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The Debye-Waller exponents for molybdenum and  tungsten are
enbeulated a different. tempecatures by using the maodified angular
foree model of Clak of af whieh, together with the central and angular
toreen, also accounts Tor the effect of electron-ion interaction on the
Lattace vibreations.,  The vibrational modes ol frequencics are summa-
rised by the uso ol Blackmans sampling technique and the results
for the Debye-Waller fuetor e compared with the experimental
data o terms of a Atemporature  parameter Y = loge(Afsin 0)*
('.3”'.,, 24y The theorctieal values obfained here compare well
O

with the expernmental results
I INTRODUCTION

The ellect of thermal moto of the atoms on the imtensity of seattered Xe-ray
wanves and the Moshawer effect experinients can be enyisaged by the study ol an
cxponentiad factor ¢ 2 often referved to ax Debye-Waller fuctor, The exponent
2N dieetly related to the meaesquare displacemenic of the atoms and provides
a dweet ool for the study of o large number of phenomera in solid-stade pliysics
aueh s nentron seattermg, electrieal conductivity aud melting ot erystals. " The
Debye mndel for the vibrational speetrum of the fattice has usually been applicd
for eatnmation of the tactor 207 0 terms of a0 known fanetion mvolving  {he
characterstie tomperature ¢ This ethod s now shown to be inadequade
(Herbstem 161, sinee the phonon Arequencies derived from the Debye maodel
ol the solul s fosmd to be far from the real spectrum of the ladtice vibration
T would theretore be preferable to compute the Debye-Wallor factor by usmg
A more vealisbie Jattice dymunieal model than the hypothetical Debye one.

I the veeent past o consderable attention is bemg paid for the theoretical
awd experimental study of the laktice dynanues of ervstals with a corresponding,
inervi-c ol mterst e Che siudy of Debye-Waller factor. Tlinn ot al (1961) have
reparted an expeoinental determination of the Debye-Waller {actor for copper
from Naav tensity measwrements mothe temperature range 4-500°K and
mberpreted then result= in terms ot a central foree model with first and seeond
nearest netghbour mteeactions Flinn & MeManus (1963) have followed {he same
teehmigque for the study of aiuvminaum, - The Debye-Waller factor of copper has
adso been diseasad by Dewames of al (1963) by using the yvavions foree models
e the bt of experimental findings of Flinn of al. Burron el al (1966) and
Ferdman (1966) have worked oal the Debye-Waller factor for nickel,  While
Bavrow oo ol make the wse of fourth neighbour model by Birgencau el al (1964)
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for the computation of Debye-Waller exponent at 7' - 300°K. Feldman uses
the fourth neighbour Beghichorn wodel, a fifth neighbonr axially symmetric model
and a first, neighbowr Beghie-born model. Quite recently, Goel & Sneh (1974)
have studied the Debye-Waller factors of noble metals silver and gold usmyg the
modified deLaunnay model.

In the present paper, we have used the modified non-central (oree mode]
of Behari & Tripathi (1969) for the study of Aemperature dependencee of the
Debye-Waller factors in molybdenum and tungsten, both BCC metals, The
foree model fakes into account the Clark-Gazis & Wallis (J961) tyvpe angular
forees e Sharma & Joshi (1963) type volume forees. 14 Tas been found that
this model explains satisfactorily the lattice dynamieal behaviour of copper
(Bebari & Tripathi 1969) and many other eubic metals (Behari & Tripathi 1970,
Gupta & Tripathi 1970, Bohari, 1972, Prakash & Hemwkar 1973, Prakash of of
1971 and Patlak o al 1975).

2. THRORY

In the harmonic approximation, the Debye\Waller exponent 2 s direet |y
related to the mean square displacement of the atoms and enn be aiven ns (James
1964).

2w <|(,\'__,\'“) () |#2

where u(n) is the displacement of 2th atom, S, the ineident wave-veetor and S
the seattered wave veetor.  Considering the time dependence of the atonmie dis-
placements and the average energy of mode ¢ phonon. the amplitwde wuy can he
written as

g 12 — (ny+4)he o
el mN w, o ()

Here, wis the atomie mass, N the total number of unit cells in the crvetal, ny, the
average oceupation number of lattice mode g given by

-1
n, = [uxb (f‘n”,}', )— l] . e (B

Here kg is the Boltmann constant, and 7' the absolute temperature. Now one
can get from the eys. (1-3)

oW = - L]

. N

v 18 = S)epul (g +3)
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where fis the polarization index and e, the polarization vector of the lattice mode
(4.J).  The summation over g extends ovor all normal vibrations of the crystal.
For a monatomic cubic crystal, the polarization factor [(S— S,).e,s]% may bo
replaced by its average value so that the eq. (4) reduces to

82h sinf\2 ., 1 (h‘w, g ,.
2W - - y foth _—’--—) . ... (B)
g 3'mN( 2 ) ot g\ 2T

where # is the glancing angle of incidence and A the wave-length of the incident.
wave,

For the: Debye madel of the solid, the temperature dependence of 1he Debye-
Waller exponent can be written as

v St s+ 3]

where @pr is the effective Xoray charactoristic temperature.  ¢h(x) is the usual
Debye integral funetion and o« = @/7'.

3. NumericaL COMPUTATION

For the estimation of Debye-Waller exponent. 2W. it. is nocessary to deter-
mine the fregqueney spectrum of Inftice vibration at a suitable number of Points
in anirredueible section of the first. Brillouin zone.  For this purpose, we have
wsed the Blaekman's (1955) root snupling technigue for a discrete sub-division
of the wave veetor space. T order to keep the frequencies within limit and 1o
avoid too mueh approximations. we have divided the first brillouin zone into
evenly spaced 1000 miniature cells.  Consideration of Born's cyclic boundary
condition: and symmetry property of the lattice reduces the 1000 points to 47
only, inclading the origin, lying within 1/48 part of the Brillouin zone.  The 3000
frequencies corresponding to 1000 points in the zone are compted from the
solutions of seeular oquation formed by the dynamical matrix of Behari and
Tripathi for hee strneture.  These frequencies corresponds to the complete vibra-
tional spoctrum of the system.  For the evaluntion of {he summation (5), thoe
whole frequency speetrum s divided into & numbor of intervals and properly
weighted  froquencies are connted in oach interval. The term corresponding
to g =0 i neglected in the summation beeause this value of the wave veetor
refers Lo a statie lattice for which the Debye-Waller factor vanishes to zero.
The clastic constants and other pertinent. data for the metals used in the eql-
“ulation are given in table 1
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Table 1. Physical Constants for molybdenum and {angsten

Blastic constants (100 dynferm?) Ladtiee

Metal —_—— - --  paramclor telerence
) ] 8]
Cyy (& (&) (10-% em)
Molybhdenum 10-077 17:243 12165 314 ()
Tungsten 52:327 20-453 16:072 316 (h)

() Woods A. D. & Chon 8. TL 196G Solad State Comm 2. 233
(1) Chen S 11 & Broekhouse B N 1964 Soled State Comm. 2, 73,

4. CoMPARTSON Wit KXPERIMENTS

The comparison of the calenlated values of 2 with {he experimental results
on Debye-Waller factor is made in terms of a temperature parameter 1 defined
by

Y - logye ( . A )2 (2W gy ~2Wep), N (D]

sin ()
where 2Wp and 2Wopg are the values of Debye-Waller exponent for temperatures
T and T, vespeetively,  This factor is independent. of A and @ and s directly
aceessiblo from the measured Xoray mtensities of the Bragg reflection,  1f 1p

and Ipg are the experimentally measured mtensitios ol o given reflection ad, tem-
peratures T and 7', respectively, we have

Ip o exp(—2Wr) (7
Imy © oxp(=20py) Y

This gives

T U I Ao o
i ( £ ) mg,‘,].;o —logue 0 @Wn2W) L (8)

The right hand side of the above cquation is ealeulated for different tomperatures
with the lielp of eq. (5).  For the purpose of comparison we have also caleulated
the Debye-Waller factor parameter ¥V from the Debye's theory, using the eq. (6),
with @p = 450"'K  for molybdenum  and @ar  400°K for  tungsten.  The
computed values and the experimental resalts of T for the molyhdenum and
tungsten are shown in Figares, 1 and 2 with referenee to a standard tomperature,

1.1.  Molybdenum

Korsunshii (1971) has studied the temperature dependence of the Debye-
Waller exponeut 2W in terms of parameter ¥ for molybdenum in low tempera-
ture range 100--400°K by the observations made on the Xeray vefloctions for the
planss (232) and (322). Those rosults are shown in Figure | with reference
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femperature 7y 2910 K

The

ealeulated values for the parameter ¥ from the

modificd aneulat foree model show a good agreement with the experimental
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results ton whole the temperature

range ol experimental observations.

Vb ol Y with temperabure for Gunesten @, espormmental date of CGeshko for
coexpernmumntal dinta o Geshko for (321) plane,

How-

evers the eesults obtained from the Debye's theory are much Jower thau that
expected fram the experimental findings.

4.2 Tunysten

The temperature varation of the intensity of X.ray reflections for (310)
A (321 planes of the tungsten erystal was studied by Gerhko (1963) for the
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temporature vange $00-850"K.  The results are shown in Figure 2 with reforenee
temperature 7'y = 291K, together with the computed values of Debye-Waldler
temporature parameter Y. The caleuluted results show a sabsfactory agree-
ment with the experimental values only uplo about 600"I. bul. ahove this tem-
perature the observed decrease in the intensity of reflections hecomes grenter
than that cxpected theoretically and the discrepaney gradually inereases: with
the rise of tomperature. It is also seen tifat ouwr calenluled yvalues hared on
madified angulare foree wmodol are much closer o the expermental values 1han
those computed from the Dobye’s theory.

5. Discussion

The theorotieal resultx oblaived for the Debye-Wadler temperature para-
meter ¥ from the modified angular foree model of Behari and Tripathi offers a
reasonable explanation for the observed decrease of the X-ray mdensitics of
Bragg refloctions below a certain temperature,  However:at bigher lemperatares,
the Neray intensity of reflections decteases rapidly than that expected from (e
theory.  Such diserepancies ad higher temperatwre are not uneapected, as the
vegleel of Tattice eaxpansion (Zener & I'leinsky 1936) and ot her anharmone effeels
(labn & Ladwia 1961, Cowley 1963, Mawradudiv & Flinn 1963, Slater 1965,
Wolfe & Goodmann 1964, Willis 1969), can widely offeet the fiequeney conside ra-
tion.  Anharvonic contributions vary mostly as the square of the absolufe
tomporature and s wore efleetive al higher temperatures The tempevatwe
variation of the clastic constants has also been negleeted i the present study,

The observed  diserepaney helween the computed and the experimental
results for the temperature factor can be attributed to the faet that the charace-
teristic frequency  deceroases due o thermal expansion at high femperadaer.
This offeet depends upon the Grimeisen constant, o temperatuwre dependent
parameter.  Several workees (Owen & Wilhams 147, Spreadborough & Cluistian
1959, Haworth 1960) have tried to summarize this effeet in terms of the Gruneisen
parameter, hut a dotailed diseussion has not yet heen possible. At higher fre-
quencies, the Debye-Waller factor 21 depends on the summation over g, j of
wg,j ¥. Hence, the lower frequoney peaks in the frequeney spectrum contribute
much more to the value of 2W than that from the higher frequency peaks.  As
it is clear from the observations on the lattice dynamics of metals by several
workors that the frequency speetrum can be approximated hy two peaks. of
which ths low freguency peak usually covers the mueh larger wrea. T4is fais
prak that gives a major contribution to govern the intensity ol X-ray refleenons,
Since the values and temperature dependence of the Grimeisen paramedor for
this peak are not known, no quantitativoe estimation of the effectof thermal expan-
sion on the X.ray intensities is possible. 1t scems tiid o more detailed study
incorporating the Gruncisen paramotor and the anharmonicity 'n luttice vibrations
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1 much needed for the elear interpretation of the Debye-Wallor factor of the
solids

A comparative stady of the experimental results and the theoretical values
shows that the results obtained from the angular foree model are much closer
to the experimental vesults than that obtained from the Debye’s theory. Tt
shons how sensitive the Debye-Waller factor is on the details ot phonon spectrum.,
The more realistie the dyvanical :lv.ppr(m.uh consistent with the physical situation
of the Ludtice, the better the results obtained for the parameter Y. However,
s the tungs stand, e emerges from the present. study that the temperature
vartbion of the Debye-Waller factors of molybdenum and tungsten can ll)u
explained satistactorily by the Behari-Tripathi lattice dynamical model.
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