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1 Introduction

Let Q@ € R be a bounded domain with a C2-boundary 9. In this paper, we study
the following nonlinear parametric Neumann problem:

—Apu(2) + PQu@P ™ = ag(z,u@) — f(z.u(@) in K,

u
— =0 on 992, >0, u>0,
an

(P)r

with B € L*(Q)4, B # 0. Here A, denotes the p-Laplace differential operator,
defined by

Apu = div([Vul|P2Vu) Vu e WhP(Q),

with p € (1,400). Also n(-) denotes the outward unit normal on 92. When the
reaction in (P), has the particular form

)L;.q—l _ é.r—l’

with g < r, then the resulting equation is the p-logistic equation (or simply the logistic
equation when p = 2). The logistic equation is important in mathematical biology (see
Gurtin and Mac Camy [21] and Afrouzi and Brown [1]) and describes the dynamics
of biological populations whose mobility is density dependent.

There are three different types of the p-logistic equation, depending on the value
of the exponent ¢ with respect to p. More precisely, we have

e the “subdiffusive” type, wheng < p < r;
e the “equidiffusive” type, when g = p < r;
e the “superdiffusive” type, when p < g < r.

The subdiffusive and equidiffusive cases are similar, but the superdiffusive case
differs essentially and it exhibits bifurcation phenomena (see Takeuchi [29,30] and
Filippakis et al. [7], where the Dirichlet problem is studied).

The aim of this work, is to prove a bifurcation-type theorem for the positive solutions
of (P); as the parameter A > 0 varies in (0, +00) and the reaction ¢ +—— Ag(z,¢) —
f(z, ¢) (which is more general than the standard p-logistic equation; see Afrouzi and
Brown [1]), exhibits a superdiffusive kind of behavior. To the best of our konwledge,
the Neumann p-logistic equation has not been studied. There is only the recent work
of Marano-Papageorgiou [25], where the equidiffusive case is examined.

Our approach is variational based on the critical point theory, combined with suit-
able truncation and comparison techniques. In the next section, for the convenience
of the reader we recall main mathematical tools which we will use in the sequel.

This work is the outgrowth of a remark made by the referee of [19]. In that paper,
the authors deal with the parametric equation

—Apu(@) = Af(z,u(z) in ,
u|3Q=0 on 0%
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Positive Solutions for the Neumann p-Laplacian... 1713

and some analogous bifurcation-type results were proved. It was pointed out by the
referee that in mathematical biology, the Neumann model is a more realistic one. For
some other recent results on nonlinear Neumann boundary value problems involving
p-Laplacian, we refer to Gasinski and Papageorgiou [11-17].

2 Mathematical Background

Let X be a Banach space and let X* be its topological dual. By (-, -) we denote the
duality brackets for the pair (X, X*). Let ¢ € C'(X). We say that ¢ satisfies the
Palais—Smale condition, if the following holds:

“Every sequence {x,},>1 C X, such that {(,o(xn)}n>1 C R is bounded and

¢ (x,) — 0 in X*as n— 400,

admits a strongly convergent subsequence.”

Using this compactness-type condition on ¢, we can state the following theorem,
known in the literature as the “mountain pass theorem”.

Theorem 2.1 IfX isa Banach space, ¢ € C'(X) satisfies the Palais—Smale condition,
x0,x1 € X, 0 <0 < [lxo — x1ll,

max {p(xo), p(x1)} < inf {p(x) : |x — xoll = 0} = o,
= inf 1)),
c ;21“02?%(1([)()/( )
where

I ={yecC(0.11:X) : y(0) =xo. y(1) =x1},

then ¢ > ng and c is a critical value of ¢ (i.e., there exists X € X, such that ¢'(xX) =0
and ¢(X) = c).

In the study of problem_ (P);, we will use the Sobolev space WLP(Q) and the
ordered Banach space C! (). The positive cone of the latter is

Cy = {ueCl(ﬁ): u(z) 20 forall Zeﬁ}.

This cone has a nonempty interior, given by
ntCy = jueCy: u(z) >0 forall z eﬁ].

The next result relates lgcal minimizers in W7 () with local minimizers in the
smaller Banach space C!(R). A result of this type was first proved for the Dirichlet
Laplacian by Brézis and Nirenberg [5] and was later extended to the p-Laplacian by
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1714 L. Gasiniski, N. S. Papageorgiou

Garcia Azorero et al. [8] and Guo and Zhang [20] (in the latter, for p > 2). Extensions
to the Neumann p-Laplacian or Neumann p-Laplacian-like operators can be found in
Motreanu et al. [26] and Motreanu and Papageorgiou [28].

Solet fo: 2 xR — R be aCarathéodory function (i.e., forall { € R, the function
z —> fo(z, ¢) is measurable and for almost all z € 2, the function ¢ —— fo(z, ¢)
is continuous), which exhibits subcritical growthin ¢ € R, i.e.,

|fo(z, §)| < a(z) +clg”™" foralmostallz € Q, all¢ € R,

witha € L®(Q)4,c > 0and 1 < r < p*, where

N .
o = N—fp if p<N,
400 if p=>=N.

We set

¢

Fo(z.{)ds = / fo(z. ) ds

0

and consider the C!-functional ¥: W7 (Q) — R, defined by
1
Yo(u) = ;||W||§—/ Fo(z,u(z))dz Yu e WP (Q).
Q

Theorem 2.2 If ug € WH?(Q) is a local C'(Q)-minimizer of Vo, i.e., there exists
o1 > 0, such that

Youo) < Yoluo+h) Yhe CH(Q), llhllcig <o,

then ug € CY(Q) and it is a local WP (Q)-minimizer of Yo, i.e., there exists g2 > 0,
such that

Yo(uo) < Yoluo+h) Vhe WhP(Q), 1] < oo
——Ill
Remark 2.3 In[26,28], the result was stated in terms of W,l1 P(Q) = C,ll (2) , where
IPree ey . ou
C,(Q2) = jueC (Q): 8_n=O on 0Qf.

Actually, there is no need for this restriction.

Let A: WP (Q) — WLP(Q)* be the nonlinear map defined by
(A, y) = / IVullP=2(Vu, Vy)gy dz Yu,y € WHP(Q). 2.1
Q
The next result can be found in Aizicovici et al. [3, Proposition 2].
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Positive Solutions for the Neumann p-Laplacian... 1715

Proposition 2.4 Themap A : wlr(Q) — wlr(Q)* defined by (2.1) is continuous,
strictly monotone (hence maximal monotone too) and of type (S), i.e., if {un}n>1 C
WLP(Q) is a sequence, such that u,, —> u weakly in WP (Q) and

lim sup (A(uy), un —u) < 0,

n——+00

then u, —> u in WP (Q).

The next simple lemma, will be useful in our estimations and can be found in
Aizicovici et al. [4, Lemma 2]. Recall that by || - || we denote the norm of the Sobolev
space wlr(Q),ie.,

1
lul = (lullh + 1Vullh)? Yue WP ().

Lemma 2.5 If 8 € L*®°(R), B(z) > 0 for almost all z € QL and B # 0, then there
exists &y > 0, such that

IIVMIIZ+/ BlulP dz > Eollull? Yu € W'P(Q).
Q

We conclude this section by fixing some notation. By | - |y we denote the Lebesgue
measure on RV . For every u € W-P(Q), we set u™ = max{=u, 0}. We know that

uFewh?P(Q), u=ut—u", Jul =u"+u".
Finally for every measurable function 4: Q2 x R — R, we define
Ny@ ) = h(u()) Yue WP (Q)

(the Nemytskii map corresponding to /).

3 A Bifurcation-Type Theorem
The hypotheses on the data of problem (P); are the following:

H, g: Q x R —> R is a Carathéodory function, such that g(z, 0) = 0 for almost all
z € Qand

(i) we have
lg(z,0)| <a@ +clel™" foralmostall z € Q, all ¢ € R,

witha € L*(Q)4,c>0and p <r < p*;
(ii) there exist ¥ > g > p, such that
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1716 L. Gasiniski, N. S. Papageorgiou

uniformly for almost all z € 2 and for almostall z € €2, the function { —— ‘g;%—’fl)

is nonincreasing on (0, +00);
(iii) we have

gz, ¢) 0
¢—o+ 97l

uniformly for almost all z € €;
(iv) there exist two functions og, o1 : (0, +00) —> (0, +00), both upper semicon-
tinuous, such that

00(¢) < g(z,¢) < o01(¢) foralmostallz € Q, all ¢ > 0.

Hy f: QxR — Risa Carathéodory function, such that f(z, 0) = 0 for almost all
z € Qand

(i) we have

|f(z, §)| < a(z) +c|;‘|r_1 for almost all z € 2, all ¢ € R,

witha € L*(Q)4,c>0and p <r < p*;
(ii) with 9 > g > p as in hypothesis H, (ii), we have

0 <y < timinf L2D < timsp Z20 <
e {—+00

uniformly for almostall z € €2 and for almostall z € €2, the function ¢ —— %

is nondecreasing on (0, +00);
(iii)) we have
f(z0) . f(z0) .

0 < liminf < lim su <
S e gt S UL e S8

uniformly for almost all z € 2;
(iv) there exists a lower semicontinuous function oy : (0, +00) —> (0, +00), such

that
02(¢) < f(z,¢) foralmostallz € 2, all¢ > 0.

Hy For every A > 0 and ¢ > 0, we can find y, = y, (&) > 0, such that for almost all
z € L, the function £ — Ag(z,¢) — f(z,¢) + )/Q{”_l is nondecreasing on [0, o]
(% > g > p as in the hypothesis H, (ii)).

Remark 3.1 Since we are interested in positive solutions and hypotheses Hy, Hy and
Hy concern the positive semiaxis R = [0, +00), we may (and will) assume that

gz, ¢) = f(z,¢) = 0 foralmostall z € 2, all¢ <0.
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Positive Solutions for the Neumann p-Laplacian... 1717

Example 3.2 The following functions satisfy hypotheses H,, Hy and Hy (for the sake
of simplicity we drop the z-dependence):

s—1 if 1 )
(a) g(¢) = [gq_l o gi[{)’ L and £(2) = ¢! forall ¢ > 0, with p <
qg<s<?v<p*

s—1 _ +~0—1 if 0,1 ; 3 3
(b)g(Z):{gql_i-pl ;f gi[l ] and f(¢) = ¢~ — ¢~ forall ¢ >0,

withp <g <s <9 < p*.

Example (a) corresponds to the standard superdiffusive p-logistic reaction (see
Afrouzi and Brown [1]).

By a positive solution of problem (P),, we understand a function u € whr(Q),
u # 0, which is a weak solution of (P);. Then u € L°°(Q2) (see e.g., Gasinski
and Papageorgiou [9,18] and Hu and Papageorgiou [23]). Invoking Theorem 2 of

Lieberman [24], we have that u € C4 \ {0}. Let 9 = |lulloo and let y, = yp(A) > 0
be as postulated by hypothesis Hy. We have

—Apu(z) + Bu@)P " + you(z)” !
=1g(z,u(2)) — f(z,u() + you(2)’~" > 0 foralmostall z €

(see Motreanu and Papageorgiou [27]), so
Apu() < (IBlloc + vo0” F)u(z)P~" for almostall z €
and finally
u € int C+

(see Vazquez [31]).

So, we see that the positive solutions of problem (P),, if they exist, belong in
int C+.

Let

Yy = {A > (0 : problem (P); has a positive solution.}

Proposition 3.3 If hypotheses H,, Hy and Hy hold, then inf ) > 0.
Proof By virtue of hypothesis Hg (i), we can find n; > 0 and M > 0, such that

2(z,0) < m¢c?d™ foralmostall z € 2, all¢ > M. 3.D

On the other hand, from hypothesis H, (iii), for a given ¢ > 0, we can find § € (0, 1)
small, such that

9(z,¢) < ecP~! foralmostall z € Q, all ¢ € [0, 8]. (3.2)
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1718 L. Gasiniski, N. S. Papageorgiou

The function ¢ +—— ‘;‘q(_{l) is upper semicontinuous on [§, M] and so, we can find
& € [8, M), such that

T < BE = me Veed
SO
g(z,0) < med™! foralmostall ¢ € [8, M] (3.3)

(see hypothesis Hg(iv)). From (3.1), (3.2) and (3.3), it follows that
gz, 0) < erP ' +75¢97" foralmostall ¢ > 0, (3.4)
with 77(¢) = max{ny, n2} > 0.
In a similar fashion, using hypotheses H s (ii), (iii) and (iv), for a given ¢ > 0, we
can find ¥ = ¥ (¢) > 0, such that
fz. ) = 9¢97 ' —eP~! foralmostall £ > 0. (3.5)

Letusfix e € (0, %0) (§0 > 0O asin Lemma 2.5) and let A < min {1, %} From (3.4)
and (3.5), we have

A DecP 4 G — )

2820 — fz.0) <
< 2e¢P7! foralmostall z € ©, all¢ > 0. (3.6)

Suppose that for A € (O,X), problem (P); has a positive solution (i.e., A € )).
Then we can find a positive solution u, € int C of (P),. Hence
AGup) + Bul ™" = ANg(;) — Ny (uy) (3.7)

(see (2.1) for the definition of A). On (3.7) we act with u; and obtain

IIVMxllﬁJr/QﬁMde = /Q()»g(z,u,\)—f(z,ux))uxdz,

so using Lemma 2.5 and (3.6), we have

Eollurll? < 2ellunll”.

recalling thate € (O, 52—0), we conclude that u; = 0, a contradiction. Therefore inf ) >
2> 0. |

If Y = ¢, theninf ) = +o0. In the next proposition, we establish the nonemptiness

of V.

Proposition 3.4 If hypotheses Hy, Hy and Hy hold, then Y # ¥ and if A € Y and
T> A thent € ).
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Proof Let ¢): WhP () —> R be the energy functional for problem (P);, defined
by

1 1
(u) = —IIVu||Z+—/ ﬂlul”dz—/\/ G(z,u)dz+/ F(z,u)dz
p P JQ Q Q

for all u € W'P(Q). Bvidently ¢, € C'(W!P(Q)). By virtue of hypotheses
Hg (i), (ii), we can find & > 0 and ¢ > 0, such that

G(z,¢) < &N 4+ ¢ foralmostallz € Q, all¢ € R. (3.9)

Since g < ¥, using Young inequality with ¢ > 0, from (3.8) we see that for a given
& > 0, we can find ¢y = ¢2(¢) > 0, such that

G(z,0) < e(c)? 4+ ¢, foralmostall z € Q, all ¢ € R. (3.9)

Also, from hypotheses H (i), (ii), we see that we can find &, > 0 and ¢3 > 0, such
that
F(z,¢) > &)Y —¢3 foralmostall z € Q, all ¢ € R. (3.10)

Then

1 1
@(u) = —IIWIIZ+—/ ﬂlulpdz—/\/ G(z,u)dz+/ F(z,u)dz
p P Ja Q Q

éo
> ;Ilullp + (& =AU S — s Vu e WhP(Q), (3.11)

for some ¢4 = c4(e) > 0 (see Lemma 2.5 and (3.9), (3.10)).

We choose ¢ € (O, S—2] Then, from (3.11), it follows that ¢, is coercive. Also, it
is easy to see that ¢, is sequentially weakly lower semicontinuous. Therefore, by the
Weierstrass theorem, we can find u, € W? (€2), such that

o(up) = inf  @a(u) = m,. (3.12)
ueWhpr(Q)

Let u € int C. Then clearly for A > 0 big, we have ¢, () < 0. Hence
0.(u) = my < 0 = ¢ (0) VA >0, big

(see (3.12)), so
. # 0. (3.13)

From (3.12), we have
@ (up) = 0 VA >0, big

SO
A@) + Blur|Pup = ANg(uy) — Nyp(uy). (3.14)
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1720 L. Gasiniski, N. S. Papageorgiou

On (3.14) we act with —u, € WP () and we obtain

||w;||5+/gﬂ<u;>"dz ~ o,
SO
Eollu |7 < 0

(see Lemma 2.5), i.e., u;, > 0, u; # 0 (see (3.13)).
Then (3.14) becomes

Auy) + ,Buf_l = ANg(up) — Ny¢(uy),
)
u) solves problem (P);,

ie., Y #0.
Now suppose that & € Y and T > A. We choose s € (0, 1), such that

A= "1

(3.15)

(recall thatd > p and A < 7). Since A € ), problem (P); has a solution u), € int C.

We set u = su) € intC,. Then

—Aputpul~! = PN (= A+ Bul ") = P (Mg (2 un) — £ (2, 1)) (3.16)

By virtue of hypothesis H, (i) and since s € (0, 1), we have

8(z, u;(2)) g(z,u(z) gz, u(2))
w271 T u@? s ()P

SO

¥—1

5" 7' g(z,un(2)) < g(z.s5ux(z)) = g(z u(z)) foralmostall z € Q.

Similarly, using hypothesis H(ii), we have

few@)  fu@) iz u@)

w @~ 7wt splu (el

SO

Sp_lf(Z, M/\(Z)) = f(Z, Sux(z)) = f(z,g(z)) for almost all z € Q.

@ Springer
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Returning to (3.16) and using (3.15), (3.17) and (3.18), we have

—Apu(z) + B(@Du(z)?!
= )»spflg(z, u(2)) — Spflf(Z» u(2))

<s" gz un (@) — f(zou()
< rg(z,g(z)) — f(z,g(z)) for almost all z € Q. (3.19)

We consider the following truncation of the reaction in problem (P);:

1¢(z,u(2) — f(z u(@) if ¢ <u),

18(z,¢) — f(z,0) if u(z) <¢. (3.20)

he(z,¢) = [
This is a Carathéodory function. We set
¢
H‘L’(Zv é—) - / hT(Z7S)dS
0
and consider the C!-functional /5 WP (Q) — R, defined by
1 p o1 |
Vo) = —|Vull, +— | BlulPdz— | He(z,u)dz Yu e W ' (Q).
p P Ja Q

As we did for ¢, earlier in this proof, we can check that v, is coercive and sequentially
weakly lower semicontinuous. So, we can find u, € W!-?(Q), such that

Yr(ug) = inf Y (),

ueWwhr(Q)
SO
Iﬂé(ur) = 0,
thus
Aur) + Bluc|”ur = Ni, (o). (3.21)

On (3.21) we act with (u — u;)* € WP (Q) and obtain
(A(ul’)a (u— ur)+> + / ﬁlur|p_2ur(£ - "‘r)+ dz
Q
= / he(z, u)(u — Mr)+dz
Q
= / (t8(zow) — f(z W) (w — ur)* dz
Q

> (Aw), (z—ur)+)+/ BuP w —u)t dz
Q
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1722 L. Gasiniski, N. S. Papageorgiou

(see (3.20) and (3.19)), so
/ (IVue 1?2 Vur — | Vul|?~*Vu, Vu, — Vi) pdz
{u>uz}

+/ ,3(|Mr|p_2uz—zp—l)(ur —u)dz <0.
{u>u}

(3.22)

We recall the following elementary inequalities (see e.g., Gasifiski and Papageorgiou

[10, Lemma 6.2.13, p. 740]). If 1 < p < 2, then

(p — DIy —v* (1 + [y + [v)hP~2
< (I91P72y = IP v, y —v)py Vy.v RN

and if 2 < p, then

ly—vl” < (b7 2y =P, y —v)py Vy.veRY,

202

If 1 < p <2, then from (3.22), (3.23) and since u,, u € int C4, we have

p—1
Cs

/ IVir — Vul*dz < 0
{£>ur}

for some ¢5 > 0, so
|{Z>u‘[}iN == Ov

ie,u < uq.
If 2 < p, then from (3.22) and (3.24), we have

Viur — Vu||! dZ < 0,
2P 2/{”>u1 ” ‘ ” =
SO

‘{E > uf}’N = 07

ie,u < ug.
So, finally u < u, and then (3.21) becomes

Aur) + Bul™ = tNg(ur) — Ny (ug)

(see (3.20)), so u; € int C is a positive solution of (P),, i.e., T € V.

(3.23)

(3.24)

O

Proposition 3.5 If hypotheses Hy, Hy and Hy hold and ). > ), then problem (P);,

has at least two positive solutions.
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Proof Let t € (A4, A) N Y. Then, we can find u, € int C, such that

—Apur (D) + B@ur ()P = T8z, 1) — f(zu(2) in Q,
duy, (3.25)
o =0 on 012.

Proceeding as in the proof of Proposition 3.4, we introduce the following truncation
of the reaction:

=~ _ ez w@) = fzoun@) if ¢ <ucla),
@0 = [Kg(z,g“)—f(z,é) if u(z) <¢. (3:26)

This is a Carathéodory function. We set

~ ¢
H(z,¢) = / hy(z,s)ds
0
and consider the C'-functional @ : WhP(Q) — R, defined by
—~ 1 po 1 ~ 1
Un(w) = —IVull, +—= | Blul’dz— | Hy(z,u)dz Yu e WP (Q).
p pPJa Q

As we did for ¢, in the proof of Proposition 3.4, we can check that 1///} is coercive and
sequentially weakly lower semicontinuous. So, we can find ug e WP (Q), such that

U@d) = inf ),
Q)

ueWwlhp(

and
Vi) =0,
SO
AW) + Bluf|P2u) = N ().

From this, as before, acting with (v, — ug)+ e WP(Q) and using (3.25) and (3.26),
we show that 1, < ug. Hence, we have

A + BH)P™! = AN ) — Np@u?)
(see (3.26)), so ug € int C is a solution of (P); and ug > Ur.

Claim 1 uY —u; € intC.
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1724 L. Gasiniski, N. S. Papageorgiou

Leto = ||u2 loo- By hypothesis Hy, we can find y, = y,(X) > 0, such that for all
z € 2, the function { —— Ag(z,¢) — f(z,¢) + ygqﬁ_l is nondecreasing on [0, o].
For § > 0, we set

U = ur+6 € intCy.

Then

—Apite + Bl ™ + ypul !

< —Apur + Bul™ +youl TN+ £(8)

= 18(z 1) — f(z.uz) + youl N+ £(5)

=gz, ur) — f(zoug) + (v — Mgz, ug) + youl = +£(8)

< Ag(z ur) — fzoug) — (b — Doolus) + yul ' +£06)  (3.27)

with £(8) — 0as § N\ O (see hypothesis H,(iv) and recall that T < 1). .
Since u, € int C4, the function z —— oy (ur(z)) is upper semicontinuous on 2
(see hypothesis H, (iv)). So, we can find zg € Q, such that

00 (uf(z())) = maﬁx 00 (uf(z)) > 0. (3.28)
zZe

We use (3.28) in (3.27). Since £(5) \( 0 and § \( 0 and A > 7, we infer that
— At + Bl + youy !
<Ag(z ur) — f(z, ur) + youl ™!
<Ag(z,ud) = fzud) + youd)’ !
= —Apug + ﬁ(ug)pq + yg(ug)ﬁq for almost all z € Q.

for 6 > 0 small (see Hp and recall that u,; < ug). Acting on this inequality with

(uy — ug)+ e WhP(Q) and using the nonlinear Green’s identity (see e.g., Gasifiski
and Papageorgiou [9]) as above, we obtain

iy = u; +8 < u) V8> 0small,
SO

u) —u; € intCy.

This proves Claim 1.
Let

[ur) = {ue W(Q): u(z) <u(z) foralmostall z € Q.
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From (3.26), we see that R
Vil = @il + 6, (3.29)

for some ¢ € R. Then Claim 1 and (3.29) imply that ug is a local C!(2)-minimizer
of ¢,. From Theorem 2.2, it follows that u&) is a local W17 (£2)-minimizer of ¢(1).

By virtue of hypotheses H,(iii) and H ¢ (iii), for a given ¢ > 0 we can find § =
5(g) > 0, such that

G(z,¢) < E{” and F(z,¢) > —ié’p for almost all z € 2, all ¢ € (0, §].
P P

B (3.30)
So, if u € C'(Q) with lullcr g < 8, then

1 1
oo (u) = —IIVu||§+—/ ﬂ|u|pdz—k/ G(z,u)dz+/ F(z,u)dz
p pPJa Q Q

A1

)
> = ull” - ellut|?

£ — (A + De
z ——ull”

(see Lemma 2.5) and (3.30). Choosing ¢ € (0, %), we infer that

@) = 0 = ¢3(0) YueC'Q), llullei g <8.

)
u = 0 isalocal C'(Q)-minimizer of ¢,
and thus
u = 0 isalocal WP (€)-minimizer of Ox
(see Theorem 2.2).

Without any loss of generality, we may assume that
0(0) = 0 < ¢(u)

(the analysis is similar if the opposite inequality is true). Moreover, we may assume
that both local minimizers u = Q and u = ug are isolated (otherwise it is clear that we
have a whole sequence of positive solutions of (P); and so we are done). Reasoning

as in Aizicovici et al. [2, Proposition 29], we can find g € (O, ||ug ||) small, such that

92(0) = 0 < @) < inf{g@): lu—ulll =e} = n5. (3.31)
Recall that ¢, is coercive (see the proof of Proposition 3.4). Hence it satisfies the Palais—

Smale condition. This fact and (3.1) permit the use of the mountain pass theorem (see
Theorem 2.1) and so, we obtain , € W7 (), such that
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1726 L. Gasiniski, N. S. Papageorgiou

no < @i(U3) (3.32)
and
@, @) = 0. (3.33)

From (3.31) and (3.32), it follows that u;, ¢ {0, ug}. From (3.33), we have
~ —p—1 ~ —
A@) + Buay " = ANg(@@) — Ny (@),
so u;, € int C is a solution of (P);,.
So, we conclude that (P); (A > A,) has at least two positive solutions ug, u; €
int C+. o
Next we examine what happens in the critical case A = A,.

Proposition 3.6 If hypotheses Hy, H, and Hy hold, then 1, € ).

Proof Let A, > A, forn > 1 be such that A, \( A, and let u, = u;, € int C4 be
positive solutions for problem (P); forn > 1 (see Proposition 3.4). We have

A(up) + ﬁu,’,’_l = AuNg(uy) — Np(u,) VYo =1 (3.34)
By virtue of hypothesis H, (ii) and since ¥ > ¢, we have

i gz, %)
im
{—+00 Cﬁ_l

= 0 uniformly for almost all z € Q2.

This fact combined with hypothesis H, (i), implies that for a given ¢ > 0, we can find
c6 = c6(e) > 0, such that

g(z,0)¢ < g(;"’)ﬂ + c¢ foralmostall z € @, all¢ € R. (3.35)

In a similar fashion, using hypotheses H (i) and (ii), we see that we can find n > 0
and ¢7 > 0, such that

[z 0¢ = g(fr)l9 —c¢7 foralmostallz € , allz € R. (3.36)
On (3.34) we act with u,, € W7 () and obtain

IIVunIIﬁJr/ Buy, dz =>»n/ gz, up)uy dz—/ f(z, up)un dz
Q Q Q

An€ —1
D

<

S

lunlly +cs Vn>1, (3.37)
for some cg > 0 (see (3.35) and (3.36)).
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We choose ¢ € (0, %) (recall that A,, < Aj for all » > 1). Then from (3.37) and
Lemma 2.5, it follows that

Eollunll” < cg Vn =1

and so the sequence {u,},>1 C WLP(€) is bounded.
So, passing to a subsequence if necessary, we may assume that

up —> uy weakly in WhP(Q), (3.38)
up — us in LY(), (3.39)

with 6 < p*. On (3.34) we act with u,, — u,, pass to the limit as n — +oo and use
(3.38). We obtain

lim (A(un), Uy —u*) = 0,

n—-+00

SO
U, —> uy in WHP(Q) (3.40)

(see Proposition 2.4).
So, if in (3.34) we pass to the limit as n — 400 and use (3.40), we obtain

A(us) + pul ™" = ANg(us) — Ny (),

so u, € C4 and it solves problem (P)j, .
It remains to show that u, # 0. Arguing by contradiction, suppose that u, = 0.
From (3.34), we have

—Apun(2) + B@Un @) = 18(z. un () — (2. un(2)) in L,

0
tn =0 on 02.
on

(3.41)

From (3.41) and Theorem 2 of Lieberman [24], we know that we can find @ € (0, 1)
and M > 0, such that

up, € CH(Q) and lupllcrag < M Vn> 1.
From the compactness of the embedding C*(Q2) € C!($2), we have
U, — uy in CHQ).

Let

u
Yp = d n>1
flun
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Then
Yo 2 0, lyull =1 Va1

So, passing to a subsequence if necessary, we may assume that

Yu —> v weakly in WP (Q), (3.42)
Yo —> yi in L”(Q). (3.43)
From (3.34), we have
_ N N
Ay + Byl = 2, Neln)  Npln) = oy (3.44)

n — —
lonllP=1 lun P!

From hypotheses H, (i), (iii) and H 7 (i), (iii), it follows that

N, N /
the sequences [L”_)l} , [L"_)l] C L? () are bounded
Hal?=T sy [Tl J s

(where % + # =1).
Acting on (3.44) with y, — y., passing to the limit as n — +o00 and using (3.42),

we obtain

im (A, yu— ) = 0,

n—+00
SO ) I
Yn —> Yy« in WHP(Q) (3.45)
(see Proposition 2.4) and so || y«|| = 1.

Note that by virtue of hypotheses H, (iii) and H ¢ (iii), we have

Nf(un) 5 0 and Ng(“n)

-~ p—1 .
—E T 5 ¢yP7 weakly in LP(RQ), (3.46)
lluan |71 lluan |71 :

o~

with 0 < ¢(z) < ¢* for almost all z € Q. So, if in (3.44) we pass to the limit as
n — 400 and we use (3.45) and (3.46), we obtain

A + By = oy
SO

IIVy*II§+/Qﬁyfdz < —/QEyfdz <o

thus

Elly«I” <0

(see Lemma 2.5) and finally, we have that y, = 0, which contradicts to (3.45).
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This proves that u, 7# 0. Hence u, € intC, is a solution of problem (P);,.
Therefore A, € ). O

We show that for every A > X, problem (P), has an extremal (smallest) positive
solution.

Proposition 3.7 If hypotheses Hy, H,, and Hy hold and ) = A, then problem (P);,
has a smallest positive solution u} € int C.

Proof Let S(A) be the set of positive solutions for problem (P);. Since A > A,
S(A) # 0and S(A) C intC4. Let C € S(A) be a chain (i.e., a nonempty linearly
ordered subset of S(1)). From Dunford and Schwartz [6, p.336], we know that we can
find a sequence {u,},>1 € C, such that

inf u,, = infC.

n=l1

Moreover, from Lemma 11.5(a) of Heikkild and Lakshmikantham [22, p. 15], we
know that we may assume that the sequence {u,},> is decreasing. We have

AGy) + Bul ™" = ANg(un) — Np(uy) VY =1, (3.47)

SO
||Vun||,’§+/ Buy dz = / (rg(z.un) = f(zoun))undz < My Vn > 1,
Q Q

for some My > 0 (see hypotheses H, (i), Hy (i) and recall that u, < u; foralln > 1).
So,

Eollupll” < My Vn >1

(see Lemma 2.5) and thus the sequence {u,},>1 C WP () is bounded.
So, passing to a subsequence if necessary, we may assume that

up —> uy weakly in WhP(Q), (3.48)
up, —> up in L9(Q), (3.49)

with 6 < p*. On (3.47) we act with u, — u,, pass to the limit as n — 400 and use
(3.48). Then

lim (A(un), Uy —u*) = 0,
n——+00
SO

Uy —> uy in WHP(Q)

(see Proposition 2.4).
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Reasoning as in the proof of Proposition 3.6, we show that u,, # 0 and so u, €
int C is a positive solution of (P),. Hence u, = inf C € S(A) and since C was an
arbitrary chain, from the Kuratowski-Zorn lemma, we infer that S(1) has a minimum
element u} € int C. But S(1) is downward directed (i.e., if u, v € S(1), then there
exists y € S(A), such that y < min{u, v}; see Aizicovici et al. [3]). So, it follows that
uj Luforallu € S(A),i.e., u}t € int C; is the smallest positive solution of problem
(P a

Summarizing the situation, we have the following bifurcation-type theorem describ-
ing the dependence of positive solutions of (P), on the parameter A > 0.

Theorem 3.8 If hypotheses Hy, Hy and Hy hold, then there exists Ay > 0, such that:

(a) forall . > Ay, problem (P); has at least two positive solutions
uo, u € int C+;

(b) for ) = Ay, problem (P); has at least one positive solution u, € int Cy;
(c) forall » € (0, L), problem (P); has no positive solution.

Moreover, if A > Ay, then problem (P); has a smallest positive solution uI € int Cy.
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