort M than S(03%, 63,). Hence, OPC(0%,03,, S(0%,0%,); xr) # 0.

The other equivalences follow from Theorem 6. n
et Ik — Kl
E=—"—"71.
k— K
Remark 5. If (0%, 03%,,S(0%,63,)) is a PCN equilibrium price path and (I, k) # (I', k")
then k(I — 1) (=)
0%, 05) =1 L=
S( B> M) +(l€,—]{?) + (k/_k)

occurs for the crossing point of the tourists relative preference x* = x(l,k;l', k') €
T(1), T'(L + k)] given by
—Ak-1)(1-=1)

¥ = =k -T() =

AR — D)1= 1)
(K" — k)

— T
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—AK —DE _ . _ —A(k-1E
1% - B = k
—AK -V -F) _,. _ —Alk=1)(n—E)
k! - M= k

Since 03, — 05 = xp — x*, the above remark gives a lower and upper bound for xp
—AK —1)n  —AE(k+K) ., —Alk—1)n —AEk+K)
T T R T
Furthermore, if (I, k) = (I’ k') then

Let
PN (R;zr) = ST(R) NPN(R; zr)

be the set of all resort-tourist deviation impartial strategies that are subgame-perfect

Nash equilibria.

A PN™ equilibrium price path (6%, 0%, S(05 — 0%;)) is an equilibrium price with the
following property for some [ > 0 and k > 1: Sg(65,0%) = yir(x®),

Sp(0p,0%) _ Sup.0y) _ n
0% 0% 0+ 605, —Ak-1)
Furthermore,
[p(05 — 603)) _ Iy (05 — 63)) _ n _ k
(05)? (03)? O +0y  —Alk-1)

An out of equilibrium price tourist PN strategy S* is Nash equilibria tourist strategy

with the following properties:
(i) 5*(0 — 0y) = S(05 — Oh);
(ii) for every zp € K; = J5(0%) N Jik(0%)),
hy(wp;05,04) < Sp(a” — ap + 05 — 04y) < hp(wp; 05, 04);
(iii) for every zy € Jiy(0%,) \ K1,

ﬁM(mM; 9*379*M) S SB(Q*B,JYM — .73* + 97\4)
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(iv) for every xp € J5(0%) \ K1,

Sp(x* —xp + 0 — 0y) < hp(p; 0%, 03);

Let OP™ (0%, 0%, S(0% —0%,); ) be the set of all out of equilibrium price tourist Nash
PN strategies.

Theorem 10 (Geometric resort subgame-perfect Nash equilibria PN*(R — T; z)).
A resort-tourist strategy (05,04, 5(0p,0r)) € PNT(R—T;xzp) if, and only if,

1. (0%,0%,,5(0%,0%,)) is a PN equilibrium price path; and

2. S € OPT (05,05, 505,05, x5).

Furthermore,

OP" (05,03, (05, 03,): vr) # 0.

Proof. Similarly to theorem 7, O% (0%, 0%,, S(0%, 0%,); xr) # 0 if, and only if|

Wy (x"; 0, 05) = iy (2705, 03)

Furthermore,
k
/ * . )k * —_—
Hence,
Sp(05,03) _ Sup.0i) _  n _ k (2.3.12)
o %, O+ 0y —Alk—1) ;

An example of an out of equilibrium price tourist strategy consists in the following
strategy: for x — z* > 0 follow the segment lines of the fiber at each crossing whose
derivative of h increases but the less possible; for z* — x > 0 follow the segment lines

of the fiber at each crossing whose derivative of h decreases but the less possible. [

Let o1 = (05,03, 505 — 03;)) be a PN™ equilibrium price path. Let the oy out of
equilibrium price tourist Nash PN™ strategy be given by

(i) S(0p = 0) =n;
(ii) if z < 2* then S*(05 — Oy) = n;

(iii) if x > x* then S*(0p — 0%;) < hp(xp; 0%, 603,).
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Let 0o = (05,03, S(0% — 03;)) be a PN™ equilibrium price path. Let the oy out of
equilibrium price tourist Nash PN™ strategy be given by

(i) S(05 —03) = n;

(ii) if © < 2* then S(0% — 6p) = 0;

(iii) if > a* then S(0p — 03;) > hy(xp; 0%, 05,).
Let a3(s*) = (05,04, S(0% — 0%,)) be a PNT equilibrium price path. Let the o3(s*)
out of equilibrium price tourist Nash PN strategy be given by

(i) S(05 —03) = 57

(ii) if zp < 2* then S(0% — 0yr) = 0;

(iii) if zp > x* then S(0p — 63,) = n.

Remark 6. Let A > 0. We have

(i) o1 is a monopoly for resort B if 0p = xp — x* and 6y = 0;
(i1) o9 is a monopoly for resort M if 0y = x* — xp and O = 0;

(111) for every s* € [0,n], o3(s*) is a competive equilibrium where 05 = 03, = 0.

Furthermore,

OP*(05,0%;,S(05,0%,); xr) = {01, 09,03(s*) : s* € [0,n]}.

Remark 7. Let A < 0 and let Spure = (05, 63,, S(0—0n)) be a tourist-resort strategy
such that the out of equilibrium price tourist Nash PN strategies S(6p — 0y;) consist

in pure strategies that are Nash equilibria.
(i) Let xp <T(0)+A(n—1). If 03, = T(0) —xp and 0 = 0, then the resort-tourist
strateqy Spure 1S @ PN' Nash equilibrium.

(11) Let T(0)+ A(n—1) < xp <T(n) — A(n—1). The resort-tourist strategies Spyre
are not PN Nash equilibria.
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(i) Letxp > T(n)—A(n—1). If 63, =0 and 0% = xp —T(n), then the resort-tourist
strateqy Spure 1S @ PN*' Nash equilibrium.
Let c(l,k) =T(0) + A(n — k=Y (1 + 1)).

Theorem 11. Let A <0 and k > 1. If a resort-tourist strategy (0%, 0%, S(0p,0n)) €
PNY (R —T;xp) then

c(l,k) <wxp <c(l, k) —3An(k — 1)k™!

Furthermore,

(i)
o — —Ak=1)(n+1) +k(zp —T())
B 3k ;

(ii)
o _ —A(k—1)2n = 1) + k(T(l) — xp)
M 3k ’

(111)

-T
(0. 5) = LR 2T,

3
Proof. Since
_ . ke =T0)
Sp =1+ A= 1)
Using equation (2.3.12) we get
—A(k =)l + k(0 — 03 + (vp —T(1))) k g
—A(k—1) T —Ak-1) ®
Therefore,
. —Ak-Dl+k(xzp—T)+63)
U = 2%k
On the other hand, again by (2.3.12),
—Ak—1
0+ 05, = %
Hence, 03 and 03, are as presented above. Since
SB<QB>6M) - —A(/{Z —_ 1)

we get Sp(0%,6%,) as presented above.

The restricions 07 > 0 and 03, > 0 lead to

c(l,k) <xp <c(l, k) —3An(k — 1)k™!
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