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This paper deals with second harmonse conversion in a TLS which
b= the property of wgas. The ensemble consistimg of TLN is assumed
to-ahey the Maxwell veloenty distiibution In solving the problem
use has heen made of the probability function of a complex argument.
vo disetss operdaon avway from Doppler mit. The influenee of 1he
relaxation constant y,,, and the Doppler parameter fa on various
physical quantities like second  harmonic ficld and qualty factor
wre brought out.,

l. INTRODUCTION

Inavecent pubheation (Mohanty 1974), (hereatter referred 1o as 1) one of the
anthors has discussed the process of lowest order optical second-harmonic con-
version: moa two-level system (TLS), whieh was assumed (o be s ideal solid.
Kxpressions for the second-harmonie eleetrie polarsation £y, clectiic ficld £,
wud ke threshold condition were derived, This paper diseuss some aspeets of {he
svne problene when the nuderal system is eloser in ibs physical properties 1o
g than to asohd Athough the magnitude of 22, in s gascous system ix
much smaller thaw in o denser system iU s nol adisadvantage as a sonilar 1cdue-
faonalso applics to the Jincar clectne polwrsation Obvious advantages like
phase-niatehing over longer distances and favourable Py to Pripear ratio (Avmstrong
b al 1962) give added interest to the study of £, in a gascous system.

A general expression lor the lowest-order second-harmonie electrie polarisa-
ton s derived i section 2. Inseetion 3L is averaged over a Maxwellian velocity
distethution to obtan Py, for a gascous system. As the assumption of a Doppler
It s ot mado, ot s ot neeessary lo restriet the diseassions of  the  paper
entuely o low presare gases, However, the diseissions are predominantly
trae dor sases Bypressions for &, and the threshold condition sre derived in

~ecbon Faokb vaeious aspeets of the results are eritically analysed,

-y (T Y AR el P | 3
= GENERAL KXPRESSION FOR SBECOND-ORbEx KLECTRIC Porarisation

As e/ the presence of e diagonal clemonts of the mateis represenbing

clectere dipale moment aperator fois laken for granted.  The caleulations
we haedion the Lamb's theory of optical masers (Ll 1964) which adequately
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explains most. observed features of gas laser operation (Rigka & Stenholm 1970).
A general equation of motion deseribing the response of TLN interacting with
two cleetromagnetic fields (z, 1) and Eg(z. 1) may be given m terms of the density
matrix p of the TLS, ax follows (Mohnanty 1974)

pap — —(iw | Yav)Pav— 1V a(Opav-+ iV () (pea- pin)

Poa - P

/.'ml = = Yapaa--IV{1)(Pab—poa)

;nm = —yrpn—1V () pav- pPra) e (D

o is the (positive) transition frequeney (Ka—Ep)/hi. vq and yp are the respeetive
deeay constants for the upper (@) and the lower (b) levels and yap is the transverse
decay rate generally unrelated 1o yg 01 yp (Shimoda & Uchara 1971). The interac-
tion terms are () 2eh- B¢ 1) and b a(1) = 2rgli-Wg(=. 1) where 7 and rq are
the matrix elements ggn and (pyq-— ppe) — Under the mitial condition pa'™ - eap.
(—7all 1)), pally) = panlle)  pualty) — 0 and following 1. the seeond ovder
term m pen i defined by the equation

/’l(fl(?') ! (’.UJ I')/ah)/'ah‘.“" ".]'d(l)/’ah(“ (2)
where the fimst order term for the density matrix. pgp'® 1 defined in 7

The solution of eq. (2) is then

¢ t
Pap e,z 0 ) = Adfya [t [ d" V)V (")exp (G | Yan).
)

—y

(" =) expllee Fya)l’ - D ()

where A (0 a.b) s the exeitation rate density o state 7.
The optieal fields are

Ka — B (1)U == ol —1") Jeos(od 4 (1))
B B U la—o(t-- ) |eos(ed | D)) o (4)

Ee. I, and ¢'s are slowly varying functions of time and only one mode i taken
into account.  The expression for the second order eleetrie polavisation is sanph-

licd by negleeting the small = dependence of £ avd £ Mohanty 1974)  Theu.

lv|v) | oo

Py, s <@zn = j' AV[pap(a. = v. 1) 4 pao'®(b. 2. v, )]+ complex conj.
= — WANE)cos(hy|-ky)z exp | —i{(v A INIEE AR
1 e oo o )
[ dvW(w) [ dT [ dT cos|(k +k )T k7" exp.
0o 0 v

l“(')’nb" iA)’/'l“'x]l[—( uh+' VAR RN e (D)
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where A — 4B Eoyyah, A = w—vi—v, Q= w—y, T=(t—=t), T = (I'—t")
and Nz (Nafya—Nofye) with Ay = AW (v), W(v) being the atomic velocity
distribution.
3. I’:‘lfwf’(z. ty IN T Case or FLuips
In the ease of fluids a Maxwell distribution of veloeitios ix assumed for W(v)

W(r) = (mhu)-lexp.(—v%u?).

Unlike / the integrations over 7" and 77 arve carried out first, giving for I

4o

I;Zl",;\\’.;’(;.!) - = rAN@E)eos(k,+kp)zoxp] —i{(rg +ve)t | ¢y Ry ‘dew(,")
(Yab | Q) (Yoo +i8) kel +hje* "
{(Va | 1802+ b2} (Yao 1-iA)E -+ (k, -+ )20}
The integral may be rewritten to give :
I'._,n-, n—vc'(:‘ 1) . '.%g_)_ cos(k, 4-ky)z expl—i{(n v, + bl G031
Sy i) T OxR(=thE)
k; u van--182 \P4-0*
- 0 k; )
Uvao 1 id) oxp( - v%/u) ) i
U‘".:-’Fk;)" 5 ( Yaa +'17A)2'|"l"‘ d | c.e. (7)
0 ke ke

where D ky(yan-1-id) = (ky -+k)(ya0+i€2).

Substituting o = (iyapy— Q) ko and 1 = (iyao—A)[(ke-l-k)u and ofw -,
the two integrals within the square brackets of eqn. (7) are seen to be

2T exp(—at)de 2 oxp(—a¥)de
Ip X AT (—77"-91-)'3 bt Jip T 6[ (_,,;/;)‘:: [ 2%

Although these integrals cannot be evaluated in a closed form, they can be
rearranged so that ), reduces to

Ip = [N 0(@)—(mha=)G(4))
where O(x) and (/) are the probability integrals (gaussian) of the complex fune.
tion, whiclt is an extensively tgbulated function (Faddeyeva & Terentev 1961).
Tor v, - v and k, = k. eq (7) can be rewritten as :

rA N meos 2k

P Gz aty | Ore CONDIEGo b))+ @i sin(2ut 4 G-l T .. (B)
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where the subseripts with £ and » are lifted and
Ore = @[Pim(%) —Vim(B) 1+ aol Ure(a) —Ore( 1) |
®im ~ YablOrm(@) —Oim(f)]— wlOre(a) —Ore( f1)].

The subscripts re and im denote the roal and the imaginary parts of the quan-
tities respoctively.

Some aspeets of the hehaviow of @e and @y are displayed in figuves 1 and
2. As usual there are two resonances at optical frequoncies, with the resonane
frequencies slightly shilted from the valies predicted for the case where there is
no atomic motion (Bloembergen & Shen 19G4).  Ax expeeted, these shifts arve
marginal and inerease when relaxation increases. Tt may be noted that the
results here and those in T show a difference of n negative sign which is due 1o
the difference in the shape of the W(e) funetion; the sign in 7 had to be arbitrarily
chosen  The expected broadoeuing for inereasing yqo for the same value of wfku
i displayed in figure 2. Tt is seen to he rather small, the halfwidth being 0-033w
for yep = 44107 and 0038w for ye 4> 10 9w, However, the influence
of a change in ku on @ is seen to be much more striking.  This situation is
shown in figure 1. The resonance values are much more flattened for a change
in [ku/w] ! ratio comparable to the ye/w ratio. The insensitivity of @y, and
@re values Lo a chunge in frequency for large ku values (Doppler Jimit, b« 3 yap)
is reported elsewhere {or comparable situations (lesevgi & Lamb 1969).  Tn the
liteeature quoted the speetral gquantities are shown to be independent of fre-
queney, a result. which would have been obtained if the della-function approxi
mation used by Lamb (1964) were applied to eq. (6).
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Rig. 1. Depondence of () on ku at optical froguencies
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Frowre 3 deseribes a sjtuation which is probably true for microwave rather
shan optieat frequeneies The merger of the two peaks at w = 2v and w =,
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resulting in a singlo peak somewhil in the wid-frequency range s qualitatively
similar to the one veferved to m /

i. Discussion

As in 1, the oxprossion for 2,20 oiven by eq. (8) is introduced muo the one
dimensionad Torm of Maxwell's equations and the expressions for &, and ) are
enlenlated.  However, unlike /7, the wave number Ly, associated with 2e pro-
pagation can be steaightaway put cqual to 20 Jor gases. The reason Tor this s
the same as given by Arstrong ef wf (1962) wd experimentally this sdoation
can be achicved by admisture of gases and change of pressure.  As the results
of the present work arve {ree from Doppler limit restoetions, any resonable ratio
ol ku and yqp can he utilised.  However, as this result is devived by an iteration
procedure, it should wol: be (rusted for Aw— 0. This can bo regarded as a definite
asset ol this treatment,

B = *(2) cos(2vt-| ¢dyy)sin by

The amplitude 62 is

o _ 8 c - v réralihiy
oo gty £ /‘;u(w"'-l'_’)’ah"') : h:
| O recos A= ) sin Ag|[N(2)d- e ()

where A¢p = ¢hy, =,y and the Lt of integration extonds over the  length
of the resonnnee cavity,  The value of the quality factor @ s given by
202 b kyyn

k.,

Q= (@) e (10

with

| @recos Ag -6 ;msin_ A¢)

J() — | Bgme0rs Ag—Oyesin Ad|

The usual features of parametric frequency upeonversion are apparent in
cqs. (9) and (10), which have similar dopendence on Ag and = as deseribed m 1.
I is interesting to note the ku depondence of O when operating at threshold.
At the two resonances (2v = w or v o), @ is independent of kw1 Qs to be
expectod from the form of eq. (10).  But away from resonances, for an operating
value above resonance (Zv > @ or v = o) @ decroases as ku incrcases. Near
the Doppler limit it approaches the resonance vahie of @, being [requency indo-
pendent, beyond Doppler fimit. This is a direet result of the freguency inde-
pendence of (g, and @y vory ncar resonance and at the Doppler limit.  The
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conclusion  that the mtograls similar to the ones denoting @gg and @ arc fre-
gueney mdependent has been diseussed by lesevgi & Lamb (1969). It s to bo
otrcesed that the method used in the prosent paper is not restricted to the Doppler
Jimit and so it is more gencral. The actual dependence, near resonance and
for a small yap/ku ratio is of the form O s proportional to [1—(miku) Yw(—g)|
where o g) 15 a positive luetion of g( - A or Q) and depends on A, 1 is true
for negative .\ and Q. For a change ol sign in ¢ the function @(--g) changes
sign. But the eacoption is MA@ = 772, where € changes sign. This condition
is diseussed in 1 oas the unstable condition.  The value of O for negative A s

given in figure
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Fig. 5. Intluence of ku/yqp on tield amphtude 252,  Tho value 18 ai. vesonance.

From eq. (9) it ix elear that 42" depends on [ N(x)da, whicl is divectly related
ta populatu difference between the lovels. It is scen that there is negligible
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second harmonic conversion at A¢g = 0 for near resonance operation where  Gre
is extremoly small. For A¢ — 7/2 and 7/4, as shown in figure 5, £,* decreases
for increasing ku/yqp. Though the diagram is shown for only one of the rosonancos,
it is true for both of them.  This decrease can be shown to be steeper when o is
near 2v.  For high ku/yep values the decrease in £y* is of the form (ku)~'.  This
is a direct result of the fact that near the Doppler limit, (gp, behaves as exp. — g2 /ku
approximately. This approximate lorm of the integral, as well as the
(k1) "exp. ~g*lku form for similar physical quantitics (c.g., photon parameters)
has been discussed by other other authors also (Kiska & Stenholm 1970). Figure 5
prediets an infinite value of £,* when ku tends to 0. This is not a sorious defeet,
as the results of this paper, though valid for a much higher value of ygpthen pre-
dicted by cither Lamb (v < U/2kun) (Lamb 1964) or Shimoda (yYap < 0-1ku
Shunoda & Uchera 1965) should not be used in the limit of extremely large ratio
(oL yap/len for the reason given in the first paragraph of this section.
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