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Abstract

Network hierarchies in the Internet are often not fixed: two providers can be
simultaneously input supplier and retailer, in a routing process, while being
horizontally competing in another. We introduce a stylised network model capturing
these aspects of the Internet to study the impact of differentiation introduced by
wireless access on prices and profits. We then study the incentives for, and welfare
impact of, a merger between the wireless provider and a local bottleneck fixed access
one. These effects crucially depend on the degree of differentiation between the
wireless and fixed Internet access modalities. Pricing, at each router, follows the
motor-way toll metaphor.
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1 Introduction

By typing the key words: Internet, Wireless, Access a popular search engine
returned 1,400,000 web pages containing these three terms; by refining the search
adding the word FEconomics the number fell to the still astonishing 51,500.
Together with the typical phenomenon of information overload, these numbers
still indicate the relevance of wireless access to the Internet. By moving to Econlit
we found no entries for Internet wireless access, 16 for Internet access, and 1017
for Internet. There is a clear discrepancy between the evolution of the Industry
and the amount of research devoted to it in economics. The relevance of the
wireless market is also attested to by the International Telecommunications Union
forecast that in the year 2003 the world number of mobile users will overtake
the number of fixed lines and by the initial diffusion of mobile standards for
accessing the Internet such as the WAP (Wireless Application Protocol) and in
the near future 3G mobile phones. The main characteristic of these new wireless
standards is the increased differentiation they introduce in providing access to
the Internet, because of the new set of wireless devices, their portability and
operability. Also the introduction of wireless is based on volume pricing, as for
the i-mode service introduced by NTT DoCoMo in Japan. All these issues are
of particular relevance for the future of the 3G mobile standards.

*DAE, Austin Robinson Building, Sidgwick Avenue, Cambridge, CB3 9DE.
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This paper analyses, within a stylized model, the possible economic impact
of wireless access on the Internet structure focussing on its price and ownership
structure.

We focus on a stylized network topology to capture the competition between
fixed and wireless access to the Internet in the presence of local fixed bottlenecks.
The main questions we ask are: how will the increased differentiation introduced
by wireless access affect the prices of the local bottleneck? Will retail and access
prices increase or decrease due to increased differentiation? and finally what will
the incentives and consequences be of a merger between the wireless provider and
the fixed bottleneck?

We find that the answers to this questions depend on the trade off between
consumers’ preferences for variety in network access and the transaction costs
due to multiple connections.

In particular we analyse a merger in one of the retail markets and, given the
network topology introduced, this merger is horizontal for one of the markets but
vertical for the other, it has therefore original effects typical of the connection-less
structure of an I.P. (Internet Protocol) network such as the Internet. We find
that for low differentiation the merger implies a closure of the wireless activity in
the market where the merger is horizontal, maintaining however a reduced but
still positive demand for wireless access in the other market, where the merger
is vertical. For an even lower level of product differentiation there will be no
incentive to merge. Low differentiation implies therefore drastic differences of
the merger along the different dimensions of the network architecture. Finally
with higher differentiation we will still observe different effects of the merger along
its dimensions.

Preferences for variety, driving the results of the model, are likely to be af-
fected by the appearance of new access standards in terms of extended portabil-
ity as with the WAP or UMTS (Universal Mobile Telecommunications Systems)
protocols. Extending the compatibility between access to an I.P. network and
existing devices such as mobile phones, television sets or even wrist watches will
indeed offer more variety and an increased willingness to combine sources of ac-
cess.

After a stylized description of the linkages between Internet users and a brief
review of some related literature, the remainder of the paper is organized as
follows: in section 2 we describe the model: consumer utility, demand for sending
rates and the effects of product differentiation on equilibrium prices and profits.
Section 3 contains the main results of the paper, in it we analyse the effects of
the merger on prices, profits and market structure. Finally section 4 contains the
conclusions of the paper. All the proofs are contained in the Appendix.



1.1 Related literature

The literature on Internet pricing has mainly focussed on congestion pricing?.
One of the debated issues is whether prices should be charged only at the retail
level? or if information packets should be priced at each hop along their path,
following a motor-way toll metaphor. We adopt this last pricing structure to
emphasize the non-fixed vertical relations between providers. Users will then pay
a linear price for their sending rates.?

Strategic pricing problems in network industries have been analysed in de-
tail in the economic literature* mostly for traditional telephony networks where
telephone companies originate and terminate calls to each other. These two-way
networks models, see for example Armstrong [1] and Laffont, Rey and Tirole [11],
are appropriate for telephone exchanges which take place along dedicated con-
nections. In our paper we focus on a different network architecture aimed at
capturing the connection-less features of [.P. networks. Instead of having two
networks, each controlling an essential facility for the other (the access to its
customers) we consider the case when the owner of the essential facility also
competes against its downstream retailers for the routing of through-traffic.

2 The Model

Consider a network routing two different traffic flows: one connecting two loca-
tions, B; and B, and the other connecting A; to As. Each route linking the
two locations passes through two local switches, (the four small boxes, in Figure
1), one at each end of the link. We assume that both B; and A; have a liber-
alized retail market for Internet access. Each market has two independent and
competitive providers: in B; the competition is between ISP one which provides
wireless access and ISP three which provides fixed access while in A; the wireless
operator, ISP one, competes against the fixed operator: ISP two. Finally the des-
tination locations have a different market structure: By, has a single monopolistic
local provider, ISP two, while in Ay ISP three terminates the information flows
originated from A; by the mobile operator ISP one, while ISP two terminates the
flows originated from A; by its retail router. The larger dotted boxes in Figure
1 show the ownership structure of the switches.

IFor a collection of material on Internet congestion pricing see, for example, Richard
Gibbens’ web page [8] and for a seminal economic paper see MacKie-Mason and Varian [12].

2Schenker, Clark, Estrin and Herzog, [13] suggested using Edge Pricing, where the entire
computation of the charges for the user is done at the access point so that an ISP charges the
users of its network and then makes a sequence of bilateral agreements with adjacent providers.

3These could be downloads rates, from web hosting sites. This interpretation also explains
better why traffic flows are one-way and not two-way ones.

4For an overview on the theory of access pricing and welfare considerations see Laffont and
Tirole [10], Armstrong [2] and Estache and Valletti [7]
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When users located in B; want to send information to Bs they can choose
any combination of traffic between the wireless operator, ISP one, and the fixed
operator, ISP three, this is a typical example of multi-homing. The total sending
rate from location B; to location B is given by

¥ =1y + a7 (1)

where ¥ is the packet rate going through ISP one, with wireless access, and x¥
is the packet rate going through ISP three, the fixed access.

Similarly when users located in A; want to send information to A they can
choose any combination of traffic between the wireless operator, again ISP one,
and the fixed operator, now, ISP two. The total sending rate from location A;
to location A, is given by

vt =ai +ay (2)

We also assume that due to technological or regulatory reasons, no ISP is
able to price discriminate between packets originating either in A; or in B; and
therefore just charge one packet price whenever information is transmitted across
its routers.

2.1 Demand for sending rates

The preferences of consumers located in B; over the composition of their sending
rates through the mobile and the fixed operators are described by a quasi-linear
utility function:

Uy = la (21 + 23) — (% (a3 + x§)> sy (xla:g)} +m. (3)
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and similarly for A; :

Uy = [a (w1 + x9) — (% (23 +x§)) — ”y(xlazg)} +m. (4)

The first term of the nonlinear part of equation (3), a (z; + x3), expresses
the utility for the total sending rate weighted by the parameter « representing
the size of the market. The second term, —1 (2% + 23) , describes the consumers
willingness to mix between different sources of access: fixed and wireless. This
has an immediate interpretation: suppose we can access the network via a fixed
connection or via a UMTS wireless connection; this variety of access modes al-
lows the use of the most convenient connection at each moment. The third term
of the utility function (3),—~ (z123), accounts for the dis-utility derived from
having two different providers. This dis-utility from variety expresses the op-
portunity costs for the time spent reading different contracts and bills, paying
them separately, accessing two different support numbers for any query, learning
different aspects of the connection and so on.

The parameter v, weighting the relevance of these two terms of the utility
function, describes the trade off between the desire for variety and the effort to
minimize transaction and opportunity costs due to multi-homing. The more the
services provided via wireless access differ from the fixed ones, the lower v will
be®. When v tends to one there is no preference for variety: the transaction
costs associated with having two different providers exactly offset the benefits
derived from variety. Finally m, the linear part of (3) represents a composite,
non Internet related, commodity.

Solving the consumer’s problem given the utility function (3) we derive the
market demands at location B; for sending rates through the wireless provider,
ISP one, and through the fixed provider, ISP, three respectively:

B o 1

Y
= — 5
w1 1_72(p1+p2)+1_72(p3+p2) (5)
B2 L i)~ () (6)
I4+v 1—12 1 —~2

where: (p; + po) is the retail price for sending rates through the wire-
less ISP one, and (ps + p2) the retail price of the fixed ISP three.

Similarly for the traffic originating at location A; we have:

5In the following we assume that v is always positive but less than one; this implies that the
second term of the utility function, inducing a preference for variety is stronger than the third
term, the costs of having two different providers.
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— — 2 7
T T+~ 1_72(p1+p3)+1_72(p2) (7)
A o Y

= - 2 8
T T+~ 1_72(p2)+1_72(p1+p3) (8)

These demand functions provide another interpretation for the parameter ~.
Let a = (1%), b= %717.2, and ¢ = £7—2 , the.para.meter b ljepresents the own price
effect, or how a variation of a firm’s own price will affect its market demand, and
the term ¢, the cross price effect, expresses the effect on a firm’s demand from a

variation in its competitor’s price. Hence the parameter v, equal to the ratio of

& . .. ..
these two effects, v = —, translates into an indicator of the degree of competition

in the retail sector. When ~ equals zero, there is no competition effect and each
provider has a safe market niche; when v tends to one the industry becomes
perfectly competitive.

In the following we assume that the variable costs of routing a rate x; is zero
at each network note, and that the fixed cost is zero, or sunk.

We assume that each provider sets its prices, simultaneously and without
possibility to discriminate.

2.1.1 Equilibrium prices and profits

In the following proposition we study the effects of product differentiation on
the equilibrium prices, wireless and fixed, market shares and profits for the model
introduced above.

Proposition 1

a) The wireless price charged by ISP one, py, and the price charged by the
fixed ISP three, ps, are equal and both increasing in differentiation; the price
charged by the fixed bottleneck, ISP two, ps, is always lower than the other two
prices and is also increasing in differentiation.

b) In the retail market in Ay, where the wireless provider competes against a
vertically integrated fixed provider, the wireless market share:

i 1 Y2+ 2y+9

s ©)

ot +xt 242 -2y —11

1s smaller than the fized one and is decreasing in product differentiation
c¢) Providers’ profits are decreasing in vy and they tend to zero as v — 1.
Proof
See Appendix
Discussion



Although we introduce this case mainly for comparison purposes, proposition
one is of interest on its own. The motor-way pricing structure used,(where a price
is attached to each router traversed and the total price paid is given by the sum
of these prices) removes some aspects of the vertical relations between routers:
there is indeed no access price paid by the providers. However it is interest-
ing to notice that in market A, where the competition is between the vertically
integrated ISP two and the non vertically integrated wireless ISP one, we ob-
serve asymmetric market shares. Moreover given the decreasing relation between
wireless market share and product differentiation we find a complementarity be-
tween market power, due to vertical integration, and consumers’ preferences for
variety. Vertical integration matters the most when there is high differentiation,
with lower differentiation the advantage of the vertically integrated competitor
vanishes in the limit.

3 Merger

In this section we consider the incentives and the consequences of a merger be-
tween the fixed ISP two and the wireless ISP one. We focus on the effects of this
merger on equilibrium prices, profits and market structure. Again these effects
will depend on the degree of differentiation in the industry introduced by the
wireless access.

3.1 New Market structure

Assume that the wireless ISP one and the fixed bottleneck ISP two have merged.
As a consequence in market A; the same ISP will set both the wireless price, p;,
and the fixed one, p,. This merger is, at the same time, an horizontal merger for
market A;, where the retail market is now controlled by one ISP and a vertical
merger for the retail market in B;. With respect to the traffic originated in B;
the wireless provider, ISP one, is now vertically integrated with the upstream
provider, ISP two, see figure below.
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These combined effects of the merger on the network topology imply that the
merger is neither horizontal nor vertical but has effects on both these dimensions
whose interaction is analysed below.

In the next proposition we study the effects of the merger on the industry
structure. These will be more relevant for the market where the merger is vertical,
By, indeed with low differentiation, the merger will imply the closure of the retail
market for the wireless provider in Bj.

Proposition 2

a) There is a critical value of the differentiation parameter: ~ such that:

if
v 2 0.965
then
P =0

b)

75034 —ps>p >

034 Sy < 0.55 — pr > ps > po
and finally

v 2 0.55 — p1 > py > p3

Proof
See Appendix.
Discussion



This proposition deals with the effects of the merger on the prices. The most
interesting thing is the presence of a threshold value for +. For very low differen-
tiation levels, for v above ~ 0.965 the wireless price is such that demand on the B
market equals zero, the same price is however low enough to maintain positive
wireless demand on the A market. This means that the strongest qualitative
implication of the merger concerns the market where the merger is vertical and
where there is still horizontal competition. Moreover part b of the proposition
shows that with high differentiation wireless access price (p;) is cheaper than
fixed access in the B market (ps3), but more expensive than the fixed access in the
A market (py). With lower differentiation wireless access becomes more expensive
than fixed access in both markets.

The next proposition focuses on the effects of the merger on the wireless
market shares, and on prices in comparison with the pre-merger case.
Proposition 3
a) The wireless market shares for the B market, is increased by the merger:
uf
v <0.34

b) The wireless market share in the A market decreases iff

0.34 <7 <0.65

Furthermore the merger will imply:
c¢) a reduction the retail price of the wireless provider, ISP one, py, for

v < 0.33

d)a reduction of the price of the fized provider ISP two, ps, again for for
v <0.33

and
e) a reduction of the price of the fized provider ISP three, ps, only if

0.33 < v <0.59

Proof

See the Appendix.

Discussion

This proposition shows again the interaction between differentiation and merger
effects. In fact for a highly differentiated industry the merger implies a higher
wireless market share than in the pre-merger case(even thought with low dif-
ferentiation its market shares equals zero!). The effects of differentiation on the

9



market where the merger is horizontal is nonlinear. Indeed both a low and a high,
but not an intermediate, differentiation levels imply an increase of the wireless
market share in this market. Finally the merger has a positive effect in reducing
all prices if there is high differentiation while it will only reduce the price of the
excluded ISP and raising the others if there is low differentiation.

The graph below shows the difference between post-merger and pre-merger
prices : the solid line for the wireless ISP one, while the dashed line and the
dotted one show the same difference for ISP two and three respectively.

Fig. 3Post-merger Price Differential

3.2 The incentives for mergers

After having studied the consequences of a merger between the wireless ISP one
and the fixed ISP two we are ready to analyse the incentives for these ISPs to
merge and the profits impact of the merger on the third provider. In the next
proposition we will see that there is a parameter range for which the merger
can be profitable for all the providers, even for the ISP three, excluded from the
merger.

Proposition 4

The merged firm ISP 1692 has no incentive to merge iff

0.16 < v<0.32
ISP three will loose profits from the merger, between ISP 1 and ISP 2, iff
0.33 < v < 0.58.

Proof

10



See the Appendix

Discussion

Clearly again the economic incentives for the merger depend on the degree of
differentiation introduced by the wireless access. The merged firm gains from it if
the industry is either very differentiated or if there is not too much differentiation.
In a subset of this interval also the excluded firm gains from the merger. This
suggest that the vertical merger of a direct retail competitor may indeed provide
a collusive device to the industry as a whole.

Finally the next proposition explores the wider welfare effects of the merger;
on the consumers of the separate markets, on them as a whole.

Proposition 5
The merger :

a) increases consumers’ surplus in the B market iff

v <0.318

b) increases consumers’ surplus in the A market iff

~ <0.335

c) increases total consumer’s surplus iff

v <0.325

d) decreases total profits iff
0.333 <v <043

and

e) increases total welfare iff

v <0.325

Proof

See the Appendix.

Discussion

In the graph below we have the consumers’ surplus changes due to the merger,
the solid line is for the A; market , and the dotted line for the B; market. From
the graph we can see that on the B; market where the merger was vertical we
have less intense effects than in the A; market, both when they are positive,
with high differentiation and v < 0.318 and when they are negative, with low
differentiation and v 2 0.318.

11
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Fig. 4 Consumer welfare effect of the merger

4 Conclusions

In this paper we introduced a stylized representation of the Internet, where traffic
flows are routed at different switches which charge a unit price independently of
the initial and final destination of the data flow. We considered two intercon-
nected competitive retail markets both supplying fixed and wireless access to the
net, and two termination markets, one of which is monopolised by a single ISP,
a bottleneck and is also vertically integrated with one of the retailers in one of
the markets. These destination markets can be thought as web-hosting sites, so
that the demand functions in the model refer to downloads demands.
Equilibrium prices and providers profits crucially depend on the degree of
differentiation introduced in the industry by the wireless access. The more con-
sumers appreciate the variety of the services introduced by wireless access the
more the retail market is differentiated, the higher are prices for the operators
and the smaller the market share for the wireless operator in the market where
it competes against the vertically integrated fixed access provider. We then con-
sider a merger in one of the retail markets, between the vertically integrated
fixed access provider and the wireless one. This merger is horizontal for one of
the markets but vertical for the other, it has therefore original effects typical of
the connection-less structure of an I.P. network such as the Internet. The ef-
fects of the merger crucially depend on the degree of differentiation introduced
by the wireless access. For low differentiation, the merger implies equilibrium
prices which send the wireless demand for access to zero, in the market where the
merger is vertical , maintaining however a positive demand for wireless access in
the other market, where the merger is horizontal. Post merger prices are lower

12



than pre-merger ones if there is low differentiation, they are higher otherwise.
Consumer welfare diminishes as a result of the merger if there is not enough dif-
ferentiation, while Industry profits will usually increase, apart for an intermediate
differentiation parameter range, where they decrease.

Finally the interdependence of these effects is due to the assumption that
providers are unable to price discriminate traffic of different origins, at their
routers. With price discrimination the physical linkages of the Internet would
not provide economic linkages across markets and no original analysis would be
required.

5 Appendix

Proof of Proposition 1
Demands are given by

xy = (137—1_172 (p1+p2)+1_772 (p3+p2)> (10)
ry = (137—1_172 (p1 +p3)+1_7722p2>

ry = (1_0;7—1_1722292+1_772 (p1+p3)>

# = (T ) )

where: (p; + po) is the retail price for sending rates through the wireless ISP one,
and (ps + p2) the retail price of the fixed ISP three.

To construct best reply functions we need to consider the possibility that a
ISP sets prices as to ”close” one market. This is relevant since firms now play
with one price on two different markets and we need to verify if corner solutions
are best replies. In the following we set up the Lagrangians for the three firms
and we find that the internal solutions form an equilibrium for the game

ISP one

Imposing the non negativity constraints for the two final demands routed by
ISP one, we have the Lagrangian function:

(ﬁ — 1= (01 +p2) + 255 (13 +pz)> +

L, = N . ., p1+
(m — 1= (P +ps) + =5 2p2>
feY 1 y
— 11
o 1 y
— 2
/12(1_‘_7 1_72(p1+p3)+1_72 pz)
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from which we can derive the reaction function for ISP one:

—Ya+ p3y +p2 + o — pe if  ps < BRI
1 1 3 1 1 1 : p2>3 aiatpﬁm’
p1 =14 P1=—3YQ+ 1p3y + 3YP2 + 50— 3p2 — 3p3 if py > Brtre—ypy—adp
Y
= —ya+29p2+a—p; if  pp < e
(12)
ISP two The Lagrangian for ISP two is given by
)t ) )+
L = p T+~ 1-42 P1 T P2 1— 2 P3 T P2
- o} 1 0
Tty 1-7 (p3 +p2) + -2 (p1 +p2)>
« 1 ol
2 — 2 13
+p2<1+7 11— p2+1_72(p1+p3)) (13)
« 1 ol
A - 2
+ (1+7 T p2+1_72(p1+p3))

and its reaction function:

1 1 1 1 . D
—ShQ At Sy 5Py Fsa if py < ARt
P2 = : 1323 42 24 : 2 (14)
Py = _Z p3y+ pw—wzg—m—pﬁ o zf P> ’ya—psfrv—aJr P2
ISP three The Lagrangian is given by:
Ly = (% N ﬁ (p3 +p2) + 1,772 (p1 +p2)> .
+ <% — == (P +p3) + 1—:’7—22292)
« 1 o
+90<1+7—1_72 (193+202)+1_72 (p1+pz)> (15)
and its reaction function:
—Ya+pry P2+ a—p if p < -l
2 4 4 2 4 4 gl

(16)

14



The internal solutions of the system of reaction functions (12),(14)
and (16) are given by:

2
v +4y—5
17
P T2 107 — 29 (17)
(6%
= 4(y*+7-2
b2 (O + )772+107—29

N 2 +4y—5
772 1 107 — 29

D3

Before concluding that these are equilibrium prices we need to check whether,
at these prices, any constraint is binding.
By substituting (17) into (10) we obtain the actual equilibrium demands

2
B 72y - 11
- 18
T 10y —29) (14 9) (18)
4 Y +2y+9
(772 4+ 10y —29) (1 + )
A 3y% — 2y —13
(7Tv2 4+ 10y — 29) (1 + )
B 72 —2y—-11
(7Tv2 4+ 10y — 29) (1 + )
which are always positive for v € (0, 1).
a) is easily derived from(17).
b) From (18) one obtains market shares for the asymmetric market A
ri _ 1 Y2+ 2y+9
a4+ 4 292 -2y-11
which is clearly increasing in ~.
c¢) Equilibrium profits:
From (17) (18)we obtain:the equilibrium profits for the three operators
(v +5) (3" i
m = —8(y+95)(y"+4y-5 19
' )( )(1+”)/)(7’yz—|—10’y—29)2 (19)
2
a
m o= 320 +7-2)(y*—-7-6
i ( ) RS YT
2

(@]
(14+7) (7792 + 10y — 29)?

T3 = —8(y+5) (¥ +4y-5)

By differentiating (19) with respect to v it is easily seen there these are all
decreasing in v and they reach zero as v — 1.

15



Proof of Preposition 2

To construct best reply functions after the merger we need again to consider
the possibility that a ISP sets prices as to ”"close” one market. In the following
we set up the Lagrangians for the two firms and we analyse the conditions under
which the internal solutions form an equilibrium for the game.

ISP 1&2

The Lagrangian for the merged ISP 1&2 is given by:

Ligo = (ﬁ - 1+ (p1 )
(ﬁ — 1=z (n +p3) + 1 2]72

<1_C|¥_fy 1 (pl + p2)

_l_
" <ﬁ_ﬁ(p3+p2) >
+2p2( o 1 2ps + (p1+p3))+
1+ 1—172 1—~2
« 1
M1<1+7—1_72(p1+p2)+1 p3+p2>+
« 1
o <1+7— 11— (p1+p3)+1_722p2> +

« 1 0%
A — 2
(1+7 T L 7(1+103)>

from which we derive the reaction functions:

—ya + P37y + VP2 + o — D2 Zf D3 < ye—yp2— a+P1+P2
Py > 1704 a+p1+p3
PL=1 P1=37p2— 3y + i3y — 1ps + 30— 5py if { Dy > o—ps— bt p1 +p2
—yo+2yps + v — p3 iof py < plomtiue
(20)
and
_1 1 1 1 ; < Ja—psy—at2ps
A + P17y + 5 P37 + 5 Z.f b = P
b2 = _16271’)’ _ 4’)/@ + 3293’7 +4da — b3 — 2]71 ’Lf P> ya—p3y—a+2p2 (21)
4 v =3 v
For ISP three we have:
L — <%—ﬁ(p3 +p2) + 7752 (1 +p2)>+ .
<ﬁ == (P +p3) + 1 2292)
« 1 ol
+901 (1_‘_7_1_72 (p3+p2)+1_72 (p1+p2))
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and its reaction function

=y +pry + 2 + @ = pa if p < ARt

bs = = lvag4 43 4+l L, 1 if S Y—pay—otpstpy
P3 = —37 2P17Y 2 P2 2 P2 aP1 b1 P ( )
22

From (20),(21) and (22)we obtain the candidate® post-merger equilibrium
prices:

p = (l (1192 + 12y — 23) 2 ) (23)

892 1 277 — 41
7T 2y++92-3
= | za

b2 2782 + 27y — 41

\G)

. v —4y+3
= | —ba
ps 892 1 277 — 41

We need however to check if the constraints are binding at these candidate
equilibrium prices. We start by checking whether (23) satisfy the constraints in
the best reply functions: (20),(21) and (22).

We start from the wireless price p; and check the constraints given by (20).

S Yo — P2 — @+ p1tp2
v

By substituting (23) into (24) we have:

D3 — p1 < —ya +p3y +p2y +a— po (24)

2v* — 59y + 38 + 19+°

8v2 + 27y — 41
this is not satisfied for v = 0.965.. For these values of v the merged firm will
therefore choose a corner solution for setting the price p;. for the market in Bj.

It is easy to show that (24) is the only constraint that is not satisfied at the
prices (23) in the three best reply functions

Corner Solutions

From the previous analysis we have see that for v = 0.965 the price p; is
chosen to close the market in B . It is given by the corner solution. f In the
following we need to verify the new equilibrium prices given the corner best reply
for pi.

1
= <0
5%

p1 = —Yya+p3y+p2y+a—po

The new best reply system where p; is chosen from the corner solution while
po and ps are still chosen from the internal best replies will be:

6These are only equilibria if there are not binding constraints. We’ll see shortly that this is
not always the case.
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P1 = —Ya+p3y +p2y +Qa—p2
_ 16p1y —dya+ 3psy + 4o — ps — 2py

P2 =

P
ps = =570+ §P1Y + 92 + 50— P2 — 4P

providing us with new corner equilibrium prices:

— (P 172+ 15y — 33 a
P (v 177" + 159 )—40—277+3072+1773

1592 — 7+ 1173 — 19y
a
—40 — 27y 4 3072 + 1773

(8%
= 2(3v*+2y-5
Ps (37427 =5)

(25)

D2 =

We now need to verify whether substituting (25) into to the p, component of
the ISP1&2 best replies, (21) and into ISP three one (22) these conditions will
remain satisfied or not.

We start from ISP 2: the demand x4, at the new prices given by (25)remains
positive.

The same applies for Isp 3 demand z¥ at the new prices (25).

This proves that when ISP 1&2 chooses the price p;from its corner best reply
and shuts the wireless market in By, while maintaining the wireless open for A;
market all the other prices: po, and ps, are still derived from internal best replies.
This implies that after the post-merger corner the equilibrium prices are given
by (25) for v 2 0.965.

b) An analysis of (25) shows clearly this part of the proposition.

Proof of proposition 3

a) and b) From the corner equilibrium prices given by equation (25) and from
the internal equilibrium ones given by equation (23) ,we obtain the market share
of the wireless provider ISP one in location B :

B 19724217—38 .
W _ ) TEeeme Wf 750965
2y + 7y 0 if > 0.965

and the market share of the wireless provider ISP one at location A; :

T7721287—69
o + 24

2 — .
_% if > 0.965

o :{M if v<0.965

The effect of the merger on the market shares is obtained by difference with the
pre-merger market shares expressions:
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2 (17724287y—69)(72—27—11)

4 3_ 2 .
x{‘ _{ 1 217* 48093 —1442—567y+17 if 750.965

A A 1594 —1747%—144~44273-8¢% (26)
Ty + 23 —3 G e w7 > 0965
and
B 7 3724271 .
_ M _ ) 3T, 69 if v <0.965
zP +a¥ —3 if > 0.965

c), d) and e) The post-merger internal equilibrium prices, when v < 0.965,
are given by (23),

the post merger corner prices are given by (25) and the pre-merger ones are
given by (17). By subtracting (17) from (23)we obtain the price effect of the
merger for v < 0.965 and we have internal equilibrium prices:

3 159* — 1443 — 1562 + 2067y — 51
Aplint = T« B B
2 (872 + 27y — 41) (T2 + 10y — 29)
1 11293 — 3072 — 144y + 157* + 47
ApZint = —z« 2 B
2 (872 4 27y — 41) (792 + 10y — 29)
5191 4 28+% — 1862 + 132y — 25
(82 4+ 27 — 41) (772 + 10y — 29)

(27)

Apsimt = —«

By subtracting (17) from (25)we obtain the price effect of the merger for v >
0.965:

2795 + 67y* — 230y3 — 2292 + 715y — 557
Aplcofrn = —« (28)
(—40 — 277 + 3072 + 177%) (772 + 107 — 29)
2Ty — 1789 — 166* + 425y — 117+ 9°
(—40 — 27y + 302 + 1793) (7% 4+ 10y — 29)
' =37y — 2093 117y — 55
(1772 + 137 — 40) (772 + 107 — 29)

Ap 21corn

ApBCofrn

c) d) and e) are clearly derived from (27) and (28).
Proof of proposition 4
From (23)we obtain the post merger profits when v < 0.965 :

5 a29567 — 28672 + 113~* — 37293 + 5675 — 467
2 (892 + 27y — 41)* (=1 4 42)

T1&2 =

and

Oé2

(147) (892 4 27y — 41)°

T3 =—50(y—3) (v* — 4y +3) (30)
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By using (25) we will have that post-merger profits when v = 0.965 are given
by

135~5 + 2177% — 6667 — 75072 + 851~ + 213

T = 202 31
1&2 (1772 4+ 13y — 40)* (1 +7)° (31)
2 CYZ
__ 5) (372 + 2y — 5
ms = =8 (3 +5) (39" +29 = 5) e i o 1302 T )
(32)

By subtracting the pre-merger profits from the post merger ones we can de-
rive the merger incentives for the parameter range where internal solutions are
equilibria, (the high differentiation case).

By subtracting(19) from (29) and (30)

we have

Agd — L[ 96249% 45308197 + 8120500 19722770 ) g
2 = 5\ 1228439 + 33886377 — 12311392 + 9183 + 327

o2
((772 + 107 —29)* (1 4+7) (82 + 27y — 41)2>

and
( 96977 — 910775 — 33459+ 4 67 233744+ >
2

880757% — 21620172 + 123615y — 21125
(792 4+ 10y — 29)* (1 + ) (842 + 27y — 41)

Arhd = —2¢

(34)

By subtracting the sum of the pre-merger profits of ISP one and two (19)
from (31) we obtain the incentive for the merger for ISP one and two under low
differentiation and corner prices:

19917° + 18 993~® + 23 364~" — 745765 — 288067
(1792 4 13y — 40)* (1 +7)* (792 + 107y — 29)°

( —306 4283 + 196 586~* — 18 278v° — 180 616+* + 627 031+ )
Arlt , = 20*

(35)
while subtracting from (32) the pre-merger profits of ISP three (19) we obtain
the profit effect for ISP three of the merger for ISP one and two under low
differentiation and corner prices:

15277 — 7549 — T1814° — 12174+
d _
A= e ( 300943 — 364~2 — 39 705y + 18975 ) * (36)

042
((772 +107 — 29)% (1 +7) (1792 + 13y — 40)2)
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From the graph below we can see that the merged firm , solid line, has an
incentive to merge for v < 0.16 and v > 0.32 while firm three, dotted line, will
have an incentive to merge for v < 0.33 and v > 0.58

Profit Incentives

Proof of Proposition 5

From (18) and (3) we obtain the pre-merger consumer surplus for the B
market: )

22y —11
Ug?‘eme?‘g — Oé2 (P)/ P)/ ) > ‘I‘ m (37)
(v+ 1) (792 + 10y — 29)

and similarly for A; from (4) we obtain the pre-merger consumer surplus for

the A market:

537t — 4% + 1872 — 36y — 125
(7 +1) (792 + 10y — 29)?
For the post-merger consumer surpluses we need to consider the two cases

with internal and corner equilibrium prices. From (23) and (3) we obtain the
post-merger consumer surplus for the B; market when v < 0.965

Upremerg _
A

+m (38)

1,767 — 6237° + 585 + 2079y — 2405
-
8 (14 7) (842 + 27y — 41)?

Upostmer gint
B — —

(39)
and from (23) and (4) we obtain the post-merger consumer surplus for the A;
market when v < 0.965

1 ,607* + 61993 — 75792 — 2075 + 2441
-
8 (v +1) (892 + 27y — 41)?

tmeint
UpOS —
A

(40)
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Finally from (25) and (3) we obtain the post-merger consumer surplus for the
Bimarket when v 2 0.965

Oé2

(—40 — 27 + 302 + 1773)

UpostmeCOTner o
B =

(592 — 2y — 23)° S+m o (41)

N —

and from (25) and (4) we obtain the post-merger consumer surplus for the A;
market when v 2 0.965

T 0 0 L ) (TP A B — a0 (D)
(42)

Now subtracting (38) from (40)and from (42) we obtain the utility surplus for
the A; market

Uﬁostmecorner o 1 2 10075 + 155')/4 - 420’)/3 — 182")/2 + 632")/ — 685

AU, = (43)
( —1430983~ — 314 52141110 697~ +
626 6132+ + 447675 +47 05177+
28 351~°—443 565~°+371 881
1y2 7 s 7 < 0.965

(7+1) (872 +277—41) (772 +107—29)?
—885 0427241184012y — 171 262+°+
258 846+° 4688 58071 —892 194>+
9 3166+ —29 54277419 521+%—176 085
(—40—277+3072+1773)(1792+13y—40) (7+1)(772+10y—29)"

v > 0.965

1
L 2

and subtracting (37) from (39) and from(41) we obtain the utility surplus for
the B market

( —1010 48534486 173y +
1413467 — 28 2077 +21885+
, \ 342025+°—78955+v°—341 605 — 784 601+

_%O‘ (1+7) (8y2+27y—41)* (792 +107—29)° 7 < 0.965
578y” — 2075+ — 2027077+
—3 2217075 + 215 7107° + 49 444~*— *
570 7147y% — 14292292 4 505 768y — 57 689 v > 0.965
2

(6]
L (7T924+107—29)2 (y+1) (1742 +137—40) (—40—27y+3072+1743)

and finally adding (43) and (44) we obtain the merger total effect on consumer
surplus.
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AU = (45)
( ( 1060 59173 —400 3477*—1422 225~ + 37 62977+ )
8 5 6 4 2
12 \ 1H9* =392 T957° 53 65370 +356 743 1 7056074* ) < 0.965

T

4 (14+7) (872 +277—41)% (792 +107—29)?

—513 982724844 890~ — 74 546754237 2787°+
36901274731 454~3+1872~"—

9 24 906’)/7—}—8723’}/8—116 887 0.965
T T T 21 107=29)2 (7 1) (17724 137 —40) (—40—277 1 3072+ 1773) 7=

Finally from the profits differentials (33), (34), (35) and (36)we obtain the total

profits differential:
AIl = (46)
96248452 043y +49 419~5—
130 309+° —257 30971 +162 7133+
309 289y 238 047~ + 42577
(7721107 —29)2(1-47) (8721277 _41)° v < 0.965
25 77277 +18 38575 —42 836~5+
15 314~°+81 078v* —425 348~3 —
20 34072+709 951y — 363 967 + 19914° - 0.965
(1772+137—40)%(147)? (772410 —29)? T=U

2

N[
Q

202

Total Welfare is now given by the sum of total profits (46) and total utility (45)

differentials

AW =
2039278 +141 71577 +152 4915 —

653 413+°—914 96571 +1386 0173+
1324 185+%—1898 319 + 441 897
o (772+10;y—29)2(1+7)(87;y+277—41)2 7 < 0.965
211077428 0475 +76 450" —
11 126+°—206 650v°—206 856*—
119 24234473 302v*+575 012y — 611 047
(772 +107—29) (14+7) (1792 +13~—40) (—40— 27743072 +1773) v 2 0.965

=

2

The properties of these functions prove the proposition.
O
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