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Abstract

In this paper we study two-sided (left and right) axially symmetric solutions of a
generalized Cauchy-Riemann operator. We present three methods to obtain special
solutions: via the Cauchy-Kowalevski extension theorem, via plane wave integrals
and Funk-Hecke’s formula and via primitivation. Each of these methods is effective
enough to generate all the polynomial solutions.
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1 Introduction

Let Rg,, be the real Clifford algebra generated by the canonical basis {e1,...,en}
of the Euclidean space R™ (see [3, [11]). It is an associative algebra in which the
multiplication has the property z2 = —|z|> = — Z;nzl x? for any z = Z;”Zl xje; € R™.

This requirement clearly implies the following multiplication rules

arXiv:1609.07794v1 [math.CV] 25 Sep 2016

ejer +ege; = =205, j, ke {l,...,m}.

Any Clifford number a € Rg,, may thus be written as

a= ZGAGA, as € R,
A
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using the basis elements e = ej, ...e;, defined for every subset A = {ji,...,ji} of
{1,...,m} with j; < --- < ji (for A = 0 one puts ey = 1). Conjugation in Ry, is
given by @ = ), as€a, where €4 = €, ...€;,, €5 = —e;, j = 1,...,m. It is easy to
check that

ab = 56, a,be RQm. (1)

For each ¢ € {0,1,...,m} we call
Ré@n = spang (e4 : |A] =¢)

the subspace of ¢-vectors, i.e. the subspace spanned by the products of ¢ different basis
vectors. Thus, every element a € Rg,, admits the so-called multivector decomposition

=l

=0

where [a; denotes the projection of a on R( )
Observe that the product of two Chfford Vectors z=> " j=1zje; and y = Z;”ZI yj€j
splits into a scalar part and a 2-vector part

zy=zey+znyeRrf), Ry

0,m>

where

zey=—(z,y) = ijy]

equals, up to a minus sign, the standard Euchdean inner product between z and y,

while .

m
Z Z k(TjYk — TrY;s)
J=1k=j+
represents the standard outer (or wedge) product between them.
One natural way to extend the theory of holomorphic functions of a complex variable
to higher dimensions is to consider the null solutions of the so-called generalized Cauchy-
Riemann operator in R™*!, given by

8:130 + 8£7

where 9, = >

L1 €0y, is the Dirac operator in R™ (see [2 [, 6] [7, [9]).

Definition 1. A function f : Q — Rg ., defined and continuously differentiable in an
open set Q in R™ is said to be left (resp. right) monogenic in Q if (Oyy + 0z)f = 0
(resp.  f(Ozy + 0z) = 0) in Q. Moreover, functions which are both left and right
momnogenic, i.e. functions satisfying the overdetermined system

(8960 + 8£)f - f(axo + 8@) =0, (2)

are called two-sided monogenic.



In a similar fashion is defined monogenicity with respect to the Dirac operator 0.
Note that the differential operator 0., + 0, provides a factorization of the Laplacian in
the sense that

A =302 = (Duy +0:)(Osy — 0u)
5=0

and hence monogenic functions are harmonic.

One basic yet fundamental result in Clifford analysis is the Cauchy-Kowalevski
extension theorem, which states that every monogenic function in R™*! is determined
by its restriction to R™ (see [14]).

Theorem 1 (Cauchy-Kowalevski extension theorem). Every function g(z) analytic in
the open set Q2 C R™ has a unique left monogenic extension given by

CKg(z)](zo,z) =) (Zz0)” Iy 9(z),

n!
n=0

and defined in an open neighbourhood @ C R™+1 of Q.

This result leads to the construction of special monogenic functions depending on
the choice of the initial function g(z). For instance, if g is a function of the variable
(x,t) with ¢t € R™ fixed, then CK[g({z,t))] will produce a so-called monogenic plane
wave function (see [16 [17]).

Let us denote by M;(k) (resp. M, (k)) the set of all left (resp. right) monogenic
homogeneous polynomials of degree k in R™. Another class of special monogenic func-
tions we shall deal in this paper is the class of axial left monogenic functions (see
[12] 15, 18], 19]). They are left monogenic functions of the form

(M(wo,r)—l—%]\/(xo,r)) Pi(z), r=lz|, (3)

where M, N are R-valued continuously differentiable functions depending on the two
variables (zg,r) and Pg(z) belongs to M;(k). It can be easily shown that M and N

must satisfy the following Vekua-type system (see [20])
2k —1
Oz M — 0N = hrm—2 N
r (4)
O M + 9,y N = 0.

One may prove that every left monogenic homogeneous polynomial My (xg,z) of degree
k in R™*t! can be expressed as a finite sum of axial left monogenic functions, i.e.

k
My (zo.2) = ) CK[2"Ppp(@)] (w0,2),  Pron(z) € Mi(k = n), (5)
n=0

and thus showing that the axial left monogenic functions are in fact the building blocks
of the solutions of the equation (0, + 0z)f = 0.

The analogues of functions (8] for the case of two-sided monogenicity were intro-
duced in [I3] and are defined as follows.



Definition 2. Let Py ¢(x) be an R((f) valued polynomial belonging to My(k) (1 < £ <

7m_
m—1). A function is called azial two-sided monogenic if it is two-sided monogenic and
s of the form
A(wo, 1) Prp(z) + B(xo, )2 Py o(2) + C(20,7) P o(x)z + D(20,7)2 P 0(2)2,  (6)

where r = |z| and A, B, C, D are R-valued continuously differentiable functions in
some open subset of R2 = {(z1,22) € R?: x5 > 0}.

In order to allow for explicit computations we assume that Py, takes values in
the subspace of f-vectors. Note that this assumption implies that P}, is two-sided
monogenic. Indeed, from 0, P ¢ = 0 and using (1)) we obtain

£(0+1)

0=PpyOp=(-1)" 2 Pys0y.

It thus follows that Py ¢0; = 0. The consideration of functions (@) leads to a system of
first-order partial differential equations with variable coefficients (see [13]).

Proposition 1. A function is azxial two-sided monogenic if and only if C' = B and
( DpyA—10,B = (2k +m — 1) B

0z, B + %&A = gD

OroB —10,D = (2k + m + 2)D

1
8yyD + -0,B =0,
\ r

where pp = (—1)5(2¢ — m).

In this paper we study axial two-sided monogenic functions in a neighbourhood
of the origin. Each such function admits a Taylor series decomposition in terms of
two-sided monogenic polynomials that are of axial type.

In Section 2] we give a characterization of such two-sided monogenic polynomials in
terms of the Cauchy-Kowalevski extension theorem. In particular we characterize those
polynomials for which the CK-extension will be axial two-sided monogenic and prove
that this class of polynomials spans the space of all polynomials two-sided monogenics.

In Section [ we consider two-sided monogenic plane waves. They depend on a
parameter £ € S™~! and after integrating over the unit sphere S™! and applying Funk-
Hecke’s formula one obtains axial two-sided monogenics. We show that all polynomial
axial two-sided monogenics may be obtained as integrals of such plane waves. We also
construct axial two-sided monogenics that are expressed in terms of Bessel functions.

In the final Section [] we start from the simple observation that if

f(wo,z) = (M(3o,7) + = N(wo,r)) Prelz)

is axial left monogenic, then f(xo,z)(0z, — 0z) is axial two-sided monogenic. We prove
that all axial two-sided monogenics may locally be obtained in this way.



So we have several methods to obtain polynomials solutions. Of course one can also
consider axial two-sided monogenics in more general domains with possible singularities
on the axis or in the origin. It remains to be studied how such solutions might be
obtained from the methods exposed here.

A method for obtaining polynomial solutions to the Hodge-de Rham system was
obtained in [5]. Although the Hodge-de Rham system can be seen as a two-sided
monogenic system with respect to the Dirac operator d,, the authors do not use Vekua
systems (see [13]), Bessel functions and plane wave integrals.

2 Homogeneous two-sided monogenic polynomials in R”*!

The aim of this section is to prove an analogue of the decomposition (f]) for the case of
two-sided monogenic homogeneous polynomials in R™+1.
We begin by observing that

‘ o (—1)‘A|6A for j €A,
€ieAc = (—1)“4'“6,4 for jé¢A,

()

0,m

which clearly yields >, ejeae; = (—1)l41(2|A] — m)e4. Therefore for every a € R
the following equality holds

> ejae; = pea, e = (—1)" (20 = m). (8)
j=1

The fact that polynomial P ¢(z) in Definition 2 is two-sided monogenic remains valid

)

for every left monogenic function F'(z) with values in R((fm. We can say even more:
F(z) is two-sided monogenic if and only if [F(z)], is left monogenic for £ = 0,...,m
(see e.g. [1]). For the sake of completeness we include a proof here.

Proposition 2. Consider the multivector decomposition of function F(z), i.e.

F= Zm:[p]g.

=0
Then F is two-sided monogenic if and only if each [F|y is left monogenic.

Proof. We have already seen that the condition is sufficient so we have to prove only
the necessity. Put Fy = [F],. Observe that 0,Fy decomposes into a (¢ — 1)-vector and
a (¢ + 1)-vector, i.e.

OpFy = [0:F] T (0]

Hence F satisfies 0, F = 0 if and only if

{41

[0uFi 1], + [0cFr41], =0, £=0,...,m, (9)



with F_1 = F, 41 = 0. Similarly, F' is right monogenic if and only if
[Fg,13£]€+ [FHI@@]Z:O, £=0,...,m,

or equivalently

[3£Fg,1]z — [3£Fg+1]£ = 0, {= 0, e, My (10)
where we have used the identities
[Ffflaﬂz = (_1)671 [azFffl]w [F€+18£]z = (_1)6 [%Fﬂl]z'

It follows from (@) and (0 that [8£Fg,1] = [8£Fg+1] , = 0. This clearly ensures that
each Fj is left monogenic. O

Remark 1. The scalar part [Flo and the pseudoscalar part [F],, of a two-sided mono-
genic function defined in an open connected subset of R™ are constants.

In what follows, we recall some essential identities. Let A, B, C, D and P be as
in Definition Pl It is easily seen that

8£A:§:ej Oz; A i (0, A)( 835]7" arAg

and therefore 5.4
@(APW) = (@A)PM + A@QPM = TTEPIC,Z- (11)
Using the identity 0y(zf) = —mf — 22;”11 20y, f — 20, f and Euler’s theorem for

homogeneous functions, we also obtain that

@(BQPM) (6 B) Pk £ — B(mPk,g + 2 E mjaijM + gang,g)
Jj=1
= —((2k+m)B +r,B) Py (12)

On account of (§) we get

Oy (Prygz) = (0pPry) x + Z €j Pro(Or,;x) = 1o P p.

=1
This gives

9z (CPyyz) = j1C Py + &Tcﬁpk,eﬁ, (13)

Oy (DzPyyz) = —peDzPryg — ((2k + m + 2)D + 10,D) Py p. (14)

In the same way we can deduce identities for

(AP;M)OQ, (BQP;M)OQ, (CPIMQ)(?& and (DQPIMQ)OQ.



Lemma 1. Assume that Ry, (z), Sn(z) € Mj(n)NM,.(n) forn =0,...,k and let S, = 0.
If

k k
> (2" Bin + 2" xSk pz) + D |z[" " (@Rk—p + Sk—nz) =0,  (15)
nnejgn nno:dld

then all polynomials Ry, S, are identically equal to zero, except possibly Ry and Sp.
More precisely

R,=5,=0, n=1,...,k,
[Role = [Sole =0, £=1,....m—1,
[Rolo = (=1)*[Solo,  [Rolm = (=1)"™ [ Soln.
Proof. We shall prove the assertion by induction. When k = 1 we have
Ry + xRy + Soz = 0,
from which we obtain

0= 0£(R1 + xRy + Sog) = -—mRy+ Z ,u,g[So]g,

=0
m

0= (R +zRo + Soz)d; = Z pe[Role — mSo

and hence

It thus follows that
[Ro]g:[SQ]gZO, f=1,...,m—1,
[Rolo = —[S0]os [Rolm = (—=1)"[So]m,

showing also that zRy + Spz = 0 and therefore 1 = 0. The statement is then true for
k=1.

Now we proceed to show that if the assertion holds for some positive integer k > 1,
then it also holds k + 1. First, note that for k + 1 equality (I5]) may be rewritten as

k k
Repit+ D |z (@Re—n + Sk—nz) + Y (Jz|" Roep + [2[* ' 2Sk_nz) = 0.
nneflgn nnchld

Letting the Dirac operator 0, act from the left on the last equality, we obtain

Zk: (@’n Z (,U'Z[Skfn]f —(2k+m — n)[kan]Z) + n@\"‘zgskng>

n=0 l

n even

Py e (23 (604 DIR-ale = i) = 26+ =+ DSinz) =0,
n=1

= l
n odd



where we have used identities (II)-(I4]). On account of Proposition [2] and since we have
assumed that the assertion is true for k, it easily follows from the last equality that

(2k +m)[Ry]¢ — pe[Skle = 0 (16)
and
R,=5,=0, n=1,...,k—1,
[Role = [So]e = 0, {=1,...,m—1,
[Rolo = (=1)*"'[Solo,  [Rolm = (=1)""*[So]um.

These equalities imply that Ryi1 4+ 2Ry + Spz = 0. If we now let J, act from the right,
then we get
pe[Rile — (2k +m)[Skle = 0,

which together with (I6]) clearly implies that [Ry]; = [Sk]¢ = 0 and hence Ryy1 = Ry =
S, =0. d

We next recall two fundamental decompositions for homogeneous polynomials. The
first one is the classical Fischer decomposition in terms of harmonic homogeneous poly-
nomials while the second one is given using two-sided monogenic homogeneous polyno-
mials (see e.g. [6]).

Theorem 2 (Fischer decompositions). Let P(k) be the set of all homogeneous poly-
nomials of degree k in R™. By H(k) we denote the polynomials in P(k) which are
harmonic. If Py(x) € P(k), then the following two decompositions hold:

P, = Hy + |z|*Py_y, Hj € H(k), Pe_y € P(k—2),
Py =My +xP 1+ Qr1z, My € M(k)NM,.(k), Pr_1,Qr—1 € P(k—1).

Before proving the main result of the section it is useful to notice the following.

Remark 2. An analytic function g(x) has a two-sided monogenic extension if and
only if it satisfies the condition 0pg = g0y. Indeed, if f(xo,x) is a two-sided monogenic
extension of g, then from (2) it follows that Oy f = fOy and hence Oy,g = g0y. Finally,
observe that this condition implies that CK[g(z)] is two-sided monogenic.

Theorem 3. Suppose that My (xo,x) is a two-sided monogenic homogeneous polynomial
of degree k in R™*L. Then there exist polynomials S, (z) € My(n)NM,(n), n=0,...,k,
such that

k

Mi(wo,2) = Si(@) + Y CK [l (@Sh-n(@) + Sk-nl@)2) | (20, 2)
n'odd
k
+ 3 D K Audlal" Sk-n(@e + kel e[Sk (@) ez (20, 2),
n=2

n even

(2k +m —n — )
- .

where \p g = —



Proof. By Theorem [l we have that My(xo,z) = CK[M(0,z)](xo,z). As Mi(0,z) €
P(k) it follows from the second Fischer decomposition of Theorem [2] that

k ny
M(0,2) = > > 2™ " My, iy ()2,

n1=0n9=0

where My_p, n,(z) € Mi(k —n1) N M.(k —ny). Observe that 2™ "2 Mjy_,,, n,2"* may
be rewritten as

n12—2 n1_2 M
|£| LME—nq,nL,

ny
(=17 [z[*" My —ny n, or (=1)

for n; even, while for ny odd 2™ "2 Mj,_,, n,2"? equals

ni—1 ni=1 ni—1
lz|" T e My —pymy, or (1) 2 |z My iy

(1"

Therefore, there exist R, (x), Sn(z) € Mi(n) N M,(n) so that

2" (zRy—n(z) + Sk—n(z)z)

=
=
IE/

Il

=

ol

B
+
(]~

k
+ 3 (2" Ren(@) + 2" 228 n(x)a).
n=2

n even

Note that My (0, z) must satisfy the condition 0, M (0, z) = M (0, 2)0; since M (zo,x)
is two-sided monogenic. We thus get

kz_:l (\E!n > an,é([skfnfl]f - [kan71]2> + n!z\"_2£<5k7n71 - Rkn1)£>

n=0 l

n even

k—1
+ 3 Ja! (;Z (00 + DI Ry-n1le + bnelSt-n1le)
n=1

= ¢
n odd

_ Z <(n + D[Ri—n-1]e + bn7é[Skn1]Z>£> -0
]

where a,, 0 = 2k +m + py —n —2 and b, o = 2k +m — py —n — 1. Lemma [l now yields

Ry_, = Sk_n, n odd
[Ri—nle = An¢[Sk—nle, m even,

forn =1,...,k — 1. These relations can be assumed also in the case n = k. This leads
to the desired result. O



Corollary 1. Let k and n denote non-negative integers. FEvery two-sided monogenic
homogeneous polynomial in R™T1 can always be written as a finite sum of axial two-
stded monogenic polynomials of the form

CK [anelz* Pye(z) + 2?22 Py o(z)z],  CK[[z[*" (zPis(z) + Pre(z)z)],  (17)

)

where Py o is an Rgm—valued polynomial belonging to M;(k) (0 < £ <m) and

2k+2n+m — py

Ont = 2n

Proof. Observe that Theorem [3] actually shows that any two-sided monogenic homo-
geneous polynomial in R™*! can be decomposed as a finite sum of left monogenic
polynomials of the form (7). We can claim that these polynomials are two-sided
monogenic since their restriction to R satisfy the condition 0,9 = ¢g0,. Finally, with
the help of identities (II))-(I4]), it is easily seen that they are of the form (6l and hence
are axial two-sided monogenic polynomials. O

3 Monogenic plane waves leading to axial two-sided mono-
genics

Let h(z,y) = u(z,y) +iv(z,y) be a holomorphic function and assume that t € S™ ! is
a fixed unit vector. It is easy to verify that

(O + Ox)h(20,0) = Opyh(x0,0) + L Oph(x0,0) = (1 + it)Op, h(x0,0),
where 6 = (z,t). Using now the fact that 1 + it and 1 — it are zero divisors, we get
(O + 02) (1 = i) (o, 0)) = (1 + it)(1 — it) Dy (o, 0) = 0,
which implies that (1 — it)h(xo,0) is a monogenic plane wave.
Starting with these monogenic plane waves and using Funk-Hecke’s formula we will

be able to devise a method for constructing axial two-sided monogenic functions. For
the reader’s convenience we first recall:

1
Theorem 4 (Funk-Hecke’s formula [10]). Suppose that/ |F@))(1 = )24t < o
-1

and let £ € Sm=1 If Yi(z) is a spherical harmonic of degree k in R™, then

1
/Sml FUEDVEASt) = oG (©) [ FOCU0) (1)

where Cy(t) denotes the Gegenbauer polynomial CY(t) with v = (m —2)/2 and op—1 is
the surface area of the unit sphere S™=2 in R™~1,

10



Let Ay, =Y 0?2 be the Laplacian in R™ and assume that Py ¢ is an Rg) valued

j=1"x; m-

polynomial belonging to M;(k). Applying the following identity
m
j=1
one can easily check that polynomials P}, ¢, P, ¢x are harmonic and that

Ay (2 Py x) = 205 (Pyyx) = 210 Py ¢

m
Ag (1zI* Pe) = (Ag|zl?) Pog+ 42 20, Pr o = 2(2k +m) Py p.
j=1

The last two equalities enable us to get the classical Fischer decomposition of 2P, yx,
namely:

4
2Py = <£Pk,££— o]? PM> + 2=t p,, (18)

¢
2k +m 2k +m
Theorem 5. The function defined by

1

Om—1

Tilannz) = —— [ (oo @.0)(1 = ) Pe®1 — i)dS(0)

18 axial two-sided monogenic with

1

<(2k +m— pg)C(1)7? /_1 h(zo, rt)Ci(t) (1 — 2) "% a

—k
Ap(xo,7)

:2k+m
1

+iig Ck+2(1)1/

h(zo, 1) Craa(t) (1 — £2) "2/ dt) ,
—1

1

By(zg,r) = Ch(zo, 1) = —ir_k_lC/,H_l(l)_l /_1 h(zg,rt)Clriq(t) (1 — tz)

(m—3)/2 dt,

1

Dy (z0,7) = —r_k_20k+2(1)_1/ h(zo,7t)Clia(t) (1 — t2)(m*3)/2 dt.
~1

Proof. 1t is clear that for any ¢t € S™~1 the function h(zo, (x,t))(1 — it) Py ¢(t)(1 — it)
is two-sided monogenic and hence so is the function Ij(zg,z). We thus only need to
show that it may be written as

Iy = ApPy g+ BraPy g + Cp Py oz + Dpx Py g

In order to perform this task we must compute integrals of the form

1

Om—1

[ hlan, (e ) @S0

11



where F(t) can be equal to Py ¢(t), tPye(t), Pre(t)t or tPy(t)t. These integrals shall
be denoted by I, I, I3 and I,. We then have that

I, =1, —ily —ils — I,.

The first three integrals may be computed directly by applying Funk-Hecke’s formula
since Py ¢(t), Py ¢(t) and Py ¢(t)t are harmonic polynomials. Indeed, writing z in polar
coordinates, i.e. x = rw, we obtain

! (m—3)/2
Il = Pk,g(g)ck(l)fl / h(xo,rt)Ck(t) (1 — t2) dt
-1
' (m=3)/2
12 = ngj(g)CkH(l)_l / h(CCQ,Tt)Ck+1(t) (1 - t2) " dt,
-1
! (m—3)/2
Ig = Pk,g(g)gcqul(l)fl / h(xo,rt)CkH(t) (1 — t2) dt.
-1

Finally, from (I8]) and using Funk-Hecke’s formula we also get

Iy = <£Pk,5(£)<£ - Qk/f m&,z(&)) Cri2(1)7!

1
x/ h(zo, 1) Crya(t) (1 — £2) 22 gt
—1

1

i _ (m—3)/2
+ Y3 mPk,Z(g)Ck(l) 1 /1 h(xo,rt)Ck(t) (1 — t2) dt,

which completes the proof. O

In the next examples we compute I}, for the cases h(x,y) = e**% and h(z,y) = (z+iy)™.

Example 1. An axial two-sided monogenic function of exponential type was obtained
in [I3] by assuming the existence of a solution of (7)) of the form

A(zg,r) = €™a(r), B(xo,r) = €*b(r), D(xg,r) = €e*0d(r).

This assumption led to an ordinary differential equation of second order for b(r) which
could be solved by means of the Bessel function of the first kind Jy /2 (r), namely

b(r) =12 Juym (r).
From this it easily follows that

d(r) =r"2  Jm (),

a(r) = (2k +m — pe)b(r) — r2d(r).

12



We will now show that this particular solution of system (7l) can be derived from
Theorem [B by assuming h(z,y) = e*T%¥. In order to do this we shall use the following
equalities

vy TQRv+Ek) ny _ ~(n-2)!
Cell) = ET(2v) <§) _ﬁszl)/z’
1 _ 217R T (2v 4 k)
datery (1— ) Pa=" a ¥ Jgiv(a),
| et 1-#) T 1o (a)

where I" denotes the Gamma function and n!! the double factorial of n (see e.g. [§]). It
follows that

1
rkck(l)l/ ety (t) (1 — )" ar

—1
= V2 (m — 3k FEm2=D g (),

from which we immediately get
By (xo,7) = V21 (m — 3)!1i*e™b(r), Dy (zo,7) = V21 (m — 3)!li¥e™d(r).

For computing Ay (xg,r) we also need the recurrence relation
2 ) = Ja () + Ty ()
to obtain Ay (xg,r) = V21 (m — 3)!1i¥e™a(r). Therefore
In(wo, 2) = V2 (m = 3)!1i*e™ (a(r) Pre(z) + b(r)zPr(z)
+b(r) Py e(z)z + d(?“)ﬂ%z(@)&)

for h(z,y) = T,

Example 2. Other two interesting choices of h are provided by the holomorphic
functions
h(z,y) = (z +iy)* ", h(z,y) = (@ + i)+
because they yield the basic axial two-sided monogenic polynomials (7).
Let us first consider the case h(z,y) = (z + iy)**?". Note that for this case
h(0,7t)Ci41(t) is odd as a function of ¢ and therefore By (0,7) = Cj(0,7) = 0. For
the computation of Ay (0,7) and Dy (0,r) we use the following identity

1 b T2v + K)T(20+ k+1)T nr 1
/ 5200 (1) (1 - 2) 12 4 — v+ RI2p+k+ DT (v+3) T (p+3)
0 2T (2 (2p + 1) K T(k +v 4+ p+ 1)

and we can conclude that

(=)™ 127 (k + 2n)!(m — 3)!14*
(2n — 2)1(2k + 2n + m)!!
x CK [ o[> Proo(z) + 2> *2Pr o(2)z] (20, 2).-

In(zg,z) =

13



A similar analysis can be made for the case h(z,y) = (z + iy)*+2"*! to obtain

(—=1)"V2r (k + 2n + 1)!(m — 3)11i¥
(2n)N(2Fk 4 2n +m)!!

In(zo,2) =
x CK[|z|*™ (2Py o(z) + Py e(2)z) ] (20, ).

Remark 3. In view of Corollary [l it does follow that every two-sided monogenic ho-
mogeneous polynomial in R™TL can always be written as a finite sum of functions I,
where h(x,y) = (x +iy)* 2" or h(x,y) = (x + iy)F T2+,

4 A characterization in terms of derivatives of axial left
monogenic functions

Proposition [I] gives a characterization of the axial two-sided monogenic functions. The
goal in this section is to offer an alternative description by showing the connection

between these functions and the axial left monogenic functions.
()
0

Suppose that Py is an R ;,-valued polynomial belonging to M;(k). If

x
(M (20,7 + = Nao,1)) Prsle)
is axial left monogenic, then it is clear that
T
[(M(@0.) + = N(wo,1)) Prsle)| (D, = 02)

is also right monogenic. This function is moreover of the form (@) with

oo _OM 0 (N/)

T T T

N . 9N

A= 8$0M — Ueg—, B (19)
r

and hence is axial two-sided monogenic. Observe that B = C, which follows from the
second equation of ().

It is natural to ask whether every axial two-sided monogenic function can be ob-
tained in this way.

Theorem 6. Let ' = APy, ¢+ BxPy, o+ CPy, yx + D2 Py, oz be an axial two-sided mono-
genic function defined in an open neighbourhood of

Q= {(1‘0,&) e Rm*L: (.%'0,7“) S [al,bl] X [ag,bg] C RQ, ag > O} .
There exists an axial left monogenic function (M + Ly ) Py o such that
r
x
Flao,2) = | (M(@o,7) + = N(w0,1)) Pee()] (9ry = 02) = cPre(a),
where ¢ is a real constant.
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Proof. On account of (I9) we need to find solutions M, N to the system
oM = —rB
O (N/r)=—rD
that satisfy the Vekua system (). Thus we have

M(xg,7) = — /7’ tB(xq,t)dt + o),

az

N(zo,r) = r <_ / £D (o, £)dt + 5(x0)> .

a2

Using the last two equations of ([7) we obtain

D, M = _/ (t20,D (0, 1) + (2K + m + 2)tD (w0, 1)) dt + o (xo)

a2
r

= —(2k + m)/ tD(zo,t)dt — (tD(xo,1)) ‘z; + o (x0),

2

0N =1 ( [ . nar + B’(wo)> =7 (Bleo. 0], + B(20))
Hence

2k -1
DaM — 0N = ZEEZIN () — (2k + m)Blao) + a3D (o, )

and

M+ 0N =1 (5’(350) — B(xo, ag)) )
Therefore, M and N satisfy the Vekua system () if and only if

o (o) — (2k +m)B(wo) = —a3D(xo, az)
B'(z0) = B(zo, az).

Thus, it is possible to find an axial left monogenic function <M + Ly > Py, ¢ such that
r

F(xzg,z) — [(M(mo,r) + % N(wo,r)> Pk,g(g)} (Ong — Oz) = c(x0,7) Py (),

where ¢(zg, ) is an R-valued function. The monogenicity of the left-hand side of the
last equality implies that function ¢(zg, ) is a constant. O
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