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Fueter’s Theorem for Monogenic Functions
in Biaxial Symmetric Domains

Dixan Pena Pena, Irene Sabadini, and Franciscus Sommen

Abstract. Fueter’s theorem discloses a remarkable connection existing be-
tween holomorphic functions and monogenic functions in R™*! when m
m—1

is odd. It states that Af,:fHT [(u(wo, |z|) + i v(zo, |z])) P (z)] is mono-
genic if u + v is holomorphic and Pj(z) is a homogeneous monogenic
polynomial in R™. Eelbode et al. (AIP Conf Proc 1479:340-343, 2012)
proved that this statement is still valid if the monogenicity condition on
Py (z) is dropped. To obtain this result, the authors used representation
theory methods but their result also follows from a direct calculus we
established in our paper Pena Pefia and Sommen (J Math Anal Appl
365:29-35, 2010). In this paper we generalize the result from Eelbode
et al. (2012) to the case of monogenic functions in biaxially symmetric
domains. In order to achieve this goal we first generalize Pefia Pena and
Sommen (2010) to the biaxial case and then derive the main result from
that.

Mathematics Subject Classification. 30G35, 31A05.

Keywords. Clifford monogenic functions, Fueter’s theorem, Fischer
decomposition.

1. Introduction

Let R, be the real Clifford algebra generated by the standard basis {e1, ..., en}
of the Euclidean space R™ (see [2,17]). The multiplication in this associative al-
gebra is determined by the relations: e? =—1,ejep+ere; =0,1<j#k<m.
Any Clifford number a € R,, may thus be written as
a= ZaAeA, as € R,
A

where the basis elements e4 = e;, ...e;, are defined for every subset A =
{g1,-- - gk} of {1,...,m} with j; <--- < ji (for A =0 one puts ey = 1).

W Birkhiuser
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Observe that R™*! may be naturally embedded in R,, by associating
to any element (Xo, X1,...,X,,) € R™*! the paravector Xo + X = Xo +
Z;’;l Xje;. Furthermore, by the above multiplication rules it follows that
2 m
X' =—XP=-3", X7,
The even and odd subspaces R\, R are defined as

R;:{aeRm:a: Z aAeA}, R;:{aeRm:a: Z aAeA},

|A] even |A| odd

where |A| = j; + -+ + jk. The subspace R} is also a subalgebra and we have
that

R, =R} @R,

Consider the Dirac operator dx in R given by

m
8&: E ejan,
j=1

which provides a factorization of the Laplacian, i.e. 9% = —~Ax = - >1" | 9% ..
Functions in the kernel of dx are known as monogenic functions (see [1,7,10,

13,14]).

Definition 1. A function F' : Q — R, defined and continuously differentiable in
an open set 2 C R™ is said to be (left) monogenic in Qif Ox F(X) =0, X € Q.
In a similar way one defines monogenicity with respect to the generalized
Cauchy-Riemann operator dx, + dx in R™+1.

It is clear that monogenic functions are harmonic. Furthermore, for the
particular case m = 1 the equation (9x, + 0x)F (X, X) = 0 is nothing but
the classical Cauchy-Riemann system for holomorphic functions. This is not
the only connection existing between holomorphic and monogenic functions as
the following result shows (see [28]).

Theorem 1 (Fueter’s theorem). Let w(z) = u(x,y) +iv(x,y) be a holomorphic
function in the open subset = of the upper half-plane and assume that Py (X)
18 a homogeneous monogenic polynomial of degree K in R™. If m is odd, then
the function

(03, + Ax) < [(U(Xm 1)+ 25 o, |X|>> PK<X>] W

is monogenic in Q@ = {(Xo,X) € R™*: (X,,|X]|) € E}.

The idea of using holomorphic functions to construct monogenic functions
was first presented by Fueter [12] in the setting of quaternionic analysis (m = 3,
K = 0) and for that reason Theorem 1 bears his name. In 1957 Sce [26]
extended Fueter’s idea to Clifford analysis by proving the validity of the above
result for the case K = 0, m odd. Forty years later Qian [23] showed that a
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similar result holds when m is even. In the last years several articles have been
published on this topic (see e.g. [3-6,9,11,16,20,25]). For more information we
refer the reader to the survey article [24].

Consider the biaxial decomposition R = R? @ R?, p + ¢ = m. In this
way, for any X € R™ we may write

X=zx+y,
where z =377 xje; and y = 32, ¥p4j€p4;. We shall denote by R, and R,

the real Clifford algebras constructed over R? and R? respectively, i.e.
R, = Algg{er,....ep}, Ry =Algg{epi1,....em}.

In this paper we further investigate the following generalization of Fueter’s
theorem to the biaxial case (see [19,21,25]). We note that in this setting there
is a slight change regarding the initial function w. Namely, w will be assumed
to be antiholomorphic, i.e. a solution of 0,w = 0, where 0, = %(8:,3 —10y).

Theorem 2. Let w(Z) = u(x,y) + iv(z,y) be an antiholomorphic function in
an open subset of {(z,y) € R? : =,y > 0}. Suppose that Py(z) : R — R, and
Py(y) : R? — R, are homogeneous monogenic polynomials. If p and ¢ are odd,
then the functions

Ft, o [w(z), Pe(2), Po(y)] (X)
_ ARt ulla zy .
= a7 | (el b + o ol ) PP
pa [0(Z), Pr(2), Pe(y)] (X)
ko2
= A% [( alle o + & ol ) ) @) P

are monogenic.

= \\&

It is remarkable that Theorem 1 is still true if Pg(X) is replaced by a
homogeneous monogenic polynomial Px (X, X) in R™*! (see [22]), or if the
monogenicity condition on Pk (X) is dropped. The latter result was proved in
[11] with the help of representation theory, but it can also be derived using
the results obtained in [22].

Motivated by [11] and using similar methods as in [22], we prove in this
paper that Theorem 2 also holds if Py(z) and Ps(y) are assumed to be only
homogeneous polynomials. B

2. A Higher Order Version of Theorem 2

The goal in this section is to generalize Theorem 2 to a larger class of initial
functions. More precisely, we shall assume that w(z,z) = u(z,y) + iv(z,y) is
a solution of the equation
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0. AL jw(2,2) =0, A, = 02 + 85, € No. (2)

In particular, poly-antiholomorphic functions of order y + 1 (i.e. solutions of
Ot lw(z,z) = 0) clearly satisfy Eq. (2).

It is possible to compute in explicit form the monogenic function produced
by Theorem 1 using the differential operators

d n d n
R — ! > 0.
(x d:c) , ( L ) , n>0 (3)
Namely, function (1) equals

2K +m — 1) <(RlaR)K+’"21 u(Xo, R)

m—1

3 Or R o0, 1) ) P,

where R = | X]| (see [19,20]).
The differential operators in (3) possess interesting properties (see [9,19,
20]) and in this paper we shall use the following.

Lemma 1. If f : R — R is a infinitely differentiable function, then

0 () s = () s - 2m (xj)+ f(@),
(i) %22 (;i: x—l)n flz) = (ddx x‘1>n dd—; () —2n (di x_1>n+l f(@),
(ii) (ddx m—l)n %f(x) = % (x_ljx)" f(x),
W (2 ) 21 (5 m—l)nﬂx) — et (4 m—l)nﬂx)-

Due to the decomposition R™ = R? @ R it is convenient to split dx and Ax
as

p q
Ox =0+ 0y =) €0, + > eprjOu,,,

j=1 j=1
P q
Ax = Ay + 4y = Zaij +Zagp+j'
j=1 j=1
Furthermore, for any z € RP and y € R? we put
w=gz/r, r=|zl,
v=ylp, p=lyl

In this section, like in Theorem 2, we assume that Py(z) : R? — R, and
Py(y) : R? — R, are homogeneous monogenic polynomials. It is convenient to
make a few observations about these polynomials.
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Remark 1. First, note that Py(x) can be uniquely written in the form Py (z) =
Pl (z)+ P, (z), where P (z), P, (z) take values in R}, R respectively. Since
37P+(7) €R,, 0. P, (z) € R} for z € RP, one can conclude that Py(z) is
monogenic if and only if both components P;f (z) and P, (z) are monogenic.
Of course, a similar remark holds for P;(y).

Let Ay = 92 4+ 07 be the two-dimensional Laplacian in the variables (r, p) and
recall the definition of a multinomial coefficient

( n )_ n!
J12J25 -5 Js Jilgal- - gl

Consider the function D : Ny x Ny — Z satisfying
D(an) = 17 D(jlva) = D(.?lvo)D(()»]Z)v jlan >1
J J
D(,0) =[] @k+p-(2s-1)), DO,j)=]]@+q-(2s-1), j>1L
s=1 s=1

Lemma 2. Suppose that h : R? — R is an infinitely differentiable function in
an open subset of {(x,y) € R? : z,y > 0}. Then for n € N and s, s2 € {0,1}
it holds that

A"&(h(r,p)gs v* Pr(z)Pe(y ))

|5 (o) PR ) | £ PP

J1,J2,M —J1 — J2

J1+j2<n
J1,52>0
(4)
where
20 p) = (70 (p710,) " AL N, p),
]11’?]-2(7”,/)) = (aTT 1)j1 (p '9 P)J An - hh 7“ P)
0L (rop) = (7107 (957 AT R h(r, ),

Wi (o) = (0™ )" (0, 07)" A3 h(r p).

J1,J2

Proof. We shall prove the case s; = so = 0 using induction. The other cases
can be proved similarly. First, note that

bS]

and hence



1752 D. Pena Pena et al. Results Math

From this equality and using Euler’s theorem for homogeneous functions we
obtain

Ay (hPy) = (Agh) Py +2 f: (02,h) (0, Pr) + h(ApPy)

J=1

9 p—1 Oh &
= (OFh+=——0h ) P +2== ) 00, Py
j=1

T
2k -1
_ <a,%h st &JL) P..
In a similar way one also get
20+qg—-1

Ay (hPy) = (8§h+ p

oyh) .

These equalities then yield

2k+p—1 20 -
Pl nt 2218
r p
It is clear that the assertion is true in the case n = 1. Assume now that the
identity holds for some natural number n. We thus get

AV (hPeP) = Y ( " >D(j17j2)

ji4ja<n jlaj??n _jl _j2
71,3220

XA& ((Tﬁlar)jl (/flc”)'p)h Agijlijzhpkpg) .

1
Ax (hPpPy) = <A2h + aph> PP (5)

By statement (i) of Lemma 1 we obtain
Ay (r_lﬁr)jl (p_lap)j2 Ag_jl_th _ (r_lar)jl (p_lap)h Ag+1_j1_j2h
—2, (Tflar)jﬁ-l (pflap)b Ag*jl*jzhizh (7’715‘7’)]’1 (pflﬁp)jz-ﬁ-l Ag*jl*]éh.
This equality and (5) imply that
D(jl,jg)Ai ((rflar)jl (pflap)h A;L_jl_thka[>
= (DG (10" (5719, A5
+D(jy + 1,42) (r10,) " T (p710,)" ATy
+D(j1,j2 + 1) (Tﬁlar)jl (pflap)jﬁ_1 Ag_jl_j2h> PP,

Therefore
A (hPePy) = (T1 + To + Ts) P Py, (6)
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where
n o 3 ) 3 ) L
T, = Z o ) _)D(jh]z) (’r’ 18T)J1 (p lap)h A;l+1 Ji=drp,
Jitjasn I J2 T IL g2
Ji,J220
n o _ . _ . L
Ty = Z ‘ . . ] )D(.717.72) (r 18T)J1 (P 18P)J2 A;L+l J1 th’
Jitja<n+1 J1 = 17]27”4»17']1 —J2
J121,72>0
n o 3 ) 3 ) L
Ts = . . .)D(Jhyz r71o.)" (p710,) " AGTIT TR,
jo e Lndleji o ) (r10r)" (p710,)7 A

Jitiz<n+l J1s
J120,j22>1

Observe that set {(j1,72) : j1+7J2 <n+1, j1,j2 > 0} can be expressed as the
union of the disjoint sets {(0,0)}, {(n+1,0)}, {(0,n+1)}, {(5,0): 1 <j <mn},
{(0.): 1<j<n}{Gin+1—j): 1<) <n}and {(rja) : Ju+Jz <
n, j1,j2 > 1}. Taking this into account it is easy to verify that (6) equals

n—+1

n+1—j *JQ)D(jl’jQ) (r1on)" (p718,) AT I h | PP

htiasny1 I I
J1,J220

Thus proving the assertion for n + 1. O

Remark 2. Theorem 2 yields biaxial monogenic functions, i.e. monogenic func-
tions of the form

(A(r, p) + wr B(r, p)) Pr(z) P (y)
(wC(r,p) +vD(r,p)) Pr(z) Pe(y),

where A, B, C, D are R-valued continuously differentiable functions in R? (see
[8,15,18,27]). A direct computation shows that the pairs (A, B) and (C, D)
satisfy the following Vekua-type systems

. 204+qg—1 9 1 9 .
0 A+9,B=—="1""B {arc_*_apD:_k—f—p o 2ta-1,
r P
2k -1
9,A-0,B=""TP"1lp 8,C — 8,D = 0.
T

We now come to our first main result that generalizes [22] to the biaxial case.

Theorem 3. Suppose that w(z,Zz) = u(z,y) + v(z,y) is a C-valued function
satisfying the Eq. (2) in the open set = C {(z,y) € R? : 2,y > 0}. If p and q
are odd, then the functions

T
_ A?HH”‘;? {
Z

— A£k+€+ m=2 [(gu(r, p) +vu(r, p))Pk (Q)Pg(g)}
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are monogenic in = {X = (g, g) eR™: (r,p) }

Proof. We use Lemma 2 to compute th:; in closed form. First, note that

function w also satisfies the equation A‘QLHw =0, thus

m—2 .
ABFTRFETT 207020 0 for gy + o < k+ £+ (m — 4)/2.

Since p and ¢ are odd we also have that D(ji,j2) =0 for j; > k+ (p+1)/2
or jo > £+ (qg+1)/2. It follows that for n = u+ k+ ¢+ (m — 2)/2 the only
term in (4) which does not vanish corresponds to the case j1 =k + (p — 1)/2,
jo =€+ (¢ — 1)/2. Therefore

th:;[ ( )Pk()Pég](X) (2k+p—1)l|(2£+q_1)
><< u+k+€+

k+p +q 17 ) Tp +WVB(TP))PIC( )PE()

with
A= (r0)T (579,) T Al
B= (0,7 " (9,071)"T Al

It thus remains to prove that (A, B) fulfills the first system of Remark 2. Using
statement (iii) of Lemma 1 and the fact that w satisfies (2) we obtain

0,4 = (0,7 T (p719,) T o4k
~ (0T (0710,) T 0,800,
Hence we get

OrA+0,B =~ (0, Tﬁl)k—k%l <(p18p)é+q;1 OpAZv
~0, (9, Pfl)u%l AQLU)

20 -1 p-1 a1
=T (5, )T (9,07) T Ab,
P
where we have also used statement (iv) of Lemma 1. In a similar fashion, it
can be shown that

2k+p—1 1\ k2 EERV A==
0,A—0,B = — (Opr DT (0,0 1) 2 Abv.
The proof of Ft}",~ goes along the same lines as that of Ft,"; . Indeed, it follows

from Lemma 2 that

et [w(z,%), Pi(z), Po(y)] (X) = (2k +p — D20 + g — 1)1

p+k + 0+ m=2
. (k + 5= Loy at ,,u> (gC(r, p) +vD(r, P))Pk(l)Pz(y%
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with
C= (0,7 )" (710)" A,
D= (r_lar)k#%l (8p p_l)pr%l Abv.

One can check, using statements (iii) and (iv) of Lemma 1 as well as equation
(2), that (C, D) satisfies the second system of Remark 2. O

3. Fueter’s Theorem with General Homogeneous Factors

We arrive at the third and last section of the paper where we shall prove
our main result. In the proof we use Theorem 3 and the well-known Fischer
decomposition (see [10]):

Theorem 4 (Fischer decomposition). Every homogeneous polynomial Hy (X)
of degree K in R™ admits the following decomposition

K
(X) =) X"Px_n(X),
n=0

where each Pg_,(X) is a homogeneous monogenic polynomial.

Theorem 5. Let w(z) = u(x,y) + iw(z,y) be an antiholomorphic function in
the open set = C {(z,y) € R*: x,y > 0}. Suppose that Hy(z) : R — R, and
Hy(y) : RY — R, are homogeneous polynomials. If p and q are odd, then the
functions

Fty, [w(z), He(z), He(y)] (X) and Ft,, [W(f) Hy.(z), He(y)] (X)
are monogenic in ) = {K = (L g) eR™: (r,p) }

Proof. We only prove the statement for function Ft 4 Since the proof for Ft,
is similar. Note that the Fischer decomposition enbureb the existence of homo-
geneous monogenic polynomials Py_,, () and Py_,,(y) such that

Hk(.lf) ZZ-T ‘P n1 Z/ P 712()

ny= 0 ’ﬂg_O

This gives
Ftyq [w(2), Hi(2), He(y)] (X)

k ¢ L
=30 3 AN [(ulrp) + wpv(r ) Py (@) 57 Peena )]

n1=0ns=0
It will thus be sufficient to prove the monogenicity of each term in the previous
sum. On account of Remark 1 we may assume without loss of generality that
Py, (z) takes values in R} and hence

2™ Py, (2) Y™ Prony (y) = 2"y Prony (2) Pron, ()-
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It is easy to verify that if n; + nsy is even, then

A [(ulr, ) + wro(r, p) 2™ g Py (2) P (3)]

= Ftpl 2% [w(Z)h* (2, 9), Peon, (2), Pr—n, (y)] (X)),

nj+mng
2

(1)
(-1) ix™y" for nq,ne odd.
Similarly, if n; + ng is odd, then

x"yn? for nq,ns even
nytng—2
2

where h™(z,y) =

AT [(ulr, ) + wror, p) 2™ g Py (2) P (3)]

= Ftpl 27 [w(2)h™ (2, y), Pon, (2), Pr—n, (y)] (X),

nitng—1
(=) =2z a™y" for ny odd, ny even

(—1)%2’3&113/”2 for nq even, ns odd.
Clearly, h™ satisfies 971 t"2+1h* = (0 and for that reason
8?1+"2+1 (w(?)hi (3;‘, y)) _ w(E)ag1+nz+1hi(x7 y) —0.

Consequently, the functions w(Z)h* (x,y) are solutions of (2) for p = ny + na.
The result now follows from Theorem 3. O

where h=(z,y) =

We conclude with some examples involving the homogeneous polynomials
Hi(z) = (z,t)*, Hi(y) = (y,s)¢, where t € R? and s € RY are arbitrary
fixed vectors. In order to avoid too long computations we have chosen the
casesp=q=3,k=1,2and £ =1.

el (2%, . 0), ()] () = (e )y, ) + 2

2L 1)y ) — ey,

2 2 2 2
LG +i5’)p )zé@’t> (G +3P )ts
T T

,8)] (X) = 10(z, t)(y, 8) — 2t y(y, s) + 2z s(z, t) + (r* — p°)ts

S

1 (X) = 140(+* — p*) (2, ) (y, 8) — 56 z y(x, t)(y, s)
—4(Tr?* = 5p")ty(y, s) + 4(5r* — Tp*)z s(z, 1)
+(5r" — 14r°p* + 5p" )t s

. 3r? ?
Fts [i2°, (2, £), (3, 8)] (X) = i—;(@ )y, s) — (J;#@,D(y’ s)
L7+ 507) (t(y, s) + s(z, )

e
Ftss [2°, (2,1), (y,8)] (X) = 2(z — y) {2, t)(y, s) + (r° — p?) (¢(

y
Ftys 27 (2, 0)%, (1, 8)] (X) = 8 (5z — Ty) (=, t)*(y, s) — 4(7r* — 5p7)|tl%y
+4(5r° — 7p%) (2t(z, t)(y, s) + [t 2 (y, s) + sz, 1)?)

+(5r" — 1407 p” + 5p*)[t]*s
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