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In this paper, we introduce the classical Segal-Bargmann transform starting from the
basis of Hermite polynomials and extending it to Clifford algebra-valued functions.
Then we apply the results to monogenic functions and prove that the Segal-Bargmann
kernel corresponds to the kernel of the Fourier-Borel transform for monogenic func-
tionals. This kernel is also the reproducing kernel for the monogenic Bargmann
module. Published by AIP Publishing. https://doi.org/10.1063/1.5008651

I. INTRODUCTION

The Segal-Bargmann transform can be seen as a unitary map from spaces of square-integrable
functions to spaces of holomorphic functions square-integrable with respect to a Gaussian density
(see Refs. 1, 12, and 13). The latter class of functions is known in the literature under different names:
Bargmann or Segal-Bargmann or Fock spaces either in one or several complex variables (see Refs. 6,
10, and 17). In this paper, we do not enter historical discussion on the nomenclature, and we will
call them Segal-Bargmann-Fock spaces. These spaces are important in several different settings: in
quantum mechanics, where they are used for the description of the spaces via tensor products; in
infinite dimensional analysis and in free analysis, since these spaces are related to the white noise
space (a probability space) and to the theory of stochastic distributions, see Ref. 16.

It is natural to consider another higher dimensional extension, namely, the one based on mono-
genic functions with values in a Clifford algebra. Recently, in Refs. 8 and 9, the authors have pointed
out that this approach can be useful in studying quantum systems with internal, discrete degrees of
freedom corresponding to nonzero spins.

Square-integrable holomorphic functions are well known in the literature, and they may belong
to Hardy or Bergman spaces, whose reproducing kernels are rational functions. In the case of the
Segal-Bargmann-Fock spaces, the kernel is an exponential function. This reproducing kernel is not
bounded, and this fact makes some computations in this framework more complicated. On the other
hand, the fact that Segal-Bargmann-Fock spaces are defined on the whole space (either C or C") makes
other techniques from Fourier analysis available. From the physics point of view, the (normalized)
reproducing kernels of the Segal-Bargmann-Fock spaces are the so-called coherent states in quantum
mechanics.

In this paper, we consider the higher dimensional framework based on monogenic functions. We
can introduce a notion of Segal-Bargmann module (over the Clifford algebra) and of Segal-Bargmann-
Fock transform. The fact that we have a Fischer decomposition allows proving a relation between the
projection of the transform onto its monogenic part and the Fourier-Borel kernel. Equipping the Segal-
Bargmann-Fock module with the Fischer inner product, we can also show that the Segal-Bargmann
transform is still an isometry on harmonic polynomials.

The plan of this paper is the following. In Sec. II, we revise the classical Segal-Bargmann
transform. Then in Sec. III, we apply the results of Sec. II to the case of monogenic functions. In
Sec. IV, we study monogenic Bargmann modules. Finally in Sec. V, we make summarizing remarks.
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Il. THE CLASSICAL SEGAL-BARGMANN TRANSFORM

The Segal-Bargmann transform is a very well-known operator acting from the space L?(R) and
the Segal-Bargmann-Fock space which is unitary and allows identifying these two spaces (see Refs. 1,
12, and 13 and the recent monographs'®!7).

The Segal-Bargmann-Fock space B(C) is the Hilbert space of entire functions which are square-
integrable with respect to the Gaussian density, i.e.,

. / exp (=IzI) If @I dxdy < oo.
TJc

For any f € L>(R), we define the Segal-Bargmann transform B: L*(R) — B(C) (sometimes called
the Segal-Bergmann-Fock transform) as

1 z2 X2
Blf1(z) = E/RGXP (—3 +Xx7 — Z)f(X) dx,

for any f € L>(R).
Let us consider in L2(R), the basis {Yr(x)}, where

Ui = Hie™ 4, Hu) = (= 1ke"20ke 12,

Note that Hy(x) are the well-known Hermite polynomials. This basis is orthogonal, in fact,

1 -
W, i) = E /Rl!/f(x)lﬁk(x)dx=55kk!,

where d¢ is the Kronecker delta.
Using integration by parts, we obtain

1 2
B[lﬁk](z)=\/?/ReXp (—(Z 2x) )Hk(x)dx
T

2

= \/% /R 6}; (exp (—% +xz)) exp(—x2/2) dx
:sz/exp(_(z—x)z) "

V2r Jr 2
=7~

Let us consider the so-called Fischer space, namely, the space of real analytic functions equipped
with the inner product

[R, §]=R(0:)S(x)lx=0-

To consider functions defined over the real numbers, it is necessary to obtain a match between the
Fischer and the Bargmann inner products.

If we consider instead of the complex variable z a real variable u, we can use the Fischer inner
product to get the equality [1/, uk] =0pkk!.

The above computations show that the Segal-Bargmann-Fock transform f(x) — B[f](«) is an
isometry between L?(R) and the Fischer space.

On the other hand, we can consider the space O(C) of entire holomorphic functions equipped
with the inner product

1 TN .
f.8)=— / exp (—Iz1*) f(@Dg@) dxdy,  z=x+iy.
T Jc
We note that the basis {zk} is orthogonal, in fact,
1
== / exp (-[z?) 22 dxdy=0  fork#¢.
T Jc

Moreover 5
1 T 00
(Zk, Zk) =— / / exp (—rz) r rdrd6 = k!, wherez= re?.
T Jo 0
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Then we have that B: L*(R) — B(C) is an isometry. Indeed, the Fischer inner product for functions
defined in R is equal to the Bargmann inner product of the holomorphic extensions.
This discussion can be extended from one to several complex variables.

Definition 2.1. The Segal-Bargmann-Fock space B(C™) is defined as the Hilbert space of entire
functions fin C™ which are square-integrable with respect to the 2m-dimensional Gaussian density,

ie.,
1
— | exp (<12P) @ dxdy <o, z=x+iy
T cm - = ) = Z

and equipped with the inner product
1 2\ Frn
.8)=— | exp(-IzI*) f@s( dxdy.
T (Cm -

Let us denote by x the m-tuple (xi, ..., x,) € R”. We consider the space L>(R™) with the basis
{k, ...k, (X)}, where
_Iyl2
Wy (D) = Hyy g, (e

and Hy, . i, are the Hermite polynomials in R™ given by

2 2
Hiy..t, @ M2 = (Dl e /2,

Definition 2.2. The Segal-Bargmann-Fock transform B: L*(R™) — B(C™) is defined by

1

BV](E):W/RmeXp (_T +)_c~§—T)f()_c)d£’ )_C'ézzszj’

for any f € L*(R™).

Remark 2.3. Similar to the one variable case, we have that
Bl )@ =2)" ...z

Finally note that ||l,0kl___km||2 =k!...ky!. It follows from this that B: L>(R™)— B(C™) is an
isometry.

lll. THE MONOGENIC CASE

Let us denote by R,, the real Clifford algebra generated by m imaginary units ey, . .., e,. The
multiplication in this associative algebra is determined by the relations

ejeg +eej = _25ij~
An element a € R,, can be written as

a=ZaAeA, xs €R,
A

where the basis elements e4 = ¢;, . . . ¢j, are defined for every subsetA = {ji, ..., ji} of {1,...,m} with
Jj1 <+ <Ji. For the empty set, one puts ey = 1, the latter being the identity element.
Observe that the dimension of R,, as a real linear space is 2”. Furthermore, conjugation in R,,

is given by a= Y 4 ases, whereeg =¢;, ...¢;, withej=—¢;,j=1,...,m.

In the Clifford algebra R,,, we can identify the so-called 1-vectors, namely, the linear combina-
tions with real coefficients of the elements ¢;, j=1,...,m, with the vectors in the Euclidean space
R™. The correspondence is given by the map (xy, ..., X,) > x=Xxje] +- - + Xpe, and it is obviously
one-to-one.

The norm of a 1-vector x is defined as [x| = /x + - - - + x7, and clearly x* = —|x|%. The product

of two 1-vectors x = 2}’.';1 xjej and y = Zj’":l yje; splits into a scalar part and a 2-vector or the so-called
bivector part
Xy=—( ) +X Ay,
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where

Xy)y=x-y= —l( Xy+yx)= ijyj,
j=1
xAy= % (xy-yx) =Z Z (YK = Xey)ejer.
Jj=1 k=j+1
The complex Clifford algebra C,, can be seen as the complexification of the real Clifford algebra R,,,
ie., Cp =R, ®iR,. Any complex Clifford number c € C,, may be written as ¢ = a + ib, a,b € R,
leading to the definition of the Hermitian conjugation: ¢’ =a — ib.
The first order differential operator

is called the Dirac operator in R”. Functions in the kernel of this operator are known as monogenic
functions (see, e.g., Refs. 2—4 and 7).

Definition 3.1. A function f : Q c R™ — C,, defined and continuously differentiable in the open
set Q is said to be (left) monogenic if 0,f (x) =0 in Q. We denote by M(R™) the right C,,-module of
monogenic functions in R™.

A basic result in Clifford analysis is the so-called Fischer decomposition. Every homogeneous
polynomial R;, of degree k can be uniquely decomposed as

Ri(x) = My (x) + xRy-1(x),

where M} and Rj_; are homogeneous polynomials and M; € M(R™). The monogenic polynomial
M is called the monogenic part of R; denoted by M(Ry).

If f is real analytic function near the origin, then it admits a decomposition of the form
f(x) =22, Re(x) in an open ball centred at the origin. The monogenic part of f is thus defined
by

ME@) =) MRe@).
k=0

Let us recall the definition of the Clifford-Hermite polynomials Hj(x). They are polynomials with
real coefficients in x of degree s satisfying

Hyg (e 2P (x) = (1705 (Pe)e = 72),

where Pi(x) denotes a homogeneous polynomial of degree k in M(R™).
Put ¢ 1 (x) = Hv,k(g)e‘mz/“. The set of functions {4 (x)Px(x): s,k € N} is an orthogonal basis
for L>(R™) (see Ref. 14). Recalling Definition 2.2, we have the following:

Theorem 3.2. Assume that Py(x) is a homogeneous polynomial of degree k in N(R™). Then the
following formula holds:

Bl @Py(0)] @) = 2 B[Pr(x)e 4] (2).

Proof. The formula follows using integration by parts in higher dimensions,
-z

1
BlusswPwIQ@ = 5 / Cexp(-T az E@P) d

i % / P (_% +a Z) & (Pee™72) dx

m /m (97 (exp(

= 7' B[Pr(x)e 4] ).

123

*Z
= +x- ;)) Pr(x)e /2 gy

S|
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The next problem is to compute B [Pk()_c)e_mz/ 4]. To this end, we consider an example from which
the general result will follow.

Lemma 3.3. Let Pr(x)=(x1 — elezxz)k. Then
BIPywe " (2) = (z1 — ereaz2) = Py(2).

Proof. Let Z =x; — ejexxs and 207 = 0, — eje20y,. Note that

P2 _ e Lo
e _exp( 2ZZ)exp(JZ3: zxj).

Thus we have
1. G|
Zke KP/2 = ((—262)]‘ exp (_EZZ)) exp —Exf)
=3

= (= (B, — e1020y,)) e HP2,
Therefore
1 .
BPu@)e 4] () = S / ((6)61 — e1e20,,) exp (_575 +x- g)) e 2y
R)ﬂ
_(z —e1e2) _(Z—)_C)'(E—J_C) 4
e Jw P *

:(Zl—elezzz)k/ ox _@ dx
Qo Jen CP\ T2 )

k
=(z1 —e1e222)".

We can now prove the following simple but important result:

Theorem 3.4. Suppose that Pr(x) is a homogeneous polynomial of degree k in M(R™). Then
the following formula holds:

B[Hx(0e " *Pr(0)] (2) = ' Pi(2).

Proof. We show that the formula that we have established for Py (x) = (x; — e1e2x2)F in Lemma
3.3 holds for a general Pi(x). First of all, due to the spin(m)-invariance, the result also holds for
monogenic plane wave functions of the form

(e 1) = £5¢e. ),
where ¢ and s are orthogonal unit vectors. Then we notice that the space of homogeneous monogenic

polynomials of degree k is spanned by finitely many monogenic plane waves ((x, ) — ¢ s{x, s))* for
some choices of the parameters (¢, s). This, combined with Theorem 3.2, proves the result. O

IV. MONOGENIC BARGMANN MODULES

We will use the following notations.

Definition 4.1. Let s € N. We denote by NM*(R™) the right C,,,-module of s-monogenic functions
on R™, namely, the set of smooth functions in the kernel of 9;. Next, by M*(C™), we denote the right
Cu-module of s-monogenic functions on C", namely, the set of entire holomorphic functions in the
kernel of (9£, where 9, = Zj”i | €j0;; is the complexified Dirac operator.

Note that M*(C™) is spanned by the set of polynomials of the form gj Pr(2),j=0,...,5s—1, where
Py(z) is the complex spherical monogenics of degree k € N.

Let us now define the s-monogenic Bargmann modules.
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Definition 4.2. For any s € N, the s-monogenic Bargmann module MB*(C™) is defined as
MB*(C™) =M (C™) N BC™),

and it is is equipped with the inner product defined in B(C™).
The Segal-Bargmann transform may act on s-monogenic functions as described in the following:

Proposition 4.3. The map
B: M R™)e 54 0 L2R™) - MB(C™)

is an isometry (and it is even unitary).

Proof. The proof follows the standard arguments in the complex case and since Hj ;(x)Px(x),
j=0,...,5—1, span M*(R™), it is a consequence of the previous Theorem 3.4. m]

Remark 4.4. From the Fischer decomposition we obtain

k k
(x w —ZxJZk;(x wu',

where Z; (x, u) are the so-called zonal spherical monogenics (see Ref. 15). The latter are homo-
geneous polynomials of degree k — s in x and u and satisfy the two-sided biregular system
6§Zk,s()_c, u)=Z 5(x, Z)ag =0.

One can also check that

Zi—so(x,u
Zps(x,u) = M’ k>s

ﬁs,k—s cee IBI,k—s

with Bog x = =25, Bas+1.k = —(25 + 2k + m). Moreover,
Zi(x,u) = Zyo(x, u)
r(z-1

= (x| lu])*
2k+IT (k +

(k+m—2)Ck2 (t)+(m 2)| ||_|C21(t)

)

where C}/(7) denotes the classical Gegenbauer polynomial and ¢ =

1)
|I||

Remark 4.5. Therefore, the Fischer decomposition of &% has the form

00 x l/l 00 k 00
et Z === Yl = ) P EEw,
s=0

k=0 ! k=0 s=0

with Eg(x, u) = Y77 Zps(x, w).

We note that E(x, u) = Eo(x, u) is the monogenic part of ¢, which is known as the Fourier-
Borel kernel. This function has been computed in a closed form using Bessel functions in Ref. 5 (see
also Ref. 11).

Let us again denote by M the projection of a function onto its monogenic part in the complex
monogenic Fischer decomposition.

Proposition 4.6. Let f(x) = g()_c)e_p—“'z/4 e L*(R™). Then we have

1 2
MBUIR) = 57 /]R EG@g@e 2 dx=[E@0)'. s@),

where [-,-] denotes the Fischer inner product. In particular when g is monogenic, we obtain

M(B[f1(2) = g(2).
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Proof. From the above remarks, we obtain
X X

7z
M(exp (<55 41 2= TF) ) = M(expa- 9)e 2 = B, e

The statement follows using

MUBIIE) = s [ M (exp (-5 42 2- 2F)) fax

V. REAL s-MONOGENIC BARGMANN MODULES

Let us recall that for harmonic polynomials R(x), S(x), we have (see also Ref. 7)

[R(), S@)] = R(8)"S(x)lx=0 = / RS e P72 dy.
o

(271-);11/2
For Pi(x) € M(R™), we have

Pi(w) = [Ze(u, x)7, Pr(x)] = [E(u, x)", Pi(x)].

From this formula, one also obtains in another way that for every monogenic g(x) such that
g(x)e 114 ¢ L2(R™), the following formula holds:

-1 ~1xP/2
gu)= P /R B, x)gx)e dx.

For general polynomials R(x), S(x), this link with the Fischer inner product no longer holds. However,
we have that

[RG), S@)] = ﬂim /C RQ'S@eE dz

For instance, take R,S of the form zll“ .. .z,’j{’. Moreover, B is an isometry between L*(R™) and the
Segal-Bargmann-Fock module equipped with the above inner product. In particular, if g € M*(R™),
we have that the map

B: ge ¢ s hig) = Blg(we 2

is an isometry. Note also that £ is s-monogenic, but it is no longer true that a(u) = g(u) for u € R™.
Let us consider f € B(C™) and let M, be the orthogonal projection onto the submodule of
s-monogenic functions MB*(C™). To be more precise, if

F@=> 9@, af@=0,
=0

is the Fischer decomposition of f, then M, (f(z)) = Z;;é gjﬁ(g).
Define the function Z-z
By(z,x) = M; (exp (__2__ tx- Z)) :

Theorem 5.1. The following formula holds:
-1 [j/2]

By(z,x) Z Z Sepi B @ .

Proof. We have that

and
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Therefore
exp (—g +x- z) = i ! P E(z, 0)x*
2 = k,£=0 2001
i RIZEI I .
=> 7 Ejp¢(z, 00 ¢
o Yoy j Ly

= 26¢1

from which the desired result easily follows. O

Remark 5.2. Note also the formula
Py =L ( #éﬁ .)) kP2
M (Blg@e ) @) = Gy / M, (exp (<557 +x2) ) se 2

Next, one may introduce the real s-monogenic Bargmann module, which is the set of g € M*(R™)
such that g()_c)e‘|)—“2/ 4 is square-integrable.

Definition 5.3. For any s € N, the real s-monogenic Bargmann module MB*(R™) is defined by
MB*(R™) = M (R™) 0 L2 (R, e”112),

It is equipped with the inner product in L? (R’", e"“ﬂz/z),

{f,g)= / f(x)Tg(x)e lxI? /zdx

(2 )m/z

As an additional remark, we note that for any f € MB*(R™), we can define its Weierstrass
transform W: MB’(R™) - MB*(C™) by

(z-x)-(z-x

1 X
WA= 5 /R exp (—f) F@)dx = Blf e 4 2).

With standard techniques, one can show that the map W: MB*(R™) — MB*(C™) is an isometry,
moreover

WIf1(@) = /R B xf e dx.
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