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Chapter 1

Introduction

1.1 A trend of a study for PID control

In the process industry such as a petroleum, a chemistry, a steel and a food, etc., various
systems are used to convert the raw materials into the products by a chemical change and a
physical change of the material. The process control to the temperature, pressure and the flowing
quantity of the device is done. There is Proportional-Integral-Derivative (PID) control in one
of these process controls. Though the modern control theory develops and it is maintained, the
PID control is used to the chemical plant of actual 50% or more. The PID control structure is
the most widely used one in industrial applications [1, 2, 3, 4, 5]．

Recently, in a large-scale control system, the PID control is used to control the temperature,
pressure and flow. From this viewpoint, the PID control is important and a practical indis-
pensable control scheme. The action of the Proportional parameter, the Integral parameter and
the Derivative parameter is easy to understand intuitively. In addition, the method with good
control performance is developed by improving the control system. It is a reason why the PID
control is still applied to a lot of practical control systems [3]．

The research on the PID control is advanced in the shape that sticks to the site. The control
method that developed PID control is proposed.

1.1.1 PID control

Consider a unity feedback control system shown in Fig. 1.1 , where G(s) is the plant, C(s) is

G(s)
r y

+
à

C(s)
e u

Figure 1.1: A unity feedback control system

the controller, r ∈ R is the reference input, u ∈ R is the control input and y ∈ R is the output.
When the controller has the form written by

C(s) = aP +
aI

s
+ aDs = aP

(
1 +

1
TIs

+ TDs

)
, (1.1)
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aI = aP /TI , 　aD = aP TD, (1.2)

then the controller is called a PID controller. aP is the Proportional-parameter, aI is the Integral-
parameter, aD is the Derivative-parameter, TI is the integral time and TD is the derivative time．
The role of Proportional, Integral and Derivative are as follows.

1. Proportional Action

The proportional control action outputs the control input proportional to the size of error,
and reduces the steady-state error.

2. Integral Action

The main function of the integral action is to make sure that the process output agrees
with the setpoint in steady state. With proportional control, there is normally a control
error in steady state. With integral action, a small positive error will always lead to
an increasing control signal, and a negative error will give a decreasing control signal no
matter how small the error is.

3. Derivative Action

The purpose of the derivative action is to improve the closed-loop stability. The derivative
parameter is proportional to the time derivative of the control error. This term allows
prediction of the future error.

Next, the characteristic of the PID control system in Fig. 1.1 is described. PID control
system is simplicity structure and the tuning is easy. From (1.1), it only has to decide the
value of three kinds of parameters of P-parameter aP I-parameter aI and D-parameter aD (or,
proportional gain aP , integral time TI and derivative time TI). Moreover, a physical meaning of
three kinds of parameters is understood. If vibrating response is caused, the proportional gain
is smaller. If it doesn’t approach the reference value easily, the integral time is reduced. To
suppress the vibration of the response and to increase stability, the derivative time is enlarged.
It is possible to correspond at once on the site.

Next, it is show that the PID control has an enough control performances. The gain amends
and the phase amends can be appropriately done by giving three kinds of parameters of P-
parameter aP , I-parameter aP and D-parameter aP . Therefore, even if other complex control
schemes are not adopted, an enough control performance can be obtained by using the PID
control. Moreover, if a few corrections and devices are given, it can meet a target control
specification enough.

Finally, it can be said that the PID control is a practicality and a dependable control method.
The idea of the PID control is seen in thesis of Minorsky in 1922 [1], and the prototype of the PID
conditioner appears in theses of Callender in 1936 [2]. As for the history of the PID control,
a lot of researches are performed long, and the device in practicable respect has been done
actively. Therefore, a lot of knowledge is accumulated, and it can be said that reliability and the
practicality are high. Also, as a feedback control system, which has the following characteristics.
The stability of the control system can be improved. The influence of disturbance on the control
system can be attenuated. The transfer function from the reference input to the output is made
a desired characteristic. The robustness of the closed-loop transfer function of the system can
be improved for the uncertainty of the open-loop transfer function of the system.

As mentioned above, it can be said that the generality of the PID control that can bring the
control performance worth practical use enough is a reason that has been used for a lot of things.
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1.1.2 Tuning method of PID control system

Typical tuning methods of PID control are shown as follows.
Tuning methods based on the response characteristic of closed-loop were proposed [7, 8]. The

method in [7] is controlled only by the proportional control, and the tuning based on the stability
of the control system and information on the attenuation characteristic. When the proportional
gain is enlarged by the proportional control, the response of the output to the reference input or
disturbance vibrates gradually. The response oscillates when the limit with the gain is exceeded.
Then, it pays attention to the proportional gain, when the control system exists in the stability
limit, that is, the output causes the persistent oscillation of the constant amplitude. In addition,
from the result of an experiment, the parameter of the PID control is related at the proportional
gain and the cycle of the vibration. Moreover, it is not desirable to generate the persistent
oscillation in the stability limit in practical plants. In [8], the tuning method put into the state
of the 1/4 attenuation vibration instead of the stability limit is proposed.

The tuning method based on the shape of the step response of the plant was proposed [9, 10,
11, 12, 13, 14, 15, 16]. In [9, 10, 11, 12, 13, 14, 15, 16], the input of the unit step function is
added to the plant in the state of the open loop, and the step response of the plant is requested.
The tangent is pulled in the point where the inclination of the step response is the most sudden.
This inclination is assumed to call time when the rapidity of response and the tangent intersect
with the time axis delay time. In addition, it is a tuning method that decides the parameter of
the PID control from three parameters that put a constant value together. The method in [9]
requests the PID parameter that minimizes the integration of the absolute value of error into
the step change in disturbance by the numerical calculation. In [10, 11], only the PI control
is taken up. It aims minimizing the integration of the second power of the error of the output
for the disturbance that joins the output side of the controlled system. In [12], it explains only
the PI control. The integration of deflection is assumed to be a criterion. In order to cause
the overshoot of the response, a real root and an imaginary number part of the characteristic
equation only has to be equal to the real number part of the smallest complex root. This method
in [13] searches for the parameter by the numerical calculation within the range to meet this
requirement. In [13], the system at a delay and by the first useless time is examined. The
combination by four kinds of in total when the amount of excess is assumed to be 0 and when it
is assumed 20% for a step change disturbance and reference value each other is examined. It has
aimed to assume the time to reaching to a constant value by the output to be minimum. Here,
the amount of excess in case of turbulence is a pull of a regular value from the output. Moreover,
time until the output passes a regular value for the first time is assumed to be arrival time, and
the parameter that minimizes arrival time by the simulation is requested for the amount of excess
of 20%. It thinks about the step turbulence of the system at a delay and by the first useless
time, and a basic specification of reference in [14] is 1/4 attenuation of the complex root with
the smallest imaginary number part. It is a method of requesting a dimensionless parameter
that fills this. After meeting this requirement, the degree of freedom of the adjustment still
remains in the PD control, the PI control, and the PID control including more than two kinds
of operation. The steady-state deviation is minimum, and the PI control exists about a suitable
combination at integration and the period of vibration of error and the PID controls a critical
braking, and assumes the PD control to choose the combination of parameters dimensionless,
that the proportion gain becomes the maximum. The criterion of reference literature in [15, 16]
is an integral quantity of error of the system at a delay and by the first useless time to the
step turbulence. A dimensionless parameter that minimizes the criterion is requested by the
simulation and the optimum seeking method.
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The tuning method based on the moment of the step response of the plant was proposed
[17, 18]. In [17, 18], it is proposed to tune the coefficient of the PID control. When this tuning
method is used, the first clause several coefficients of the Maclaurin series the plant in is needed.
In a word, if the transfer function of the plant is already known, it is a tuning method that can
be easily requested. Especially, when the plant is a rational function of Laplace operator s, the
denominator polynomial is divided by a molecular polynomial, and clause several of the start is
requested. Moreover, it is possible to request it from the moment though the coefficient pulled
the constant value from the step response of the plant. Therefore, it can be said the tuning
method based on the moment of low order of the step response of the plant.

The tuning method that used the response characteristic of closed-loop and the characteristic
of the plant in combination was proposed [19]. The stability and the transient characteristic of
control system greatly influence the character of the bandwidth of the intersection neighborhood
of the phase of the plant. The limit sensitivity method by Ziegler and Nichols [7] is a tuning
method based on the limit cycle and the limit sensitivity, and a good point aimed at. However,
even if the value of the PID parameter is decided by the method in [7], the response is large
overshoot and vibrates. That is, a satisfying response cannot necessarily be obtained. It is
thought that there is impossibility in the dependence for the characteristic of the plant on
two parameters of the limit cycle and the limit sensitivity, and needs the readjustment of the
response. On the other hand, it can be said that the method in [17, 18] to which the value of
the PID parameter is decided by using the transfer function of the plant, is a tuning method
that has the generality that can correspond to various plants. However, it is difficult to identify
an accurate and reliable transfer function model in the field of the process control. From such a
viewpoint, the improved limit sensitivity method that used the method in [7] with the method
in [17, 18] was proposed [7].

Thus, several papers on tuning methods for PID parameters have been established.

1.1.3 Improvement of structure of PID control system

Recently, it is pointed out that the characteristic of the PID control system can improve. The
structure of the control system is changed, and the feedforward element and the set point filter
are added. Typical structures are shown as follows.

1. PI-D control [3, 20]

In a PID control, it thinks about the case where the reference input changes like the step
function. The derivative of the step function, that is, the impulse function will be included
in the amount of the operation for the derivative action. Therefore, pulsed sharp signal will
be included in the control input, and it is not desirable. Then, it is stopped to derivative
the reference input. The derivative action made it work only the output feedback. This is
called PI-D control. In the transfer function from the target input to the output, both the
proportional control action, the integral action and the derivative action are included in a
PID control in the form of the serial compensation. On the other hand, the proportional
action and the integral action are included in PI-D control and the serial compensation
and the derivative action will be included in the form of the parallel compensation. As a
result, a rapid change of a needless control input by the derivative action when the step
of the reference input changes can be suppressed.

2. I-PD control [18, 21]
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There is the case that it is not preferable for a step function to be included in a control
input in practical application. Then, to avoid the step function of the control input, the
composition in which it is made to work is thought only by the output to which not only
the derivative action but also the proportional action is feedback. This is called proportion
and PI-D control. The proportional action and the derivative action influence the control
input. Only the integral action influences the error. As a result, the change in the control
input for the set point change can be eased.

3. Partial model matching method [21]

The model matching is one of the ideas of matching the transfer function of the entire
system that adds the control system to the plant to the transfer function of hope. The
partial model matching method ignores the high term of the degree of the whole trensfer
function and makes it agree mainly on the low term of the degree.

This idea is application of the method of deciding the parameter of the controller to make
a closed-loop system the characteristic of hope to the PID controller. In [21], it is shown
that the partial compensation is useful when it will design referring to the shape of the
step response when the control system is designed. Greatly it influences and the coefficient
with a high degree hardly influences the shape of the curve of the step response from the
shape of the step response of the simulation in the coefficient with a low degree. It is shown
that it is important that it make amends for the coefficient with a low degree from this
in the method of reference literature [21]. The reference in [21] shows that it is important
that it make amends for the coefficient with a low degree.

4. Feedforward PID control [3, 20]

It is not the constitution that is simple like a control system of Fig. 1.1 . From the
practical standpoint, it is the PID control that it adds various functions, and aimed at the
advancement of the control performance. The feedback control is a control that does the
correction operation from the result of the output. Therefore, there is a strong point that
can be corrected to the uncertainty of the plant and disturbance that cannot be measured.
On the other hand, and shape corrected after the influence appears for a change and
already-known disturbance of the reference input. Because the amount of the operation
in which the influence is denied can be requested, this is added directly to the plant for
the factor that is already-known. In addition, the feedback control is done in preparation
for unknown factor. For the reference input and disturbance to become the response
characteristic of hope, the setpoint of the feedforward loop and the transfer function to
disturbance are decided. After it makes amends to PID for the reference input by feedback,
it becomes a control system that denies disturbance by feedforward.

5. Internal model control method（Internal Model Control; IMC） [20]

The internal model control is a design method of the controller based on a process model.
The name internal model controller derives from the fact that the controller contains a
model of the process internally. This model is connected in parallel with the process. The
internal model principle is a general method for design of control systems that can be
applied to PID control.

1.1.4 Method of considering characteristic of plant

Here, the method of considering the characteristic of the plant is shown.
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1. Robustness stabilization problem

Many of practical palnt include the uncertainty. If the control system is designed disre-
garding this uncertainty, the control system become unstable. The stabilization problem
to the control system with the uncertainty is known as robustness stabilization problem
[41], and is a important problem. H∞ control theory is completed as a design theory of the
robustness control system to the uncertainty, and the utility is admitted widely through
the applied research to the real system. Because an practical plant includes the uncer-
tainty, it can be said that it is important to design robust stabilizing PID controller to
the plant with the uncertainty. The design method of robust stabilizing PID controller is
examined by a lot of papers [31, 32, 33, 34, 35, 36, 37, 38, 39]. In [31], the parameter space
method that gives the solution set of the robustness sensitivity minimization problem in
the class of the PID controller is given. The method of reference in [31] can be requested
by the math calculation with an easy sets of parameters that fill the stability condition of
the control system and sets of parameters that meet the frequency requirement of the sen-
sitivity function and the complementary sensitivity function. In [32], the parameter space
planning method of the PID controller that fills H∞control problem is given. Stability is
guaranteed by requesting admissible sets of PID parameters that satisfy H∞ control. The
method of reference in [32] proposes the method of requesting the method of the direct
solving of the frequency of the controller in case of the frequency area condition the set
by using a general solution of H∞control problem.

2. Problem to time-delay system

In an actual mechanism, there is a device that the delay is caused by the delay of the
operation etc. in the transmission of the signal. The control performance decreases re-
markably to take time from the change of the instrumental variable to the appearance of
the influence to the control variable. u(t) is the input, y(t) is the output, T > 0 is the
time-delay, then the input-output relation is written by

y(t) = u(t − T ). (1.3)

When you Laplace transform expression (1.3),

Y (s) = e−sT U(s). (1.4)

Element e−sT where the delay of the signal is caused is called a dead time component,
and the control system including dead time component e−sT says the useless time system.
In general, to contain dead time component e−sT the useless time system has the pole of
infinity piece. Therefore, there is a problem that the control becomes difficult.

When the plant includes time-delay, the predictive control system of the target to follow
is proposed. It is called the Smith predictive control from proposer’s name [63].

The controller that builds the PID control into Smith predictor is Smith-PID control [64].
From the transfer function from the reference input to the output of Smith-PID control,
the response of the output is delayed, but it is understood not to receive other influences.
However, time-delay cannot be completely controlled for the influence of the model error.
When the Smith predictive control is used, it is important to construct the exact model.

3. Problem of obtaining admissible sets of PID parameters that guarantee the stability of
control system
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Several papers on tuning methods for PID parameters have been considered [7, 10, 11, 12,
13, 14, 15, 16, 17, 18, 22]. However the method in [7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 22]
do not guarantee the stability of closed-loop system. The reference in [25, 26, 27, 28]
propose design methods of PID controllers to guarantee the stability of closed-loop system.
However, using the method in [25, 26, 27, 28], it is difficult to tune PID parameters to
meet control specifications. If admissible sets of PID parameters to guarantee the stability
of closed-loop system are obtained, we can easily design stabilizing PID controllers to meet
control specifications.

Moreover, when the parameter is adjusted, the stability of the feedback control system
might be demanded from the safety problem according to the controlled system. The prob-
lem to obtain admissible sets of PID parameters to guarantee the stability of closed-loop
system is known as a parametrization problem [6, 29, 30]. If there exists a stabilizing PID
controller, the parametrization of all stabilizing PID controller is considered in [6, 29, 30].
However the method in [6, 29, 30] remains a difficulty. The admissible sets of P-parameter,
I-parameter and D-parameter in [6, 29, 30] are related each other. That is, if P-parameter
is changed, then the admissible sets of I-parameter and D-parameter change. From prac-
tical point of view, it is desirable that the admissible sets of P-parameter, I-parameter
and D-parameter are independent from each other. Yamada and Moki initially tackle this
problem and propose a design method for modified PI controllers for any minimum phase
systems such that the admissible sets of P-parameter and I-parameter are independent
from each other [45]. Yamada expand the result in [45] and propose a design method
for modified PID controllers for minimum phase plant such that the admissible sets of
P-parameter, I-parameter and D-parameter are independent from each other [46].

1.2 A trend of a study for modified PID control system

In this section, how modified PID control system has been researched is shown. When the control
system is designed, the control problem that should be examined is different according to the
class of the plant and the control performance to be achieved. Therefore, it is necessary to think
about the control problem individually for the class of the plant and the control performance to
be achieved. If we can construct the control system that has simplicity and characteristics similar
to the PID control for the plant that cannot be stabilized by the PID control, the knowledge of
the PID control can be used. Therefore, the area where the PID control is used extends and it
is useful. From this viewpoint, Yamada et al. proposed a design method of PID controller by
using the parameterization of all stabilizing controllers. Here, the parameterization is described.
The parameterization problem is problem of finding of all stabilizing controllers that stabilizes
the control system, and it is known as one of the important problem[?, 62]. The PID controller
designed by using the parameterization is called modified PID controller. The design method of
modified PID controllers proposed by Yamada et al. is shown.

1. Minimum phase plant

Yamada and Moki proposed a design method for modified PI controllers for any minimum
phase system such that modified PI controllers can stabilize any plant and admissible sets
of P-parameter and I-parameter are independent from each other [45]. Yamada expanded
the result in [45] and proposed a design method for modified PID controllers for minimum
phase plants [46].
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2. Non-minimum phase plant

Yamada et al. proposed a design method for modified PID controllers for any non-
minimum phase system such that modified PID controllers can stabilize any plant and
admissible sets of P-parameter and I-parameter are independent from each other [47].

3. Stable plant

Yamada et al. expand the result in [45, 46, 47] and propose a design method for modified
PID controllers such that modified PID controller makes the closed-loop system stable for
any stable plants and the admissible sets of P-parameter, I-parameter and D-parameter
to guarantee the stability of closed-loop system are independent from each other [48, 49].

4. Unstable plant

Yamada and Hagiwara gave a design method of modified PID controllers to make the
closed-loop system sstable for any unstable plants [50].

5. Plant with uncertainty

The stability problem with uncertainty is known as the robust stability problem [41].
When the modified PID controller is applied to the real control system, the influence of
uncertainty must be considered. The parametrization of all robust stabilizing controllers
for the plant with uncertainty is obtained using H∞ control theory based on the Riccati
equation [41, 42] and the Linear Matrix Inequality (LMI) [43, 44].

6. Time-delay system Yamada et al. expand the results in [45, 46, 47] and propose a method
for designing modified PID controllers such that the controller makes the feedback control
system stable for any stable and/or minimum-phase time-delay plant and the admissi-
ble sets of P-, I- and D-parameters are independent [49]. Proposed method adopted
the parameterization of all stabilizing modified Smith predictors for any stable and/or
minimum-phase time-delay plant in [59].

7. Multiple-input/multiple-output

Hagiwara and Yamada expand the result in [45, 46, 50] and propose a design method
of modified PID controllers such that the modified PID controller makes the closed-loop
system stable for any multiple-input/multiple-output plants and the admissible sets of P-
parameter, I-parameter and D-parameter to guarantee the stability of closed-loop system
are independent from each other. In order to apply any multiple-input/multiple-output
plants, the parametrization of all stabilizing controllers for multiple-input/multiple-output
plants in [62] is used.

Thus, a design method of modified PID controllers has been examined. As mentioned above,
the study on a modified PID controller is summarized in Table 1.1 . It means × in Table 1.1
is a problem that has not been examined.

1.3 The perpose and contents of this study

Proportional-Integral-Derivative (PID) controller is most widely used controller structure in
industrial applications [3, 4, 6]. Its structural simplicity and sufficient ability of solving many
practical control problems have contributed to this wide acceptance.
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Table 1.1: The past studies on the design method of modified PID controllers

plant design method for modified PID
controllers

minimum phase Yamada, Moki [45], Yamada [46]
non-minimum phase Yamada, Moki, Hai [47]
stable Yamada, Matsushima, Hagiwara [48, 49]
unstable Yamada, Hagiwara [50]
plant with uncertainty Yamada, Hagiwara, Shimizu [51]
time-delay Yamada, Hagiwara, Shimizu [49, 52, 53]
time-delay plant with uncertainty Hagiwara, Yamada, Murakami, Ando,

Sakanushi [56]
multiple-input/multiple-output Hagiwara, Yamada [54]
multiple-input/multiple-output
with uncertainty

Hagiwara, Yamada, Murakami, Ando,
Sakanushi [55]

multiple-input/multiple-output
time-delay

　　　　　　×

multiple-input/multiple-output
time-delay with uncertainty

　　　　　　×

attenuate unknown disturbance Hagiwara, Yamada, Murakami, Ando,
Matsuura [58], Hagiwara, Yamada, Mu-
rakami, Ando, Matsuura, Aoyama [57]

Several papers on tuning methods for PID parameters have been considered [7, 10, 11, 12, 13,
14, 15, 16, 17, 18, 22]. However the method in [7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 22] do not
guarantee the stability of closed-loop system. The reference in [25, 26, 27, 28] propose design
methods of PID controllers to guarantee the stability of closed-loop system. However, using the
method in [25, 26, 27, 28], it is difficult to tune PID parameters to meet control specifications. If
admissible sets of PID parameters to guarantee the stability of closed-loop system are obtained,
we can easily design stabilizing PID controllers to meet control specifications.

The problem to obtain admissible sets of PID parameters to guarantee the stability of closed-
loop system is known as a parametrization problem [6, 29, 30]. If there exists a stabilizing
PID controller, the parametrization of all stabilizing PID controller is considered in [6, 29, 30].
However the method in [6, 29, 30] remains a difficulty. The admissible sets of P-parameter,
I-parameter and D-parameter in [6, 29, 30] are related each other. That is, if P-parameter is
changed, then the admissible sets of I-parameter and D-parameter change. From practical point
of view, it is desirable that the admissible sets of P-parameter, I-parameter and D-parameter
are independent from each other. Yamada and Moki initially tackle this problem and propose
a design method for modified PI controllers for any minimum phase systems such that the
admissible sets of P-parameter and I-parameter are independent from each other [45]. Yamada
expand the result in [45] and propose a design method for modified PID controllers for minimum
phase plant such that the admissible sets of P-parameter, I-parameter and D-parameter are
independent from each other [46]. For stable plants, a design method of modified PID controllers
was considered in [48, 49]. For unstable plant, Yamada and Hagiwara gave a design method for
modified PID controllers [50]. In this way, the modified PID controller that can be stabilize the
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control system has been established. However, modified PID controllers in [45, 46, 48, 49, 50]
cannot be applied to a practical control system. In a practical control system, it is necessary to
consider an uncertainty, useless time and disturbance, etc. In this paper, in order to solve these
problems, we expand the results in [45, 46, 48, 49, 50] and propose a design method for modified
PID controllers such that the controller makes the feedback control system stable for plants
with uncertainty, for time-delay plants with uncertainty and the admissible sets of P-parameter,
I-parameter and D-parameter to guarantee the stability of control system are independent from
each other. In addition, we propose a design method for modified PID control systems to
attenuate unknown disturbances and their applications.

This paper is organized as follows:
In Chapter 2., we propose a design method of robust stabilizing modified PID controllers for

plants with uncertainty. The basic idea of robust stabilizing modified PID controller is very
simple. If the modified PID control system is robustly stable for the plant with uncertainty,
then the modified PID controller must satisfy the robust stability condition. This implies that
if the modified PID control system is robustly stable, then the modified PID controller is in-
cluded in the parametrization of all robust stabilizing controllers for the plant with uncertainty.
The parametrization of all robust stabilizing controllers for the plant with uncertainty is ob-
tained using H∞ control theory based on the Riccati equation [41, 42] and the Linear Matrix
Inequality (LMI) [43, 44]. Robust stabilizing controllers for the plant with uncertainty include
a free parameter, which is designed to achieve desirable control characteristics. When the free
parameter of the parametrization of all robust stabilizing controllers is adequately chosen, then
the controller works as a robust stabilizing modified PID controller.

In Chapter 3., we propose a design method for robust stabilizing modified PID controllers for
time-delay plants with uncertainty. The basic idea of designing a robust stabilizing modified
PID controller for any time-delay plant with uncertainty is very simple. For a certain class of
time-delay plants with uncertainty, using state preview control, the problem to design a robust
stabilizing controller is reduced to that for the plant without a time delay [40]. That is, if the
modified PID control system is robustly stable for the time-delay plant with uncertainty, then
the modified PID controller must satisfy the robust stability condition for system without time
delay. This implies that if the modified PID control system is robustly stable, then the modified
PID controller is included in the parameterization of all robust stabilizing controllers for the plant
with uncertainty. The parameterization of all robust stabilizing controllers for the plant with
uncertainty is obtained using H∞ control theory based on the Riccati equation [41, 42] and the
linear matrix inequality (LMI) [43, 44]. Robust stabilizing controllers for plants with uncertainty
include a free-parameter, which is designed to achieve desirable control characteristics. When
the free-parameter of the parameterization of all robust stabilizing controllers is appropriately
chosen, then the controller works as a robust stabilizing modified PID controller.

In Chapter 4., we propose a design method for modified PID control systems to attenuate
unknown disturbances. The modified PID controller that can stabilize the control system has
been established till now. However, the modified PID controller in [45, 46, 48, 49, 50, 51]
remains two difficulties. One is that the modified PID control system in [45, 46, 48, 49, 50, 51]
cannot specify the input-output characteristic and the disturbance attenuation characteristic
separately. From the practical point of view, it is desirable that the input-output characteristic
and the disturbance attenuation characteristic can be specified separately. The other is that the
modified PID control system in [45, 46, 48, 49, 50, 51] cannot attenuate unknown disturbances. In
many cases, the disturbance in the plant is unknown. It is comparatively easy to attenuate known
disturbance, but it is difficult to attenuate unknown disturbances. However, no paper examines
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a design method for modified PID control systems to specify the input-output characteristic and
to attenuate unknown disturbances. In Chapter 4., in order to solve these problems, we propose a
design method for modified PID control systems to specify the input-output characteristic and
the disturbance attenuation characteristic separately and to attenuate unknown disturbances
effectively.

In Chapter 5., we propose an application of the modified PID control system for Heat Flow
Experiment. In Chapter 4., a design method for modified PID control system to attenuate
unknown disturbances was proposed [56]. In addition, the control system in [56] has desirable
control characteristic such that the input-output characteristic and the disturbance attenuation
characteristic can be specified separately. Therefore, the method in [56] may be an effective
control design method for practical plants. However, an application of the modified PID con-
trol system to attenuate unknown disturbances for plants with any disturbance in [56] is not
examined. Therefore, the effectiveness of the method in [56] for controlling practical systems is
not confirmed. In Chapter 5., we apply the modified PID control system to attenuate unknown
disturbances for plants with any disturbance in [56] for temperature control for heat flow ex-
periment and show the effectiveness of the modified PID control systems to attenuate unknown
disturbances for plants with any disturbance in [56].

Chapter 6. summarizes the result of the present study by the conclusion.

Notations

R the set of real numbers.
R+ R ∪ {∞}.
R(s) the set of real rational function with s.
RH∞ the set of stable proper real rational functions.
H∞ the set of stable causal functions.
U the set of unimodular functions on RH∞. That is, U(s) ∈ U implies both

U(s) ∈ RH∞ and U−1(s) ∈ RH∞.

D⊥ orthogonal complement of D, i.e.,
[

D D⊥
]

or

[
D
D⊥

]
is unitary.

AT transpose of A.
A† pseudo inverse of A.
ρ({·}) spectral radius of {·}.
σ̄({·}) maximum singular value of {·}.
‖{·}‖∞ H∞ norm of {·}.[

A B

C D

]
represents the state space description C(sI − A)−1B + D.
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Chapter 2

A Design Method of Robust
Stabilizing Modified PID Controllers

2.1 Introduction

PID (Proportional-Integral-Derivative) controller is most widely used controller structure in
industrial applications [3, 4, 6]. Its structural simplicity and sufficient ability of solving many
practical control problems have contributed to this wide acceptance.

Several papers on tuning methods for PID parameters have been considered [7, 10, 11, 12, 13,
14, 15, 16, 17, 18, 22]. However the method in [7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 22] do not
guarantee the stability of closed-loop system. The references in [25, 26, 27, 28, 29, 30] propose
design methods of PID controllers to guarantee the stability of closed-loop system. However,
plants to which the method in [25, 26, 27, 28, 29, 30] are restricted. Yamada and Hagiwara gave a
design method of modified PID controllers to make the closed-loop system stable for any unstable
plants [50]. However the method in [50] cannot apply for plants with uncertainty. The stability
problem with uncertainty is known as the robust stability problem [41]. Since almost all practical
plants include uncertainty, the problem to design robust stabilizing modified PID controllers for
any plants with uncertainty is important. Several papers on design methods of robust stabilizing
PID controllers have been considered [32, 33, 34, 35, 36, 37, 38, 39]. However, no design method
of modified PID controllers has been published to guarantee the robust stability of PID control
system for any plants with uncertainty.

In this paper, we propose a design method of robust stabilizing modified PID controllers such
that modified PID controller makes the closed-loop system stable for any plants with uncertainty.
The basic idea of robust stabilizing modified PID controller is very simple. If the modified PID
control system is robustly stable for the plant with uncertainty, then the modified PID controller
must satisfy the robust stability condition. This implies that if the modified PID control system
is robustly stable, then the modified PID controller is included in the parametrization of all
robust stabilizing controllers for the plant with uncertainty. The parametrization of all robust
stabilizing controllers for the plant with uncertainty is obtained using H∞ control theory based
on the Riccati equation [41, 42] and the Linear Matrix Inequality (LMI) [43, 44]. Robust
stabilizing controllers for the plant with uncertainty include a free parameter, which is designed
to achieve desirable control characteristics. When the free parameter of the parametrization
of all robust stabilizing controllers is adequately chosen, then the controller works as a robust
stabilizing modified PID controller. A numerical example is illustrated to show the effectiveness
of the proposed method.
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2.2 Problem formulation

Consider the closed-loop system written by{
y = G(s)u
u = C(s) (r − y)

, (2.1)

where G(s) ∈ R(s) is the plant, C(s) ∈ R(s) is the controller, r ∈ R is the reference input,
u ∈ R is the control input and y ∈ R is the output. The nominal plant of G(s) is denoted by
Gm(s) ∈ R(s). Both G(s) and Gm(s) are assumed to have no zero or pole on the imaginary
axis. In addition, it is assumed that the number of poles of G(s) in the closed right half plane
is equal to the number of poles of Gm(s) in the closed right half plane. The relation between
the plant G(s) and the nominal plant Gm(s) is written as

G(s) = Gm(s)(1 + ∆(s)), (2.2)

where ∆(s) ∈ R(s) is the uncertainty. The set of ∆(s) is all rational functions satisfying

|∆(jω)| < |WT (jω)| (∀ω ∈ R+), (2.3)

where WT (s) is an asymptotically stable rational function. Under these assumption, the robust
stability condition for the plant G(s) with uncertainty ∆(s) satisfying (2.3) is given by

‖T (s)WT (s)‖∞ < 1, (2.4)

where T (s) is the complementary sensitivity function given by

T (s) =
Gm(s)C(s)

1 + Gm(s)C(s)
. (2.5)

When the controller C(s) has the form written by

C(s) = aP +
aI

s
+ aDs, (2.6)

then the controller C(s) is called PID controller [6], where aP ∈ R is the P-parameter, aI ∈ R is
the I-parameter and aD ∈ R is the D-parameter. aP , aI and aD are settled so that the closed-
loop system in (2.1) has desirable control characteristics such as steady state characteristic
and transient characteristic. For easy explanation, we call C(s) in (2.6) the conventional PID
controller.

The purpose of this paper is to propose a design method of robust stabilizing modified PID
controllers C(s) to make the closed-loop system in (2.1) stable for any plant G(s) in (2.2) with
uncertainty ∆(s) satisfying (2.3).

2.3 The basic idea

In this section, we describe the basic idea to design of robust stabilizing modified PID controllers
C(s) to make the closed-loop system in (2.1) stable for the plant G(s) with uncertainty ∆(s).

In order to design robust stabilizing modified PID controllers C(s) that can be applied to
any plant G(s) with uncertainty ∆(s), we must see that the robust stabilizing controllers hold
(2.4). The problem of obtaining the controller C(s), which is not necessarily a PID controller,
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w z

u yP(s)

C(s)

Figure 2.1: Block diagram of H∞ control problem

satisfying (2.4) is equivalent to the following H∞ problem. In order to obtain the controller
C(s) satisfying (2.4), we consider the control system shown in Fig. 2.1 . P (s) is selected such
that the transfer function from w to z in Fig. 2.1 is equal to T (s)WT (s). The state space
description of P (s) is, in general,


ẋ(t) = Ax(t) +B1w(t) +B2u(t)
z(t) = C1x(t) +D12u(t)
y(t) = C2x(t) +D21w(t)

, (2.7)

where A ∈ Rn×n, B1 ∈ Rn, B2 ∈ Rn, C1 ∈ R1×n, C2 ∈ R1×n, D12 ∈ R, D21 ∈ R. P (s) is
called the generalized plant [41]. P (s) is assumed to satisfy the following standard assumptions
in [41, 42]:

1) (A,B2) is stabilizable and (C2, A) is detectable;

2) D12 has full column rank and D21 has full row rank;

3)

[
A − jωI B2

C1 D12

]
has full column rank for all ω and

[
A − jωI B1

C2 D21

]
has full row rank

for all ω.

Under these assumptions, according to [41, 42], the parametrization of all robust stabilizing
controllers C(s) is written by

C(s) = C11(s) + C12(s)Q(s) (I − C22(s)Q(s))−1 C21(s), (2.8)

where

[
C11(s) C12(s)
C21(s) C22(s)

]
=


 Ac Bc1 Bc2

Cc1 Dc11 Dc12

Cc2 Dc21 Dc22


 (2.9)

Ac = A + B1B
T
1 X − B2

(
D†

12C1 + E−1
12 BT

2 X
)

− (I − XY )−1
(
B1D

†
21 + Y CT

2 E−1
21

)(
C2 + D21B

T
1 X

)

Bc1 = (I − XY )−1
(
B1D

†
21 + Y CT

2 E−1
21

)
, Bc2 = (I − XY )−1

(
B2 + Y CT

1 D12

)
E

−1/2
12 ,
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Cc1 = −D†
12C1 − E−1

12 BT
2 X, Cc2 = −E

−1/2
21

(
C2 + D21B

T
1 X

)

Dc11 = 0, Dc12 = E
−1/2
12 , Dc21 = E

−1/2
21 , Dc22 = 0,

E12 = DT
12D12, E21 = D21D

T
21,

X ≥ 0 and Y ≥ 0 are solutions of

X
(
A − B2D

†
12C1

)
+
(
A − B2D

†
12C1

)T
X

+X

(
B1B

T
1 − B2

(
DT

12D12

)−1
BT

2

)
X +

(
D⊥

12C
T
1

)T
D⊥

12C
T
1 = 0 (2.10)

and

Y
(
A − B1D

†
21C2

)T
+
(
A − B1D

†
21C2

)
Y

+Y

(
CT

1 C1 − CT
2

(
D21D

T
21

)−1
C2

)
Y + B1D

⊥
21

(
B1D

⊥
21

)T
= 0 (2.11)

such that

ρ (XY ) < 1 (2.12)

and both A−B2D
†
12C1+

(
B1B

T
1 − B2

(
DT

12D12

)−1
BT

2

)
X and A−B1D

†
21C2+Y

(
CT

1 C1 − C2

(
D21D

T
21

)−1
C2

)
have no eigenvalue in the closed right half plane and the free parameter Q(s) ∈ RH∞ is any
function satisfying ‖Q(s)‖∞ < 1.

On the parametrization of all robust stabilizing controllers C(s) in (2.8) for G(s), the controller
C(s) in (2.8) includes free-parameter Q(s). Using free-parameter Q(s) in (2.8), we propose
a design method of robust stabilizing modified PID controllers C(s) to make the closed-loop
system in (2.1) stable. In order to design the robust stabilizing modified PID controllers C(s),
the free parameter Q(s) in (2.8) is settled for C(s) in (2.8) to have the same characteristics to
conventional PID controller C(s) in (2.6). Therefore, next, we describe the role of conventional
PID controller C(s) in (2.6) in order to clarify the condition that the modified PID controller
C(s) must be satisfied. From (2.6), using C(s), the P-parameter aP , the I-parameter aI and the
D-parameter aD are decided by

aP = lim
s→∞

{
−s2 d

ds

(
1
s
C(s)

)}
, (2.13)

aI = lim
s→0

{sC(s)} (2.14)

and

aD = lim
s→∞

d

ds
{C(s)} , (2.15)

respectively. Therefore, if the controller C(s) holds (2.13), (2.14) and (2.15), the role of controller
C(s) is equivalent to the conventional PID controller C(s) in (2.8). That is, we can design robust
stabilizing modified PID controllers such that the role of controller C(s) (2.8) is equivalent to
the conventional PID controller C(s) in (2.6).

In the next section, using the idea described in this section, we propose a design method of
robust stabilizing modified PID controllers that satisfies (2.13), (2.14) and (2.15).
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2.4 Robust Stabilizing Modified PID controller

In this section, we propose a design method of robust stabilizing modified PID controllers.

2.4.1 Robust Stabilizing Modified P controller

The robust stabilizing modified P controller C(s) satisfying (2.13) is written by (2.8), where

Q(s) =
aP

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

. (2.16)

If aP satisfies

−
∣∣∣ lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

∣∣∣ < aP <
∣∣∣ lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

∣∣∣ , (2.17)

Q(s) in (2.16) satisfies ‖Q(s)‖∞ < 1. This implies that when (2.17) holds true, the controller
C(s) in (2.8) with (2.16) makes the closed-loop system in (2.1) stable for the plant G(s) with
uncertainty ∆(s).

2.4.2 Robust Stabilizing Modified I controller

The robust stabilizing modified I controller C(s) satisfying (2.14) is written by (2.8), where

Q(s) =
q0 + q1s

τ0 + τ1s
, (2.18)

q0 =
τ0

C22(0)
, (2.19)

q1 =
τ1

C22(0)
− τ0

aIC
2
22(0)

{
d

ds
(C22(s))

∣∣∣∣
s=0

aI + C12(0)C21(0)
}

, (2.20)

τi ∈ R > 0 (i = 0, 1). If

|C22(0)| < 0 (2.21)

and

−1 <
1

C22(0)
− τ0

τ1aIC
2
22(0)

{
d

ds
(C22(s))

∣∣∣∣
s=0

aI + C12(0)C21(0)
}

< 1 (2.22)

hold true, then Q(s) in (2.18) satisfies ‖Q(s)‖∞ < 1. This implies that when (2.21) and (2.22)
hold true, the controller C(s) in (2.8) with (2.18) makes the closed-loop system in (2.1) stable
for the plant G(s) with uncertainty ∆(s).

2.4.3 Robust Stabilizing Modified D controller

The robust stabilizing modified D controller C(s) satisfying (2.15) is written by (2.8), where

Q(s) =
aD

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s)) + aD lim

s→∞ (sC22(s))
s. (2.23)
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Since Q(s) in (2.23) is improper, Q(s) in (2.23) is not included in RH∞. In order for Q(s) to
be included in RH∞, (2.23) is modified as

Q(s) =
aD

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s)) + aD lim

s→∞ (sC22(s))
s

1 + τDs
, (2.24)

where τD ∈ R > 0. From τD > 0 in (2.24), Q(s) in (2.24) is included in RH∞. If

−1 <
aD

τD

{
lim

s→∞ (C12(s)C21(s) − C11(s)C22(s)) + aD lim
s→∞ (sC22(s))

} < 1 (2.25)

is satisfied, then Q(s) in (2.24) satisfies ‖Q(s)‖∞ < 1. This implies that when (2.25) is satisfied,
the controller C(s) in (2.8) with (2.24) makes the closed-loop system in (2.1) stable for the plant
G(s) with uncertainty ∆(s).

2.4.4 Robust Stabilizing Modified PI controller

The robust stabilizing modified PI controller C(s) satisfying (2.13) and (2.14) is written by (2.8),
where

Q(s) =
q0 + q1s + q2s

2

τ0 + τ1s + τ2s2
, (2.26)

q0 =
τ0

C22(0)
, (2.27)

q1 =
τ1

C22(0)
− τ0

aIC
2
22(0)

{
d

ds
(C22(s))

∣∣∣∣
s=0

aI + C12(0)C21(0)
}

, (2.28)

q2 =
τ2aP

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

(2.29)

and τi ∈ R > 0 (i = 0, 1, 2). From τi > 0 (i = 0, 1, 2), Q(s) in (2.26) is included in RH∞. If aP

and aI are settled to make Q(s) in (2.26) satisfy ‖Q(s)‖∞ < 1, then the controller C(s) in (2.8)
with (2.26) makes the closed-loop system in (2.1) stable for the plant G(s) with uncertainty
∆(s).

2.4.5 Robust Stabilizing Modified PD controller

The robust stabilizing modified PD controller C(s) satisfying (2.13) and (2.15) is written by
(2.8), where

Q(s) = q0 + q1s, (2.30)

q1 =
aD

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s)) + aD lim

s→∞ {sC22(s)} (2.31)
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and

q0 =

{
1 − lim

s→∞ (sC22(s)) q1

}2
aP

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
1 − lim

s→∞ (sC22(s)) q1 − lim
s→∞

(
s2

d

ds
(C22(s)) q1

)}

+
1

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
1 − lim

s→∞ (sC22(s)) q1 − lim
s→∞

(
s2

d

ds
(C22(s)) q1

)}

·
[

lim
s→∞

(
s2 d

ds
(C12(s)C21(s) − C11(s)C22(s))

){
q1 − lim

s→∞ (sC22(s)) q2
1

}

+ lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
lim

s→∞

(
s3 d

ds
(C22(s))

)
+ lim

s→∞

(
s2C22(s)

)}
q2
1

]
.

(2.32)

Since Q(s) in (2.30) is improper, Q(s) in (2.30) is not included in RH∞. In order for Q(s) to
be included in RH∞, (2.30) is modified as

Q(s) = q0 +
q1s

1 + τDs
, (2.33)

where τD ∈ R > 0. From τD > 0 in (2.33), Q(s) in (2.33) is included in RH∞. If∣∣∣∣∣∣∣∣

{
1 − lim

s→∞ (sC22(s)) q1

}2
aP

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
1 − lim

s→∞ (sC22(s)) q1 − lim
s→∞

(
s2

d

ds
(C22(s)) q1

)}

+
1

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
1 − lim

s→∞ (sC22(s)) q1 − lim
s→∞

(
s2

d

ds
(C22(s)) q1

)}

·
[

lim
s→∞

(
s2 d

ds
(C12(s)C21(s) − C11(s)C22(s))

){
q1 − lim

s→∞ (sC22(s)) q2
1

}

+ lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
lim

s→∞

(
s3 d

ds
(C22(s))

)
+ lim

s→∞

(
s2C22(s)

)}
q2
1

]∣∣∣∣ < 1

(2.34)

and∣∣∣∣∣∣∣∣

{
1 − lim

s→∞ (sC22(s)) q1

}2
aP

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
1 − lim

s→∞ (sC22(s)) q1 − lim
s→∞

(
s2

d

ds
(C22(s)) q1

)}

+
1

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
1 − lim

s→∞ (sC22(s)) q1 − lim
s→∞

(
s2

d

ds
(C22(s)) q1

)}

·
[

lim
s→∞

(
s2 d

ds
(C12(s)C21(s) − C11(s)C22(s))

){
q1 − lim

s→∞ (sC22(s)) q2
1

}

+ lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
lim

s→∞

(
s3 d

ds
(C22(s))

)
+ lim

s→∞
(
s2C22(s)

)}
q2
1

]

+
aD

τD

{
lim

s→∞ (C12(s)C21(s) − C11(s)C22(s)) + aD lim
s→∞ {sC22(s)}

}
∣∣∣∣∣∣∣ < 1 (2.35)
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hold true, then Q(s) in (2.33) satisfy ‖Q(s)‖∞ < 1. This implies that if (2.34) and (2.35) hold
true, then the controller C(s) in (2.8) with (2.33) makes the closed-loop system in (2.1) stable
for the plant G(s) with uncertainty ∆(s).

2.4.6 Robust Stabilizing Modified PID controller

The robust stabilizing modified PID controller C(s) satisfying (2.13), (2.14) and (2.15) is written
by (2.8), where

Q(s) =
q0 + q1s + q2s

2

τ0 + τ1s + τ2s2
+ q3s, (2.36)

q0 =
τ0

C22(0)
, (2.37)

q1 =
τ1

C22(0)
− q3τ0 − τ0

aIC
2
22(0)

(
d

ds
(C22(s))

∣∣∣∣
s=0

aI + C12(0)C21(0)
)

, (2.38)

q2 =

{
1 − lim

s→∞ (sC22(s)) q3

}2
τ2aP

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
1 − lim

s→∞ (sC22(s)) q3 − lim
s→∞

(
s2

d

ds
(C22(s))

)
q3

}

+
τ2

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
1 − lim

s→∞ (sC22(s)) q3 − lim
s→∞

(
s2

d

ds
(C22(s))

)
q3

}

·
[

lim
s→∞

(
s2 d

ds
(C12(s)C21(s) − C11(s)C22(s))

){
q3 − lim

s→∞ (sC22(s)) q2
3

}

+ lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
lim

s→∞

(
s3 d

ds
(C22(s))

)
+ lim

s→∞

(
s2C22(s)

)}
q2
3

]
,

(2.39)

q3 =
aD

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s)) + aD lim

s→∞ (sC22(s))
(2.40)

and τi ∈ R > 0 (i = 0, 1, 2). Since Q(s) in (2.36) is improper, Q(s) in (2.36) is not included in
RH∞. In order for Q(s) to be included in RH∞, (2.36) is modified as

Q(s) =
q0 + q1s + q2s

2

τ0 + τ1s + τ2s2
+

q3s

1 + τDs
, (2.41)

where τD ∈ R > 0. From τD > 0 and τi > 0 (i = 0, 1, 2) in (2.41), Q(s) in (2.41) is included
in RH∞. If aP , aI and aD are settled to make Q(s) in (2.41) satisfy ‖Q(s)‖∞ < 1, then the
controller C(s) in (2.8) with (2.41) makes the closed-loop system in (2.1) stable for the plant
G(s) with uncertainty ∆(s).

2.4.7 Controller structure

In this subsection, we explain the structure of modified PID controller C(s) in (2.8) with (2.36).
The structure of modified PID controller C(s) in (2.8) with (2.36) is shown in Fig. 2.2 . Figure

2.2 shows that in order for the controller in (2.8) with (2.41) to specify (2.4) and to stabilize any
plant G(s), Fig. 2.2 is complex than the structure of the conventional PID controller C(s) in
(2.6). That is, the order of the conventional PID controller is 2, but the order of the modified
PID controller is 3n + 6, which is greater than that of the conventional PID controller.
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+

Figure 2.2: Structure of modified PID controller

2.5 Numerical example

In this section, we illustrate a numerical example to show the effectiveness of the proposed
method.

Consider the problem to design a robust stabilizing modified PID controller C(s) for the plant
G(s) in (2.2) with uncertainty ∆(s), where the nominal plant Gm(s) and the upper bound WT (s)
of the set of ∆(s) are given by

Gm(s) =
11

s3 − s2 − 3s − 5
(2.42)

and

WT (s) =
(s + 2)(s + 10)(s + 50)

2 × 104
, (2.43)

respectively. Note that there exists no stabilizing conventional PID controllers for the nominal
plant Gm(s) in (2.42). Therefore, methods in [32, 33, 34, 35, 36, 37, 38, 39] cannot make the
stabilizing PID controller.

Using the method in 2.3, the parametrization of all robust stabilizing controllers C(s) in (2.8)
is obtained. Q(s) in (2.8) is designed as (2.36), where


aP = 10
aI = 100
aD = 1

, (2.44)




τ0 = 50.41
τ1 = 14.2
τ2 = 1

(2.45)
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and τD is selected by τD = 0.1.
From the discussion in 2.4.6, designed Q(s) in (2.8) must hold ‖Q(s)‖∞ < 1. Next, we confirm

that designed Q(s) satisfies ‖Q(s)‖∞ < 1. The gain plot of designed Q(s) is shown in Fig. 2.3
. Figure 2.3 shows that designed Q(s) satisfies ‖Q(s)‖∞ < 1.
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Figure 2.3: Gain plot of the free parameter Q(s)

When ∆(s) is given by

∆(s) =
s + 2
500

, (2.46)

the response of the output y of the closed-loop system in (2.1) for the step reference input r
using the robust stabilizing modified PID controller C(s) is shown in Fig. 2.4 . Figure 2.4 shows
that the robust stabilizing modified PID controller C(s) makes the closed-loop system stable.

On the other hand, using conventional PID controller in (2.6) with (2.44), response of the
output y of the closed-loop system in (2.1) for the step reference input r is shown in Fig. 2.5 .
Figure 2.5 shows that the conventional PID control system is unstable.

Next, when aP , aI and aD in the robust stabilizing modified PID controller are varied, the
comparison of step responses is examined. First, the comparison of step responses for various aP

as aP = 1, aP = 50 and aP = 100 is shown in Fig. 2.6 . Here, the solid line, the dotted line and
the broken line show the step response of the robust stabilizing modified control system using
aP = 1, aP = 50 and aP = 100, respectively. Figure 2.6 shows that as the value of aP increased,
the overshoot is larger and the rise time is shorten. Since this characteristic is equivalent to the
conventional PID controller, the role of P-parameter aP in the robust stabilizing modified PID
controller is equivalent to that of the conventional PID controller. Secondly, the comparison of
step responses for various aI as aI = 0.2, aI = 0.3 and aI = 1 is shown in Fig. 2.7 . Here the
solid line, the dotted line and the broken line show the step response of the robust stabilizing
modified PID control system using aI = 0.2, aI = 0.3 and aI = 1, respectively. Figure 2.7 shows
that as the value of aI increased, the overshoot is smaller and the convergence speed is faster.
Since this characteristic is equivalent to the conventional PID controller, the role of I-parameter
aI in the robust stabilizing modified PID controller is equivalent to that of the conventional PID
controller. Thirdly, the comparison of step responses for various aD as aD = 10, aD = 50 and
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Figure 2.4: Step response of the closed-loop system using the robust stabilizing modified PID
controller

aD = 100 is shown in Fig. 2.8 . Here, the solid line, the dotted line and the broken line show
the step response of the robust stabilizing modified PID control system using aD = 10, aD = 50
and aD = 100, respectively. Figure 2.8 shows that as the value of aD increased, the response
is smoothly. Since this characteristic is equivalent to the conventional PID controller, the role
of D-parameter aD in the robust stabilizing modified PID controller is equivalent to that of
the conventional PID controller. Since these characteristics are equivalent to the conventional
PID controller, the role of P-parameter aP , I-parameter aI and D-parameter aD in the robust
stabilizing modified PID controller is equivalent to that of the conventional PID controller.

In this way, it is shown that we can easily design a robust stabilizing modified PID controller
for the plant G(s) in (2.2) with uncertainty ∆(s), which has same characteristic to conventional
PID controller, and guarantee the stability of the closed-loop system.

2.6 Conclusion

In this paper, we proposed a design method of robust stabilizing modified PID controllers such
that modified PID controller makes the closed-loop system stable for any plants with uncertainty.
Proposed modified PID controllers lose the advantage of the conventional PID controllers such
as

1. the control structure is simple.

2. the order of the controller is 1.

but have following advantages:

1. The modified PID controller makes the control system stable for any plant G(s) with
uncertainty.

2. The roles of P-parameter aP , I-parameter aI and D-parameter aD in the robust stabilizing
modified PID controller are equivalent to that of the conventional PID controller. That
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Figure 2.5: Step response of the closed-loop system using conventional PID controller

is, P-parameter aP , I-parameter aI and D-parameter aD in the robust stabilizing modified
PID controller can be tuned using previously proposed methods in [7, 10, 11, 12, 13, 14,
15, 16, 17, 18, 22].

A numerical example was shown to illustrate the effectiveness of the proposed method.
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Chapter 3

A Design Method for Robust
Stabilizing Modified PID Controllers
for Time-delay Plants with
Uncertainty

3.1 Introduction

The proportional–integral–derivative (PID) controller is the most widely used controller struc-
ture in industrial applications [3, 4, 6]. Its structural simplicity and ability to solve many
practical control problems have contributed to this wide acceptance.

Several papers on tuning methods for PID parameters have been presented [7, 10, 11, 12, 13, 14,
15, 16, 17, 18, 22, 23, 24]. However, the methods in [7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 22, 23, 24]
do not guarantee the stability of the closed-loop system. Design methods for PID controllers
that guarantee the stability of the closed-loop system were proposed in [25, 26, 27, 28, 29, 30].
However, the plants to which these methods can be applied are restricted. To stabilize any
plant using a PID controller, Yamada and Hagiwara gave a design method for modified PID
controllers to make the closed-loop system stable for any unstable plant [50].

When we apply a PID controller in a practical application, we must consider the influence of
uncertainty in the plant. In some cases, even if a PID controller stabilizes the nominal plant,
the uncertainty makes the closed-loop system unstable. The stability problem with uncertainty
is known as the robust stability problem [41]. Because almost all practical plants include uncer-
tainty, the problem of designing robust stabilizing modified PID controllers for any plant with
uncertainty is important. Several papers on design methods for robust stabilizing PID controllers
have been presented [32, 33, 34, 35, 36, 37, 38, 39]. However, no design method for modified
PID controllers has been published to guarantee the robust stability of PID control system for
any plant with uncertainty. To overcome this problem, Yamada, Hagiwara and Shimizu gave a
design method for robust stabilizing modified PID controllers to make the closed-loop system
stable for any plant with uncertainty [?]. However, their method cannot be applied to time-delay
plants with uncertainty. Almost all real plants include uncertainties and many plants have time
delays. In addition, the PID controller is useful to design closed-loop systems for real plants [6].
The problem of designing robust stabilizing modified PID controllers to make the closed-loop
system stable for any plant with uncertainty is therefore important.

We expand the result in [?] and propose a design method for robust stabilizing modified PID
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controllers such that the modified PID controller makes the closed-loop system stable for any
time-delay plant with uncertainty. The basic idea of designing a robust stabilizing modified
PID controller for any time-delay plant with uncertainty is very simple. For a certain class of
time-delay plants with uncertainty, using state preview control, the problem to design a robust
stabilizing controller is reduced to that for the plant without a time delay [40]. That is, if the
modified PID control system is robustly stable for the time-delay plant with uncertainty, then
the modified PID controller must satisfy the robust stability condition for system without time
delay. This implies that if the modified PID control system is robustly stable, then the modified
PID controller is included in the parameterization of all robust stabilizing controllers for the plant
with uncertainty. The parameterization of all robust stabilizing controllers for the plant with
uncertainty is obtained using H∞ control theory based on the Riccati equation [41, 42] and the
linear matrix inequality (LMI) [43, 44]. Robust stabilizing controllers for plants with uncertainty
include a free-parameter, which is designed to achieve desirable control characteristics. When
the free-parameter of the parameterization of all robust stabilizing controllers is appropriately
chosen, then the controller works as a robust stabilizing modified PID controller.

3.2 Problem formulation

Consider the closed-loop system described by:{
y = G(s)e−sT u
u = C(s) (r − y)

, (3.1)

where G(s)e−sT is the single-input/single-output time-delay plant; G(s) ∈ R(s) is assumed to
be strictly proper and to be coprime. T > 0 is the time delay. C(s) is the controller, r ∈ R is
the reference input, u ∈ R is the control input and y ∈ R is the output. The nominal plant of
G(s)e−sT is denoted by Gm(s)e−sTm . Both G(s) and Gm(s) are assumed to have no zero or pole
on the imaginary axis. In addition, it is assumed that the number of poles of G(s) in the closed
right half plane is equal to that of Gm(s) in the closed right half plane. The relation between
the plant G(s)e−sT and the nominal plant Gm(s)e−sTm is written as:

G(s)e−sT = Gm(s)
(
e−sTm + ∆(s)

)
, (3.2)

where ∆(s) ∈ R(s) is the uncertainty. The set of ∆(s) is all functions satisfying:

|∆(jω)| < |WT (jω)| (∀ω ∈ R+), (3.3)

where WT (s) is a stable rational function. Under these assumptions, the robust stability condi-
tion for the plant G(s)e−sT with uncertainty ∆(s) satisfying (3.3) is given by:

‖T (s)WT (s)‖∞ < 1, (3.4)

where T (s) is given by:

T (s) =
Gm(s)C(s)

1 + Gm(s)e−sTmC(s)
. (3.5)

When the controller C(s) has the form:

C(s) = aP +
aI

s
+ aDs, (3.6)
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then the controller C(s) is called a PID controller [6], where aP ∈ R is the P-parameter, aI ∈ R is
the I-parameter and aD ∈ R is the D-parameter. aP , aI and aD are defined so that the closed-
loop system in (3.1) has desirable control characteristics such as steady state and transient
characteristics. For easy explanation, we call C(s) in (3.6) the conventional PID controller.

The purpose of this paper is to propose a design method for robust stabilizing modified PID
controllers C(s) to make the closed-loop system in (3.1) stable for any time-delay plant G(s)e−sT

in (3.2) with uncertainty ∆(s) satisfying (3.3).

3.3 The basic idea

In this section, we describe the basic idea for designing robust stabilizing modified PID controllers
C(s) to make the closed-loop system in (3.1) stable for any time-delay plant G(s)e−sT with
uncertainty ∆(s).

To design such controllers that can be applied to any time-delay plant G(s)e−sT with uncer-
tainty ∆(s), we must see that the robust stabilizing controllers conform to (3.4). The problem
of obtaining the controller C(s), which is not necessarily a PID controller, satisfying (3.4) is
equivalent to the following H∞ problem. To obtain the controller C(s) satisfying (3.4), we con-
sider the closed-loop system shown in Fig. 3.1 . P (s) is selected such that the transfer function

w z

u yP(s)

C(s)

Figure 3.1: Block diagram of H∞ control problem

from w to z in Fig. 3.1 is equal to T (s)WT (s). P (s) is called the generalized plant [41]. In
general, the state space description of the generalized plant P (s) is defined by:


ẋ(t) = Ax(t) +B1w(t) +B2u(t − Tm)
z(t) = C1x(t) +D12u(t)
y(t) = C2x(t) +D21w(t)

, (3.7)

where A ∈ Rn×n, B1 ∈ Rn, B2 ∈ Rn, C1 ∈ R1×n, C2 ∈ R1×n, D12 ∈ R, D21 ∈ R. P (s) is
assumed to satisfy the following.

1. (C2, A) is detectable. (A,B2) is stabilizable.

2.

rank D12 = 1; (3.8)

rank D21 = 1. (3.9)
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3.

rank

[
A − jωI B2

C1 D12

]
= n + 1 ∀ω ∈ R; (3.10)

rank

[
A − jωI B1

C2 D21

]
= n + 1 ∀ω ∈ R. (3.11)

4.

C1A
iB2 = 0. (i = 0, 1, 2, . . .) (3.12)

According to [40], under these assumptions, there exists a controller C(s) satisfying (3.4) if
and only if there exists an H∞ controller C(s) for the generalized plant P̃ (s) defined by:


q̇(t) = Aq(t) +B1w(t) +B̃2u(t)
z(t) = C1q(t) +D12u(t)
ỹ(t) = C2q(t) +D21w(t)

, (3.13)

where B̃2 = e−ATmB2. When u(s) = C(s)ỹ(s) is an H∞ controller for (3.13),

u(t) = L−1 {C(s)ỹ(s)} (3.14)

is an H∞ control input for (3.7), where

ỹ(s) = L

{
y(t) + C2

∫ 0

−Tm

e−A(τ+Tm)B2u(t + τ)dτ

}
. (3.15)

From (3.14), (3.15) and the references in [41, 42], all control laws satisfying (3.4) are defined
by:

u(t) = L−1 {C(s)ỹ(s)} , (3.16)

where:

ỹ(s) = L

{
y(t) + C2

∫ 0

−Tm

e−A(τ+Tm)B2u(t + τ)dτ

}
, (3.17)

C(s) = C11(s) + C12(s)Q(s) (I − C22(s)Q(s))−1 C21(s), (3.18)

[
C11(s) C12(s)
C21(s) C22(s)

]
=


 Ac Bc1 Bc2

Cc1 Dc11 Dc12

Cc2 Dc21 Dc22


 , (3.19)

Ac = A + B1B
T
1 X − B̃2

(
D†

12C1 + E−1
12 B̃T

2 X
)

− (I − XY )−1
(
B1D

†
21 + Y CT

2 E−1
21

) (
C2 + D21B

T
1 X

)
,
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Bc1 = (I − XY )−1
(
B1D

†
21 + Y CT

2 E−1
21

)
,

Bc2 = (I − XY )−1
(
B̃2 + Y CT

1 D12

)
E

−1/2
12 ,

Cc1 = −D†
12C1 − E−1

12 B̃T
2 X, Cc2 = −E

−1/2
21

(
C2 + D21B

T
1 X

)
,

Dc11 = 0, Dc12 = E
−1/2
12 , Dc21 = E

−1/2
21 , Dc22 = 0,

E12 = DT
12D12, E21 = D21D

T
21,

X ≥ 0 and Y ≥ 0 are solutions of:

X
(
A − B̃2D

†
12C1

)
+
(
A − B̃2D

†
12C1

)T

+X

(
B1B

T
1 − B̃2

(
DT

12D12

)−1
B̃T

2

)
X +

(
D⊥

12C
T
1

)T
D⊥

12C
T
1 = 0 (3.20)

and:

Y
(
A − B1D

†
21C2

)T
+
(
A − B1D

†
21C2

)
Y

+Y

(
CT

1 C1 − CT
2

(
D21D

T
21

)−1
C2

)
Y + B1D

⊥
21

(
B1D

⊥
21

)T
= 0 (3.21)

such that:

ρ (XY ) < 1, (3.22)

and neither

A − B̃2D
†
12C1 +

(
B1B

T
1 − B̃2

(
DT

12D12

)−1
B̃T

2

)
X

nor

A − B1D
†
21C2 + Y

(
CT

1 C1 − C2

(
D21D

T
21

)−1
C2

)

have an eigenvalue in the closed right half plane and the free-parameter Q(s) ∈ RH∞ is any
function satisfying ‖Q(s)‖∞ < 1.

The controller C(s) in (3.18) includes the free-parameter Q(s). Using this free-parameter,
we propose a design method for robust stabilizing modified PID controllers C(s) to make the
closed-loop system in (3.1) stable. To design the controllers C(s), the free-parameter Q(s) in
(3.18) is chosen so that C(s) in (3.18) has the same characteristics as the conventional PID
controller C(s) in (3.6). Therefore, we next describe the role of the conventional PID controller
C(s) in (3.6) to clarify the condition that the modified PID controller C(s) must satisfy. From
(3.6), using C(s), the P-parameter aP , the I-parameter aI and the D-parameter aD are defined
as:

aP = lim
s→∞

{
−s2 d

ds

(
1
s
C(s)

)}
, (3.23)
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aI = lim
s→0

{sC(s)} (3.24)

and:

aD = lim
s→∞

d

ds
{C(s)} , (3.25)

respectively. Therefore, if the controller C(s) in (3.18) conforms to (3.23), (3.24) and (3.25), the
role of controller C(s) is equivalent to that of the conventional PID controller C(s) in (3.6). That
is, we can design robust stabilizing modified PID controllers such that the role of the controller
C(s) in (3.18) is equivalent to that of the conventional PID controller C(s) in (3.6).

In 3.4, we use the ideas discussed above to describe a method for designing the modified PID
controller C(s) in (3.18) that works as a modified PID controller. In the following, we call C(s):

1. the modified P controller if C(s) in (3.18) satisfies (3.23),

2. the modified I controller if C(s) in (3.18) satisfies (3.24),

3. the modified D controller if C(s) in (3.18) satisfies (3.25),

4. the modified PI controller if C(s) in (3.18) satisfies (3.23) and (3.24),

5. the modified PD controller if C(s) in (3.18) satisfies (3.23) and (3.25), and

6. the modified PID controller if C(s) in (3.18) satisfies (3.23), (3.24) and (3.25).

3.4 Robust stabilizing modified PID controller

In this section, we propose a design method for robust stabilizing modified PID controllers.

3.4.1 Robust stabilizing modified P controller

In this subsection, we present a design method for a robust stabilizing modified P controller
C(s) that conforms to (3.23), makes the closed-loop system in (3.1) stable and can be applied
to the time-delay plant G(s)e−sT with uncertainty ∆(s).

The controller is defined by (3.18), where:

Q(s) =
aP

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

. (3.26)

Because Q(s) in (3.26) is constant, Q(s) is included in RH∞. If aP is chosen to make Q(s) in
(3.26) satisfy ‖Q(s)‖∞ < 1, then the controller C(s) in (3.18) with (3.26) makes the closed-loop
system in (3.1) stable for the time-delay plant G(s)e−sT with uncertainty ∆(s).

3.4.2 Robust stabilizing modified I controller

In this subsection, we present a design method for a robust stabilizing modified I controller C(s)
that conforms to (3.24), makes the closed-loop system in (3.1) stable and can be applied to the
time-delay plant G(s)e−sT with uncertainty ∆(s).

This controller is defined by (3.18), where:

Q(s) =
q0 + q1s

τ0 + τ1s
, (3.27)



3.4 Robust stabilizing modified PID controller 33

q0 =
τ0

C22(0)
, (3.28)

q1 =
τ1

C22(0)
− τ0

aIC2
22(0)

{
d

ds
{C22(s)}

∣∣∣∣
s=0

aI + C12(0)C21(0)
}

(3.29)

and τi ∈ R > 0 (i = 0, 1). From τi > 0 (i = 0, 1), Q(s) in (3.27) is included in RH∞. If aI is
chosen to make Q(s) in (3.27) satisfy ‖Q(s)‖∞ < 1, then the controller C(s) in (3.18) with (3.27)
makes the closed-loop system in (3.1) stable for the time-delay plant G(s)e−sT with uncertainty
∆(s).

3.4.3 Robust stabilizing modified D controller

In this subsection, we present a design method for a robust stabilizing modified D controller
C(s) that conforms to (3.25), makes the closed-loop system in (3.1) stable and can be applied
to the time-delay plant G(s)e−sT with uncertainty ∆(s).

This controller is defined by (3.18), where:

Q(s) =
aD

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s)) + aD lim

s→∞ (sC22(s))
s. (3.30)

Because Q(s) in (3.30) is improper, Q(s) in (3.30) is not included in RH∞. For Q(s) to be
included in RH∞, (3.30) is modified as:

Q(s) =
aD

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s)) + aD lim

s→∞ (sC22(s))
s

1 + τDs
, (3.31)

where τD ∈ R > 0. From τD > 0 in (3.31), Q(s) in (3.31) is included in RH∞. If aD is chosen to
make Q(s) in (3.31) satisfy ‖Q(s)‖∞ < 1, then the controller C(s) in (3.18) with (3.31) makes
the closed-loop system in (3.1) stable for the time-delay plant G(s)e−sT with uncertainty ∆(s).

3.4.4 Robust stabilizing modified PI controller

In this subsection, we present a design method for a robust stabilizing modified PI controller
C(s) that conforms to (3.23) and (3.24), makes the closed-loop system in (3.1) stable and can
be applied to the time-delay plant G(s)e−sT with uncertainty ∆(s).

This controller is defined by (3.18), where:

Q(s) =
q0 + q1s + q2s

2

τ0 + τ1s + τ2s2
, (3.32)

q0 =
τ0

C22(0)
, (3.33)

q1 =
τ1

C22(0)
− τ0

aIC2
22(0)

{
d

ds
{C22(s)}

∣∣∣∣
s=0

aI + C12(0)C21(0)
}

, (3.34)

q2 =
τ2aP

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

(3.35)

and τi ∈ R > 0 (i = 0, 1, 2). From τi > 0 (i = 0, 1, 2), Q(s) in (3.32) is included in RH∞. If aP

and aI are chosen to make Q(s) in (3.32) satisfy ‖Q(s)‖∞ < 1, then the controller C(s) in (3.18)
with (3.32) makes the closed-loop system in (3.1) stable for the time-delay plant G(s)e−sT with
uncertainty ∆(s).
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3.4.5 Robust stabilizing modified PD controller

In this subsection, we present a design method for a robust stabilizing modified PD controller
C(s) that conforms to (3.23) and (3.25), makes the closed-loop system in (3.1) stable and can
be applied to the time-delay plant G(s)e−sT with uncertainty ∆(s).

This controller is defined by (3.18), where:

Q(s) = q0 + q1s, (3.36)

q0

=

{
1 − lim

s→∞ (sC22(s)) q1

}2
aP

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
1 − lim

s→∞ (sC22(s)) q1 − lim
s→∞

(
s2

d

ds
{C22(s)} q1

)}

+
1

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
1 − lim

s→∞ (sC22(s)) q1 − lim
s→∞

(
s2

d

ds
{C22(s)} q1

)}

·
[

lim
s→∞

(
s2 d

ds
{C12(s)C21(s) − C11(s)C22(s)}

){
q1 − lim

s→∞ (sC22(s)) q2
1

}

+ lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
lim

s→∞

(
s3 d

ds
{C22(s)}

)
+ lim

s→∞

(
s2C22(s)

)}
q2
1

]
(3.37)

and:

q1 =
aD

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s)) + aD lim

s→∞ {sC22(s)} . (3.38)

Because Q(s) in (3.36) is improper, Q(s) in (3.36) is not included in RH∞. For Q(s) to be
included in RH∞, (3.36) is modified as:

Q(s) = q0 +
q1s

1 + τDs
, (3.39)

where τD ∈ R > 0. From τD > 0 in (3.39), Q(s) in (3.39) is included in RH∞. If aP and
aD are chosen to make Q(s) in (3.39) satisfy ‖Q(s)‖∞ < 1, then the controller C(s) in (3.18)
with (3.39) makes the closed-loop system in (3.1) stable for the time-delay plant G(s)e−sT with
uncertainty ∆(s).

3.4.6 Robust stabilizing modified PID controller

In this subsection, we present a design method for a robust stabilizing modified PID controller
C(s) that conforms to (3.23), (3.24) and (3.25), makes the closed-loop system in (3.1) stable
and can be applied to the time-delay plant G(s)e−sT with uncertainty ∆(s).

This controller is defined by (3.18), where:

Q(s) =
q0 + q1s + q2s

2

τ0 + τ1s + τ2s2
+ q3s, (3.40)

q0 =
τ0

C22(0)
, (3.41)
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q1 =
τ1

C22(0)
− q3τ0 − τ0

aIC2
22(0)

(
d

ds
{C22(s)}

∣∣∣∣
s=0

aI + C12(0)C21(0)
)

, (3.42)

q2

=

{
1 − lim

s→∞ (sC22(s)) q3

}2
τ2aP

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
1 − lim

s→∞ (sC22(s)) q3 − lim
s→∞

(
s2

d

ds
{C22(s)}

)
q3

}

+
τ2

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
1 − lim

s→∞ (sC22(s)) q3 − lim
s→∞

(
s2

d

ds
{C22(s)}

)
q3

}

·
[

lim
s→∞

(
s2 d

ds
{C12(s)C21(s) − C11(s)C22(s)}

){
q3 − lim

s→∞ (sC22(s)) q2
3

}

+ lim
s→∞ (C12(s)C21(s) − C11(s)C22(s))

{
lim

s→∞

(
s3 d

ds
{C22(s)}

)
+ lim

s→∞

(
s2C22(s)

)}
q2
3

]
,

(3.43)

q3 =
aD

lim
s→∞ (C12(s)C21(s) − C11(s)C22(s)) + aD lim

s→∞ (sC22(s))
(3.44)

and τi ∈ R > 0 (i = 0, 1, 2). Because Q(s) in (3.40) is improper, Q(s) in (3.40) is not included
in RH∞. For Q(s) to be included in RH∞, (3.40) is modified as:

Q(s) =
q0 + q1s + q2s

2

τ0 + τ1s + τ2s2
+

q3s

1 + τDs
, (3.45)

where τD ∈ R > 0. From τD > 0 and τi > 0 (i = 0, 1, 2) in (3.45), Q(s) in (3.45) is included
in RH∞. If aP , aI and aD are chosen to make Q(s) in (3.45) satisfy ‖Q(s)‖∞ < 1, then
the controller C(s) in (3.18) with (3.45) makes the closed-loop system in (3.1) stable for the
time-delay plant G(s)e−sT with uncertainty ∆(s).

3.5 Numerical example

In this section, we illustrate a numerical example to show the effectiveness of the proposed
method.

Consider the problem to design a robust stabilizing modified PID controller C(s) for the plant
G(s) in (3.2) with uncertainty ∆(s), where the nominal plant Gm(s) and the upper bound WT (s)
of the set of ∆(s) are given by

Gm(s) =
1

s2 + 5s + 6
e−0.3s (3.46)

and

WT (s) =
s + 1

14s + 28
, (3.47)

respectively. Note that there exists no stabilizing conventional PID controllers for the nominal
plant Gm(s) in (3.46). Therefore, methods in [32, 33, 34, 35, 36, 37, 38, 39] cannot make the
stabilizing PID controller.
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Using the method in 3.3, the parametrization of all robust stabilizing controllers C(s) in (3.18)
is obtained. Q(s) in (3.18) is designed as (3.40), where


aP = 10
aI = 100
aD = 0.1

, (3.48)




τ0 = 50.41
τ1 = 14.2
τ2 = 1

(3.49)

and τD is selected by τD = 0.1.
From the discussion in 3.4.6, designed Q(s) in (3.18) must hold ‖Q(s)‖∞ < 1. Next, we

confirm that designed Q(s) satisfies ‖Q(s)‖∞ < 1. The gain plot of designed Q(s) is shown in
Fig. 3.2 . Figure 3.2 shows that designed Q(s) satisfies ‖Q(s)‖∞ < 1.
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Figure 3.2: Gain plot of the free parameter Q(s)

When ∆(s) is given by

∆(s) =
s + 1

15s + 60
, (3.50)

the response of the output y of the closed-loop system in (3.1) for the step reference input r
using the robust stabilizing modified PID controller C(s) is shown in Fig. 3.3 . Figure 3.3 shows
that the robust stabilizing modified PID controller C(s) makes the closed-loop system stable.

On the other hand, using conventional PID controller in (3.6) with (3.48), response of the
output y of the closed-loop system in (3.1) for the step reference input r is shown in Fig. 3.4 .
Figure 3.4 shows that the conventional PID control system is unstable.

Next, when aP , aI and aD in the robust stabilizing modified PID controller are varied, the
comparison of step responses is examined. First, the comparison of step responses for various aP

as aP = 30, aP = 40 and aP = 50 is shown in Fig. 3.5 . Here, the solid line, the dotted line and
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Figure 3.3: Step response of the closed-loop system using the robust stabilizing modified PID
controller

the broken line show the step response of the robust stabilizing modified control system using
aP = 30, aP = 40 and aP = 50, respectively. Figure 3.5 shows that as the value of aP increased,
the overshoot became larger and the rise time became shorter. Since this characteristic is
equivalent to the conventional PID controller, the role of P-parameter aP in the robust stabilizing
modified PID controller is equivalent to that of the conventional PID controller. Secondly, the
comparison of step responses for various aI as aI = 0.0001, aI = 0.0003 and aI = 0.0005 is
shown in Fig. 3.6 . Here the solid line, the dotted line and the broken line show the step
response of the robust stabilizing modified PID control system using aI = 0.0001, aI = 0.0003
and aI = 0.0005, respectively. Figure 3.6 shows that as the value of aI increased, the overshoot
became smaller and the convergence became more rapid. Since this characteristic is equivalent
to the conventional PID controller, the role of I-parameter aI in the robust stabilizing modified
PID controller is equivalent to that of the conventional PID controller. Thirdly, the comparison
of step responses for various aD as aD = 10, aD = 30 and aD = 50 is shown in Fig. 3.7 .
Here, the solid line, the dotted line and the broken line show the step response of the robust
stabilizing modified PID control system using aD = 10, aD = 30 and aD = 50, respectively.
Figure 3.7 shows that as the value of aD increased, the response was smoothed. Since this
characteristic is equivalent to the conventional PID controller, the role of D-parameter aD in
the robust stabilizing modified PID controller is equivalent to that of the conventional PID
controller. Since these characteristics are equivalent to the conventional PID controller, the role
of P-parameter aP , I-parameter aI and D-parameter aD in the robust stabilizing modified PID
controller is equivalent to that of the conventional PID controller.

In this way, it is shown that we can easily design a robust stabilizing modified PID controller
for the time-delay plant G(s) in (3.2) with uncertainty ∆(s), which has same characteristic to
conventional PID controller, and guarantee the stability of the closed-loop system.
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Figure 3.4: Step response of the closed-loop system using conventional PID controller

3.6 Conclusion

We have proposed a design method for a robust stabilizing modified PID controller that makes
the closed-loop system stable for any time-delay plant with uncertainty. The proposed modified
PID controllers do not have the advantages of the conventional PID controllers in previous
papers [6, 7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 22, 23, 24, 25, 26, 27, 28, 29, 30] such as:

1. the control structure is simple.

2. the order of the controller is 1.

However, they have the following advantages:

1. The modified PID controller makes the closed-loop system stable for any time-delay plant
G(s)e−sT with uncertainty. This implies that plants that cannot be stabilized by the
methods in [6, 7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 22, 23, 24, 25, 26, 27, 28, 29, 30] can be
stabilized using the proposed method.

2. The roles of the P-parameter aP , I-parameter aI and D-parameter aD in the robust stabi-
lizing modified PID controller are equivalent to those of the conventional PID controller.
That is, the parameters can be tuned using methods proposed in [7, 10, 11, 12, 13, 14, 15,
16, 17, 18, 22, 23, 24].
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Figure 3.5: Step response using the robust stabilizing modified P controller with aP = 30, 40, 50
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Chapter 4

A Design Method for Modified PID
Control Systems to Attenuate
Unknown Disturbances

4.1 Introduction

In this paper, we consider a design method for modified Proportional-Integral-Derivative (PID)
control systems to attenuate unknown disturbances. PID controller structure is the most widely
used one in industrial applications [3, 4]. Its structual simplicity and sufficient ability of solving
many practical control problems have contributed to this wide acceptance [6].

Several papers on tuning methods for PID parameters have been published [7, 10, 11, 12, 13,
14, 15, 16, 17, 18, 22], but these methods do not guarantee the stability of a control system.
However using the method in [7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 22], the PID control system
is not necessarily stable. If the admissible sets of PID parameters that would guarantee the
stability of a control system can be determined, we can easily design stabilizing PID controllers
to meet control specifications.

The problem to obtain admissible sets of PID parameters to guarantee the stability of the
control system is known as a parameterization problem [6, 29, 30]. If there exists a stabilizing
PID controller, the parameterization of all stabilizing PID controller is considered in [6, 29,
30]. However, these methods in [6, 29, 30] remains a difficulty. The admissible sets of P-
parameter, I-parameter and D-parameter in [6, 29, 30] are related each other. That is, if the P-
parameter changes, then the admissible sets of I-parameter and D-parameter also change. From
a practical point of view, it is desirable that the admissible sets of P-parameter, I-parameter
and D-parameter are independent from each other. Yamada and Moki initially approached
this problem and proposed a design method for modified PI controllers for any minimum phase
system such that the admissible sets of P-parameter and I-parameter are independent from each
other [45]. Yamada expanded the results in [45] and proposed a design method for modified
PID controllers for minimum phase plants [46]. For stable plants, Yamada et al. considered a
design method for modified PID controllers [48, 49]. For unstable plants, Yamada and Hagiwara
gave a design method for modified PID controllers [50]. In addition, Yamada, Hagiwara and
Shimizu proposed a design method for robust stabilizing modified PID controllers such that the
modified PID controller makes the control system stable for any plant with uncertainty [51]. In
this way, the modified PID controller that can stabilize the control system has been established.
However, the modified PID controller remains in [45, 46, 48, 49, 50, 51] two difficulties. One
is that the modified PID control system in [45, 46, 48, 49, 50, 51] cannot specify the input-
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output characteristic and the disturbance attenuation characteristic separately. The other is
that the modified PID control system in [45, 46, 48, 49, 50, 51] cannot attenuate unknown
disturbances. It is desirable to specify the input-output characteristic and the disturbance
attenuation characteristic separately and to attenuate unknown disturbances. However, no
paper examines a design method for modified PID control systems to specify the input-output
characteristic and to attenuate unknown disturbances.

In this paper, we propose a design method for modified PID control systems to specify the
input-output characteristic and the disturbance attenuation characteristic separately and to
attenuate unknown disturbances effectively.

4.2 Modified PID controller and problem formulation

Consider the control system written by
{

y(s) = G(s)u(s) + d(s)
u(s) = C(s)(r(s) − y(s))

, (4.1)

where G(s) ∈ R(s) is the plant, C(s) ∈ R(s) is the controller, r(s) ∈ R(s) is the reference input,
u(s) ∈ R(s) is the control input, y(s) ∈ R(s) is the output and d(s) ∈ R(s) is the disturbance.
It is assumed that d(s) is unknown.

When the controller C(s) has the form written by

C(s) = aP +
aI

s
+ aDs, (4.2)

then the controller C(s) is called the PID controller [3, 4, 6, 29, 30], where aP ∈ R is the P-
parameter, aI ∈ R is the I-parameter and aD ∈ R is the D-parameter. aP , aI and aD are settled
so that the control system in (4.1) has desirable control characteristics such as the steady state
characteristic and the transient characteristic. For easy explanation, we call the controller C(s)
in (4.2) the conventional PID controller.

Using the conventional PID controller C(s) in (4.2), the transfer function from the reference
input r(s) to the output y(s) in (4.1) is written by

y(s) =
G(s)

(
aP + aI

s + aDs
)

1 + G(s)
(
aP + aI

s + aDs
)r(s). (4.3)

It is obvious that when P-parameter aP , I-parameter aI and D-parameter aD are settled at
random, the stability of the control system in (4.1) is not guaranteed. In addition, there exists
the plant G(s) that cannot be stabilized using the conventional PID controller C(s) in (4.2).
In order to overcome these problems, Yamada et al. proposed the modified PID controller
such that the modified PID controller can stabilize the plant which cannot be stabilized using
conventional PID controller C(s) in (4.2), and admissible sets of P-parameter aP , I-parameter
aI and D-parameter aD are independent from each other [50]. According to [50], the modified
PID controller, which can stabilize any plant, is written by

C(s) =
X(s) + D(s)Q(s)
Y (s) − N(s)Q(s)

, (4.4)
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where N(s) ∈ RH∞ and D(s) ∈ RH∞ are coprime factors of G(s) on RH∞ satisfying

G(s) =
N(s)
D(s)

, (4.5)

X(s) ∈ RH∞ and Y (s) ∈ RH∞ are functions satisfying

X(s)N(s) + Y (s)D(s) = 1, (4.6)

Q(s) =
q0 + q1s + q2s

2

τ0 + τ1s + τ2s
2 +

q3s

1 + τDs
, (4.7)

q0 =
Y (0)
N(0)

τ0, (4.8)

q1 =
τ0

aIN(0)

[
aI

{
lim
s→0

(
d

ds
{Y (s)}

)

− lim
s→0

(
d

ds
{N(s)}

)
q0

τ0
− N(0)

(
−q0τ1

τ2
0

+ q3

)}
− X(0) − D(0)

q0

τ0

]
, (4.9)

q2 =

{
lim

s→∞Y (s) − lim
s→∞ (sN(s)) q3

}2
aP τ2

lim
s→∞D(s)

[
lim

s→∞Y (s) −
{

lim
s→∞ (sN(s)) + lim

s→∞

(
s2 d

ds
{N(s)}

)}
q3

]

+τ2

[
lim

s→∞

(
s2 d

ds
{D(s)}

){
lim

s→∞Y (s) − lim
s→∞ (sN(s)) q3

}
q3

− lim
s→∞D(s)

{
lim

s→∞

(
s2 d

ds
{Y (s)}

)
− lim

s→∞

(
s3 d

ds
{N(s)} + s2N(s)

)
q3

}
q3

]
, (4.10)

q3 =
lim

s→∞Y (s)aD

lim
s→∞D(s) + aD lim

s→∞ (sN(s))
, (4.11)

τi ∈ R > 0(i = 0, 1, 2) and τD ∈ R > 0.
However, using the modified PID controller in (4.4), the input-output characteristic and the

disturbance attenuation characteristic cannot be specified separately. In addition, the modified
PID controller C(s) in (4.4) of the control system in (4.1) can attenuate the step disturbance,
but cannot attenuate unknown disturbances.

The problem considered in this paper is to propose a design method for modified PID control
systems to specify the input-output characteristic and the disturbance attenuation characteristic
separately and to attenuate unknown disturbances effectively.
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4.3 Modified PID control systems to attenuate unknown distur-
bances

In this section, we propose a modified PID control system to specify the input-output char-
acteristic and the disturbance attenuation characteristic separately and to attenuate unknown
disturbances effectively.

In order to specify the input-output characteristic and the disturbance attenuation character-
istic separately and to attenuate unknown disturbances effectively, we propose the modified PID
control system shown in Fig. 4.1 . Here, C(s) ∈ R(s) is the modified PID controller in (4.4),

+ +

+ +

+

àà

+
r(s) u(s)

d(s)

y(s)

F1(s)F2(s)

G(s)C(s)

Cê(s)

Figure 4.1: Modified PID control system to specify the input-output characteristic and the
disturbance attenuation characteristic separately and to attenuate unknown disturbances

Ĉ(s) ∈ R(s) is the controller to attenuate unknown disturbance, F1(s) ∈ R(s) and F2(s) ∈ R(s)
are written by

F1(s) = D(s) + Q̃(s)D(s), (4.12)

F2(s) = −N(s) − Q̃(s)N(s) (4.13)

and Q̃(s) ∈ RH∞ is any function.
Next, we clarify control characteristics of the modified PID control system in Fig. 4.1 . First,

the input-output characteristic of the control system in Fig. 4.1 is shown. Transfer functions
from the reference input r(s) to the output y(s) and from the reference input r(s) to the error
e(s) = r(s) − y(s) are written by

y(s) =
G(s)C(s)

1 + G(s)C(s)
r(s) (4.14)

and

e(s) = r(s) − y(s) =
1

1 + G(s)C(s)
r(s), (4.15)

respectively. From (4.14) and (4.15), the role of the modified PID controller C(s) in (4.4) of the
control system in Fig. 4.1 is to specify the input-output characteristic.

Next, the disturbance attenuation characteristic of the control system in Fig. 4.1 is shown.
The transfer function from the disturbance d(s) to the output y(s) is written by

y(s) =
1 + Ĉ(s)F2(s)

1 + G(s)C(s) + Ĉ(s) (F1(s)G(s) + F2(s))
d(s)
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=
1 − N(s)Ĉ(s)

(
1 + Q̃(s)

)
1 + G(s)C(s)

d(s). (4.16)

From (4.16), the role of the controller Ĉ(s) of the control system in Fig. 4.1 is to specify
the disturbance attenuation characteristic. Therefore, even if the disturbance is unknown, the
disturbance d(s) is attenuated effectively if

1 − N(jω)Ĉ(jω)
(
1 + Q̃(jω)

)
= 0, (4.17)

where ω is the frequency component of the disturbance d(s). This implies that when the con-
troller Ĉ(s) is designed to satisfy (5.19), the control system in Fig. 4.1 can attenuate unknown
disturbances d(s) effectively.

From (4.14) and (4.16), the role of the controller C(s) is different from that of Ĉ(s). The role
of the modified PID controller C(s) is to specify the input-output characteristic. The role of the
controller Ĉ(s) is to specify the disturbance attenuation characteristic.

Finally, the condition that the control system in Fig. 4.1 is stable is clarified. From (4.14)
and (4.16), it is obvious that the control system in Fig. 4.1 is stable if and only if following
expressions hold.

1. The modified PID controller C(s) makes the control system in (4.1) stable.

2. Ĉ(s) ∈ RH∞.

4.4 Controller design

In this section, we describe a design method for the controller Ĉ(s) to specify the disturbance
attenuation characteristic of the control system in Fig. 4.1 is shown.

A design method is summarized as follows: Q̃(s) ∈ RH∞ in (4.12), (4.13) is settled to satisfy
1 + Q̃(s) ∈ U . Using the method in [61], there exists Nr(s) ∈ RH∞ satisfying

N(s)Nr(s) =
1

(1 + τs)α Ni(s), (4.18)

where Ni(s) ∈ RH∞ is an inner function of N(s) satisfying

N(s) = Ni(s)No(s) (4.19)

and Ni(0) = 1, No(s) ∈ RH∞ is an outer function, τ ∈ R, α is an arbitrary positive integer to
make Nr(s) proper. Using Nr(s), if the controller Ĉ(s) is selected as

Ĉ(s) =
Nr(s)

1 + Q̃(s)
, (4.20)

even if the disturbance d(s) is unknown, then the disturbance d(s) in the frequency range ω
satisfying

1 − N(jω)Ĉ(jω)
(
1 + Q̃(jω)

)
= 1 − 1

(1 + τjω)α
Ni(jω) � 0 (4.21)

is attenuated effectively.
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4.5 Numerical example

In this section, a numerical example is shown to illustrate the effectiveness of the proposed
method.

Consider the problem to design a modified PID control system in Fig. 4.1 to attenuate
unknown disturbances effectively for the plant G(s) written by

G(s) =
s + 1

s4 − 4s3 − s2 + 16s − 12
. (4.22)

First, we design a modified PID controller C(s) in Fig. 4.1 . aP , aI and aD are settled by


aP = 100
aI = 1000
aD = 100

. (4.23)

N(s), D(s), X(s), Y (s), τi(i = 0, 1, 2) and τD are set as

N(s) =
s + 1

s4 + 50s3 + 875s2 + 6250s + 1.5 × 104 , (4.24)

D(s) =
s4 − 4s3 − s2 + 16s − 12

s4 + 50s3 + 875s2 + 6250s + 1.5 × 104 , (4.25)

X(s) =
106

(
5.605s3 − 7.949s2 + 67.71s + 180.5

)
s4 + 50s3 + 875s2 + 6250s + 1.5 × 104 , (4.26)

Y (s) =
s4 + 104s3 + 4667s2 + 1.188 × 105s − 3.707 × 106

s4 + 50s3 + 875s2 + 6250s + 1.5 × 104 , (4.27)




τ0 = 100
τ1 = 77.5
τ2 = 1

(4.28)

and τD = 1. Using above mentioned parameters, the modified PID controller C(s) is designed
by (4.4) with (4.7).

Next, we design a controller Ĉ(s) in Fig. 4.1 . A controller Ĉ(s) is set as (4.20), where

Nr(s) =
s4 + 50s3 + 875s2 + 6250s + 1.5 × 104

10−12s4 + 3 · 10−8s3 + 0.0003s2 + s + 1
, (4.29)

Ni(s) = 1, (4.30)

Q̃(s) = 0, (4.31)

τ = 0.0001 and α = 3.
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Figure 4.2: Response of the control system in Fig. 4.1

Using designed modified PID controller C(s) and controller Ĉ(s), the response of the control
system in Fig. 4.1 is shown in Fig. 4.2 . Figure 4.2 shows that the control system in Fig. 4.1
is stable.

When the disturbance d(t) is given by

d(t) = sin 10t, (4.32)

the response of the output y(t) in Fig. 4.1 is shown in Fig. 4.3 . Here, the solid line shows the
response of the output y(t) and the dotted line shows that of the disturbance d(t). Figure 4.3
shows that the disturbance d(t) is attenuated effectively.

On the other hand, using the modified PID controller C(s), the response of the output y(t)
in (4.1) is shown in Fig. 4.4 . Here, the solid line shows the response of the output y(t) and
the dotted line shows that of the disturbance d(t). Figure 4.4 shows that the disturbance d(t)
cannot be attenuated.

In this way, it is shown that using proposed method, even if the disturbance d(t) is unknown,
we can easily design control system to specify the input-output characteristic and the disturbance
attenustion characteristic separately and to attenuate unknown disturbance d(t) effectively.

4.6 Conclusion

In this paper, we proposed a design method for modified PID control systems to specify the
input-output characteristic and the disturbance attenuation characteristic separately and to
attenuate unknown disturbances. The results in this paper are summarized as follows:

1. Modified PID control system was proposed as Fig. 4.1 .

2. Control characteristics of the modified PID control system in Fig. 4.1 were clarified. We
find that proposed modified PID control system in Fig. 4.1 can specify the input-output
characteristic and the disturbance attenuation characteristic separately. The role of the
modified PID controller C(s) is to specify the input-output characteristic. The role of the
controller Ĉ(s) is to specify the disturbance attenuation characteristic.



48Chapter 4 A Design Method for Modified PID Control Systems to Attenuate Unknown Disturbances

0 1 2 3 4 5 6 7 8 9 10
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

t [sec]

d(
t)

, y
(t

)

Figure 4.3: Response of the output y(t) for the disturbance d(t)

3. We present a design method of the controller Ĉ(s) to attenuate unknown disturbances
effectively.

4. A numerical example is shown to illustrate the effectiveness of the proposed method.
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Figure 4.4: Response of the output y(t) of (4.1) for the disturbance d(t)
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Chapter 5

An Application of the Modified PID
Control System for Heat Flow
Experiment

5.1 Introduction

PID (Proportional-Integral-Derivative) controller structure is the most widely used one in in-
dustrial applications [3, 4, 6]. Its structural simplicity and sufficient ability of solving many
practical control problems have contributed to this wide acceptance.

Several papers on tuning methods for PID parameters have been considered [7, 10, 11, 12, 13,
14, 15, 16, 17, 18, 22], but these methods do not guarantee the stability of a control system.
The reference in [25, 26, 27, 28] proposed design methods of PID controllers to guarantee the
stability of a control system. However, using methods in [25, 26, 27, 28], it is difficult to tune PID
parameters, since methods in [25, 26, 27, 28] do not obtain admissible sets of PID parameters. If
admissible sets of PID parameters that would guarantee the stability of a control system can be
determined, we can easily design stabilizing PID controllers and tune PID parameters to meet
desirable control specifications.

Recently, the problem to obtain admissible sets of PID parameters to guarantee the stability
of a control system that is known as a parameterization problem is obtained [6, 29, 30]. However,
these methods in [6, 29, 30] remain a difficulty. Admissible sets of P-parameter, I-parameter
and D-parameter in [6, 29, 30] are related each other. That is, if P-parameter is changed, then
admissible sets of I-parameter and D-parameter also change. From a practical point of view, it
is desirable that admissible sets of P-parameter, I-parameter and D-parameter are independent
from each other. Yamada and Moki initially tackled this problem and proposed a design method
for modified PI controllers for any minimum phase system such that modified PI controllers can
stabilize any plant and admissible sets of P-parameter and I-parameter are independent from
each other [45]. Yamada expanded the result in [45] and proposed a design method for modified
PID controllers for minimum phase plants [46]. For stable plants, Yamada et al. considered a
design method for modified PID controllers [48, 49]. For unstable plants, Yamada and Hagiwara
gave a design method for modified PID controllers [50]. In addition, Yamada, Hagiwara and
Shimizu proposed a design method for robust stabilizing modified PID controllers such that the
modified PID controller makes the control system stable for any plant with uncertainty [51]. In
this way, the modified PID controller such that the modified PID controller can stabilize any
plant and admissible sets of P-parameter, I-parameter and D-parameter are independent from
each other has been established. However, the modified PID controller in [45, 46, 48, 49, 50, 51]
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remains two difficulties. One is that the modified PID control system in [45, 46, 48, 49, 50, 51]
cannot specify the input-output characteristic and the disturbance attenuation characteristic
separately. From the practical point of view, it is desirable that the input-output characteristic
and the disturbance attenuation characteristic can be specified separately. The other is that the
modified PID control system in [45, 46, 48, 49, 50, 51] cannot attenuate unknown disturbances. In
many cases, the disturbance in the plant is unknown. It is comparatively easy to attenuate known
disturbance, but it is difficult to attenuate unknown disturbances. From this viewpoint, a design
method for modified PID control system to attenuate unknown disturbances was proposed [56].
In addition, the control system in [56] has desirable control characteristic such that the input-
output characteristic and the disturbance attenuation characteristic can be specified separately.
Therefore, the method in [56] may be an effective control design method for practical plants.
However, an application of the modified PID control system to attenuate unknown disturbances
for plants with any disturbance in [56] is not examined. Therefore, the effectiveness of the
method in [56] for controlling practical systems is not confirmed.

In this paper, we apply the modified PID control system to attenuate unknown disturbances
for plants with any disturbance in [56] for temperature control for heat flow experiment and
show the effectiveness of the modified PID control systems to attenuate unknown disturbances
for plants with any disturbance in [56]. This paper is organized as follows: In Section 5.2, we
introduce heat flow experiment and show that unknown disturbances for heat flow experiment
exist. In addition, the problem considered in this paper is described. Section 5.3 introduce the
method in [56] to attenuate unknown disturbance for heat flow experiment. In Section 5.4, we
show the experimental result for temperature control for heat flow experiment using the modified
PID control system described in Section 5.3. Section 5.5 gives concluding remarks.

5.2 Heat Flow Experiment and Problem Description

The heat flow apparatus is shown in Fig. 5.1 . The heat flow apparatus consists of a duct

Blower
Heater

Sensor1
Sensor2 Sensor3

S1 S2 S3Vh Vb30

570
370

17080
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7
5 1
6
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3
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100

Figure 5.1: Heat flow apparatus.

equipped with a heater and a blower at one end and three temperature sensors located along
the duct as shown in Fig. 5.1 . Vh and Vb denote the voltage to heater and that to blower,
respectively. S1, S2 and S3 are terminals for measurement of temperature at Sensor 1, Sensor 2
and Sensor 3. We denote Ti deg the measurement of temperature at Sensor i(i = 1, 2, 3). Vb is
constant as Vb = 5 V, and Vh is considered as a control input and an available voltage of Vh is
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0 ≤ Vh ≤ 5 V.
When we settle Vh = 5 V, the response of T1, which is the temperature at Sensor 1, is shown

in Fig. 5.2 . Specially magnified detail drawing showing between 53 deg and 57 deg of Fig. 5.2
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Figure 5.2: Response of the temperature T1, when Vh = 5 V.

is shown in Fig. 5.3 . Fig. 5.2 and Fig. 5.3 show that unknown disturbances of which the
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Figure 5.3: Specially magnified detail drawing showing between 53 deg and 57 deg of Fig. 5.2 .

maximum gain will be 0.7 deg exist. From the practical point of view, this unknown disturbance
needs to be attenuated.

The problem considered in this paper is to design a modified PID control system to attenuate
unknown disturbances for plants with any disturbance in [56] as described in Section 5.3 to make
T1, which is the temperature at Sensor 1, 40 deg steadily and to attenuate unknown disturbances
effectively.
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5.3 Modified PID Control System to Attenuate Unknown Dis-
turbances

In this section, we briefly introduce the modified PID control system to specify the input-
output characteristic and the disturbance attenuation characteristic separately and to attenuate
unknown disturbances effectively for plants with any disturbance proposed in [56].

According to [56], the modified PID control system to specify the input-output characteristic
and the disturbance attenuation characteristic separately and to attenuate unknown distur-
bances effectively for plants with any disturbance is shown in Fig. 5.4 . Here, r(s) ∈ R is

+ +

+ +

+

àà

+
r(s) u(s)

d(s)

y(s)

F1(s)F2(s)

G(s)C(s)

Cê(s)

Figure 5.4: Modified PID control system to attenuate disturbances.

the reference input, u(s) ∈ R is the control input, y(s) ∈ R is the output, d(s) ∈ R is the
unknown disturbance, G(s) ∈ R(s) is the plant, C(s) ∈ R(s) is the modified PID controller
described later, Ĉ(s) ∈ R(s) is the controller to attenuate unknown disturbance, F1(s) ∈ R(s)
and F2(s) ∈ R(s), which have a role to estimate the unknown disturbance, are given by

F1(s) = D(s) + Q̃(s)D(s) (5.1)

and

F2(s) = −N(s) − Q̃(s)N(s), (5.2)

respectively, where N(s) ∈ RH∞ and D(s) ∈ RH∞ are coprime factors of G(s) on RH∞
satisfying

G(s) =
N(s)
D(s)

(5.3)

and Q̃(s) ∈ RH∞ is any function.
Next, we described the modified PID controller C(s) and the controller Ĉ(s) in Fig. 5.4 .

First, the modified PID controller C(s) is shown. According to [50], the modified PID controller
C(s) is written by

C(s) =
X(s) + D(s)Q(s)
Y (s) − N(s)Q(s)

, (5.4)

where X(s) ∈ RH∞ and Y (s) ∈ RH∞ are functions satisfying

X(s)N(s) + Y (s)D(s) = 1, (5.5)
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Q(s) =
q0 + q1s + q2s

2

τ0 + τ1s + τ2s
2 +

q3s

1 + τDs
, (5.6)

q0 =
Y (0)
N(0)

τ0, (5.7)

q1 =
τ0

aIN(0)

[
aI

{
d

ds
{Y (s)}|s=0

− d

ds
{N(s)}|s=0

q0

τ0

+N(0)
(

q0τ1

τ2
0

− q3

)}

−X(0) − D(0)
q0

τ0

]
, (5.8)

q2 =
q2n

q2d
, (5.9)

q3 =
lim

s→∞Y (s)aD

lim
s→∞D(s) + aD lim

s→∞ (sN(s))
, (5.10)

τi ∈ R > 0(i = 0, 1, 2) and τD ∈ R > 0. Here, q2n and q2d are

q2n =
{

lim
s→∞Y (s) − lim

s→∞(sN(s))q3

}2
aP τ2

+τ2

[
lim

s→∞

(
s2 d

ds
{D(s)}

)
{

lim
s→∞Y (s) − lim

s→∞(sN(s))q3

}
q3

− lim
s→∞D(s)

{
lim

s→∞

(
s2 d

ds
{Y (s)}

)

− lim
s→∞

(
s3 d

ds
{N(s)} + s2N(s)

)
q3

}
q3

]
(5.11)

and

q2d = lim
s→∞D(s)

[
lim

s→∞Y (s) −
{

lim
s→∞(sN(s))

+ lim
s→∞

(
s2 d

ds
{N(s)}

)}
q3

]
, (5.12)

respectively. Here, aP ∈ R is the P (proportional) parameter, aI ∈ R is the I (integral) pa-
rameter and aD ∈ R is the D (derivative) parameter. Since Q(s) in (5.6) satisfies Q(s) ∈ RH∞
independent from the P parameter aP , the I parameter aI and the D parameter aD. In addition,
according to [62], if Q(s) ∈ RH∞, the controller C(s) in (5.4) stabilizes G(s). This implies that
the modified PID controller C(s) in (5.4) with (5.6) makes the control system stable for any
plant independent from P-parameter aP , I-parameter aI and D-parameter aD.
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Next, a design method for the controller Ĉ(s) to attenuate disturbance in Fig. 5.4 is shown.
According to [56], the controller Ĉ(s) to attenuate disturbance is given by

Ĉ(s) =
Nr(s)

1 + Q̃(s)
, (5.13)

where Nr(s) ∈ RH∞ is a function satisfying

N(s)Nr(s) =
1

(1 + τs)α Ni(s), (5.14)

where Ni(s) ∈ RH∞ is an inner function of N(s) satisfying

N(s) = Ni(s)No(s) (5.15)

and Ni(0) = 1, No(s) ∈ RH∞ is an outer function, τ ∈ R and α is an arbitrary positive integer
to make Nr(s) proper. Q̃(s) ∈ RH∞ is settled to satisfy 1 + Q̃(s) ∈ U .

Next, we summarize control characteristics of the control system in Fig. 5.4 . First, the
input-output characteristic of the control system in Fig. 5.4 is described. Transfer functions
from the reference input r(s) to the output y(s) and from the reference input r(s) to the error
e(s) = r(s) − y(s) are written by

y(s) =
G(s)C(s)

1 + G(s)C(s)
r(s) (5.16)

and

e(s) = r(s) − y(s)

=
1

1 + G(s)C(s)
r(s), (5.17)

respectively. From (5.16) and (5.17), the role of the modified PID controller C(s) in (5.4) of the
control system in Fig. 5.4 is to specify the input-output characteristic. In addition, we find
that from (5.16) and (5.17), the input-output characteristic is independent from Ĉ(s), F1(s) and
F2(s).

Next, the disturbance attenuation characteristic of the control system in Fig. 5.4 is described.
The transfer function from the disturbance d(s) to the output y(s) is written by

y(s)

=
1 + Ĉ(s)F2(s)

1 + G(s)C(s) + Ĉ(s) (F1(s)G(s) + F2(s))
d(s)

=
1 − N(s)Ĉ(s)

(
1 + Q̃(s)

)
1 + G(s)C(s)

d(s). (5.18)

From (5.18), the role of the controller Ĉ(s) of the control system Fig. 5.4 is to specify the distur-
bance attenuation characteristic. Therefore, even if the disturbance is unknown, the disturbance
d(s) is attenuated effectively if

1 − N(jω)Ĉ(jω)
(
1 + Q̃(jω)

)
= 1 − 1

(1 + τjω)α
Ni(jω)

� 0, (5.19)
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where ω is the frequency component of the disturbance d(s). This implies that when the con-
troller Ĉ(s) is designed to satisfy (5.19), the control system in Fig. 5.4 can attenuate unknown
disturbances d(s) effectively.

From (5.16) and (5.18), the role of the controller C(s) is different from that of Ĉ(s). The role
of the modified PID controller C(s) is to specify the input-output characteristic. The role of the
controller Ĉ(s) is to specify the disturbance attenuation characteristic.

Finally, the condition that the control system in Fig. 5.4 is stable is described. From (5.16)
and (5.18), it is obvious that the control system in Fig. 5.4 is stable if and only if following
expressions hold.

1. The modified PID controller C(s) makes the control system stable.

2. Ĉ(s) ∈ RH∞.

In the next section, we apply the modified PID control system in Fig. 5.4 for heat flow
experiment in Fig. 5.1 and illustrated the effectiveness of the modified PID control system in
Fig. 5.4 .

5.4 Experimental Result

In this section, we show the experimental result for temperature control for heat flow experiment
in Fig. 5.1 using the modified PID control system in Fig. 5.4 .

From Fig. 5.2 , we find that the transfer function from Vh to T1, which is temperature at
Sensor 1, is written by

T1 =
6.58

1 + 22.13s
Vh. (5.20)

T1 and Vh are considered as the output y(s) and the control input u(s) in the modified PID
control system in Fig. 5.4 . Then, from (5.20), G(s) in Fig. 5.4 is written by

G(s) =
6.58

1 + 22.13s
∈ RH∞. (5.21)

The reference input r(s) in Fig. 5.4 is settled as r(t) = 40 deg.
For the plant G(s) in (5.21), we design the control system in Fig. 5.4 . First, we design the

controller C(s) in Fig. 5.4 . N(s), D(s), X(s) and Y (s) in (5.4) satisfying (5.3) and (5.5) are
set as

N(s) =
0.2973
s + 10

∈ RH∞, (5.22)

D(s) =
s + 0.0452

s + 10
∈ RH∞, (5.23)

X(s) =
333.2895
s + 10

∈ RH∞ (5.24)

and

Y (s) =
s + 19.9548

s + 10
∈ RH∞, (5.25)
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respectively. aP , aI and aD are settled by


aP = 1
aI = 0.1
aD = 0.01

. (5.26)

Using above mentioned parameters, the modified PID controller C(s) is designed by (5.4) with
(5.6), where qi(i = 0, . . . , 3) are determined by (5.7), (5.8), (5.9) and (5.10),


τ0 = 15
τ1 = 25
τ2 = 1

(5.27)

and τD = 0.01.
Next, we design F1(s) and F2(s) in Fig. 5.4 . F1(s) and F2(s) are set as (5.1) and (5.2),

respectively, where N(s), D(s) and Q̃(s) are set as (5.22), (5.23) and

Q̃(s) =
−s2 − s

s2 + s + 0.01
. (5.28)

The controller Ĉ(s) in Fig. 5.4 to attenuate disturbance is designed by (5.13) with (5.14),
where

Nr(s) =
1

G(s)
1

(1 + τs)α ∈ RH∞ (5.29)

and {
τ = 0.05
α = 3

. (5.30)

Using above-mentioned parameters, we have the modified PID control system in Fig. 5.4
. Using designed modified PID control system in Fig. 5.4 , the response of the output y(t),
which is the temperature T1, is shown in Fig. 5.5 . Specially magnified detail drawing showing
between 38 deg and 42 deg of Fig. 5.5 is shown in Fig. 5.6 . Fig. 5.5 and Fig. 5.6 show
that the output y(t), which is the temperature T1, follows the reference input r(t) = 40 deg with
small steady state error. In addition, Fig. 5.6 show that the maximum gain of disturbance will
be reduced 0.2 deg.

In order to show that the proposed modified PID control system in Fig. 5.4 attenuates un-
known disturbances effectively, the difference is clarified by comparison with the response using
the conventional PID controller. When the conventional PID controller is used, the response of
the output y(t), which is the temperature T1, is shown in Fig. 5.7 . Specially magnified detail
drawing showing between 38 deg and 42 deg of Fig. 5.7 is shown in Fig. 5.8 . Fig. 5.7 and
Fig. 5.8 show that the output y(t), which is the temperature T1, follows the reference input
r(t) = 40 deg with small steady state error and the convergence speed is similar to that of the
control system in Fig. 5.4 . In addition, Fig. 5.8 show that the maximum gain of disturbance
will be reduced 0.4 deg, but it is less effective than that of the control system in Fig. 5.4 .

In addition, in order to show that the proposed modified PID control system in Fig. 5.4
attenuates unknown disturbances effectively, the difference is clarified by comparison with the
response using only the modified PID controller. That is, we show the difference between
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Figure 5.5: Experimental step response using the proposed modified PID control system.

proposed modified PID control system in Fig. 5.4 and the modified PID control system in
Fig. 5.4 with Ĉ(s) = 0. When Ĉ(s) = 0 in Fig. 5.4 , an experimental result of temperature
control for heat flow experiment in Fig. 5.1 is shown. Using the modified PID control system
in Fig. 5.4 with Ĉ(s) = 0, the response of the output y(t), which is the temperature T1, is
shown in Fig. 5.9 . Specially magnified detail drawing showing between 38 deg and 42 deg of
Fig. 5.9 is shown in Fig. 5.10 . Fig. 5.9 and Fig. 5.10 show that the output y(t), which
is the temperature T1, follows the reference input r(t) = 40 deg with small steady state error.
Fig. 5.10 show that the maximum gain of disturbance will be reduced 0.4 deg. The comparison
of Fig. 5.5 with Fig. 5.2 , Fig. 5.7 and Fig. 5.9 shows that using proposed modified PID
control system in Fig. 5.4 with the modified PID controller C(s) and the controller Ĉ(s) can
attenuate unknown disturbances effectively. In addition, the convergence speed of T1 to 40 deg
in Fig. 5.5 is faster than that in Fig. 5.9 . From the theoretical result that if the transfer
function from r(s) to y(s) in Fig. 5.4 is equal to that in Fig. 5.4 with Ĉ(s) = 0, the reason
why the convergence speed of T1 to 40 deg in Fig. 5.5 is faster than that in Fig. 5.9 is influence
of the disturbance d(s).

In this way, it is shown that the modified PID control system in Fig. 5.4 is more effective
for temperature control for heat flow experiment in Fig. 5.1 than the conventional PID control
system and the modified PID control system in Fig. 5.4 with Ĉ(s) = 0.

Next, when τ in the controller Ĉ(s) in (5.13) is varied, the comparison of the responses is
examined. The comparison of responses y for various τ as τ = 0.01, τ = 0.05 and τ = 0.4 are
shown in Fig. 5.11 , Fig. 5.12 and Fig. 5.13 , respectively. From Fig. 5.11 , Fig. 5.12 and
Fig. 5.13 , as τ decreases, the maximum gain decreases.

5.5 Conclusions

In this paper, we apply the modified PID control system in Fig. 5.4 to attenuate unknown
disturbances in [56] for temperature control heat flow experiment and show the effectiveness
of the control system to attenuate unknown disturbances in [56]. Results of this paper are
summarized as follows:
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Figure 5.6: Specially magnified detail drawing showing between 38 deg and 42 deg of Fig. 5.5 .

1. Proposed modified PID control system in Fig. 5.4 is effective temperature control for
heat flow experiment in Fig. 5.1 .

2. Proposed modified PID control system in Fig. 5.4 for temperature control for heat flow
experiment in Fig. 5.1 attenuates unknown disturbance effectively.

3. The convergence speed of the conventional PID control system is similar to that of the
control system in Fig. 5.4 with Ĉ(s) 	= 0, but the disturbance attenuation characteristic
is less effective than that of proposed modified PID control system in Fig. 5.4 .

4. When Ĉ(s) = 0, the convergence speed of the control system in Fig. 5.4 is similar to that
of the control system in Fig. 5.4 with Ĉ(s) 	= 0. That is, we found that the convergence
speed is independent from Ĉ(s). However, the disturbance attenuation characteristic of
the control system in Fig. 5.4 with Ĉ(s) = 0 is less effective than that of proposed
modified PID control system in Fig. 5.4 with Ĉ(s) 	= 0.

5. From Fig. 5.11 , Fig. 5.12 and Fig. 5.13 , the value of τ in the controller Ĉ(s) diminished,
the vibration of the response can be attenuated.
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Figure 5.7: Experimental step response using the conventional PID control system.
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Figure 5.8: Specially magnified detail drawing showing between 38 deg and 42 deg of Fig. 5.7 .
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Figure 5.9: When Ĉ(s) = 0, experimental step response.
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Figure 5.10: Specially magnified detail drawing showing between 38 deg and 42 deg of Fig. 5.9
.



5.5 Conclusions 63

0 10 20 30 40 50 60
39.4

39.6

39.8

40

40.2

40.4

40.6

t [sec]

y=
T

1 [
de

g]

Figure 5.11: The response of the output y, when τ = 0.01.
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Figure 5.12: The response of the output y, when τ = 0.05.
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Figure 5.13: The response of the output y, when τ = 0.4.
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Chapter 6

Conclusion

In this paper, we proposed a design method for modified PID controllers such that modified
PID controller makes the closed-loop system stable. Results of this paper are summarized as
follows:

In Chapter 2., we proposed a design method of robust stabilizing modified PID controllers such
that modified PID controller makes the closed-loop system stable for any plants with uncertainty.
Proposed modified PID controllers lose the advantage of the conventional PID controllers such
as

1. the control structure is simple.

2. the order of the controller is 1.

but have following advantages:

1. The modified PID controller makes the control system stable for any plant G(s) with
uncertainty.

2. The roles of P-parameter aP , I-parameter aI and D-parameter aD in the robust stabilizing
modified PID controller are equivalent to that of the conventional PID controller. That
is, P-parameter aP , I-parameter aI and D-parameter aD in the robust stabilizing modified
PID controller can be tuned using previously proposed methods in [7, 10, 11, 12, 13, 14,
15, 16, 17, 18, 22].

In Chapter 3., we have proposed a design method for a robust stabilizing modified PID
controller that makes the closed-loop system stable for any time-delay plant with uncertainty.
The proposed modified PID controllers do not have the advantages of the conventional PID
controllers in previous papers [6, 7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 22, 23, 24, 25, 26, 27, 28,
29, 30] such as:

1. the control structure is simple.

2. the order of the controller is 1.

However, they have the following advantages:

1. The modified PID controller makes the closed-loop system stable for any time-delay plant
G(s)e−sT with uncertainty. This implies that plants that cannot be stabilized by the
methods in [6, 7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 22, 23, 24, 25, 26, 27, 28, 29, 30] can be
stabilized using the proposed method.
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2. The roles of the P-parameter aP , I-parameter aI and D-parameter aD in the robust stabi-
lizing modified PID controller are equivalent to those of the conventional PID controller.
That is, the parameters can be tuned using methods proposed in [7, 10, 11, 12, 13, 14, 15,
16, 17, 18, 22, 23, 24].

In Chapter 4., we proposed a design method for modified PID control systems to specify
the input-output characteristic and the disturbance attenuation characteristic separately and to
attenuate unknown disturbances. The results in this paper are summarized as follows:

1. Modified PID control system was proposed as Fig. 4.1 .

2. Control characteristics of the modified PID control system in Fig. 4.1 were clarified. We
find that proposed modified PID control system in Fig. 4.1 can specify the input-output
characteristic and the disturbance attenuation characteristic separately. The role of the
modified PID controller C(s) is to specify the input-output characteristic. The role of the
controller Ĉ(s) is to specify the disturbance attenuation characteristic.

3. We present a design method of the controller Ĉ(s) to attenuate unknown disturbances
effectively.

In Chapter 5., we apply the modified PID control system in Fig. 5.4 to attenuate unknown
disturbances in [56] for temperature control heat flow experiment and show the effectiveness
of the control system to attenuate unknown disturbances in [56]. Results of this paper are
summarized as follows:

1. Proposed modified PID control system in Fig. 5.4 is effective temperature control for
heat flow experiment in Fig. 5.1 .

2. Proposed modified PID control system in Fig. 5.4 for temperature control for heat flow
experiment in Fig. 5.1 attenuates unknown disturbance effectively.

3. The convergence speed of the conventional PID control system is similar to that of the
control system in Fig. 5.4 with Ĉ(s) 	= 0, but the disturbance attenuation characteristic
is less effective than that of proposed modified PID control system in Fig. 5.4 .

4. When Ĉ(s) = 0, the convergence speed of the control system in Fig. 5.4 is similar to that
of the control system in Fig. 5.4 with Ĉ(s) 	= 0. That is, we found that the convergence
speed is independent from Ĉ(s). However, the disturbance attenuation characteristic of
the control system in Fig. 5.4 with Ĉ(s) = 0 is less effective than that of proposed
modified PID control system in Fig. 5.4 with Ĉ(s) 	= 0.

5. From Fig. 5.11 , Fig. 5.12 and Fig. 5.13 , the value of τ in the controller Ĉ(s) diminished,
the vibration of the response can be attenuated.
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