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ABSTRACT 

In a standard hold-up problem, individuals are vulnerable to hold-up 
because it is impossible to write complete contracts to cover the 
lifespan of relationship-specific investments. Hold-up occurs only 
when investments are to some degree nongeneric, and the extent of 
the problem increases with the time-span over which an investment 
must pay off, since long-term contracts are more difficult to write than 
short-term contracts. This result appears inconsistent with the real life 
experience of contract suppliers in two respects. First, suppliers often 
consider themselves "vulnerable" to hold-up even when investments 
are generic. Second, such a sense of vulnerability is often greatest 
precisely when assets are short-lived rather than long-lived. This 
paper provides a model that solves this apparent paradox by looking 
beyond the isolated problem of bilateral monopoly to the market 
context in which contracting takes place. When we do so, we find that 
the very meaning of asset specificity comes into question. 
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Pdunhw0lqgxfhg dvvhw vshfl�flw|=

Uhgh�qlqj wkh krog0xs sureohp

Vklud Ohzlq 0 Vrorprqv

Ghsduwphqw ri Dssolhg Hfrqrplfv
Xqlyhuvlw| ri Fdpeulgjh

Mdqxdu| 5336

L1 Lqwurgxfwlrq

Wkh krog0xs sureohp lv d vwdqgdug hohphqw ri wkh wrroer{ ri wrgd|*v hfrqrplvw1
Dv ghyhorshg ydulrxvo| e| Nohlq/ Fudzirug dqg Dofkldq ^4<:;`/ Zlooldpvrq ^4<;8`/
Kduw dqg Prruh ^4<<3` dqg rwkhuv/ wklv dssurdfk whdfkhv xv wkdw hfrqrplf dfwruv
pd| dw wlphv idlo wr sxuvxh rssruwxqlwlhv iru surgxfwlyh lqyhvwphqw ehfdxvh wkh|
h{shfw wkh jdlqv iurp wkhvh lqyhvwphqwv wr eh dssursuldwhg e| rwkhuv wkurxjk h{
srvw edujdlqlqj1 Wkh sureohp rffxuv rqo| zkhq lw lv lpsrvvleoh wr zulwh frpsohwh
frqwudfwv wkdw fryhu wkh hqwluh surgxfwlyh olih ri dq lqyhvwphqw wkdw lv wr vrph h{whqw
vshfldolvhg wr d uhodwlrqvkls1 Li frpsohwh frqwudfwv duh srvvleoh/ wkhq frqwudfwv fdq
hqvxuh wkdw lqyhvwphqw rffxuv1 Li lqyhvwphqwv duh frpsohwho| jhqhulf/ wkhq frqwudfwv
duh xqqhfhvvdu|1

Dowkrxjk wkh uhohydqfh ri wklv dssurdfk wr krog0xs lv zhoo hvwdeolvkhg/ lq wrgd|*v
rxwvrxuflqj hfrqrp|/ wkh uhdo olih h{shulhqfh ri pdq| frqwudfw vxssolhuv dsshduv wr
frqwudglfw wklv vlpsoh vwru|1 Wuxh/ prvw vxfk vxssolhuv zrxog djuhh wkdw wkh h{lvwhqfh
ri vxqn lqyhvwphqwv surylghv wkhlu fxvwrphuv zlwk edujdlqlqj srzhu1 Krzhyhu/ wkh
uhdvrq iru vxfk edujdlqlqj srzhu riwhq kdv olwwoh wr gr zlwk surgxfw ru lqyhvwphqw
vshfldol}dwlrq1 Udwkhu/ li d vxssolhu ihhov orfnhg lqwr khu uhodwlrqvkls zlwk d ex|hu/
wkh vrxufh ri wklv orfn0lq lv frpprqo| d frqfhuq wkdw �qglqj d qhz ex|hu zloo eh
gl!fxow1 D jrrg h{dpsoh lv wkh eurlohu fklfnhq lqgxvwu| lq wkh Xqlwhg Vwdwhv/ lq
zklfk jurzhuv ehfrph ghhso| orfnhg lqwr uhodwlrqvklsv zlwk wkh lqwhjudwruv zkr
sxufkdvh wkhlu rxwsxw/ ghvslwh wkh yhu| vwdqgdug qdwxuh ri erwk wkh surgxfw dqg
wkh lqyhvwphqwv1 Lq vxfk uhodwlrqvklsv/ lqyhvwphqwv ehfrph uhodwlrqvkls0vshfl�f qrw
ehfdxvh ri wkhlu lqkhuhqw fkdudfwhulvwlfv +dv lq frqyhqwlrqdo dvvhw vshfl�flw|,/ exw
ehfdxvh ri wkh pdunhw frqwh{w lq zklfk frqwudfwlqj wdnhv sodfh1 Zh zloo fdoo wklv
skhqrphqrq pdunhw0lqgxfhg dvvhw vshfl�flw|/ dv frqwudvwhg zlwk ydoxh0lqgxfhg dvvhw
vshfl�flw|1

Wklv sdshu dujxhv wkdw wkh w|sh ri dvvhw vshfl�flw| dw zrun lq hfrqrplf uhodwlrq0
vklsv pd| kdyh d juhdw lpsdfw rq wkh qdwxuh ri rswlpdo frqwudfwlqj/ dv zhoo dv rq
zklfk w|shv ri lqyhvwphqwv duh pruh surqh wr krog0xs1 Lq sduwlfxodu/ zh zloo �qg
ehorz wkdw zkhq dvvhw vshfl�flw| lv ri wkh pdunhw0lqgxfhg w|sh/ wkh ulvn ri krog0xs
pd| dfwxdoo| idoo +udwkhu wkdq ulvlqj, zkhq lqyhvwphqwv sd| r� ryhu d orqjhu whup

Wkh lghdv lq wklv sdshu hyroyhg ryhu vhyhudo |hduv/ dqg ehqh�whg iurp wkh lqsxw ri qxphurxv
froohdjxhv1 Prvw sduwlfxoduo|/ L zrxog olnh wr wkdqn Dqguhz Ihduqh iru srlqwlqj rxw wkdw frqyhqwlrqdo
dvvhw vshfl�flw| lv iuhtxhqwo| devhqw lq uhdo0zruog krog0xs1 L wkdqn Fhfloh Dxehuw dqg Gdqlho Vjurl
iru hqfrxudjlqj ph wr zulwh wklv sdshu/ Rolyhu Kduw iru klv ihhgedfn dqg dgylfh/ dqg wkh Ghsduwphqw
ri Dssolhg Hfrqrplfv iru wkhlu �qdqfldo vxssruw1 Doo huuruv uhpdlq p| rzq1 Fruuhvsrqghqfh vkrxog
eh dgguhvvhg wr vkludedw|dCsrvw1kduydug1hgx1
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udwkhu wkdq ryhu d vkruwhu whup14 Iru h{dpsoh/ d fklfnhq jurzhu zloo eh doo wkh
pruh dq{lrxv wr pdlqwdlq khu uhodwlrqvkls zlwk dq lqwhjudwru diwhu wkh lqvwdoodwlrq ri
%vwdwh0ri0wkh0duw% yhqwlodwlrq htxlsphqw wkdw zloo uhpdlq %vwdwh0ri0wkh0duw% iru rqo|
d frxsoh ri |hduv1 E| frqwudvw/ dq lqyhvwphqw lq d fklfnhq krxvh wkdw fdq hdvlo|
eh dgdswhg iru xvh ryhu pdq| |hduv grhv qrw lqgxfh wkh vdph xujhqf| wr pdlqwdlq
surgxfwlrq ohyhov1 Dv d uhvxow/ wkh odwwhu lqyhvwphqw lv ohvv uhodwlrqvkls0vshfl�f lq
wkh pdunhw0lqgxfhg vhqvh ri wkh whup1 Lw lv krshg wkdw/ e| surylglqj d uljrurxv wkh0
ruhwlfdo iudphzrun iru wkh dqdo|vlv ri erwk ydoxh0lqgxfhg dqg pdunhw0lqgxfhg dvvhw
vshfl�flw|/ wklv sdshu zloo idflolwdwh d ghhshu xqghuvwdqglqj ri wkh ghwhuplqdqwv ri
frqwudfwv/ wkxv vsxuulqj rwkhuv wr uh0h{dplqh wkh uhohydqfh ri wkh pdunhw glphqvlrq
iru wkh wkhru| ri frqwudfwv dqg �up vwuxfwxuh1

D1 Uhodwlrq wr suhylrxv zrun

Wkh qrwlrq wkdw pdunhw vwuxfwxuh lq xhqfhv frqwudfwlqj lv qrw qhz wr hfrqrplfv1 Lq
d 4<84 duwlfoh/ Jhrujh Vwljohu qrwhv wkdw yhuwlfdo lqwhjudwlrq udwhv duh kljk erwk lq
lqidqw lqgxvwulhv zlwk xqghyhorshg pdunhwv/ dqg lq ghfolqlqj lqgxvwulhv fkdudfwhul}hg
e| kljk pdunhw frqfhqwudwlrq1 E| frqwudvw/ lq hvwdeolvkhg lqgxvwulhv zlwk vprrwko|
ixqfwlrqlqj/ frpshwlwlyh pdunhwv/ yhuwlfdo lqwhjudwlrq lv ohvv frpprq1 Hfrqrplfv
uhvhdufk rq wkh wkhru| ri frqwudfwv dqg �upv kdv wr gdwh whqghg wr qhjohfw wklv olqn
ehwzhhq �up vwuxfwxuh dqg pdunhw vwuxfwxuh1 Udwkhu/ uhvhdufk kdv irfxvhg rq wkh
lpsruwdqw lpsolfdwlrqv ri ydoxh0lqgxfhg dvvhw vshfl�flw|1

D ihz h{fhswlrqv wr wklv irfxv ehdu phqwlrq1 D olwhudwxuh grhv h{lvw rq wxuqryhu
frvwv/ prvw sduwlfxoduo| lq oderxu pdunhwv5 1 Wxuqryhu frvwv duh uhodwhg wr wkh skh0
qrphqrq vwxglhg khuh/ dv wkhlu vl}h ghshqgv rq pdunhw vwuxfwxuh/ dqg wkhlu h�hfwv
duh vlplodu wr wkrvh ri vshfl�f lqyhvwphqwv1 Iru h{dpsoh/ PdfOhrg dqg Pdofrpvrq
^4<<6` frqvwuxfw d prgho ri elodwhudo wudgh lq zklfk hyhq jhqhudo lqyhvwphqwv pd|
eh vxemhfw wr krog0xs gxh wr wxuqryhu frvwv1 Wkhlu prgho h{soruhv wkh sureohp ri
rswlpdo lqyhvwphqw zkhq vzlwfklqj sduwqhuv lv frvwo| vr wkdw frpplwphqw lv qhhghg
exw uhqhjrwldwlrq pxvw eh doorzhg ehfdxvh wudgh lv qrw dozd|v h!flhqw1 Zkhq rqo|
jhqhudo lqyhvwphqwv duh pdgh/ wkh krog0xs sureohp lv vroyhg zlwk d frqwudfw vshf0
li|lqj d �{hg wudglqj sulfh dqg d euhdfk sd|phqw li rqh sduw| fhdvhv wudgh1 Vxfk
d vroxwlrq lv qrw srvvleoh lq wklv sdshu/ vlqfh zh zloo dvvxph wkdw rxwsxw lv rqo|
sduwldoo| frqwudfwleoh/ vr wkdw sduwlhv duh olplwhg lq wkhlu delolw| wr frpplw wr d sulfh
lq dgydqfh1

Wkh sdshu zkrvh dssurdfk frphv forvhvw wr wklv rqh lv Udph| dqg Zdwvrq ^5334`/
zklfk orrnv dw wkh h�hfw ri pdunhw frqglwlrqv rq elodwhudo lqyhvwphqwv1 Wr wkh dx0
wkru*v nqrzohgjh/ Udph| dqg Zdwvrq surylgh wkh rqo| rwkhu prgho +ehvlghv wkdw
suhvhqwhg khuh, wkdw kdv wr gdwh dqdo|}hg krz pdunhw frqglwlrqv h�hfw ohyhov ri
qrqfrqwudfwleoh lqyhvwphqwv iru wkh surgxfwlrq ri jrrgv wkdw duh dovr qrw ixoo| frq0
wudfwleoh1 Wkhlu prgho frqvlghuv wkh sureohp ri surylglqj lqfhqwlyhv iru lqyhvwphqw
zkhq erwk lqyhvwphqwv dqg rxwsxw duh hqwluho| qrqfrqwudfwleoh1 Lqfhqwlyhv iru lq0
yhvwphqw dqg h�ruw dulvh vroho| iurp wkh wkuhdw wr hqg wudgh/ lq zklfk fdvh erwk
sduwlhv zloo eh irufhg wr vhdufk iru qhz wudglqj sduwqhuv1

Dowkrxjk yhu| vlplodu lq dssurdfk wr wkdw suhvhqwhg khuh/ Udph| dqg Zdwvrq*v
prgho gl�huv iurp wklv rqh lq wzr pdlq uhvshfwv1 Iluvw/ lwv hpskdvlv lv rq djhqf|
lvvxhv/ udwkhu wkdq rq ghvljqlqj frqwudfwv wr hqfrxudjh lqyhvwphqw1 Lq idfw/ frq0
wudfwv h{lvw lq wkhlu prgho rqo| diwhu lqyhvwphqw kdv rffxuuhg1 E| frqwudvw/ khuh

4 Dv Zlooldpvrq ^4<;8` h{sodlqv/ fodvvlf krog0xs rffxuv ehfdxvh/ dprqj rwkhu sureohpv/ wkh zruog
lv xqfhuwdlq1 Vxfk xqfhuwdlqw| pdnhv lw h{wuhpho| gl!fxow wr zulwh h�hfwlyh orqj0whup frqwudfwv1
Vkruw0whup frqwudfwv duh hdvlhu wr zulwh/ exw li lqyhvwphqwv duh orqj0whup/ vxfk frqwudfwv pd| qrw
surwhfw wkh lqyhvwru vx!flhqwo| iurp wkh rssruwxqlvwlf ehkdylru ri rwkhuv1 Lw lv d qdwxudo fruroodu| ri
wklv dujxphqw wkdw li lqyhvwphqwv duh rqo| vkruw0whup/ wkh ulvn ri krog0xs lv uhgxfhg/ vlqfh orqj0whup
frqwudfwv duh qrw qhhghg1
5 H{dpsohv lqfoxgh Olqgehfn dqg Vqrzhu 4<;;/ 4<<4/ PdfOhrg dqg Pdofrpvrq 4<<6/ Udph| dqg
Zdwvrq 5334/ dqg Yhwwhu dqg Dqghuvhq 4<<71 Iru d jrrg vxuyh| ri wklv olwhudwxuh/ vhh Pdofrpvrq
4<<:1
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rxwsxw +dqg wkhuhiruh lqyhvwphqw, lv sduwldoo| frqwudfwleoh/ dqg wkh wlph ryhu zklfk
dq lqyhvwphqw sd|v r� wkhuhiruh sod|v dq lpsruwdqw uroh lq wkh wudgh0r� ehwzhhq
frqwudfwlqj dqg wkh pdunhw dv phfkdqlvpv iru hqfrxudjlqj lqyhvwphqw1 Vhfrqg/
Udph| dqg Zdwvrq sodfh d juhdwhu hpskdvlv rq ghwhuplqlqj d vwhdg| vwdwh htxl0
oleulxp lq wkh pdunhw dv d zkroh1 Wkxv/ wkh ghjuhh ri iulfwlrq lv hqgrjhqrxv/ mxvw
olnh xqhpsor|phqw lq dq h!flhqf| zdjh prgho1 Wklv sdshu suhvhqwv dq dowhuqdwlyh
lqwhusuhwdwlrq ri wkh suredelolw| ri vhfxulqj d wudglqj sduwqhu/ vr wkdw d vxssolhu pd|
qrw vhfxuh d qhz ex|hu lpphgldwho| hyhq wkrxjk vxssolhuv duh lq vkruw vxsso|1

Wklv prgho lv wkhuhiruh wkh �uvw wr orrn dw wkh sureohp ri frqvwuxfwlqj frqwudfwv
wkdw pd{lpl}h lqfhqwlyhv wr lqyhvw zkhq rxwsxw lv qhlwkhu ixoo| frqwudfwleoh qru ixoo|
qrqfrqwudfwleoh dqg rewdlqlqj d qhz wudglqj sduwqhu pd| wdnh wlph1 Wklv prgho
lv dovr wkh �uvw wr h{soruh krz wkh uhodwlrqvkls ehwzhhq dvvhw olih0vsdq dqg krog0xs
pd| eh d�hfwhg e| wkh w|sh ri dvvhw vshfl�flw| dw zrun1

E1 Rxwolqh

Rxu dssurdfk lq wklv sdshu lv wr fuhdwh d jhqhudo prgho vxfk wkdw frqyhqwlrqdo/ ydoxh0
lqgxfhg vshfl�flw| lv d vshfldo fdvh1 Wkxv/ zh ehjlq lq vhfwlrq LL e| uhirupxodwlqj
wkh vwdqgdug krog0xs sureohp/ vr wkdw lw ohqgv lwvhoi wr jhqhudol}dwlrq1 Wklv vhfwlrq
dovr surylghv d uljrurxv gh�qlwlrq ri qrqfrqwudfwlelolw|/ doorzlqj xv wr dvvxph wkdw
rxwsxw lv qhlwkhu ixoo| frqwudfwleoh qru ixoo| qrqfrqwudfwleoh1 Lq wklv iudphzrun/ qrq0
frqwudfwlelolw| ri lqyhvwphqwv dqg qrqfrqwudfwlelolw| ri rxwsxw duh lqkhuhqwo| olqnhg1
Lq rughu wr pd{lpl}h lqfhqwlyhv wr lqyhvw/ wkh rswlpdo frqwudfw whup ghshqgv rq
wkh uhodwlyh h�hfwlyhqhvv ri wkh pdunhw dqg frqwudfwlqj dv lqfhqwlyh ghylfhv1 Wklv
frqwudfw whup lqfuhdvhv lqlwldoo| dv wkh lqyhvwphqw olih0vsdq ulvhv/ dqg lv wkhq d frq0
vwdqw1 Dv h{shfwhg/ lq wklv vwdqgdug prgho/ orqjhu0whup lqyhvwphqwv duh pruh surqh
wr krog0xs wkdq vkruwhu0whup lqyhvwphqwv1

Wkh iudphzrun lq vhfwlrq LL vhuyhv dv d irxqgdwlrq iru wkh jhqhudo prgho ri krog0
xs suhvhqwhg lq vhfwlrq LLL1 Khuh/ zh lqwurgxfh pdunhw0lqgxfhg dvvhw vshfl�flw|/
vr wkdw d vxssolhu pxvw vhdufk iru dq dowhuqdwlyh ex|hu li edujdlqlqj euhdnv grzq1
Zh �qg khuh wkdw wkh dydlodeoh pdunhw sulfh ghshqgv rq wkh uhpdlqlqj lqyhvwphqw
olih0vsdq/ vr wkdw wkh wudgh0r� ehwzhhq wkh pdunhw dqg frqwudfwlqj lv idu pruh frp0
solfdwhg1 Vhfwlrq LY wkhq dqdo|vhv wkh frqvhtxhqfhv ri wklv jhqhudo prgho iru rswlpdo
frqwudfwlqj1 Zh �qg khuh wkdw d orqjhu lqyhvwphqw olih0vsdq qhhg qrw dozd|v lqfuhdvh
wkh olnholkrrg ri krog0xs/ dqg/ sdudgr{lfdoo|/ wkdw xqohvv frqwudfwv odvw xqwlo lqyhvw0
phqwv ehfrph revrohwh/ orqjhu0whup lqyhvwphqwv ohdg wr vkruwhu frqwudfwv1 Vhfwlrq
YL frqfoxghv1

LL1 Wkh vwdqgdug krog0xs sureohp

Zh ehjlq e| uhirupxodwlqj wkh vwdqgdug prgho vr wkdw lw ohqgv lwvhoi wr jhqhudo0
l}dwlrq1 Wkh vwdqgdug krog0xs sureohp lv rqh ri surylglqj vx!flhqw lqfhqwlyhv iru
d uhodwlrqvkls0vshfl�f lqyhvwphqw zkhq frqwudfwv duh lqfrpsohwh1 E| uhodwlrqvkls0
vshfl�f/ zh phdq khuh wkdw wkh surgxfw ri dq lqyhvwphqw lv zruwk pruh wr lwv lqwhqghg
ex|hu wkdq wr rwkhuv1

D1 Vhwxs

Frqvlghu d ex|hu E zkr frqwudfwv wr sxufkdvh d surgxfw iurp d vxssolhu V= Wklv
surgxfw/ li surgxfhg/ surylghv E zlwk d  rz ydoxh y iru w 5 ^3> W ` = Li wkh uhodwlrqvkls
euhdnv grzq/ wkhq rxwsxw fdq eh vrog iru rqo| S @ �y zkhuh � 5 ^3> 4` lv dq lqyhuvh
phdvxuh ri wkh uhodwlrqvkls0vshfl�flw| ri rxwsxw1 Lq rughu wr surylgh wklv rxwsxw/ V
pxvw pdnh dq lqyhvwphqw L lq surgxfwlrq htxlsphqw1 Iru vlpsolflw|/ ohw L eh wkh
rqo| surgxfwlrq frvw1 L lv pruh h!flhqw wkdq dq| dowhuqdwlyh lqyhvwphqw1 Ohw wkh
glvfrxqw udwh eh u A 3 iru erwk E dqg V= Ohw V*v edujdlqlqj srzhu eh � � 4> vr wkdw
li edujdlqlqj rffxuv/ dq| vxusoxv lv vsolw ehwzhhq V dqg E lq d udwlr � = 4� �=
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Zh zdqw wr uhdfk frqfoxvlrqv derxw wkh olnholkrrg ri lqyhvwphqw zkhq wklv lq0
yhvwphqw lv h!flhqw1 Wkxv/ zh uhtxluh d phdvxuh ri wkh frvwolqhvv ri lqyhvwphqw1 Zh
qhhg wklv phdvxuh wr eh urexvw wr fkdqjhv lq wkh lqyhvwphqw whup/ wkh udwh ri glv0
frxqwlqj/ dqg wkh xqlwv zlwk zklfk zh phdvxuh wlph/ lq rughu wkdw idlu frpsdulvrqv
fdq eh pdgh ehwzhhq wkh olnholkrrg ri krog0xs zlwk vkruwhu0 dqg orqjhu0whup lqyhvw0
phqwv16 Wkhuhiruh/ uhfdoolqj wkdw wkh srwhqwldo rxwsxw ri lqyhvwphqw lv y

U W

f h3uwgw>

ohw wkh frvwolqhvv ri lqyhvwphqw � eh gh�qhg e|

� @ L

!
y

] W

f
h3uwgw

Wkxv/ dv orqj dv � ? 4> L ? y
U W

f h3uwgw dqg lqyhvwphqw lv h!flhqw1 Wkh krog0xs
sureohp zloo vrphwlphv phdq wkdw qr lqyhvwphqw rffxuv hyhq wkrxjk � ? 4= Wkh
h{whqw ri wkh krog0xs sureohp lv wkhuhiruh phdvxuhg e| krz orz � qhhgv wr eh iru
lqyhvwphqw wr rffxu1 Iru h{dpsoh/ zlwk qr frqwudfwv dw doo/ frpsohwh dvvhw vshfl�flw|
dqg hyhq edujdlqlqj srzhu

�
� @ �

2

�
/ lqyhvwphqw rffxuv dv orqj dv � � �

2 > vlqfh wkh
ehqh�wv ri lqyhvwphqw duh vsolw htxdoo| ehwzhhq E dqg V= Wkxv/ lq pdq| fdvhv/
h!flhqw lqyhvwphqw idlov wr rffxu1

Lq rughu wr vhfxuh lqyhvwphqw e| V/ wkuhh lqfhqwlyhv h{lvw1 Iluvw/ E fdq frqwudfw
zlwk V wr surylgh wkh surgxfw1 Vxfk frqwudfwlqj lv olplwhg e| xqfhuwdlqw|/ zklfk
suhyhqwv wkh sduwlhv iurp vshfli|lqj lq dgydqfh wkh h{dfw dwwulexwhv ri wkh surgxfw wr
eh vxssolhg1 Wkxv/ dvvxph wkdw dw hdfk wlph w> wkh frqwudfwlelolw| ri rxwsxw lv �w � 4
vr wkdw dq| frqwudfw fdq jxdudqwhh rqo| d surgxfw ydoxhg dw �wy= Iru vrph fkrlfh
W U � W> d frqwudfw lv wkhq dq djuhhphqw wr sd| sw iru doo w � W U> frqwlqjhqw rq rxwsxw
ydoxhg dw �wy dw hdfk prphqw1 Vhfrqg/ V fdq rewdlq dgglwlrqdo frpshqvdwlrq iru
surylglqj pruh wkdq wkh frqwudfw uhtxluhv1 Wkxv/ li V vxssolhv wkh ixoo ydoxh y udwkhu
wkdq rqo| �wy wkhq vkh fdq h{shfw dq dgglwlrqdo sd|phqw � +4� �w, y iurp edujdlqlqj1
Wklug/ diwhu wkh frqwudfw hqgv/ V fdq vwloo vhoo khu rxwsxw dw d sulfh ghwhuplqhg e|
uhodwlyh edujdlqlqj srzhu dqg wkh rshq pdunhw sulfh S= Wkxv/ diwhu W U> hyhq wkrxjk
qr frqwudfw krogv vzd|/ V rewdlqv d sulfh �S @ S . � +4� �, y @+� . � +4� �,, y
wkurxjk edujdlqlqj1 Sxwwlqj doo wkhvh lqfhqwlyhv wrjhwkhu/ lqglylgxdo udwlrqdolw| lv
vdwlv�hg +lqyhvwphqw rffxuv, li dqg rqo| li

L �

] W U

f
+sw . � +4� �w,, yh

3uwgw.

] W

W U

+� . � +4� �,, yh3uwgw +4,

41 D shuihfw zruog

Dv lq rwkhu prghov ri krog0xs/ zh �qg khuh wkdw zkhq V kdv frpsohwh edujdlqlqj
srzhu/ zkhq rxwsxw lv qrw dw doo uhodwlrqvkls0vshfl�f/ ru zkhq lw lv srvvleoh wr frq0
wudfw shuihfwo| rq hlwkhu rxwsxw ru wkh lqyhvwphqw L> wkhq zh rewdlq wkh �uvw0ehvw
dqg krog0xs lv qrw d sureohp1

Sursrvlwlrq 4 Lqyhvwphqw rffxuv zkhqhyhu lw lv h!flhqw +zkhqhyhu � � 4, li dq|
ri wkh iroorzlqj krog=

41 �w � 4= +Rxwsxw lv shuihfwo| frqwudfwleoh1,

51 � @ 4= +Vxssolhuv kdyh wrwdo edujdlqlqj srzhu1,

61 Wkh lqyhvwphqw L lv shuihfwo| frqwudfwleoh1

71 � @ 4= +Rxwsxw lv qrw uhodwlrqvkls0vshfl�f1,

Surri1 Vhh dsshqgl{1

6 Li zh orrn rqo| dw wkh lqyhvwphqw frvw/ wkhq e| frqvwuxfwlrq/ orqj0whup lqyhvwphqwv zloo eh vxshulru
vlqfh wkh| surylgh rxwsxw iru orqjhu1 Wkxv/ vrph qrupdolvdwlrq ri wklv frvw lv qhhghg1
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51 Gh�qlqj qrqfrqwudfwlelolw|

Jlyhq sursrvlwlrq 4/ wr pdnh krog0xs srvvleoh/ zh qhhg wr dvvxph wkdw L lv qrw
shuihfwo| frqwudfwleoh1 E| wklv zh pxvw phdq wkdw li E dwwhpswv wr sd| V wr fkrrvh
L> V pd| fkrrvh dq dowhuqdwlyh wkdw lv frqwudfwxdoo| htxlydohqw exw xqghvludeoh1 Lq
rwkhu zrugv/ dq dowhuqdwlyh lqyhvwphqw L � h{lvwv wkdw doorzv V wr vdwlvi| wkh ohwwhu ri
khu frqwudfw zlwk E xqwlo vrph gdwh/ vr wkdw rxwsxw zlwk ydoxh �wy lv surgxfhg dw
hdfk wlph w= Li qrw surylghg lqfhqwlyhv wr gr rwkhuzlvh/ V pd| wkhq fkrrvh L � udwkhu
wkdq fkrrvlqj L= Qrwh wkdw li rxwsxw lv shuihfwo| frqwudfwleoh vr wkdw �w � 4> wkhq L

ehfrphv h�hfwlyho| frqwudfwleoh/ vlqfh dq| frqwudfwxdoo| htxlydohqw dowhuqdwlyh wr L

zloo frvw dw ohdvw dv pxfk dqg wkhuhiruh V zloo kdyh qr lqfhqwlyh wr fkrrvh L � ryhu
L= Wkxv/ frqwudfwlelolw| ri rxwsxw dqg frqwudfwlelolw| ri lqyhvwphqwv duh lqwulqvlfdoo|
olqnhg1

Wr eh suhflvh/ dvvxph wkdw iru hdfk � � W> V pd| fkrrvh dq dowhuqdwlyh lqyhvw0
phqw zlwk frvw L �� wkdw doorzv surgxfwlrq ydoxhg dw �wy rq ^3> � ` = Wklv dowhuqdwlyh
lv lqh!flhqw7 vr wkdw iru �� A 4 zh kdyh L �� @ ��y

U �

f h3uwgw= +Wkxv/ wkh frvw ri
lqyhvwphqw h{fhhgv wkh ydoxh ri wkh rxwsxw1, Ghshqglqj rq wkh frqwudfw/ V pd|
qhyhuwkhohvv fkrrvh L �� ryhu L dv lw pd| eh fkhdshu dqg lw lqyroyhv d vpdoohu frpplw0
phqw wr ixwxuh vdohv1 Lq rwkhu zrugv/ ihdu ri krog0xs pd| ohdg wr xqghulqyhvwphqw1
Qrwlfh wkdw li wkh frqwudfw hqgv dw W U wkhq L �W U grplqdwhv L �� iru � A W U= Wkxv/ lq0
fhqwlyh frpsdwlelolw| uhtxluhv rqo| wkdw fkrrvlqj L grplqdwhv fkrrvlqj L �� ;� � W U=

61 Lqfuhdvlqj xqfhuwdlqw|

Wkh wlph vfdoh ryhu zklfk lqyhvwphqwv sd| r� lv lpsruwdqw lq krog0xs ehfdxvh wkh
glvwdqw ixwxuh lv ohvv fhuwdlq wkdq wkh lpphgldwh ixwxuh/ vr wkdw dw srlqwv ixuwkhu
lq wkh ixwxuh/ vshfli|lqj surgxfw fkdudfwhulvwlfv dffxudwho| ehfrphv pruh dqg pruh
gl!fxow1 Iru vlpsolflw| ri h{srvlwlrq/ zh wkhuhiruh pdnh wkh iroorzlqj dvvxpswlrq=

Dvvxpswlrq 4 Wkh frqwudfwlelolw| ri rxwsxw ghfuhdvhv frqwlqxrxvo| ryhu wlph iurp
4 wr 31 Wkxv/ �w lv d vwulfwo| ghfuhdvlqj dqg frqwlqxrxv ixqfwlrq ri w vxfk wkdw �f @ 4
dqg olpw<" �w @ 3=

E1 Wkh hduolhvw sd|phqw vfkhph

Iru prvw sdudphwhu ydoxhv/ qr xqltxh rswlpdo lqfhqwlyh vfkhph h{lvwv wr prwlydwh
lqyhvwphqw/ vlqfh vrph odwlwxgh dozd|v h{lvwv lq wkh vfkhgxolqj ri sd|phqwv1 Wr
qduurz wkh vhdufk dqg wr pd{lpl}h wkh xvhixoqhvv ri dq| rswlrq wr vhoo rxwvlgh/ zh
zloo orrn iru wkh %hduolhvw% frqwudfw1 Lq rwkhu zrugv/ dprqj frqwudfwv wkdw surylgh V
zlwk wkh orzhvw srvvleoh sd|r� zkloh vdwlvi|lqj lqfhqwlyh frpsdwlelolw|/ zh zloo vhohfw
wkh frqwudfw wkdw hqgv dv hduo| dv srvvleoh zkloh sd|lqj dv pxfk dv srvvleoh dv hduo|
dv srvvleoh zlwklq wkh frqwudfw whup1

Zh ehjlq wkhuhiruh e| orrnlqj iru d frqwudfw vxfk wkdw wkh lqglylgxdo udwlrqdolw|
frqvwudlqw lv elqglqj/ vr wkdw V lv lqgl�huhqw ehwzhhq L dqg L �f +wkh qxoo lqyhvwphqw,
dqg rewdlqv d }hur sd|r� iru erwk1 Lq wklv fdvh/ zkhq wkh frqwudfw kdv whup W U> V

suhihuv L wr doo L �� li dqg rqo| li wkh sd|r� ri L �� lv qrqsrvlwlyh iru doo � � W U= Wkxv
zh qhhg ] �

f
swh

3uwgw � ��
] �

f
�wyh

3uwgw ;� � W U +5,

Frqwudfwxdo sd|phqwv fdq dw qr wlph h{fhhg wkh frvw ri dq dowhuqdwlyh lqyhvwphqw
wkdw doorzv V wr vdwlvi| wkh ohwwhu ri khu frqwudfw lq d jlyhq shulrg1 Wkh hduolhvw
sd|phqw vfkhph wkhuhiruh lqyroyhv sd|phqwv sw @ ���wy=

Wr vxppdul}h/ iru w � W U> sd|phqwv sw @ ���wy duh pdgh dqg V rewdlqv dq
dgglwlrqdo sd|phqw � +4� �w, y wkurxjk edujdlqlqj1 Iru w A W U> qr frqwudfw h{lvwv/

7 Wkh uhvxowv ehorz zloo krog iru �� $ � dv orqj dv �� A �= Krzhyhu/ h{srvlwlrq lv vlpsol�hg e|
dvvxplqj wkdw �� A �=
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dqg V rewdlqv +� . � +4� �,, y A � +4� �w, y wkurxjk edujdlqlqj1 Gh�qh

# +w, @ ���w . � +4� �w,

wr eh wkh iudfwlrq ri ydoxh rewdlqhg e| V dw wlph w lq d frqwudfw dqg gh�qh

�� @ � . � +4� �,

wr eh wkh iudfwlrq ri ydoxh rewdlqhg e| V dw doo wlphv zlwkrxw d frqwudfw1 Wkxv/ li
wkh frqwudfw hqgv dw �> V rewdlqv] �

f
# +w, h3uwgw.

] W

�

��h3uwgw @ � +�> W ,

] W

f
yh3uwgw

zkhuh � +�> W , lv wkh V*v sruwlrq ri wrwdo ydoxh surgxfhg zkhq W U @ � / jlyhq e|

� +�> W , @

U �

f # +w, h3uwgw.
U W

�
��h3uwgwU W

f h3uwgw

Lqglylgxdo udwlrqdolw| lv vdwlv�hg dv orqj dv wkh wrwdo uhfhlyhg e| V lv dw ohdvw L> ru
htxlydohqwo| dv orqj dv wkh iudfwlrq ri ydoxh uhfhlyhg e| V lv vx!flhqwo| odujh uhodwlyh
wr wkh h!flhqf| ri wkh lqyhvwphqw1 Wkxv lqyhvwphqw rffxuv li dqg rqo| li

� +W U> W , � � +6,

Wr pdnh wkh frqwudfw dv vkruw dv srvvleoh/ zh vhw

W U @ lqi i� m� +�> W , � �j

Qr frqwudfw vkruwhu wkdq W U fdq vdwlvi| lqglylgxdo udwlrqdolw| dqg lqfhqwlyh frpsdw0
lelolw|/ vlqfh wr gr vr/ lw zrxog kdyh wr ylrodwh +5,1

Ohw �4@ @ pd{� � +�> W , ghqrwh wkh pd{lpxp ohyho ri � vxfk wkdw lqyhvwphqw lv
srvvleoh dqg ohw W W @ dujpd{� � +�> W , ghqrwh wkh frqwudfw ohqjwk wkdw pd{lpl}hv
lqfhqwlyhv wr lqyhvw vr wkdw �4@ @ � +W W> W ,1 Wr ghwhuplqh W W dqg �4@ > qrwh wkdw
� +�> W , lv lqfuhdvlqj lq � dv orqj dv frqwudfwlqj grplqdwhv wkh pdunhw rxwfrph dw
�> ru htxlydohqwo| zkhqhyhu

# +�, � �� +, �� �
4� �

�� � �
� +7,

Wkhuhiruh 8

W W @ vxs

�
� � W m�� �

4� �

�� � �
� +, # +�, � ��

�
+8,

Zkhq L lv vx!flhqwo| vpdoo/ � � � +3> W , dqg wkhuhiruh qr frqwudfw lv qhfhvvdu|

dqg V fdq rewdlq d uhqw ri +� +3> W ,� �,
U W

f yh3uwgw deryh khu uhvhuydwlrq sd|r�1
Rqfh � ulvhv deryh � +3> W , > vrph frqwudfwlqj ehfrphv qhfhvvdu| dqg wkh lqglylgxdo
udwlrqdolw| frqvwudlqw +6, elqgv1 Wkxv zh jhw W U A 3 zlwk � @ � +W U> W ,1 Ilqdoo|/
dw � @ �4@ > zh uhdfk wkh kljkhvw srvvleoh sd|r� wkdw V fdq uhfhlyh vlqfh � +�> W ,
fdqqrw h{fhhg �4@ = Wkxv � @ �4@ @ � +W W> W , dqg W U @ W W= Rqh fdq dovr fuhdwh
hduolhvw sd|phqw vfkhphv wkdw surylgh d sd|r� deryh wkh uhvhuydwlrq ohyho1 Lq wklv
fdvh/ E surylghv V zlwk d vljqlqj erqxv1 Wklv erqxv kdv qr lqfhqwlyh h�hfw/ vlqfh
lw lqfuhdvhv wkh sd|r� ri doo lqyhvwphqw rswlrqv1 Wkhuhiruh/ rqh fdqqrw xvh vxfk
erqxvhv wr dfklhyh � A �4@ =

Wkh dqdo|vlv khuh lv vlpsol�hg e| wkh idfw wkdw dv W lqfuhdvhv/ eh|rqg vrph srlqw/
W W lv frqvwdqw1

8
Qrwh wkdw wkh vhw

q
� ��� D �3�

�3
3�

�
r
lv qhyhu hpsw| vlqfh �f ' � A �3�

�3
3�

�=
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Sursrvlwlrq 5 Li � @ 3 ru � @ 4 wkhq gh�qh W 7� @ 4= Rwkhuzlvh gh�qh W 7� e|

#
�
W 7�

�
@ �� +, �W 7� @

4� �

�� � �
� +9,

Iru doo W A 3> W W @ plq +W> W 7�, A 31

Surri1 Vhh dsshqgl{1

Wkh iroorzlqj sursrvlwlrq vxppdul}hv krz wkh ydulrxv sdudphwhuv d�hfw wkh olnh0
olkrrg ri krog0xs1

Sursrvlwlrq 6 Vxssrvh wkdw wkh vxssolhu kdv dq rxwvlgh rswlrq wr vhoo dw �y=

41 Li � ulvhv/ wkhq W 7� idoov dqg �4@ ulvhv zhdno|1 Wkh lqfuhdvh lq �4@ lv vwulfw
zkhq/ lqlwldoo|/ W W +@ W 7�, ? W dqg � ? 4= Lq rwkhu zrugv/ zkhq dvvhw vshfl�flw|
idoov/ wkh frqwudfw wkdw pd{lpl}hv lqfhqwlyhv ehfrphv vkruwhu dqg lqyhvwphqw lv
pruh olnho|1

51 Li �w vkliwv xszdugv wr
q
a�w

r
vxfk wkdw a�w A �w;w A 3/ wkhq erwk W 7� dqg �4@ lq0

fuhdvh1 Lq rwkhu zrugv/ zkhq frqwudfwlelolw| lpsuryhv/ lqfhqwlyhv duh pd{lpl}hg
zkhq frqwudfwv ehfrph orqjhu/ dqg lqyhvwphqw ehfrphv pruh olnho|1

61 Li � ulvhv/ wkhq erwk W 7� dqg �4@ ulvh dv zhoo1 Dq lpsuryhphqw lq vxssolhu
edujdlqlqj srzhu pdnhv lqyhvwphqw pruh olnho| dqg pdnhv frqwudfwv pruh xvh0
ixo1

Surri1 Vhh dsshqgl{1

Qrwh dovr wkdw lq wklv iudphzrun/ lqfuhdvhg frqwudfwlelolw| ri rxwsxw +kljkhu �w
ydoxhv, lpsuryhv wkh srvvlelolw| ri lqyhvwphqw lqgluhfwo| e| lqfuhdvlqj wkh frvw ri wkh
dowhuqdwlyh lqyhvwphqwv L �� +li zh nhhs �� frqvwdqw, dqg wkxv pdnlqj srvvleoh kljkhu
sd|phqwv sw= Wkh pruh fohduo| rqh fdq vshfli| frqwudfwxdo uhtxluhphqwv/ wkh pruh
gl!fxow lw lv wr vdwlvi| wkh ohwwhu exw qrw wkh vslulw ri dq djuhhphqw/ dqg wkhuhiruh wkh
pruh olnho| lw lv wkdw wkh h!flhqw rswlrq lv suhihuuhg1 Lq wkh h{wuhph fdvh ri shuihfw
frqwudfwlelolw|/ V zloo qhyhu fkrrvh dq lqyhvwphqw rwkhu wkdq L> vlqfh L lv wkh prvw
h!flhqw phwkrg ri surylglqj y=

F1 Wkh glphqvlrq ri wlph

Wkh uhvxowv deryh duh doo dv zh zrxog h{shfw wkhp/ dqg prvw zloo frqwlqxh wr krog
zkhq zh dgg pdunhw0lqgxfhg dvvhw vshfl�flw|1 Wkh h{fhswlrqv duh wkh uhvxowv zlwk
uhvshfw wr wlph1 Wkhvh duh idu pruh frpsoh{ dqg zloo qrw krog lq wkh vdph zd| lq d
jhqhudo prgho1 Dv looxvwudwhg lq �jxuh 4> wkh vxssolhu*v vkduh iurp frqwudfwlqj # +w,

%(t)

�

T�

�'

-

_

!
0

Iljxuh 4= Frqwudfwlqj yhuvxv wkh pdunhw zlwk ydoxh0lqgxfhg dvvhw vshfl�flw|

ehjlqv dw �� A 4 dqg idoov ryhu wlph/ zlwk d olplw dw �= Wkh vxssolhu*v vkduh lq wkh

:



pdunhw lv frqvwdqw dw �� 5 +�> 4, = Wkh wzr fxuyhv lqwhuvhfw dw W 7�> wkh frqwudfw ohqjwk
dw zklfk � +�> W , lv pd{lpl}hg iru kljk ohyhov ri W= W W lv frqvwdqw dw W 7� iru W � W 7�

dqg �4@ lv wkh glvfrxqwhg dyhudjh ri wkh ixqfwlrq jlyhq e| wkh khdy| olqh1 Li wkh
lqyhvwphqw ehfrphv orqjhu0whup/ pruh frqwudfwlqj wdnhv sodfh dw wkh +orzhu, pdunhw
udwh1 Dv d uhvxow/ �4@ idoov dv W lqfuhdvhv1

Sursrvlwlrq 7 Frqvlghu wkh prgho deryh/ lq zklfk d vxssolhu lv dvvxuhg ri �qglqj
dq dowhuqdwlyh ex|hu zkr zloo sd| �y= �4@ lv vwulfwo| ghfuhdvlqj lq W= Wkxv krog0xs
ehfrphv pruh olnho| dv wkh whup ri dq lqyhvwphqw ohqjwkhqv1

Surri1 Vhh dsshqgl{1

Vlqfh xqfhuwdlqw| lqfuhdvhv ryhu wlph/ orqjhu0whup lqyhvwphqwv duh pruh yxoqhud0
eoh wr krog0xs/ vlqfh orqjhu0whup frqwudfwv duh pruh gl!fxow wr zulwh1 Wkh vlpsohvw
zd| wr dvvxph ghfuhdvlqj frqwudfwlelolw| ryhu wlph lv wr vhw �w @ h3xw zkhuh x � 3 lv
wkh ohyho ri xqfhuwdlqw|1 Dv orqj dv x A 3> shuihfw frqwudfwlelolw| lv hoxvlyh/ dqg wklv
sureohp ehfrphv pruh vhyhuh dv wkh lqyhvwphqw olih0vsdq lqfuhdvhv1

LLL1 Pdunhw0lqgxfhg dvvhw vshfl�flw|

Wkh prgho lq vhfwlrq LL vkrzv krz wkh ghjuhh ri ydoxh0lqgxfhg dvvhw vshfl�flw| d�hfwv
rswlpdo frqwudfwlqj dqg wkh ulvn ri krog0xs1 Dowkrxjk lqvljkwixo/ wklv prgho lv edvhg
rq d qxpehu ri xqzulwwhq dvvxpswlrqv zklfk zh zloo vhhn khuh wr orrvhq/ |lhoglqj
d pruh jhqhudo prgho ri dvvhw vshfl�flw|/ zlwk yhu| gl�huhqw frqfoxvlrqv derxw wkh
uhodwlrqvkls ehwzhhq lqyhvwphqw olih0vsdq dqg krog0xs1

Iluvw/ qrwh wkdw zkhq d vxssolhu ohdyhv d ex|hu lq vhfwlrq LL/ wkh srwhqwldo ydoxh y
lv frpsohwho| orvw wr wkh ex|hu/ zlwk qr fkdqfh ri uhsodfhphqw1 Li zh gh�qh � wr eh
wkh suredelolw| wkdw d ex|hu zloo uhsodfh d vxssolhu diwhu edujdlqlqj euhdnv grzq/ wklv
prgho dvvxphv wkdw � @ 3= Pruh sureohpdwlfdoo|/ vhfwlrq LL dovr dvvxphv wkdw zkhq
d vxssolhu dqg ex|hu sduw frpsdq|/ wkh vxssolhu �qgv d qhz ex|hu lpphgldwho|/
doehlw rqh zkrvh ydoxdwlrq lv uhgxfhg e| d idfwru �= Wkxv/ li zh gh�qh � wr eh
wkh suredelolw| wkdw d vxssolhu fdq �qg d qhz ex|hu diwhu edujdlqlqj euhdnv grzq/
vhfwlrq LL dvvxphv wkdw � @ 4=

Zh duh wkhuhiruh ohg wr dvn= Zk| vkrxog zh h{shfw wkdw lq doo pdunhwv/ dw doo wlphv/
� @ 3 dqg � @ 4B Dvvxplqj wkdw � @ 3 pdnhv vhqvh zkhq ex|huv duh odujh sduwlhv
wkdw fdq sxufkdvh iurp pxowlsoh vxssolhuv1 Zkhq rqh vrxufh ri vxsso| lv orvw/ wklv orvv
grhv qrw rshq xs rwkhu vrxufhv ri vxsso|/ vlqfh doo rwkhu sur�wdeoh rssruwxqlwlhv duh
douhdg| ehlqj h{sorlwhg1 Wklv dvvxpswlrq dovr pdnhv vhqvh zkhq ex|huv pxvw hqwlfh
vxssolhuv wr pdnh lqyhvwphqwv e| r�hulqj frqwudfwv1 Lq vxfk d vhwwlqj/ vxssolhuv duh
lq vkruw vxsso|/ dqg rqfh kluhg e| ex|huv/ gr qrw lq htxloleulxp ehfrph dydlodeoh
wr rwkhuv1 Vlqfh zh duh frqfhuqhg khuh zlwk wkh sureohp ri surylglqj lqfhqwlyhv iru
lqyhvwphqw/ dqg vlqfh doorzlqj � A 3 rshqv xs d krvw ri frpsoh{ wkhruhwlfdo lvvxhv
wkdw zloo glvwudfw xv iurp rxu pdlq srlqw/ zh zloo uhwdlq � @ 3 khuh1

Krzhyhu/ wkh dvvxpswlrq wkdw � @ 4 lv idu vwurqjhu dqg ohvv hdv| wr mxvwli|1
Wklv dvvxpswlrq pdnhv vhqvh rqo| zkhq surgxfw pdunhwv duh iulfwlrqohvv/ vr wkdw d
vxssolhu fdq �qg d ex|hu zlwkrxw ghod|1 Zkhqhyhu vxssolhuv duh frqfhuqhg zlwk wkh
sureohp ri �qglqj uhsodfhphqw ex|huv +dv zlwk prvw vpdoo vxssolhuv,/ � ? 4= Lq vxfk
d fdvh/ pdunhw0lqgxfhg dvvhw vshfl�flw| h{lvwv1

Lq rughu wr lqfoxgh vhfwlrq LL dv d vshfldo fdvh/ ohw xv wkhuhiruh frqvlghu d pdunhw
lq zklfk � @ 3 dqg 3 � � � 4= Djdlq/ zh zloo dvvxph wkdw d vxssolhu V fdq lqyhvw L
lq rughu wr surylgh d  rz ydoxh y wr d wdujhw ex|hu E rq ^3> W ` = Djdlq/ wkh surgxfw
lv zruwk rqo| �y wr dowhuqdwlyh ex|huv rq ^3> W `/ zkhuh 3 � � � 4= Wkxv � dqg � duh
lqyhuvh phdvxuhv ri wkh ghjuhh ri ydoxh0lqgxfhg dqg pdunhw0lqgxfhg dvvhw vshfl�flw|/
uhvshfwlyho|1 Wr vlpsoli| wkh dojheud/ gh�qh ! @ � oq +4� �, = Wkxv/ li d vxssolhu
odfnv d ex|hu dw wlph 3> wkh vxssolhu kdv irxqg d ex|hu e| wlph w zlwk suredelolw|
4 � h3!w zkhuh zh dgrsw wkh frqyhqwlrq oq +3, @ �4 dqg h3" @ 3= Qrwh wkdw iru

;



� @ 3> ! @ 3 vr wkdw 4 � h3!w @ 3 dv h{shfwhg1 Dovr/ iru � @ 4> ! @ 4> vr wkdw
4� h3!w @ 4 dv h{shfwhg1

D1 Pdunhw sulflqj lq wlph

Wkh dqdo|vlv ri pdunhw edujdlqlqj lv idu pruh frpsoh{ khuh wkdq lq vhfwlrq LL deryh/
ehfdxvh wkh qhjrwldwhg sulfh qrz ghshqgv rq krz pxfk surgxfwlrq wlph uhpdlqv1
Wkhuhiruh/ zh fdqqrw ghulyh vlqjoh sulfhv S dqg �S dv deryh dqg wkh iudfwlrq ri ydoxh
� rewdlqhg zlwkrxw d frqwudfw lv qrz ghshqghqw rq erwk w dqg W=

Sursrvlwlrq 8 Vxssrvh wkdw d vxssolhu fdq �qg dq dowhuqdwlyh ex|hu zlwk ydoxdwlrq
�y zlwk suredelolw| � shu xqlw wlph dqg ohw ! @ � oq +4� �, =

41 Wkh ixqfwlrq # +zklfk jlyhv wkh kljkhvw sd|r� srvvleoh zlwk d frqwudfw, lv wkh
vdph dv zlwk � @ 4=

51 Krzhyhu/ zkhq � ? 4> wkh iudfwlrq ri ydoxh rewdlqhg e| wkh vxssolhu iurp khu
ruljlqdo ex|hu dw wlph � zlwkrxw d frqwudfw lv qrz jlyhq e|

� +�> W , @ �. � +4� �,
!�

u . �!

�
4� h3Eun�!�EW3��

�

61 Zlwk dq xquhodwhg ex|hu/ dw wlph W � �> wkh vxssolhu qrz rewdlqv S� @ ���y

zkhuh �� @ �. +4� �, !�
un�!

�
4� h3Eun�!��

�
lv wkh iudfwlrq ri ydoxh uhfhlyhg lq

wkh rshq pdunhw zlwk wlph � uhpdlqlqj1

Surri1 Vhh dsshqgl{1

Fruroodu| 4 41 Zkhq � A 3 +vr wkdw uhvdoh lv srvvleoh,/ S� dqg � +�> W , duh
lqfuhdvlqj lq � dqg !> dqg ghfuhdvlqj lq u= Wkxv/ zkhq hlwkhu ydoxh0lqgxfhg ru
pdunhw0lqgxfhg dvvhw vshfl�flw| ulvhv ru zkhq lqglylgxdov ehfrph pruh vkruw0
vljkwhg/ vxssolhuv rewdlq d orzhu pdunhw sulfh1

51 Dv ! $ 4> �� $ 4> S� $ �y dqg � +�> W , $ � . � +4� �, @ ��= Wkxv zkhq
uhvdoh lv dvvxuhg/ wkhq pdunhw sulfhv duh wkh vdph dv lq vhfwlrq LL/ zklfk fdq
eh ylhzhg dv d vshfldo fdvh1

61 �� dqg S� duh lqfuhdvlqj lq � dqg � +�> W , lv ghfuhdvlqj lq � dqg lqfuhdvlqj
lq W vxfk wkdw � +� . w> W , @ � +�> W � w, =

71 � +W> W , @ � vr wkdw zkhq qr wlph uhpdlqv/ wkh vxssolhu*v edujdlqlqj srzhu
lv hurghg1 Li � ? W> wkhq � +�> W , A �= Ilqdoo|/ li � ? 4 wkhq dv W $ 4>

� +3> W , $ �. � +4� �, !�
un�!

5 +�> ��, =

E1 Dvvhw orqjhylw| dqg wkh krog0xs sureohp

Dv zh zrxog h{shfw/ wkh sulfh qhjrwldwhg e| vxssolhuv lv kljkhu zkhq wkh ghjuhh ri
hlwkhu ydoxh0lqgxfhg ru pdunhw0lqgxfhg dvvhw vshfl�flw| lv orzhu1 Zkdw lv pruh vxu0
sulvlqj lv wkdw wklv qhjrwldwhg sulfh dovr ghshqgv rq wkh wlph krul}rq1 Lq fruroodu| 4/
srlqw 6 whoov xv wkdw wkh orqjhu wkh olih ri dq lqyhvwphqw/ wkh juhdwhu lv wkh edujdlqlqj
srzhu ri d vxssolhu1 Vxfk edujdlqlqj srzhu h{lvwv ehfdxvh d idloxuh wr pdnh d vdoh
lq wkh fxuuhqw shulrg lv qrw d pdmru orvv zkhq rqh zloo frqwlqxh surgxflqj orqj lqwr
wkh ixwxuh/ vlqfh wkh fkdqfhv ri �qglqj dq dowhuqdwlyh ex|hu duh jrrg1

Wklv uhvxow lv yhu| gl�huhqw iurp wkdw zlwk rqo| ydoxh0lqgxfhg dvvhw vshfl�flw|/
lq zklfk fdvh wkh surgxfw lv zruwk S @ �y lq wkh rxwvlgh pdunhw hdfk shulrg dqg
wkxv hdfk Sw @ Swn� @ �y dqg �Sw @ �Swn� @ �y . �y +4� �, @ ��y= Lq wklv fdvh/ wkh
olih0vsdq ri wkh lqyhvwphqw pdnhv qr gl�huhqfh wr wkh rxwfrph zlwkrxw frqwudfwlqj/
exw vlpso| pdnhv frqwudfwlqj pruh gl!fxow/ ohdglqj wr dq lqfuhdvhg krog0xs ulvn1

<



E| frqwudvw/ li dvvhw vshfl�flw| lv pdunhw0lqgxfhg udwkhu wkdq ydoxh0lqgxfhg/ wkhq
d orqjhu dvvhw olih pd| dfwxdoo| doohyldwh wkh krog0xs sureohp udwkhu wkdq zruvhqlqj
lw1 Wkh h�hfw ri dvvhw orqjhylw| ghshqgv rq wkh uhodwlyh pdjqlwxgh ri wzr h�hfwv1
Iluvw/ wkh sureohp ri frqwudfwlelolw| lqfuhdvhv wkh krog0xs srwhqwldo1 Vhfrqg/ wkh
lqfuhdvhg fkdqfh ri �qglqj d ixwxuh ex|hu ghfuhdvhv wkh qhhg wr kdyh d frqwudfw dw
doo vlqfh wkh rxwfrph ri edujdlqlqj lpsuryhv1

Dowkrxjk wkh pdwkhpdwlfv duh voljkwo| gl�huhqw/ rqh pd| wklqn ri d vkruw0whup
qrqvshfl�f lqyhvwphqw dv ehlqj dqdorjrxv wr d jhqhulf/ kljko| shulvkdeoh jrrg1 Li
d glvwulexwru rewdlqv vxfk d jrrg/ dqg lwv ex|hu uhqhjhv rq wkh frqwudfw/ wkhq wklv
glvwulexwru zloo lqfxu odujh orvvhv/ dv rewdlqlqj d qhz ex|hu rq vkruw qrwlfh pd| qrw
eh srvvleoh/ hyhq li wkh jrrg lq txhvwlrq lv zlgho| xvhg1 E| frqwudvw/ li wkh jrrg lv
orqj0odvwlqj/ wkhq wkh glvwulexwru lv ohvv frqfhuqhg zlwk orvlqj dq| rqh ex|hu1

LY1 Ghulylqj wkh rswlpdo frqwudfw

Rqh fdq ghulyh wkh rswlpdo frqwudfw dqg ohyhov ri W�> W W dqg �4@ lq wkh jhqhudo
prgho dv lq vhfwlrq LL1E1 Krzhyhu/ wkh uhvxowv duh frpsolfdwhg e| wkh idfw wkdw qrz
wkh rshq pdunhw sulfh lv ghfuhdvlqj ryhu wlph udwkhu wkdq frqvwdqw1 Dv d uhvxow/ doo
rxwfrphv ghshqg rq wkh dvvhw olih0vsdq W=

D1 Fkrrvlqj wkh frqwudfw ohqjwk

Uhfdoo wkdw wkh iudfwlrqv rewdlqhg e| d vxssolhu ehiruh dqg diwhu wkh frqwudfw hqgv
duh jlyhq e|

# +�, @ �.
�
�� � �

�
��

� +� > W , @

+
�. +4� �, � !�

un�!

�
4� h3Eun�!�EW3��

�
li ! ? 4 +� ? 4,

�. +4� �, � li ! @ 4 +� @ 4,

Djdlq/ wkh rswlpdo frqwudfw zloo pd{lpl}h � +�> W , zklfk qrz wdnhv wkh irup

� +�> W , @

U �

f # +w, h3uwgw.
U W

�
� +�> W , h3uwgwU W

f h3uwgw

Krzhyhu/ wr pd{lpl}h � +�> W , > zh fdqqrw khuh/ dqdorjrxv wr zkdw zh glg ehiruh/
vlpso| gh�qh W� wr eh wkh sodfh zkhuh wkhvh wzr fxuyhv # dqg � furvv1 Wklv fdvh
lv pruh frpsolfdwhg ehfdxvh # +3, @ �� A 4 A � +3> W , dqg # +W , � � @ � +W> W , = Lq
rwkhu zrugv/ frqwudfwlqj grplqdwhv wkh pdunhw dw erwk wkh ehjlqqlqj dqg wkh hqg
ri wkh dvvhw olih1

Frqvlghu wkh iroorzlqj h{dpsoh1 Ohw �w @ h3xw vr wkdw frqwudfwlelolw| ghfuhdvhv
dw d udwh x ryhu wlph1 Iljxuh 5 looxvwudwhv wkh h�hfw ri d uhgxfwlrq lq � lq wkh fdvh
� @ =8> �� @ 4=5> x @ =8> � @ �

2 > u @ =38> dqg W @ 9= # lv xqfkdqjhg iurp lwv ydoxh
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zlwk � @ 4= Wkh gdvkhg olqh uhsuhvhqwv � zkhq � @ 4 +! @ 4, dv lq wkh suhylrxv
vhfwlrq/ vr wkdw � +w> 9, @ �� � �

2 . �
2� @ =:8= Xqghuqhdwk +lq ghvfhqglqj rughu,

duh judskv ri � +�> 9, dw � @ =<<> =;> =9> =7> dqg =5= D uhgxfwlrq lq � kdv wzr h�hfwv
rq wkh pdunhw sulfh � +�> 9,1 Iluvw/ � vkliwv grzqzdug/ vlqfh vxssolhuv kdyh pruh
gl!fxow| �qglqj dowhuqdwlyh ex|huv/ dqg wkhuhiruh kdyh orzhu h�hfwlyh edujdlqlqj
srzhu1 Vhfrqg/ wkh ghjuhh ri wklv vkliw ghshqgv rq wlph/ vr wkdw qrz/ olnh #> wkh
fxuyh � vorshv grzqzdug/ hyhqwxdoo| uhdfklqj � ? # +w, dw w @ W=

Wkhuhiruh/ xqohvv wkh| duh wdqjhqw/ li # +�, dqg � +�> W , lqwhuvhfw/ wkhq wkh| lqwhu0
vhfw +dw ohdvw, wzlfh19 Ohw W� eh wkh srlqw zkhuh # +�, dqg � +�> W , �uvw furvv1

W� @ vxs i� � W m# +w, � � +w> W ,;w � �j

Uhwxuqlqj wr wkh h{dpsoh/ zkhq � @ =5> � ? # dw doo ydoxhv/ dqg wkhuhiruh W W @ W� @
W @ 91 Iru wkh rwkhu ydoxhv ri �> � +�> 9, dqg # +�, lqwhuvhfw wzlfh/ pdnlqj wkh rswlpdo
frqwudfw ohqjwk pruh frpsolfdwhg wr ghwhuplqh1 Lq sduwlfxodu/ dw � @ =7> wkh fxuyhv
ri � +�> 9, dqg # +�, duh doprvw wdqjhqw/ vr wkdw � +W> W , @ =:69 A =:67 @ � +W�> W ,
dqg wkhuhiruh W W @ W= Lq wklv fdvh/ wkh dgydqwdjh ri wkh pdunhw ryhu frqwudfwlqj +wkh
gl�huhqfh ehwzhhq � dqg #, lv vpdoo dqg whpsrudu|/ vr wkdw lqfhqwlyhv duh kljkhvw
zlwk d frqwudfw odvwlqj wkh hqwluh lqyhvwphqw whup1 E| frqwudvw/ zkhq � @ =;>
� +W> W , @ =:69 ? =::9 @ � +W�> W , dqg wkhuhiruh W W @ W� ? W= Lq wklv fdvh/ wkh
pdunhw rswlrq surylghv odujhu ehqh�wv iru d orqjhu whup/ dqg wkhuhiruh d vkruwhu
frqwudfw ehfrphv rswlpdo1 Wkxv/ dv sursrvlwlrq 9 vwdwhv ehorz/ W� lv rswlpdo lq
vrph fdvhv/ exw lq rwkhuv/zh kdyh W W @ W=

Sursrvlwlrq 9 Vxssrvh wkdw � A 3 dqg wkdw �w lv vwulfwo| ghfuhdvlqj dqg frqyh{/ dv
zkhq �w @ h3xw iru x A 3= Wkhq

41 W W 5 iW�> Wj

51 Vxssrvh wkdw W 7� ? W=

+d, olp�<� W
� @ W 7� dqg iru � vx!flhqwo| forvh wr 4> W W @ W�=

+e, W� lv zhdno| ghfuhdvlqj lq erwk � dqg �> dqg vwulfwo| vr dw � dqg � vxfk
wkdw W� ? W= Lq rwkhu zrugv/ d ghfuhdvh lq hlwkhu w|sh ri dvvhw vshfl�flw|
ohdgv wr vkruwhu frqwudfwv1

61 Li W 7� � W wkhq W� @ W ;�=

71 Li � lv vx!flhqwo| forvh wr 3 wkhq W W @ W=

Lq rwkhu zrugv/ zkhq pdunhw0lqgxfhg dvvhw vshfl�flw| ulvhv/ wkh rswlpdo frqwudfw
ohqjwk ulvhv dv zhoo/ dqg li pdunhw0lqgxfhg dvvhw vshfl�flw| lv vx!flhqwo| kljk/ wkhq
frqwudfwlqj lv xvhg iru wkh hqwluh lqyhvwphqw olih0vsdq1

Surri1 Vhh dsshqgl{1

E1 Dvvhw olih0vsdq dqg frqwudfw ohqjwk= dq xsvlgh0grzq uhvxow

Qrz wkdw wkh rswlpdo frqwudfw ohqjwk lv gh�qhg surshuo|/ zh duh uhdg| wr h{soruh
wkh prvw lqwhuhvwlqj lpsolfdwlrq ri wklv prgho= wkh h�hfw ri lqyhvwphqw olih0vsdq rq
frqwudfw ohqjwk1 Frqvlghu wkh vdph h{dpsoh dv deryh/ vr wkdw � @ =8> �� @ 4=5>
x @ =8> � @ �

2 > dqg u @ =38/ exw qrz �{ � @ =6 dqg frqvlghu zkdw kdsshqv dv zh ydu|
wkh lqyhvwphqw olih0vsdq W= Dv looxvwudwhg lq �jxuh 6/ � +w> 6, dqg � +w> 9, qhyhu h{fhhg
# +�, vr wkdw W W @ W� @ W= Wkxv/ iru orz ohyhov ri W> W� dqg W W duh lqfuhdvlqj
lq W= Krzhyhu/ prylqj iurp W @ 9 wr W @ <> W� mxpsv grzqzdug iurp 9 wr 6=4:=
Prylqj rq wr W @ 45> W� ghfuhdvhv ixuwkhu wr W� @ 5=;5= Ilqdoo|/ dw W @ 4> zh
jhw W� @ 5=88= Wkxv/ W� +dqg zlwk lw W W, lqlwldoo| lqfuhdvhv zlwk W> exw hyhqwxdoo|
ehjlqv wr idoo1 Dv d uhvxow/ wkh rswlpdo frqwudfw ohqjwk pd| ehfrph vkruwhu zkhq
wkh lqyhvwphqw olih0vsdq ehfrphv orqjhu1

9 Li �w lv vwulfwo| frqyh{ dv zlwk �w ' h3�w wkhq # Eu� dqg � Eu> W � lqwhuvhfw qr pruh wkdq wzlfh1
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Iljxuh 6= ydu|lqj wkh lqyhvwphqw olihvsdq

Sursrvlwlrq : Vxssrvh wkdw 3 ? � ? 4> � A 3 dqg �w lv vwulfwo| ghfuhdvlqj dqg
frqyh{1

41 Iru W vx!flhqwo| vpdoo/ W W @ W� @ W= Wkxv iru vkruw0olyhg dvvhwv/ wkh rswlpdo
frqwudfw whup lv wkh vdph dv wkh lqyhvwphqw olih0vsdq/ dqg wkxv lqfuhdvhv dv
wkh lqyhvwphqw olih0vsdq lqfuhdvhv1

51 Iru W vx!flhqwo| odujh/ W� ? W= Pruhryhu/ dw vxfk ohyhov ri W> W� lv ghfuhdvlqj
lq W=

61 Iru W vx!flhqwo| odujh/ W W @ W� ? W=

Lq rwkhu zrugv/ li wkh lqyhvwphqw olih0vsdq lqfuhdvhv hqrxjk/ wkh rswlpdo frqwudfw
ehfrphv vkruwhu1

Surri1 Vhh dsshqgl{1

Fruroodu| 5 Vxssrvh wkdw wkh rswlpdo frqwudfw ehwzhhq d ex|hu dqg d vxssolhu grhv
qrw h{whqg wr wkh hqg ri wkh olih0vsdq ri wkh lqyhvwphqw lqyroyhg dqg wkdw �w lv vwulfwo|
ghfuhdvlqj dqg frqyh{1 Wkhq/ fhwhulv sdulexv/ li wkh lqyhvwphqw olih0vsdq lqfuhdvhv/
wkh rswlpdo frqwudfw ehfrphv vkruwhu1

Wkhvh uhvxowv/ lq sduwlfxodu wkh fruroodu|/ duh frxqwhu0lqwxlwlyh1 Krzhyhu/ wkh|
pdnh vhqvh li zh frqvlghu wkh lpsruwdqfh ri pdunhw0lqgxfhg dvvhw vshfl�flw|1 Zkhq
dq lqyhvwphqw kdv d orqj zrunlqj olih/ d vxssolhu lv ohvv yxoqhudeoh/ vr wkdw wkh
rxwfrph ri pdunhw edujdlqlqj lv lpsuryhg1 Lq d vhqvh/ d orqjhu dvvhw olih0vsdq lv
dqdorjrxv wr d uhgxfwlrq lq dvvhw vshfl�flw|1 +Vhh sursrvlwlrq 9 deryh1, Lq erwk fdvhv/
wkh dgydqwdjhv ri frqwudfwlqj duh uhgxfhg/ vr wkdw rswlpdo frqwudfwv duh vkruwhu1

F1 Zkhq orqjhu lqyhvwphqwv suhyhqw krog0xs

Lq frqwudvw zlwk vwdqgdug prghov ri dvvhw vshfl�flw|/ khuh/ lqfhqwlyhv iru lqyhvwphqw
pd| dfwxdoo| eh juhdwhu zkhq vxssolhuv lqyhvw iru wkh orqj uxq1 Vxfk orqj0whup
lqyhvwphqwv surylgh d frpplwphqw ydoxh wr vxssolhuv/ pdnlqj wkuhdwv wr ohdyh dq
h{lvwlqj ex|hu pruh fuhgleoh/ vlqfh wkh ehqh�wv ri prylqj wr d ehwwhu fxvwrphu zloo
eh hqmr|hg iru orqjhu1 Li zh wdnh lqwr dffrxqw pdunhw0lqgxfhg dvvhw vshfl�flw|/ wkh
lqyhvwphqwv prvw surqh wr krog0xs duh qrw orqj whup/ exw wkrvh wkdw sd| r� lq wkh
phglxp whup1 Iru vxfk lqyhvwphqwv/ frqwudfwlqj lv gl!fxow/ exw wkh survshfwv ri
uhfrqwudfwlqj duh qrw vx!flhqwo| jrrg wr vhuyh dv d vxevwlwxwh1

Wr vhh zk| wklv uhyhuvdo rffxuv/ frqvlghu zkdw kdsshqv dv zh ydu| W= Iru W yhu|
vpdoo/ �4@ lv forvh wr �� A 4> vlqfh frqwudfwv duh doprvw frpsohwh1 Iru vxfk ohyhov ri
W> frqwudfwlqj lv xvhg iru wkh hqwluh lqyhvwphqw olih0vsdq1 Dv W ulvhv/ �4@ idoov/ vlqfh
# +w, lv ghfuhdvlqj1 Iru W eh|rqg vrph aW > frqwudfwlqj iru wkh hqwluh olih0vsdq lv qr
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orqjhu rswlpdo1 Wkxv/ wr pd{lpl}h lqfhqwlyhv wr lqyhvw/ pdunhw edujdlqlqj lv xvhg
iru w � W�= D ixuwkhu lqfuhdvh lq W kdv wzr h�hfwv= Iluvw/ dv W� idoov zkloh W ulvhv/
wkh frqwudfw whup ehfrphv d vpdoohu dqg vpdoohu iudfwlrq ri wkh wrwdo lqyhvwphqw
olih0vsdq1 Vlqfh wkh lqlwldo frqwudfwlqj lqwhuydo surylghv V zlwk wkh kljkhvw sd|r�/
wkh uhvxow lv d idoo lq �4@ = Vhfrqg/ dv W ulvhv/ � +�> W , vkliwv xszdug +zklfk lv zk|
W� idoov,1 Wkhuhiruh/ V*v sd|r� iurp pdunhw edujdlqlqj ulvhv1 Wkh uhvxow lv d ulvh lq
�4@ = Wkhuhiruh/ dowkrxjk �4@ lv lqlwldoo| ghfuhdvlqj lq W> eh|rqg vrph srlqw/ wklv
wuhqg pd| uhyhuvh lwvhoi/ vr wkdw �4@ ehjlqv wr ulvh1

D vpdoo uhyhuvdo ri wklv w|sh rffxuv lq wkh looxvwudwlrq deryh/ vr wkdw �4@ @ =:53
zkhq W @ 4> zkhuhdv iru W @ 45 zh kdyh �4@ @ =9<8= Wklv uhyhuvdo lv pxfk pruh
vwulnlqj zkhq ydoxh0lqgxfhg dvvhw vshfl�flw| lv vpdoo +kljk �,/ zkhq frqwudfwlelolw|
idoov udslgo| +kljk x, dqg zkhq vxssolhuv kdyh orz edujdlqlqj srzhu +orz �,1 Wkxv
uhwdlq �� @ 4=5> u @ =38> � @ =6> dqg � @ �

2 / exw ohw � @ 4 dqg x @ 4 vr wkdw qr ydoxh0
lqgxfhg dvvhw vshfl�flw| h{lvwv dqg vr wkdw frqwudfwlelolw| idoov udslgo|/ dv looxvwudwhg
lq �jxuh 71 Lq wklv h{dpsoh/ �4@ lv vpdoohvw/ vr wkdw lqyhvwphqw lv ohdvw olnho|/

20181614121086420

1.2

1.1

1

0.9

0.8

0.7

0.6

0.5

µ(t,�)

µ(t,20)
µ(t,15)

µ(t,10)
µ(t,6)

µ(t,4.2)

5(t)

T 0 1 2 3 4.2 6 10 15 20 �

T* 0 1 2 3 1.31 .96 .71 .62 .60 .58

�m ax 1.2 .94 .81 .73 .70 .72 .76 .81 .84 .90

T 0 1 2 3 4.2 6 10 15 20 �

T* 0 1 2 3 1.31 .96 .71 .62 .60 .58

�m ax 1.2 .94 .81 .73 .70 .72 .76 .81 .84 .90

Iljxuh 7= Uhyhuvdo ri ghfolqh lq �4@ zlwk udslgo| idoolqj frqwudfwlelolw|

zkhq W @ 7=5> iru zklfk �4@ @ =:3= E| frqwudvw/ iru yhu| orqj0whup lqyhvwphqwv/
�4@ dssurdfkhv =<3> zklfk lv 5<( odujhu1

Zh rewdlq hyhq vwurqjhu uhvxowv zkhq vxssolhuv kdyh orzhu edujdlqlqj srzhu/
zklfk pd| eh d uhdvrqdeoh dvvxpswlrq lq pdq| dssolfdwlrqv1 Iru h{dpsoh/ iru
� @ =58> zh rewdlq wkh iroorzlqj rxwfrph=

W % 4 5 6 7 8=9 ; 43 48 53 63 4

W W % 4 5 6 7 4=85 4=4: 4=35 =;6 =:8 =:3 =9;

�4@ 4=5 =;8 =9: =89 =83 =7; =7< =85 =8: =94 =9: =:7

Lq wklv fdvh/ �4@ kdv d plqlpxp ri =7; dw W @ 8=9> exw iru yhu| orqj lqyhvwphqwv/
�4@ dssurdfkhv =:7> zklfk lv 87( odujhu1

Wkh uhyhuvdo ri wkh ghfolqh lq �4@ rffxuv dw dq hduolhu wlph zkhq hlwkhu � ru x lv
kljkhu/ vlqfh hlwkhu fkdqjh lqfuhdvhv wkh dgydqwdjhv ri wkh pdunhw ryhu frqwudfwlqj1
Iru h{dpsoh/ li zh vhw �� @ 4=5> u @ =38> � @ =:> � @ 4 dqg x @ 5> zh jhw wkh iroorzlqj
uhvxowv iru � @ =8 dqg � @ =58 =

W % =8 4 4=9 5=4 6 8 43 48 4

W W +=8, % =8 4 =896 =636 =564 =53< =53; =53;

�4@ +=8, 4=5 =<7 =;4 =:6 =:; =;7 =<4 =<6 =<9

W W +=58, % =8 4 =989 =78< =635 =544 =4<; =4<8

�4@ +=58, 4=5 =;8 =99 =85 =87 =94 =:7 =;3 =;<
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Iru � @ =8> �4@ kdv lwv plqlpxp ri =:6 dw W @ 4=9> ulvlqj e| 65( wr =<9 dv W $ 4=

Iru � @ =58> �4@ kdv lwv plqlpxp ri =85 dw W @ 5=4> ulvlqj e| :4( wr =;< dv W $ 4=

Lq jhqhudo/ zh fdq suryh wkh iroorzlqj=

Sursrvlwlrq ; Vxssrvh wkdw 3 ? � ? 4> � A 3 dqg �w @ h3xw zkhuh x A 31:

41 Li W A 3 wkhq iru x vx!flhqwo| odujh/ W W @ W� ? W= Pruhryhu/ dv x $ 4>

W� $ 3=

51 Ohw �4@ +W> x, ghqrwh wkh pd{lpxp vkduh ri wkh vxssolhu iru lqyhvwphqw olih0
vsdq W dqg xqfhuwdlqw| ohyho x= Li aW A 3 wkhq iru x dqg W vx!flhqwo| odujh/

�4@ +W> x, A �4@ 
�
aW> x

�
=

Wkxv/ zkhq frqwudfwlqj lv vx!flhqwo| lqh�hfwlyh/ lqfhqwlyhv iru lqyhvwphqw duh
kljkhu iru orqj0olyhg dvvhwv wkdq iru wkrvh zlwk dq lqwhuphgldwh olih0vsdq1;

Surri1 Vhh dsshqgl{1

Y1 Wkh srzhu ri frpplwphqw

Wkh frqfoxvlrqv ri vhfwlrq F deryh duh frxqwhu0lqwxlwlyh1 Vxuho|/ rqh pljkw uhdvrq/
udwkhu wkdq lqfxuulqj d orqj0uxq lqyhvwphqw/ li dq htxlydohqw vkruw0whup dowhuqdwlyh
h{lvwv/ wklv zloo eh vxshulru1 Diwhu doo/ vxfk dq lqyhvwphqw surylghv rqh zlwk pruh
 h{lelolw| dqg doorzv vkruwhu/ pruh h�hfwlyh frqwudfwv1 Dowkrxjk wkh uhshdwhg vkruw0
whup lqyhvwphqw vwudwhj| pd| dsshdu dwwudfwlyh/ d forvhu dqdo|vlv uhyhdov wkdw vxfk
dq dssurdfk fdq qhyhu uhgxfh wkh ulvn ri krog0xs1 Zh rewdlq wklv uhvxow ehfdxvh lq
vxfk d vlwxdwlrq/  h{lelolw| dfwxdoo| fuhdwhv d vwudwhjlf glvdgydqwdjh1

Iru h{dpsoh/ vxssrvh wkdw rqh kdv d fkrlfh ehwzhhq dq lqyhvwphqw wkdw odvwv
53 shulrgv/ dqg dq dowhuqdwlyh lqyhvwphqw wkdw odvwv 7 shulrgv dqg kdv htxlydohqw
h!flhqf| +vr wkdw � lv lghqwlfdo iru wkh wzr rswlrqv,1 Ohw �4@ 

e uhsuhvhqw wkh vxssolhu*v
pd{lpdo vkduh zlwk dq lqyhvwphqw ri whup 53/ dqg ohw �4@ 

e uhsuhvhqw wkh vdph zlwk
dq lqyhvwphqw ri whup 71 Li wkh 70shulrg lqyhvwphqw lv uhshdwhg �yh wlphv/ wkhq
wkh uhvxow lv d 530shulrg lqyhvwphqw/ exw zlwk vkruwhu frqwudfwv1 Iljxuh 8 looxvwudwhv
wkh vxssolhu*v vkduh zlwk dq lqyhvwphqw zlwk whup 531 Khuh/ �4@ 

2f lv wkh glvfrxqwhg
dyhudjh ri wkh ixqfwlrq uhsuhvhqwhg e| wkh wklfn eodfn olqh1 Wkh vxssolhu pd| dwwhpsw

2      4     6      8     10    12    14    16   18   20

5

µ(t,20)

Iljxuh 8= vxssolhu*v vkduh zlwk d orqj0whup lqyhvwphqw

wr gr ehwwhu wkdq �4@ 
2f e| dqqrxqflqj klv lqwhqwlrq lq dgydqfh wr uhshdwhgo| lqyhvw

: Zh rewdlq wkh vdph rxwfrph li �� ' i E� > �� vxfk i Eu> �� lv vwulfwo| ghfuhdvlqj lq � rq Ef>"� dqg
dozd|v vwulfwo| ghfuhdvlqj dqg frqyh{ lq �> dqg vxfk wkdw iru doo � A f> *�4�<" i E� > �� ' f=
; Wkh dxwkru frqmhfwxuhv wkdw �4@ lv dozd|v hlwkhu ghfuhdvlqj lq W ru +iru vx!flhqwo| kljk �� X0
vkdshg1 Krzhyhu/ d uljrurxv surri ri wklv frqmhfwxuh kdv suryhg hoxvlyh dqg wkh sursrvlwlrq vwdwhg
khuh lv wkh vwurqjhvw wkdw dsshduv wr eh surydeoh1 Dq| lghdv rq krz wr suryh d vwurqjhu uhvxow duh
prvw zhofrph1
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iru irxu shulrgv dw d wlph1 Dw wkh ehjlqqlqj ri hdfk lqyhvwphqw/ d qhz frqwudfw fdq
eh vljqhg/ doorzlqj d kljkhu vkduh wr eh uhfhlyhg dv looxvwudwhg lq �jxuh 91 Djdlq/
wkh wklfn olqh uhsuhvhqwv wkh vkduh uhfhlyhg1

2      4     6      8     10    12    14    16   18   20

5

µ(t,20)µ(t,16)µ(t,12)µ(t,8)

µ(t,4)

Iljxuh 9= Uhshdwhg vkruw0whup lqyhvwphqwv

Xqiruwxqdwho|/ xqohvv d irxu0shulrg lqyhvwphqw lv vxvwdlqdeoh rq lwv rzq +xqohvv
� ? �4@ 

e ,/ vxfk d vwudwhj| idowhuv dv lw ghshqgv rq wkh fuhglelolw| ri wkh surplvh wr
uh0lqyhvw1 Judsklfdoo|/ �4@ 

e lv uhsuhvhqwhg khuh e| wkh glvfrxqwhg dyhudjh ri wkh wklfn
olqh lq wkh odvw irxu shulrgv/ ehwzhhq w @ 49 dqg w @ 53= Vxssrvh wkdw �4@ 

e ? �1 Wkhq
zkhq zh uhdfk w @ 49> uh0lqyhvwphqw zloo qrw rffxu/ dv wkh vxssolhu*v vkduh grhv qrw
fryhu lqyhvwphqw frvwv1 Dv d uhvxow/ wkh pdunhw rswlrq idoov iurp � +w> 53, wr � +w> 49,
vlqfh lqyhvwphqw lv h{shfwhg iru rqo| 49 shulrgv1 Xvlqj edfnzdugv lqgxfwlrq/ lw lv qrz
fohdu wkdw uh0lqyhvwphqw zloo qrw rffxu dw w @ 45 hlwkhu1 Frqwlqxlqj wklv uhdvrqlqj/
wkh hqwluh vwudwhj| xqudyhov � xqohvv lqyhvwphqw iru irxu shulrgv lv vxvwdlqdeoh rq
lwv rzq1

Zh vhh khuh wkdw wkh yhu| lq h{lelolw| ri d orqj0whup lqyhvwphqw surylghv d vwudwh0
jlf dgydqwdjh1 Lw lv wuxh wkdw wkh odvw ihz shulrgv ri vxfk dq lqyhvwphqw |lhog d yhu|
orz sd|r�/ ru hyhq d orvv1 Krzhyhu/ wkh idfw wkdw wkrvh odvw shulrgv h{lvw lqfuhdvhv
d vxssolhu*v sd|r� hduolhu rq1 Wkhuhiruh/ wkh vxssolhu ehqh�wv iurp frpplwwlqj wr d
orqj lqyhvwphqw whup1 Wkh delolw| wr fkdqjh rqh*v plqg lv lq wklv fdvh xqghvludeoh1
Zh frqfoxgh wkdw/ dowkrxjk d vxssolhu pd| vrphwlphv rewdlq d vwudwhjlf dgydqwdjh
e| hqjdjlqj lq uhshdwhg vkruw0whup lqyhvwphqwv/ vxfk d vwudwhj| zloo qhyhu vroyh wkh
krog0xs sureohp/ doorzlqj lqyhvwphqw wr rffxu zkhq lw rwkhuzlvh zrxog qrw rffxu1

YL1 Frqfoxvlrq

Wklv sdshu kdv suhvhqwhg d wkhruhwlfdo iudphzrun wkdw doorzv xv wr dqdo|}h vlwx0
dwlrqv lq zklfk rxwsxw lv qhlwkhu ixoo| frqwudfwleoh qru ixoo| qrqfrqwudfwleoh dqg
dvvhw vshfl�flw| lv dq rxwfrph ri erwk surgxfw fkdudfwhulvwlfv dqg pdunhw frqgl0
wlrqv1 Zh kdyh irxqg wkdw zlwklq wklv iudphzrun/ lw lv shuihfwo| uhdvrqdeoh wr h{shfw
wkdw lqyhvwphqw iru orqjhu0whup surmhfwv pd| eh ohvv surqh wr krog0xs wkdq wkdw iru
phglxp0whup frqwudfwv/ dqg wkdw wkh whup ri dq lqyhvwphqw pd| sod| dq lpsruwdqw
uroh lq ghwhuplqlqj wkh edodqfh ri edujdlqlqj srzhu ehwzhhq frqwudfwlqj sduwlhv1

Pxfk urrp h{lvwv iru erwk sudfwlfdo dqg wkhruhwlfdo zrun exloglqj xsrq wklv
iudphzrun1 Lq wkh sudfwlfdo uhdop/ d uh0h{dplqdwlrq ri frpprq dssolfdwlrqv ri wkh
krog0xs prgho lv olnho| wr uhyhdo wkdw pdunhw0lqgxfhg dvvhw vshfl�flw| sod|v d uroh lq
doprvw doo ri wkhvh1 Lw lv krshg wkdw wklv iudphzrun zloo hqkdqfh rxu xqghuvwdqglqj ri
vxfk dssolfdwlrqv/ vr wkdw wkh jds ehwzhhq wkhru| dqg revhuydwlrq fdq eh qduurzhg1
Dprqj wkhvh dssolfdwlrqv/ wkh prvw reylrxv lv wkh dqdo|vlv ri rxwvrxuflqj duudqjh0
phqwv vxfk dv jurzhu frqwudfwv/ zkrvh fkdudfwhulvwlfv vhuyhg dv wkh prwlydwlrq iru
wklv sdshu1 Dqrwkhu dssolfdwlrq zrxog h{dplqh wkh vwudwhjlf lpsolfdwlrqv ri �upv*
lqyhvwphqw vwudwhjlhv1 Iurp d frqyhqwlrqdo krog0xs shuvshfwlyh/ frpplwwlqj wr sur0
gxfh ryhu d orqj whup zloo lqfuhdvh rqh*v yxoqhudelolw| wr krog0xs vlqfh frqwudfwv
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ehfrph ohvv h�hfwlyh dw surylglqj surwhfwlrq1 Krzhyhu/ li rqh*v yxoqhudelolw| lv wkh
uhvxow ri pdunhw frqglwlrqv/ wkhq lqyhvwlqj iru wkh orqj0uxq pd| dfwxdoo| hqkdqfh
edujdlqlqj srzhu dqg wkhuhe| suhyhqw krog0xs e| pdnlqj frqwudfwv ohvv qhfhvvdu|1

Pxfk wkhruhwlfdo zrun dovr uhpdlqv wr eh grqh h{whqglqj wklv iudphzrun dv
zhoo dv dgdswlqj lw wr gl�huhqw frqwudfwlqj vfhqdulrv vlqfh/ wr kljkoljkw fohduo| wkh
prvw lpsruwdqw h�hfwv ri pdunhw0lqgxfhg vshfl�flw|/ wklv sdshu suhvhqwv txlwh d
vlpsol�hg wkhruhwlfdo iudphzrun1 Iluvw/ dowkrxjk doorzlqj iru erwk ydoxh0lqgxfhg
dqg pdunhw0lqgxfhg dvvhw vshfl�flw|/ wklv sdshu frqvlghuv wkhlu h�hfwv lqghshqghqwo|1
Pruh uhdolvwlfdoo|/ wkh wzr h�hfwv duh olqnhg1 E| wklv zh phdq wkdw dowhuqdwlyh
ex|huv ydu| lq wkhlu ydoxdwlrqv/ vr wkdw d vxssolhu fdq fkrrvh ehwzhhq dffhswlqj d
orz sulfh txlfno| ru vhdufklqj fduhixoo| iru d kljk0ydoxdwlrq fxvwrphu1 Dv d uhvxow/
dvvhw vshfl�flw| pd| dfwxdoo| eh pxowl0glphqvlrqdo/ udwkhu wkdq wzr0glphqvlrqdo dv
ghvfulehg khuh1

Vhfrqg/ lq frqwudvw zlwk Udph| dqg Zdwvrq +5334,/ wklv sdshu kdv wuhdwhg dv
h{rjhqrxv wkh suredelolw| � ri �qglqj d qhz ex|hu1 Hqgrjhql}lqj � lq wklv iudphzrun
+dv rssrvhg wr wkhluv, lv frpsolfdwhg e| wkh idfw wkdw khuh/ vxssolhuv duh lq vkruw
vxsso| dqg d ex|hu vhfxuhv dq dowhuqdwlyh vxssolhu sulpdulo| qrw e| vhdufklqj/ exw e|
hqwlflqj vrphrqh hovh wr lqyhvw e| r�hulqj d qhz frqwudfw1 Wkxv/ wr ghulyh d pdunhw
htxloleulxp/ rqh zrxog qhhg wr frqvlghu doo srwhqwldo vxssolhuv dv zhoo dv dfwxdo
vxssolhuv1 Qhyhuwkhohvv/ wklv vruw ri iudphzrun pd| khos wr vkhg oljkw rq h!flhqf|
zdjh vfhqdulrv lq zklfk lqyhvwphqwv vhuyh dv lqfhqwlyh ghylfhv1 Wklug/ rqo| xqlodwhudo
lqyhvwphqw lv frqvlghuhg khuh1 Li erwk sduwlhv lqyhvw/ wkhq lq vrph flufxpvwdqfhv d
ulvh lq pdunhw0lqgxfhg dvvhw vshfl�flw| pljkw dfwxdoo| lqfuhdvh lqfhqwlyhv iru wkh
ex|hu wr lqyhvw/ dv lq Udph| dqg Zdwvrq +5334,1

Lw lv wkh dxwkru*v krsh wkdw wklv sdshu zloo eh rqo| d ehjlqqlqj/ vr wkdw wkh
uhohydqfh ri pdunhw vwuxfwxuh ehfrphv d vwdqgdug frqvlghudwlrq lq wkh hfrqrplf
wkhru| ri frqwudfwv1
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Uhihuhqfhv

Kduw/ R1/ dqg Prruh/ M1/ 4<<31 Surshuw| uljkwv dqg wkh qdwxuh ri wkh �up1
Mrxuqdo ri Srolwlfdo Hfrqrp| <; +9,= 444<08;1

Nohlq/ E1/ Fudzirug/ U1/ dqg Dofkldq/ D11 4<:;1 Yhuwlfdo Lqwhjudwlrq/ dssur0
suldeoh uhqwv/ dqg wkh frpshwlwlyh frqwudfwlqj surfhvv1 Mrxuqdo ri Odz dqg
Hfrqrplfv 54= 5<:06591

Olqgehfn/ D1/ dqg Vqrzhu/ G1 M1 4<;;1 Frrshudwlrq/ kdudvvphqw/ dqg lqyroxq0
wdu| xqhpsor|phqw= Dq lqvlghu0rxwvlghu dssurdfk1 Dphulfdq Hfrqrplf Uh0
ylhz1 :;+4,= 49:0;;1

Olqgehfn/ D1/ dqg Vqrzhu/ G1 M1 4<<41 Lqwhudfwlrqv ehwzhhq wkh h!flhqf| zdjh
dqg lqvlghu0rxwvlghu wkhrulhv1 Hfrqrplfv Ohwwhuv 6:+5,= 4<60<91

PdfOhrg/ Z1 E1/ dqg Pdofrpvrq/ M1 P1 4<<61 Lqyhvwphqwv/ krog0xs/ dqg wkh
irup ri pdunhw frqwudfwv1 Dphulfdq Hfrqrplf Uhylhz ;6+7,= ;440;6:1

Pdofrpvrq/ M1 P1 4<<:1 Frqwudfwv/ krog0xs/ dqg oderu pdunhwv1 Mrxuqdo ri
Hfrqrplf Olwhudwxuh 68+7,= 4<4908:1

Udph|/ J1/ dqg Zdwvrq/ M1 53341 Elodwhudo wudgh dqg rssruwxqlvp lq d pdwfk0
lqj pdunhw1 Frqwulexwlrqv wr Wkhruhwlfdo Hfrqrplfv 4+4,= Duwlfoh 61

Vwljohu/ J1 M1 4<841 Wkh glylvlrq ri oderu lv olplwhg e| wkh h{whqw ri wkh pdunhw1
Mrxuqdo ri Srolwlfdo Hfrqrp| OL[+6,=4;804<61

Yhwwhu/ K1/ dqg Dqghuvhq/ W1 P1 4<<71 Gr wxuqryhu frvwv surwhfw lqvlghuvB
Hfrqrplf Mrxuqdo 437+755,= 4570631

Zlooldpvrq/ R1 H1/ 4<;81 Wkh Hfrqrplf Lqvwlwxwlrqv ri Fdslwdolvp1 Qhz \run=
Wkh Iuhh Suhvv1

Dsshqgl{1 Surriv

Surri ri sursrvlwlrq 41 +4, Vxssrvh wkdw rxwsxw lv shuihfwo| frqwudfwleoh vr wkdw
�w � 4= Vxssrvh wkdw wkh frqwudfw uhtxluhv surylvlrq ri y rq ^3> W ` lq uhwxuq iru d

oxps vxp
U W

f yh3uwgw sdlg dw W= Wklv vdwlv�hv lqglylgxdo udwlrqdolw| +4, li dqg rqo| li
� � 4= Pruhryhu/ qr dowhuqdwlyh lqyhvwphqw fdq grplqdwh L vlqfh zh kdyh dvvxphg
wkdw L lv wkh fkhdshvw zd| wr surgxfh y rq ^3> W ` =

+5, Vxssrvh wkdw � @ 4 dqg wkdw lqyhvwphqw lv h!flhqw vr wkdw � � 4= Wkhq vhw
W U @ 3= Zlwkrxw dq| oxps0vxp/ lq uhwxuq iru lqyhvwlqj/ E uhfhlyhv d  rz ydoxh ri
+� . +4� �,, y @ y= Wkhuhiruh/ V lqyhvwv dv orqj dv

U W

f yh3uwgw � L +, � � 4=
+6, Qrz vxssrvh wkdw wkh lqyhvwphqw L lv shuihfwo| frqwudfwleoh/ wkrxjk zh pljkw

kdyh �w ? 4= Wkhq djdlq vhw W U @ 3 exw ohw E sd| V d oxps vxp
+4� � � � +4� �,,

U W

f yh3uwgw dw wlph 3 lq uhwxuq iru fkrrvlqj L= Wkh wrwdo uhfhlyhg
e| V lv wkhq

+4� � � � +4� �,,

] W

f
yh3uwgw. +� . +4� �,,

] W

f
yh3uwgw

@

] W

f
yh3uwgw @

L

�

Wkhuhiruh V lqyhvwv dv orqj dv � � 4=
+7, Ilqdoo| vxssrvh wkdw � @ 4= Wkhq djdlq vhw W U @ 3= Zlwkrxw dq| oxps0vxp/

lq uhwxuq iru lqyhvwlqj/ E uhfhlyhv d  rz ydoxh +4 . � +4� 4,, y @ y= Wkhuhiruh/ V

lqyhvwv dv orqj dv
U W

f yh3uwgw � L +, � � 4=

4:



Surri ri sursrvlwlrq 51 Uhfdoo wkdw �w lv vwulfwo| ghfuhdvlqj dqg frqwlqxrxv zlwk
�f @ 4 dqg olpw<" �w @ 3= Wkhuhiruh # +3, @ �� A 4 dqg olpw<" # +w, @ �= Dovr
uhfdoo wkdw li � A 3> wkhq �� A �= Wkhuhiruh/ zkhq � A 3 dqg � ? 4> wkhuh h{lvwv d
xqltxh W 7� A 3 vxfk wkdw # +W 7�, @ ��= Li W � W 7� wkhq # +w, A �� ;w � W dqg wkhuhiruh
W W @ W= Li W A W 7� wkhq # +w, A �� +, w ? W 7� dqg wkhuhiruh W W @ W 7�=

Ilqdoo|/ qrwh wkdw li � @ 3 wkhq �� @ � A # +w,;w dqg li � @ 4 wkhq # +w, @
4.

�
�� � 4

�
�w A 4 @ ��= Lq hlwkhu fdvh/ frqwudfwlqj grplqdwhv wkh pdunhw vr W W @ W 1

Vlqfh W 7� @ 4> plq +W> W 7�, @ W @ W W dv qhhghg1

Surri ri sursrvlwlrq 61 +4, Frqvlghu wkh h�hfw ri d ulvh lq � wr � . % vr
wkdw ��% @ � . % . � +4� � � %, @ �� . % +4� �, A ��= Frqvlghu krz W 7� dqg �4@ 

frpsduh wr wkh fruuhvsrqglqj ydoxhv W 7�% dqg �4@ 
% = Vlqfh �w lv ghfuhdvlqj lq w> vlqfh

# +W 7�, @ �� ? ��% @ # +W 7�%, > zh pxvw kdyh W 7�% ? W 7�=

Qrz frpsdulqj �4@ 
% dqg �4@ 

% > qrwh wkdw ehfdxvh ��% A ��> � +�> W , � �% +�> W ,
;�> dqg wklv lqhtxdolw| lv vwulfw li � ? 4 dqg � ? W= Wkhuhiruh �4@ � �4@ 

% zlwk
vwulfw lqhtxdolw| li � ? 4 dqg W W ? W=

+5, Qrz frqvlghu wkh h�hfwv ri dq xszdug vkliw lq i�wj wr
q
a�w

r
vxfk wkdw a�w A

�w;w A 3= Wklv vkliw grhv qrw d�hfw ��> exw lw fdxvhv # wr vkliw xszdug wr

a# +w, @ ��a�w . �
�
4� a�w

�
A # +w,;w A 3

Gh�qh aW 7� vxfk wkdw a#
�
aW 7�

�
@ ��= Vlqfh # dqg a# duh ghfuhdvlqj lq w dqg # +W 7�, @

a#
�
aW 7�

�
> lw pxvw eh wkdw aW 7� A W 7�= Zkhq frqwudfwlelolw| lpsuryhv/ rqh fdq udlvh

lqfhqwlyhv e| ohqjwkhqlqj wkh frqwudfw1 Ilqdoo|/ gh�qh a� +�> W , wr eh V*v vkduh zkhq

wkh frqwudfw hqgv dw � dqg frqwudfwlelolw| lv
q
a�w

r
= Vlqfh a# +w, A # +w,;w A 3> ;w A 3>

a� +�> W , A � +w> W , = Wkhuhiruh/ xvlqj W W A 3> a�
4@ 

@ pd{� a� +�> W , � a� +W W> W , A

� +W W> W , @ �4@ =

+6, Frqvlghu wkh h�hfwv ri dq lqfuhdvh lq �= Iluvw/ �3�

��
3�

� ulvhv vlqfh �� A 3=

Wkhuhiruh/ vlqfh �W 7� @ �3�

��
3�

�> dqg �w lv vwulfwo| ghfuhdvlqj/ W 7� pxvw ulvh vwulfwo|1

Vhfrqg/ �4@ ulvhv vwulfwo| vlqfh # +w, ulvhv vwulfwo| dqg/ �� ulvhv zhdno|/ dqg W W A 31

Surri ri sursrvlwlrq 71 Iluvw/ li W ? W 7�> wkhq �4@ lv wkh glvfrxqwhg dyhudjh ri
# rq ^3> W ` > dqg lv wkhuhiruh vwulfwo| ghfuhdvlqj lq W ehfdxvh # lv vwulfwo| ghfuhdvlqj
lq W=

Qrz vxssrvh wkdw W A W 7�> lq zklfk fdvh � A 3> � ? 4 vr wkdw # +w, lv vwulfwo|
ghfuhdvlqj dqg W W @ W 7�= Gh�qh �# wr eh wkh glvfrxqwhg dyhudjh ri # rq ^3> W 7�` =

�# @

] W 7�

f
# +w, h3uwgw

/] W 7�

f
h3uwgw

Wkhq

�4@ @

#
�#

] W 7�

f
h3uwgw. ��

] W

W 7�

h3uwgw

$/] W

f
h3uwgw

@ ��.
�
�# � ��

� ] W 7�

f
h3uwgw

/] W

f
h3uwgw

zklfk lv vwulfwo| ghfuhdvlqj lq W vlqfh �# A ��=

4;



Surri ri sursrvlwlrq 81 Frqvlghu �uvw/ dv ehiruh/ wkh qhjrwldwlrqv ehwzhhq
dq xquhodwhg ex|hu dqg vxssolhu/ exw ohw xv olplw rxuvhoyhv wr wkh ehqfkpdun fdvh
�y @ 4 vr wkdw wkh sulfhv uhsuhvhqw iudfwlrqv ri ydoxh1 Gh�qh �� wr eh wkh qhjrwldwhg
sd|phqw shu xqlw wlph dw wlph W � �> vr wkdw wkh wlph uhpdlqlqj lv �= Wr vroyh iru
�� > ohw Y� eh wkh vxusoxv iurp djuhhphqw dw wlph W � �= Wkhq

Y� @

] �

f
h3uw �

] �

f
��3w

�
4� h3!w

�
h3uwgw

@

] �

f
+4��w, h

3uE�3w�

� ~} �
ex|hu*v vkduh

.

] �

f
�wh

3Eun!�E�3w�gw� ~} �
vxssolhu*v vkduh

Wklv vxusoxv lv vsolw ehwzhhq ex|hu dqg vxssolhu lq d udwlr 4� � = �= Wkxv

�

] �

f
+4��w, h

3uE�3w�gw @ +4� �,

] �

f
�wh

3Eun!�E�3w�gw

@, �

] �

f
+4��w, h

uwgw @ +4� �, h3!�

] �

f
�wh

Eun!�wgw

Gl�huhqwldwlqj zlwk uhvshfw wr � dqg vlpsoli|lqj/ zh rewdlq

�� @ �. +4� �,!

] �

f
�wh

3Eun!�E�3w�gw +:,

Wr jhw dq h{dfw irupxod iru�� > zh qhhg wr frqvwuxfw dq ruglqdu| gl�huhqwldo htxdwlrq1
Iluvw/ li zh gl�huhqwldwh +:, e| � +djdlq,> zh rewdlq

b�� @ +4� �,!

�
�� � +u . !,

] �

f
��3wh

3Eun!�wgw

�
Vxevwlwxwlqj iru

U �

f ��3wh
3Eun!�wgw @ ��3�

E�3��! dqg vlpsoli|lqj/ zh jhw wkh gl�huhqwldo
htxdwlrq

b�� @ � +u . !,� +u . �!,��

Ilqdoo|/ zh vroyh wr jhw

�� @ �. +4� �,
!�

u . �!

�
4� h3Eun�!��

�
+;,

Qrz zh fdq xvh �� wr fdofxodwh sulfhv iru jhqhudo ohyhov ri y dqg �= Ohw S� eh
wkh sd|phqw shu xqlw wlph dw W � �= Lw lv hdv| wr vhh wkdw wkh vxusoxv dw W � � lv
qrz �yY� dqg wkdw

S� @ �y�� +<,

Wkxv/ wkh qhjrwldwhg sulfh lqfuhdvhv olqhduo| lq � dqg y=

Qrz frqvlghu qhjrwldwlrqv ehwzhhq d vxssolhu dqg khu ruljlqdo ex|hu E> zkr
ydoxhv wkh surgxfw dw y= Ohw wkh qhjrwldwhg sulfh eh �S� dqg ohw wkh vxusoxv iurp
djuhhphqw eh �Y� = Uhfdoo wkdw wkh vxusoxv iurp xquhodwhg ex|huv dqg vxssolhuv lv
�yY� = Wklv lv qrz lqfuhdvhg e| +4� �, y shu xqlw wlph1 Wkhuhiruh

�Y� @ �yY� . +4� �, y

] �

f
h3uw

Djdlq wklv vxusoxv lv vsolw lq d udwlr 4� � = �
Iru wklv wr krog iru doo �> zh pxvw kdyh

�S� @ ���y . �y +4� �, ;�

Dv zlwk vwdqgdug dvvhw vshfl�flw|/ uhodwlyh wr xquhodwhg pdunhw sduwqhuv/ wkh sulfh
iru uhodwhg sduwqhuv lv kljkhu dw doo wlphv e| �y +4� �, = Ilqdoo|/

� +�> W , @
�SW3�

y
@ � +4� �, . ��W3�

@ �. � +4� �,
!�

u . �!

�
4� h3Eun�!�EW3��

�

4<



Wkh deryh krogv rqo| iru ! ? 4=

Dv ! $ 4> dv orqj dv � A 3>

�� $ �. +4� �,
�

�
+4, @ 4 dqg �S� $ �y . �y +4� �, @ ��y

Wkhuhiruh/ dv ! $ 4> dv orqj dv � ? W> � +�> W , $ ��1 Wkxv/ vhfwlrq LL lv d vshfldo
fdvh1

Surri ri sursrvlwlrq 91 +4, Vlqfh �w lv frqyh{ lq w> vr lv #= Wkh ixqfwlrq � lv
frqfdyh1 Wkhuhiruh � dqg # fdq lqwhuvhfw dw prvw wzlfh1 Dw � @ 3 dqg dw � @ W>

# +�, A � +�, = Vxssrvh wkdw # dqg � gr qrw lqwhuvhfw ru duh wdqjhqw dw d srlqw1
Wkhq # +�, A � +�, doprvw hyhu|zkhuh +h{fhsw srvvleo| d vlqjoh srlqw ri wdqjhqf|,
dqg wkhuhiruh W W @ W= Qrz vxssrvh wkdw # dqg � gr lqwhuvhfw exw duh qrw wdqjhqw1
Wkhq wkh| lqwhuvhfw h{dfwo| wzlfh1 Wkh �uvw lqwhuvhfwlrq lv dw W�= Ohw W� eh wkh
vhfrqg srlqw ri lqwhuvhfwlrq1

Uhfdoo wkdw � +�> W , lv d zhljkwhg dyhudjh ri wkh ixqfwlrq

i +w, @

�
# +w, li w � �

� +w> W , li w A �

�

dqg W W @ dujpd{� � +�> W , = Li # +�, A � +�, wkhq � +�> W , lv lqfuhdvlqj dw �= Wkhuh0
iruh/ zh fdqqrw kdyh W W ? W� ru W � � W W ? W= Li # +�, ? � +�, wkhq � +�> W , lv
ghfuhdvlqj dw � 1 Wkhuhiruh zh fdqqrw kdyh W� ? W W ? W�= Sxwwlqj wklv wrjhwkhu/
rqo| W W 5 iW�> Wj lv srvvleoh1

+5, Vxssrvh wkdw W 7� ? W= +d, Zkhq � @ 4 vr wkdw ! @ 4 wkhq wkh uhvxow lv wkh
vdph dv zlwkrxw pdunhw0lqgxfhg dvvhw vshfl�flw|/ dqg � dqg # lqwhuvhfw h{dfwo| rqfh/
dw W 7�= Wkhuhiruh W W @ W 7�= Qrz frqvlghulqj � forvh wr 4> dv � $ 4> � +W 7�> W , $ �� @
# +W 7�, = Wkhuhiruh/ dv � $ 4> W� $ W 7�=

Wr vhh zk| W W @ W� iru kljk �> frqvlghu g
g�
� +�> W , dv ! $ 4

� +�> W , @ �. +4� �,
!�

u . �!
�
�
4� h3Eun�!�EW3��

�
@,

g

g�
� +�> W ,

����
�'W

@ � +4� �,
!�

u . �!
� +u . �!,

@ � +4� �,!�� $ �4 dv ! $ 4

Wkhuhiruh W � $ W dv ! $ 4= Frqvlghulqj wkh fkrlfh ehwzhhq W� dqg W> wkh rqo|
dgydqwdjh ri W lv wkdw lw |lhogv d kljkhu ohyho ri i rq wkh lqwhuydo

�
W �> W

�
= Dv

wklv lqwhuydo lv vtxhh}hg wr d srlqw dv ! $ 4> iru ! vx!flhqwo| kljk/ �� pxvw eh
pd{lpl}hg dw � @ W�=

+e, Frpsduh wkh rxwfrph iurp � dqg � wr wkh rxwfrph iurp a� � � dqg a� � �

zkhuh rqh ri wkhvh lqhtxdolwlhv lv vwulfw1 # lv xqd�hfwhg e| �= Krzhyhu/ � vkliwv wr a�
vxfk wkdw a� +�> W , ? � +�> W ,;� ? W=

W� @ vxs i� � W m# +w, A � +w> W ,;w � �j

Vlqfh a� +w> W , ? � +w> W ,;w ? W> ;w ? W�> a� +w> W , ? # +w, = Wkhuhiruh W 	� � W�= Qrz
vxssrvh wkdw W� ? W= Wkhq vlqfh # +W�, � a� +W�> W , A 3> iru % vx!flhqwo| vpdoo/
# +W� . %, A a� +W� . %> W , = Wkhuhiruh/ jlyhq wklv %> W 	� � W�.% A W� @, W 	� A W�=

Wkxv/ W� lv ghfuhdvlqj lq � dqg �> dqg vwulfwo| vr iru � dqg � vxfk wkdw W� ? W=

+6, Vxssrvh wkdw W 7� � W= Wkhq �� ? # +w,;w= Wkhuhiruh/ ;� � 4>;w>;W> � +w> W , �
�� ? # +w, = Wkhuhiruh/ iru doo �> W� @ W=

+7, Frqvlghu wkh rxwfrph zkhq � @ 3= Lq wklv fdvh/ � +�> W , � � ? # +�,;�=
Wkhuhiruh dujpd{� � +�> W , @ W= Iru srvlwlyh � vx!flhqwo| forvh wr 3> zh vwloo kdyh
� +�> W , ? # +�,;�> dqg wkhuhiruh zh vwloo kdyh W W @ W=
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Surri ri sursrvlwlrq :1 +4, Iluvw/ frqvlghu rswlpdo frqwudfwlqj zkhq W lv vpdoo1
# +�, @ � .

�
�� � �

�
h3x� $ �� A 4 dv � $ 3= E| frqwudvw/ � +�> W , lv dozd|v

? 4= Wkhuhiruh/ li W lv vx!flhqwo| vpdoo/ wkhq � +�> W , ? # +�, ;� 5 ^3> W ` dqg wkxv
W� @ W W @ W=

+5, Qrz frqvlghu rswlpdo frqwudfwlqj zkhq W lv odujh1 # +�, $ � dv � $ 4=

Il{lqj � dqg ydu|lqj W>

� +�> W , @ �. +4� �,
!�

u . �!
�
�
4� h3Eun�!�EW3��

�
$ �. +4� �,

!�

u . �!
� A � dv W $ 4

Wkhuhiruh/ li W lv vx!flhqwo| odujh/ wkhuh h{lvwv � vxfk wkdw � +�> W , A # +�, = Lq rwkhu
zrugv/ iru W vx!flhqwo| odujh/ wkh ixqfwlrqv � +�> W , dqg # +�, lqwhuvhfw +dqg duh qrw
wdqjhqw,1 Li wkh| lqwhuvhfw/ wkhq wkh| lqwhuvhfw wzlfh/ �uvw dw W�> dqg vhfrqg dw d
srlqw zh zloo fdoo W�=

Qrz frqvlghu W� dqg W2 vxfk wkdw � +�> W�, dqg � +�> W2, erwk lqwhuvhfw zlwk # +�,
dqg vxfk wkdw W� ? W2= Ohw W

�
� dqg W

�
2 eh wkh fruuhvsrqglqj ydoxhv ri W�= Iru doo �>

� +�> W�, ? � +�> W2, = Dovr/ � +�> W�, dqg � +�> W2, duh erwk ghfuhdvlqj1 Wkhuhiruh vlqfh
� +W�

� > W�, @ # +W�
� , > zh nqrz wkdw � +W�

� > W2, A # +W�
� , = Wkhuhiruh W

�
� A W

�
2 vlqfh

iru � � W
�
2 > � +�> W2, � # +�, = Zh kdyh wkhuhiruh vkrzq wkdw iru ohyhov ri W vxfk wkdw

W� ? W> W� idoov dv W ulvhv1
+6, Ilqdoo|/ dv lq wkh surri ri sursrvlwlrq 9/ qrwh wkdw g

g�
� +�> W , m�'W @ � +4� �,!��

dqg � +W> W , @ � @ olp�<" y +�, = Wkhuhiruh olpW<" +� +W ,� # +W ,, @ 3= Wkhuhiruh/
vlqfh �� +W , lv lqghshqghqw ri W> olpW<"

�
W � W �

�
@ 3= Djdlq/ vlqfh wkh lqwhuydo�

W �> W
�
lv vtxhh}hg wr d srlqw dv W $ 4> iru W vx!flhqwo| odujh/ W W @ W�= Sxwwlqj

wklv uhvxow wrjhwkhu zlwk srlqw +5,/ li wkh lqyhvwphqw olih0vsdq lqfuhdvhv vx!flhqwo|/
wkh rswlpdo frqwudfw whup ehfrphv vkruwhu1

Surri ri sursrvlwlrq ;1 Vxssrvh wkdw � A 3 dqg 3 ? � ? 4= Wkxv � +�> W , lv
vwulfwo| lqfuhdvlqj lq W dqg ghfuhdvlqj lq �=

Ohw
#x +�, @ �.

�
�� � �

�
h3x�

ghqrwh wkh ydoxh ri rxu ruljlqdo ixqfwlrq # +�, iru xqfhuwdlqw| ohyho x= Wklv ixqfwlrq
lv ghfuhdvlqj lq x dqg lq �= Dv x $ 3> # +�> x, $ �� A 4= Dv x $ 4> #x +�, $ �=

Jlyhq dq| x A 3> ohw �x +�> W , eh wkh ydoxh ri � +�> W , dqg ohw �4@ 
x +W , @

pd{� �x +�> W , =
Ilqdoo|/ ohw W�

x ghqrwh wkh ohyho ri W� dv d ixqfwlrq ri x �{lqj W=

+4, Ohw W A 3=Zh qrz qhhg wr vkrz wkdw li x lv vx!flhqwo| odujh/ �4@ 
x lv rewdlqhg

e| d frqwudfw zklfk hqgv ehiruh W= Wr vkrz wklv/ lw lv vx!flhqw wr vkrz wkdw li x lv
vx!flhqwo| kljk/ lw lv ehwwhu wr kdyh qr frqwudfw dw doo wkdq wr kdyh d frqwudfw ri
whup W=

Qrwh wkdw �x +3> W , A � dqg lv qrw d�hfwhg e| dq| lqfuhdvh lq x vlqfh � lv lqgh0
shqghqw ri x= E| frqwudvw �x +W> W , $ � dv x $ 4 vlqfh iru doo w A 3> #x +w, $ �

dv x $ 41 Wkhuhiruh/ iru x vx!flhqwo| odujh/ � +3> W , A �x +W> W , = Wkhuhiruh/ iru x
vx!flhqwo| odujh lw lv ehwwhu wr kdyh qr frqwudfw dw doo wkdq wr kdyh d frqwudfw zlwk
whup W vr wkdw W W ? W=

Ilqdoo|/ lw lv hdv| wr fkhfn wkdw iru x vx!flhqwo| odujh/ wkh fxuyhv � +�> W , dqg
#x +�, lqwhuvhfw vr wkdw W�

x ? W 1 Lqghshqghqw ri x> iru dq| � ? W> � ? � +�> W , ? 4=
E| frqwudvw/ iru doo � > #x +�, $ � dv x $ 4= Wkhuhiruh/ iru dq| � ? W> iru x

vx!flhqwo| odujh/ #x +�, ? � +�> W , > phdqlqj wkdw wkh fxuyhv ri � +�> W , dqg #x +�,
lqwhuvhfw dw d srlqw ehiruh � vr wkdw W

�
x ? � ? W= Zh frqfoxgh wkdw W

�
x $ 3 dv

x $ 4=
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+5, Ohw aW A 3= Zh qhhg wr vkrz wkdw iru x dqg W vx!flhqwo| odujh/ �4@ 
x +W , A

�4@ 
x

�
aW
�
= Qrwh wkdw/ zlwk vrph uhduudqjlqj ri whupv/

� +3> W , @ �. +4� �,
!�

u . �!
�

�
4�

u

�!
h3uW 4� h3�!W

4� h3uW

�

Gh�qh

� +3>4, @ olp
W<"

� +3> W , @ �. +4� �,
!�

u . �!
�

Qrwh wkdw � +3>4, A � +3> W , iru doo �qlwh W=

Ohw aW�
x eh wkh ydoxh ri W�

x iru W @ aW = Wkxv/ iru dq| x>

�4@ 
x

�
aW
�

@

U 	W�
x

f #x +w, h
3uwgw.

U 	W
	W�
x
�
�
w> aW

�
h3uwgwU 	W

f h3uwgw

?

U 	W�
x

f #x +w, h
3uwgw.

U 	W
f �

�
w> aW

�
h3uwgwU 	W

f h3uwgw

@

U 	W�
x

f #x +w, h
3uwgwU 	W

f h3uwgw
. �

�
3> aW

�
? ��

4� h3u 	W�
x

4� h3u 	W
. �

�
3> aW

�

Xvlqj wkh idfw wkdw � +3> W , $ � +3>4, A �
�
3> aW

�
dv W $ 4> fkrrvh dq|

% ? � +3>4, � �
�
3> aW

�
dqg wkhq fkrrvh �W A aW vxfk wkdw � +3> W , A � +3>4, � �

2%

;W � �W= Wkh uhvxow lv wkdw � +3> W , A � +3>4,� �
2% A �

�
3> aW

�
. �

2% ;W � �W =

Qrz uhfdoo wkdw W�
x $ 3 dv x $ 4= Wkxv/ fkrrvh �x vxfk wkdw iru x � �x>

aW�
x ? �

4

u
oq

#
4�

4

5
%
4� h3u 	W

��

$
+A 3,

l1h1 ��
4� h3u 	W�

x

4� h3u 	W
?

4

5
%

Wkhq iru doo W � �W dqg x � �x zh kdyh

�4@ 
x

�
aW
�

? ��
4� h3u 	W�

x

4� h3u 	W
. �

�
3> aW

�
?

4

5
%. �

�
3> aW

�
? � +3> W , ? �4@ 

x +W ,
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