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'i’lii;. ŵ ilh s('r.(HHi hill nioiur couvi’isioii in a TLS M'liii'h
\\ii- (hr )H‘o[)(mI v oi ji Tlu; nJ "̂ rLiS isiiswinnod
( o nhi‘\ llu' i\laA'U(‘ll v<'J(X‘i1a (lihl'i il>ii1-ioiL hi I Ik* |)robl('j>i
u,M‘ has Imti) luiulr ol' Ui<* pinhii)>iJi1 \ Imu l icui <>( a cojiipU^x iirjj;iuii('nl' 
((> (Iis('Un,\ (►jia-itiun .i\va,y 110111 Dopjjki' limit. TJi,(‘ oI'Uk'
lohiXiituta aoiLstiiul and I Ih' Doppl^if |jar;inK'lcr / // on various
)•h\̂ ^̂ (̂ 'll (|uanl,it(os lik<‘ second Jiitrinoiiic li(;Jd and qiiiilily ra-elor 
jiU'. ln'oii!>ht out,

I. Intuoductiok

In ii MMMMil |)iil)lit̂ al ion (Mohanty U»7-l), (liori^atlin- jofem al to ns /) om̂  of tin' 
iiiitliors has disrnssed tin* ]>ro(tess oi lowest ord(‘r (H>lieal sia'onddiarmon.ie eon- 
\"(asion in a tv\o-levid ,system (TLS), wlin-li Avas assiinied to Ik  ̂ aiu ideal solid. 
tiX()ivss)oiis lor tlie s(h*(HuhharmoiLii- eltndiie polarisation e|eetii(‘ iicdd ^ 2 ^

and t he IKri ŝhold, (M)ndit jon vcma? deri\(ML Tliis ])a]>er disenss some aspi'cts ol tlu'. 
sann' j)rol)imn w liim t he imderial systejn is elostu' in its physi(‘al projMn ties to 
■‘I ,‘A'iis than t«) a solid Altlnnu>h iJie m:ij.p).Jtiid(' of ] * 2 v gaseous SN'stem is
miirh stmdlm ih.iu in a densia s\st,(mi d is not- a disadviinfii<n^ as ii siniilai jidue- 
t ion idso ii|)plies to tin* lim\ir (*ltudrje jiolju'isal ion Obv'jons advantages like 
ph;is(‘-iiMt(*hiiig nvvi longi'r distanees and lavourablc* 7A J o  ^̂ Bio (Armstrong
cl f(l IDlilJ) givr* <idd(‘d iiitet'(\sj. |,o tin* sfndy o f 7̂ .̂  ̂ jji a- gaseous s\'stein.

A g(MU‘r;d (‘xprĉ ssimi lor tin*. JoAves|-ord(‘i- seconddiarmonie (deetrio polarisa- 
\ ion IS <leri\'ed in seel ion 2 . In sc'etion I_1 iL is iiAaaaged over a Alaxv\elliaii veioeit 
disi I ibut ion hv obt iim Z’̂ ,, ioi a gaseous sysh^m. As the assiuiqilJon of a Dopplej' 
limit IS not madiv it is nor lu'ei'ssiiry to restriet the dist'ussions ol the paper 

l>iessiire gases. ilo\\ev(*i. tin* dise.ussioiis are jM’edomiiiantly 
(im loi ga''i  ̂ hvpri'ssioiis joj' and tin* threshold condition are doidÂ ed in 
- ‘S'lMMi I and \arjons aspeels of llu‘. results are eritieally analysed.

2 <;r-Ni:i;AL Kyi'kessiox for SEcoJSD-UiiDKu .Electric J\)LAiiJSATiuN

As m J  tin* piesems* nf ihr diagonal (dements o f the matrix lepjesenldiig
'deetrn* dipoh* numnnt, ..iieralor // is taken, foi* granted. Th(M*aleulations 

'd .Ml tin* Lambs theory oi optical niasms (Lamb IhtH) wluddt adcapuitely
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explains most observed feiilni(\s of eras liisei operaiion (Kiska SIcmiIjoIid 1!)70). 
A f/eneral I'citudioii of nioiioii deseribiiic: ilu‘ i(‘s])(ms(‘ o( Tl.S in1(Ma(1 wilb 
j,\vo ( (̂^elroniaguelie fields E(:., f) and /) ma\ lû  gi\(‘n m lerms nf Ibe diaisily 
Jiiafrix f) of llie TLS, as IoIUjws (Molxiiaiity 1974)

Pah —((tJ) \ yab)Pah -   ̂  ̂ (f){pan̂ ~ Pl̂ h)
pba ~ fCh
paa “   ̂ JaPaa pbn)

Phh ~ — yhphh —  iy ( l ) (p a u  Pha) ... (I)

, is th(' (posit ive) transition iT’iujiUMuy (Ka—Ki,)lf\. y„ and 7 /; ;in‘ 1|k‘ n's]K‘et i\X‘ 
deeay (‘oiislaiits Idi ilu" U])]K‘I‘ (r/) and tlu‘ lov\('r (h) l(̂ \rds and yah is tin' Ijaiisvcrst' 
d(‘fay rate ix(‘ueially nnr(4at(^dln oi y^fSliimnda <.V' Ucduira 1071). iiitejae- 
tion 1.('rrns an̂  V{f) ilifr''hJ(r.J) and I ^ 0 vberĉ  r and Vd aic
th(‘ matrix e lm n e n tsa n d  Undm* tlu'mil ral condition exp.
{-ya(f /()))■ />hh(Û Poh(lî ) pbaita) -  folloAving 7. tlM‘ M'eolld oirU'l
term in is d(din(‘d by tb(̂  (̂ cpia-1 ion
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Pal^"  ̂ ! {foj I iy4l)/>ah^^^

xvJu'K̂  the llrst ordm' term ibj- tlâ  rhaisity matiix. pab̂ ^̂  delimal in / 
The soliil imi of ('(j. (l!) is tlien

t\ 1) - /\fjya H J (fl" ^ \  yah)-— ly - JO
(/" l-ynfcK/' - /)!

wlicrc- Ai {i a. h) i.s Uic I'xciliil ion tide dcnsily (o s1,;do i.
'I'ltc opt mill H(d(ls ai'o

I K

( 2 )

C’i)

K„ - l<\{l)l\\:.--v(l-1')\iMikl-\-<l>m 

('(/-• '̂)|<-os(.'d 1 0 ..(O) S)

h \ .  l \  and r,Vs arc slowly \aryin,ii I'linclioiis of lime and o)dy otic mode is Itdccii 
inl.o aicconni'. Tlic i‘X]>H.ssion for llx' sta'OJid (Jid(*r tdccl i ;c ]>olariHa1 ion is si]|i]jIi“ 
lied Ity iict.k'ctin^ ilic siiiaJl ^ dcpt'iidciu'c ol in <1 //.{IVIoJiauty lllcl) JInm*

0 -  r ' f  ■■■ »■• ').H ‘ "ii'l'lfx ‘■"iij.
 ̂0,1

=- ■-VHA^e)coa(/fc l-A )̂~exp I-»■((.';d r .V + f  ' '̂dll-

T  rfrW'(w) J d T  J (/r'cnsK/.'. r/'a)'’'?’ /’,V'r |cx]).
-1 JO d u
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wIkm’k a  — A -  w — v^— i l  —  u>—v^, T  —  {I /-), T  ■—  (t t )

;UI(1 N {: : )  ( \ a h ‘a ~ ^ o h ' b )  with A i - = h t W ( v ) ,  W’'(r) Iwiiig tho atomic velocity
(liMtfibut.ion.

IN TUB Cask  ob F utipr

111 th(̂  f*asii n1’ fluids a Maxwell distribution of vi‘lo(‘itk‘s is assuim^d for H'('e)

W{v) - (7Thiyh^>X]).(—7'-l'Û ).

Ibiliku / 1h(‘ inti‘̂ ralious ov'(M‘ T and T' are earned out first, giving fo ri'.
H-W1

-i/vlA (̂,t)e()s(A:^+A^ )̂, êxpl- I 0^! ‘Z’ J t lvW(v)

{yah I
{(yah I d̂2)‘-̂ -l-/»:/'r"}[(yao 'l 

1 ’lu‘ int.(‘gral may Ix̂  rewritten to give :

0 - eos(Â  + 0 . I 0.:)|2Dn

"̂ (yah \ vU)
kr U

exp( —
H-v-

dr

(ti)

l!(yac, -\ - iA ) r - -
(/r» \-k^)l( j  / yaa +yA\

\ kr\k^ I

(̂ xp( “ v^jtr) 
-|-ê dv e.(\ ( 7 )

wUme I) L\(yah-\~i^) -(fCr +/‘\d(ra/>+'̂ ’^̂ )-

Substitut ing a - ( i y a b ^ - ii')lk î( and ji ■ ( i y ah— I î nd vj'u .r, 
the t\vi» inti(\grals witbin tbî  scpiare l)raekets of eqn. (7) are seen to hv

J t̂ xp( — x-)dx
7rh( J ( - 2:̂ )" ! .r"

. J 2 “  exp( -  ,T'̂ )ri:r
nhi J ( - W  \:r̂  '

Altlnmgb tlu se integrals eannot be I'valuated in a (dosed form, they can be 
reari'anged so that- Jp nxliuM̂ s to

Jp  ̂ f(tti//“ —(rrhi-'̂  Wfi)]

wheie 0(j(.) and 0(/>) a-re the ])robability integrals (gaussian) of the eomplex fum*- 
t ion. whieh is an (Extensively t qbulat(*d funetion (Faddeyeva & Terent 'ev Iflfll). 

For r- -  vr and k\ ~ kr, eq (7) eon bo rewritten as ;
r.4 A\,:)aVH)s 2kz

/V'" V- 'i ’ fi-̂ fiyaĥ  I a.“) I fHVe()s(2v/+0.H-0^Od©/w 0f)l (8)



^̂ 'hero l-lxe suhscTipts with k and v are lift(^l and

0re ~ ĥmÛ ) 1 ) ’̂  I

0C7W r̂f,(/OI‘

TJxe subneripts re and im denote the rcui-l and the imaginary part-M of tli(‘ quan­
tities respeetively.

Some aspects t>f the behav'ioin' of («),7j dis])layed in, Iigur*'s 1 and
2. As usual then* are two r(̂ sô unl(̂ (̂ s at opti(‘al fnapieneies, wiih th(̂  resonane 
fre(|neueies slightly shirted from the values ])i(alieted foi- tli(' i*Hse when* there is 
no atomic motion (Bloembeigen tV Sheii 1904). As expeeUal, these sliifls av(* 
marginal and inenuist̂  when r(da\ation iiK*reaH(\s. It may lu* noted that th(' 
resuK-s here and thos(* in I show n (liCteronee c»f a m ĝative sign which is dm* to 
the difhTeii(r(̂  in I lû  shapî  of t he Tr(e) function; the sign in / had to |»̂  arbit rarily 
chosen The expeetĉ d broadening h)r inercasing yao h>r the same walue of atlkv  

is displayed in ligui’e 2 . Tt is seem to Ik* rathei' small, th(̂  halfwidtli being 04K3Î e> 
for 7 a?> “ 4 ■; l()“hu7 and O-OJiSo) tor yah *1 > 10 -hK. However, the influenee 
of a (diange in ku on 0  is seen to lx* much moie sti iking, Tlxis sit uation is 
shown in tigun* I. The resonance values art* min̂ h mon̂  flattened foi’ a ehaiige 
in \kalu)\~^ lat io comparable* to th(̂  yahĥ  ̂ rat io. The insensitivity f>f 0/w/ aJid 

values to a change in fnapieney tor largi* ku ymlues (Doppler limit ,A* u % yah) 
is reported elsewh(*re for eom})arabl(̂  situations (l(*s(wgi Si l,<amh I9(i9). In the 
lil-eratun* (pioted lh(* s[Kwt-ral cjiiaiititi(\s a,i(̂  shown to b(* in(h*p(mdc‘ut of tVe- 
ipiency, a. result- wliieh would have been obtained if the dell a-function a-]>])roxn 
mation used bv Lamb (19(H) W(U'e apfdied to (̂ q. ((i).
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t'ig. 1, DoponrUmce of 0  on l'n at oplioal IVcqiKaicioy
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I’lj', 1 >1 Im'ikImkm' Ilf (h) (II! lit (»|tt(('u) rn*quoncii

I'I"' iMvnuinic'v chm'iU‘1 cnsi ii'v. o f'0  al low fivfjiu'iwu"^ a> ^ f50y„f, aiul h n  —

l ii;uiv (I«'s(-ri1>rs ;i situation Avhicli is pmbably tiuo for microAvav(‘ rather 
;h;in npU(\;l lt‘('qiu*iu*ies merger of the U\o pCNiks a-t w — 2v and w v.



rrs iilU n g  iji h siuj^lo sojiunvlial iii ih r  iuid-t'iV(j\R ‘iu^y i.s (jiu ilila l iv»‘l̂ v

sijiiiliii; I'O tiu- nri(  ̂ lol'orred in  in /
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k DisriTssioN

As ill /, lk(* oxproSiSinji for j îv'nu hy «'(). (S) is intmdiuHul iiiln iJu' niû
diiiKiiisiniiaJ I'niJU (d‘ Maxwc'lTs (‘(jualiniis and llic cxprc^sums I’nr and (^aK! 
naluulalcd. lln\N(nia', mdiln- 7, l lir  \u iu :  tuniih('i‘ assnciatrd with iLli- |»in- 
])a‘j;niinn can be straightaway ])iit c((ual In 2/* Ini i^asi's. 'i’hc reason Jni* IJiis is 
i lû  same as ^ivcai liy  iVrjuslj^m^ rl a l  (HK>2) and (̂ \|M rijii(mially lids silnalinu  
caji bî  acdiicvcd by adudsl iii(‘ o i gas(‘s and cliaji*!;̂ ' nl pri‘ssnn\ As Ike n'siills 
o f 1 li(̂  prciscni work arc IVc(̂  iimn Dn|)|)l(M' lijnil rest 11( I inns, any icsnnabh' I'atin 
nl‘ I'll and yao t*an b(‘ nl.iliscd. Jl(»w(ivaM\ as this rcsnll is (hn ixed liy an iUratinu 
]>r(K*i‘dnrc, ii slmidd nul b(‘ (rusted inj- 0. Tins can Im ic;u;ardcd as ai dclkdlc
asset n i th is ircatiiienli.

Undm Ike abnxa‘ assum])!ioji, ajul inllnwing /, ilu' s(u:niid lnuninnJ( held
a;-'' is

eos(2W- l k̂

The amplitude is

I,: '...=. _  .
ku(aj--\yatr) Ir ^

I (*̂) rd‘̂ )sAr/>-] H sin A0JJAV~)d-: ... (b)

w herî  A0  ̂ - 0 ; ŷ  and tiu' limit nt ijib'gra.tinji (wUmds nvau the lcn;̂ dT
nl'tJic r(\sniuinc(‘. cax il y. The. value nJ the (piality laetor (,) is '̂ium b\'

Q >  . m(■'' ’I'Oy
Wltll

| (H),.eCos + A0 J
A0 (.d'/’f'Sin A01m )  -

(10)

Tlie usual Ibatures nt paranielrit* Irerpiencry upeniivei sinn are a])paient in 
i.qs. (9 ) and (10), xvkh'k kav'c. similar dependence on Ar/> and as d( ŝiaibed m 7. 
It is iuterestiiig to Jinto tk(i hu dc])endcnee nt O wlien (»jX‘rating at tJireskoJd. 
At tine two i-(̂ soJianc(̂ s {2v w or v cj), Q is indejKnulmit (d' ku It is to lâ  
exi)0(jtod trom the form ot eq. (LO). lint away Crnm lesonaniJes, tor an njxu atmig 
value above roBniianee (2v to or v e>) Q deiu'eases as ku incr(ifises. ]\ear 
the Doppler limit it approaelies tlu' resnna-ncii value ot Q, bedng bequeney inde- 
[X'lident beyoJid Dnpjdor linut. l ĥis is a direct rt̂ sull cd tJû  UeajueiK'y inde- 
pendeneci ot in)im ©m; very near lesoJianee ajid at tlie Dopplej' limit. Ike
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(■oir(‘hisi(iiJ lliikf lli(̂  luInĵ raJH .similar to tJio ou(\s (Jonut-iiig &un ŵic) Hy-c Ijt- 
♦jiMMif-y j/al<'p(‘ij(lrut lias Ixaui diseusH(‘(l i>} J(‘sav"gi A. Lamli (lt)(il)). Lt is to bo 
stj« :.s(ul Uuit lli(‘ mofJmd usî <l iu llio pro,sent, papoi' is not ro.ytriotocl to iJio 
limit ami so it is moio gonorab Tlio aotuaJ doj)oudeiiot‘, iioar r(‘.soiiaiioo and 
((U S/ small ya})lkn i‘alH> is of tli(' form O is proportional to [J—(77“A’M,)̂ x(—[/)[ 
ulifM'o r( (j) i.s a, positiio funolioii <d‘(/( - A or ii) and doxionds on Jt i.s tnn*
tor ii<'giiti\''(: A and iL Ion' ;i tdiaogo ot sign iji <j tliĉ  runcdion .r( —fy) (‘hang(%s 
sign. But th(‘ oxooptioji i.s Â î -  7t/2, A\ln*ro. Q tdiangos sign. 'J'iiis ocmdition 
is disoussrd in J as Ui<‘. unstablo condition. TJu* AnJm̂  of () lor negative  ̂ A is 
given in ligurt̂  -1.

I'j/,;. 'I Valiin oT Q Inr tluiii|j;iug Di)}iplcr paraiiiuler, kujyaĥ  at aiiul near

fVd'- <i/(, —

tig . i5. Intiiieac'c ul k u jy a b  on tiold ainpjitiubi Tlio value is at resonance.

î i'oin (*(p (0) it. is clear that dox>onds on J N ( x ) d x ,  which is directly related 
to piipulai 'ML dilferenoe betAveen the levels. It is seen that th(ire is negligible



sucond liarmoai(5 convcu’sioii atr A0 — 0 Idj' nuai' j'e.soiiajuHi opi‘i ation wIuto Wrr 
is extremoly small. For — tt/2 and tt/4, cXlS w1io\\ji in iiguro 5, /v'' doomiHCs 
Idr increasing kujyab̂  Though the diagram is sIiomu for only one of the resonances, 
it is true for both of them. This <leeieas<i can be shown to be stet'per when a> is 
jieai' 2r. Foj- high kulyab values the decrease in is of the form {ku)~̂ . 'fliis 
is a direct result of the fact that near the Doppler limit behaves as — (ĵ lkv 
approximately. This apxjroximate I’orm of the integral, as well as ihe 

- g-̂ lku form foi’ similar jJrysical quantities (e.g., x̂ m̂tou xauameteis) 
has beeii (lis(mssed by oilier othiu’ authors also (Kiska & {Stenholm 11)70). Figure 5 
Xnediets an inlinite value ol‘7i\/-'’ wJien ku tends to 0. This is not a serious ilefeet, 
as t-h(̂  results of this jiax̂ ei', though valid for a mucli higher value of yafttlien xa‘<'- 
dieted by either Lamb (yau ^  l/2/i.?/) (Lamb 1904) or {Sliimoda {yau ^  0 '1 /tyy 
Slinm»da & Ueliera 1905) should not be used in the linxiî  of extremely largiJ ratio 
(of yabikv, for the Reason given in the Orst paragrax ĥ of this section.
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