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ONE OPERATIONAL AMPLIFIER SIMULATES THIRD
ORDER SYSTEMS WITH A LEADING-TIME
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L. K. WADAWA axp JAGDISH CHANDRA
Drrenen RusgArcn AND DEVELOPMENT LABORATORY, DELUI-G !

(Recetved il 5, 1962) \

ABSTRACT. The pupa outhnes o method {or the simdstion of thud order lnu‘mr
Nyst e wath oply one opuationn] ampliher ,

A purticalir elasy of the gonaal thnd order systems, that s, systems with o leadimg
time conslant 18 considered i thaw puper

Two buste cienits each consitang of one operational amphfer, four eapacitors wd five
restslors uro presonted  The eneuils aro nialysed mnd the condstions of physcal realisability
diseussed and oblained.

The design formulae and procedare are nlso given

INTRODUCTTON

In previows communications (Wadhwa, 196]. 1962) on this subject three
particular classos of the general third order lmear systems were considered for
simulation with only one operational amphfier. The purposo of this paper is to
cosider another particulwr class of systems, that is, third order systems with a
lendmg timo-constant, which are characterised by a transfer function of the form

v — — bBSE)
PO == o st rasTr M

where a’s and b's are positive and real constants, and § is the Laplave operator.
In principle, it should be possible to simulate the system of (1) with the aid
of three capacitons and six resistors but. the resulting network design formulae and
the conditions of physical reulisability become somewhat complicated. With the
employment. of four eapacitors and five resistors, howover, the design formulae
and the conditions of physical realisabilty become simple and conveniently
computable. 1t is primarily with o view to ensuring simplicity and convenionce

that in the networks presented in thas paper four capacitors and five resistors have
heen used.

Of the various possible cireuit each employing four capacitors and five resistors
only two will be progented here; their design formulae obtained and conditions of
physical realisability discussed.
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Third order sysiem simulation

A network for the simulation of third order systems is shown in Hig. 1
and 1ts transfer function has been shown to hoe

E‘o —_—— —— o Y'I )’ll_Yﬁ R [
El Yo( Yl'l~ Y2'l" l’s)(Ya+ Y4 - Yu‘l‘ Y7)+ YuYn( Yq |‘ Yﬁ_l' Y7)‘{‘ YEY';( Yl‘l' Yl
FY3+ Y)Y, Y Xy e (2)

Fig 1 Network for the simulation of thiid syetems.

Simnlation of the system of (1) with the network of Fig. 1 is possible if the
admitlances (Y’s) are properly chosen, and [urthermore it should be obvious from
(2) that at least three of the appropriate admittances will be required to bo purely
capacitative.  As already mentioned the use of throo cupicitors gives inconvoeni-
ontly long design formulae and conditions of physical realisahility while the use of
four capacitors makes these simple and easily computable.

(@) Y, Y, Y, and Y4 cupacitative
A possible circuit for simulating the system of (1) is shown in Tig. (2¢), in
which

e (s ) |

|
Y, = 8C,
Y, = 80, (3)
Y, = SC,
1
Yﬂ = Yli = YB = _R_
=1 |
Y,= R J
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D 7 a8 asStda,S+1
Substituting (3) into (2) and simplifying

(a5 e

A —— e —

(apy) PO LCIC 4RO 22 Crop+( 2) o]

() mevseas (272 s

Equations (1) and (4) will be identical if

bo = (ac-T-!%)

by =T,

My = (a“)(flﬁr '1'.)+( “_“'*‘3) T,

&)

()

(6)

0
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(LTI EN
ty = (r:ia) (Tl To) T T o (9)
where
T, = RC, .. (10)

Now, simulation of the system of (1) with the network of Fig. 2(a) is possible

ouly if the values of a. 7', T,, Ty Ty obtained as the solution of (5) through (9)

are real and positive, It is required to determine. therefore, in terms of the givon

real and positive «’s and b’s, the values of o, 7'y, 7'y, 7', 1'; and find the conditions,
i any, under which these can be real and positive,

Elimination of a, 7, 7', and T {from (5) through (9) gives a cubic
270}ty — 30 3Do) T 3— 902t 1y (5hy-|- )+ (4bg-|- 1)} T2 +-6a,13ho(4by-1-1)
(5by+-1)Ty- - ay¥(dby+1)(6by-F1)2 = 0 ... (11)

which can have either one or three real roots depending on whether its discrimi.
nant is positive or negative.

Now, as shown in Appendix I, a set of real and positive o, Ty, Ty, Ty, Ty
exists, provided that

by<1 e (12)
und, eithor
ag > ,af_g‘
. (13)
ay > 3%:’-’"
or Uy < = % -]l
!’ o (130)
3(4by-+1)(agh; —3aa) +beby '
a; > b2(5by+1) +bob, J

For the design of the network, circuit component values are required to be
determined. The proper procedure for design would be to first check and see if
the inequalities of (12) and either (13) or (13a) are satisfied. The satisfaction of
these conditions signifies that the circuit of Fig. 2(a) for simulation of the system
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of (1) is physically reabsable. The cirenit component values may then be obtained
hy solving the cubic of (11) for 7). Since « and T, are known directly from (5)
and (6) respectively, then 7', and T, muy be obtained by solving (7) and (8). Hav-
g thus determined &, Ty, Ty, Ty, Ty, and choosing arbitrarily a convenient value
for any one of the cupacitors, the value of resistors and the remaining capacitors
may bo then determined with the aid of (10).

(b) Y, Y, Yy and Y, capacitative
Another possible circuit for the simulation of the system of (1) is shown in

Fig. 2(h),"where \ .

\
\

. == 80,

¥, = 8¢,

—

¥, = (8C; I 1/R)
(14)
Y, = 80,
Yi=Y,=TYy=1/R
Yo=1/aR :

Substituting (14) into (2) and simplifying

b *(H i) . (RC;8+1)
pe= : —
d(a”) BC, 0,881 [ Sy 1) OOl Tt +1) R0,
(20+1) Doy v 20 %0+1
R0 oo (22+1) 2
T 3t ] [3(a+1) Ot 3{al1) BCut 3 RO,

+ -f’no,] S41 ... (I5)

1)

S‘EIA

Equations (1) and (16) will be identical if

by =

o
3(a+1) .. (18)
v (17)

ay = 2 T+ 2at+l) o + Tt 2(2a+1) T,

3@+) T St 3atD) . (18) -
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- _a 3 . 2a (2a+1) ’
ay 341 (Ts-+Ts)Ty-+ 3@tT) T,T,+ @ tT) T, ... (19)
“= sgr T (20
where
Ty = RO, . @1

Elimination of a, Ty, Ty and T, from (16) through (20) gives n cubic
1 . . y(3by-1-1) a,(3b,+1)* .
9 __ — o2 2! 0 r __ "a\W% )
T, o, [3eay+by(3b—1) 152+ Bl S (%) 0 (22)

which, as is obvious, can have no negative 1eal roots and will have erther one or
three real positive voots depending on whether 1ts diseriminant A is positive or
negative.

Now, as shown in Appendix 1I, if

<Min |} bi_ (3q,—2p— 1 (tghy —2a5)* 1
by < Min [ 3'{ 144a; BN = 3 } ’ { dagh,? 3

o (23
(3uy—28,[) > 0 t @)

(aghy—2a5) > 0

then one set of positive real a, 15, T, 1'; and T, cxists, provided that eithor

A = 4p*-}-27¢* > 0
(24)

and 0Q > 0B> 6P > 04
or A<O

o (240)
and OB > 0 >- OA > OP

But, 1f (28) is satisfied and
A <O

and either OB>0Q>0P>04 } . (26)
or 0Q > 0B > 04 > OP

then two sets ol positive real values exist. And three sets of positive real values

can exist if
A<O
. (26)
and 0Q>0B>0P>04
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where

04 - by = 2) = /B30y — 2 4Baghy (36, 1)

12bghy
on = s - 200) 44/ (Bety — 20, )2~ 48agb, (3by+1)
- ) 12bgh,
o <. (b= 200) = (gl = 20"~ Saghi*(by 1)
T T T Ty
_ (auhy=-20y)-) \/('{J)A;2!’:152;4;L:,b,:‘(!;|;+i|1)i) ")7)
0@ =7 b, Qf

_ Byt 1) 1| Bnctby(3hy-1) ]

b oh K nh

(b, 1)* + ay(3hy 1) By 0,(3h,- 1)]
18" 108h,?

_2 [ 3,4 b,(3h,—1) ]s
7L 6,

To summarise, thereforo, if (23) und ecither
0Q > OB> 0P > 04 (28)
or Nz 4pP4-27¢* < 0 (29)

are satisfied then i is possible 1o simulate the system of (1) with the circuit of
Tig. 2(0). The cirewt component values may be ohtuined with the aid of (16),
(17), (22), (20), (18) und (21).
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APPENDIX I

CONDITIONS UNDER WHICH THE CIRCUIT OF FIGURE 2(u) IS
PHYSICALLY REALISABLE

Simulation of the system represented by (1) with the network of Fig. 2(a)
is possible only if the values of «, 7'y, T, T, and Ty obtuined as the solution of
equations

bo= 22 -
by =T, e (12)
wmn (%) Jawmos (2)8] - as
o= (%5 ) @HTITT, . (1)

are real and positive; where a’s and 0’s are real and positive constants.

It is, thercfore, required to detormine tho conditions under which «, 7',
T, T, Ty can be real and positive; and graphical methods may be perhaps a
convenient means of obtaining these.

Eliminution of &, T, and T, from (1.1), (1.2), (1.3), (1.5) and (1.1), (1.2), (1.4),
(1.5) give the following two equations

boT'3+(4by+-1)Tg = (@;—bob,) e (1.6)
- _ 3a, _ 9a, :
and Lo = GO I(ToF b (5byt 1)(Tyt-by)t (7)

The interscction of the straight line of (1.6) and the curve of (1.7) in the first
quadrant of the 7',—T planc will give both 7', and 7'y as real and positive. It
is obvious from (1.1), (1.2) and (1.6) that the corresponding «, 7', and T are also
real and positive, provided that

by<1 . (18)

It should be clear, therefore, that only the portion of the curves lying on the right
of the T'g-axis are of interest.
4
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The intercepts that the straight line of (1.6) makes with the 7', and T'g-axos
rospeotively, arve given hy

0A — 1", ~ | Qb e (19)
2 e
on =1 - ”4\;";";' ) oo (L10)

which aro real and, also postive if
ty > behy o (L1D)

Siulurly, the curve ol (1.7) will cut the axes at pomts 7’ and ¢ whose T,
and T'g coordines wro respoctively given by

0P = Ty — ( 3«.1—”21'1) . (L12)
a,
_ mor _ 3(aghy—3ay) 1.1
Q=1 = hy(Bby4-1) (1.13)
Now, if
(Jag —ayd,) > 0
1.14)
. tyhy (
i.e. > "%
then the intercept OF is pusitive and 0@ negadive, but if
(ag—azhy) < 0
1.15
ie. uy < Wby (113)

3
then the intercept 0Q is positive and OP negative.

Therefore, if the conditions as expressed in (I1.11) and aither in (1.14) or (1.15)
ave satisfied then 1t is possible for a portion of the straight lime and the curve to
exist in the first quadrant and it may be possible, under cortain conditions, for
those to intersect each other at one or more points m that region. The sketches
of tho straight line of (1.6) and a portion of the carve of (1.7) lying on the right of
the Tg-axis are shown in Fig. 1.1.
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(a) Pr-L
OA>Qp
%
Ne
L

B — _“'“,‘!
b .I
® 4R

oe>00Q

TORTe (Re)r = (a,-y)
ELY 9d,

Tow ,(sl;‘l) (r.‘b,)_ (sb+1)(ryo,)?

Fig. 11, Condition under which the straight line and the curye can mtersoet, onch
other in the first quadrani,

It is evident from the sketch of Tig. 1.1(a) that if (L11) and (1.14) are
satisfied and

04 > or
ie. ay > 3by (1.16)
@y
or, as seen from figure LI(b), if (1.11) and (1.15) aro satisfied, and
OB > 0@
ie. a, > 3tL(ab, —3a,) +bgb, o (LIT)

b,%(Bb,+1)
then it is possible for the straight line and the curve to intersect each other in the
first quadrant giving T', and T4 as real and positive,
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To summarise, therefore, if

and, either

or

by <1 . (1.8)
ag > ay by
(1.16a)
> 3agh,
@y
ay < q’g‘
(1.17a)

3(4bo+ 1) (agh, —3ay)
> et o

then the cicouit of Fig, 2(«) for simulating the system of (1) is physically realisgble,

APPENDIX 1II

(‘ONDITIONS UNDKR WHICH THE CIRCUIT OF FIG. 2(b) 18

PHYSICALLY REALISABLE

If the values of a, Ty, Ty, T'; and T, obtained as the solution of oquations

by =

by =

a, =

a, =

ag =

Ry Bat1)

R a
a1y

a

3a+-1) 0
T, o (2.2)
D)
2 pyg BetD) 2 2adl) g . (23)

3(a+1)

1+ B2t pp 24

T,-+T
Ty s)+q( atl) Sat1)

é‘(Eer) T,T,T, o (25)

are real and positive, then it is possible to simulate the system of (1) with the oir-
. ouit of Fig. 2(b).
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Elimination of &, T and 7, from (2.1), (2.2), (2.3), (2.5) and (2.1), (2.2), (2.4),
(2.6) give the following two equations:
p — 86,—2b) _ 2a, 6b,

Wt Uty T Gty T @0

T, = ('_zlbl___za‘_ﬂ) __ ay(3by+1) b
‘ b0, T 36272 1

. (29
The intersection of the ourves of (2.6) and (2.7) in the first quadrant of the
Ty—T, plane will give both 7', and 7', as real and positive. T4 is ovident from
(2.1), (2.2) and (2.5) that the corresponding a, T'; and 7', will be also real and posi
tive, provided that
by <1/3 - (2.8)
The curve of (2.6) will cut the T,-axis (i.e. T, = 0) at two points 4 and B
whose T’y coordinates may be obtained by equating to zero the right hand side
of (2.6) and solving the resulting quadratic
6D%b, T's2 — boby (B, —2by) Ty +2a4(3by+1) = 0 v (29)
whose roots are given by
— (30, —20,) 44/ (30, 9b,)P— 48ab, (30 +1)

Tyarm = 126,5, <. (2.10)

Now, 4 and B will be real, il
by(3a,—2b,)? > 48ay(3by+1)

, by . 1
i.e. by < “ldda, (Buy—20,)2— 3 e (2.11)

and their coordinates will be positive, if
(3a,—2b;) > 0 . (212)

Similarly, (2.7) will cut the T,-axis at two points P and @ whose T'y-coordi-
nates are

Typay = (.“i’l_.—ﬁ’a)_ﬂ_ﬂﬂ(’éif;‘;a_)’ti‘!s""l(”n‘l'_1/3) . (213)

and which will be real and positive, if
(@ghy—2a4)% > dazhy*(by+1/3)

. b —2a5)% 1
i.e. bo <(ﬂ‘—4ld-ab—alg)— —3 o (2.14)

and- (ash,—2a;) > O J
Therefore, if the conditions as expressed in (2.11), (2.12) and (2.14) are satis-
fied then it is possible for a portion of the curves of (2.6) and (2.7) to exist in the
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first quacrant, und it may he possible, under certain conditions, for these to inter-
soet each other at one or more pomnts m that region.
Klimination of 7'y from (2.8) and (2.7) gives a cubic

bt 3b4-1)2 .
q.(_%gz;inl_)_yv’_ a(3b1 1) _ g | (2.15)

. 1 . P 2
Py o Byt hy@b— DT+ 18b,8

(23,-3b) >0
b2 2,
( aa(zbgtt)

(\hl—n,) >t:|l
Jab-ay)

% 4ﬂﬂ -3

(32,-2b) 22, ¢bg
TOWTEmET R R ¢
= (azbi- n,)_ 2y (3b,+1) "

Wy, wE

Ty 2.1, Bketches of the curves for positive voluer of 77y,

The raal voots of (2.15) give the veal points of intersection of the curves of
(2.6) and (2.7). It is obvious, in view of (2.12), that (2.15) can have no negative
roal roots, thereforo, the curves do not interseet at real points on the left of the
T-axis. 1fits discrimmant A is positive then (2.15) will have one real root signi-
fying that the curves intersect each other nt one point on the right of T'j-axis; and
if A is negative then the curves can intersect each other at three points on the right
of T-axiz, Tho sketches of portions of the curves lying on the right of the
T,-axis are shown in Fig. 2.1,

Now. as evident from figure 2.1, if the points A and B interlace with the
points P and @, such that

0Q > 0B> 0P > 04 . (2.18)
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then the curves will intersect cach other at ono pomnt in the first quadrant if
A = 4p34 2792 > 0
and at three points if
A<O

Hence, at loast one set of positive roal a, 1y, T, Ty, T, oxist if (2.16) is sutisfied,
itrespective of whether A 1s positive or negativo.

But if

A<O
e (27)
and OB > 0Q > 04 > OoP

then one sot of real positive valucs exists, and two real positive sots of valuos
exist if

A<O
and either OB > 0Q > 0P > 04 . (2.18)
or 0Q > OB > 04 > OP
where
04 = 518ty —2b;) —/b¥3a,—2b, )48l (3b,+1)_ ]
12bgh,
0B — b1(32,—2b)) 4 /632, ~2b,)-—48agb, (3by 1)
12550, .
(“zbl“2“a) \/(“zbl—2“a)2 4%”1'(” +1/3)
2bgbg®
(azb 2“s)+\/(“2b1"2”s)z 4a.3bl’(b,,+l/d) L o (2.19)
264D,
= %Bb+1) 1 {_311*:,’21(3.”_»:1) ]2
P= =%, 3 6b,
_ —(3by+1) + aa(3bn+1)[3a1+bl(3b =)
= — 180, 108b*
- ,_[ 3a,+0y(3by—1) ] ?
27 6b, J
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To summarise, therefore, if

o M |1 b 1 (ah,—2a5)* 1
by < M [_, 1 —2h,)2— h—ag) _ =
o= 1y { 14dq, O 2) 3} { dab%, s”

(3u,—2b) > 0
(12hy —~2ag) > 0
und eithor 00> 0B > 0P > 04

or A = 4p*427¢* <0

o (2.20)

. (216

. (221)

then it is possible to simulate the system of (1) with the circuit of Fg, 2(b).



