
Large-Graph Layout Algorithms at Work:An Experimental StudyStefan Hahul Mihael J�ungerInstitut f�ur InformatikUniversit�at zu K�olnPohligstra�e 1, 50969 K�oln, Germanyfhahul,mjuengerg�informatik.uni-koeln.deAbstratIn the last deade several algorithms that generate straight-line draw-ings of general large graphs have been invented. In this paper we investi-gate some of these methods that are based on fore-direted or algebraiapproahes in terms of running time and drawing quality on a big va-riety of arti�ial and real-world graphs. Our experiments indiate thatthere exist signi�ant di�erenes in drawing qualities and running timesdepending on the lasses of tested graphs and algorithms.1 IntrodutionFore-direted graph-drawing methods generate drawings of a given generalgraph G = (V;E) in the plane in whih eah edge is represented by a straightline onneting its two adjaent nodes. The omputation of the drawings isbased on assoiating G with a physial model. Then, an iterative algorithmtries to �nd a plaement of the nodes so that the total energy in the underlyingphysial system is minimal. Important estheti riteria are uniformity of edgelength, few edge rossings, non-overlapping nodes and edges, and the display ofsymmetries if some exist.Classial fore-direted algorithms like [5, 15, 7, 4, 6℄ are used suessfully inpratie (see e.g., [2℄) for drawing general graphs ontaining few hundreds of ver-ties. However, in order to generate drawings of graphs that ontain thousandsor hundreds of thousands of verties more eÆient fore-direted tehniqueshave been developed [19, 18, 9, 8, 12, 21, 11, 10℄. Besides fast fore-diretedalgorithms other very fast methods for drawing large graphs (see e.g., [13, 16℄)have been invented. These methods are based on tehniques of linear algebrainstead of physial analogies. But they strive for the same estheti drawingriteria.Previous experimental tests of these methods are mainly restrited to regulargraphs with grid-like strutures (see e.g., [13, 16, 9, 21, 12℄). Sine general graphsshare these properties quite seldom, and sine the test environments of theseexperiments are di�erent, a standardized omparison of the methods on a widerrange of graphs is needed.In this study we experimentally ompare some of the fastest state-of-the-artalgorithms for straight-line drawing of general graphs on a big variety of graphlasses. In partiular, we investigate the fore-direted algorithm GRIP of Gajer1



and Kobourov [9℄ and Gajer et al. [8℄, the Fast Multi-sale Method (FMS) of Hareland Koren [12℄, and the Fast Multipole Multilevel Method (FM3) of Hahul andJ�unger [11, 10℄. The examined algebrai methods are the algebrai multigridmethod ACE of Koren et al. [16℄ and the high-dimensional embedding approah(HDE) of Harel and Koren [13℄. Additionally, one of the faster lassial fore-direted algorithms, namely the grid-variant algorithm (GVA) of Fruhtermanand Reingold [7℄, is tested as a benhmark.After a short desription of the tested algorithms in Setion 2 and a presen-tation of the experimental framework in Setion 3, our results will be presentedin Setion 4.2 The Algorithms2.1 The Grid-Variant Algorithm (GVA)The grid-variant algorithm of Fruhterman and Reingold [7℄ is based on a modelof pairwise repelling harged partiles (the nodes) and attrating springs (theedges), similar to the model of the Spring Embedder of Eades [5℄. Sine a naiveexat alulation of the repulsive fores ating between all pairs of harges needs�(jV 2j) time per iteration, GVA does only alulate the repulsive fores atingbetween nodes that are plaed relatively near to eah other. Therefore, theretangular drawing area is subdivided into a regular square grid. The repulsivefores that at on a node v that is ontained in a grid box B are approximated bysumming up only the repulsive fores that are indued by the nodes ontainedin B and the nodes in the grid boxes that are neighbors of B. If the numberof iterations is assumed to be onstant, the best-ase running time of GVA is�(jV j+ jEj). The worst-ase running time, however, remains �(jV j2 + jEj).2.2 The Method GRIPGajer and Kobourov [9℄ and Gajer et al. [8℄ developed the fore-direted multi-level algorithm GRIP. In general, multilevel algorithms are based on two phases.A oarsening phase, in whih a sequene of oarse graphs with dereasing sizes isomputed and a re�nement phase in whih suessively drawings of �ner graphsare omputed, using the drawings of the next oarser graphs and a variant of asuitable fore-direted single-level algorithm.The oarsening phase of GRIP is based on the onstrution of a maximumindependent set �ltration or MIS �ltration of the node set V . A MIS �ltrationis a family of sets fV =: V0; V1; : : : ; Vkg with ; � Vk � Vk�1 : : : � V0 so thateah Vi with i 2 f1; : : : ; kg is a maximal subset of Vi�1 for whih the graph-theoreti distane between any pair of its elements is at least 2i�1 + 1. Gajerand Kobourov [9℄ use a Spring Embedder-like method as single-level algorithmat eah level. The used fore vetor is similar to that used in the method ofKamada and Kawai [15℄, but is restrited to a suitable hosen subset of Vi.Other notable spei�s of GRIP are that it omputes the MIS �ltration only2



and no edge sets of the oarse graphs G0; : : : ; Gk that are indued by the �ltra-tions. Furthermore, it is designed to plae the nodes in an n-dimensional spae(n � 2), to draw the graph in this spae, and to projet it into two or threedimensions.The asymptoti running time of the algorithm, exluding the time that isneeded to onstrut the MIS �ltration, is �(jV j(log diam(G)2)) for graphs withbounded maximum node degree, where diam(G) denotes the diameter of G.2.3 The Fast Multi-sale Method (FMS)In order to reate the sequene of oarse graphs in the fore-direted multilevelmethod FMS, Harel and Koren [12℄ use an O(kjV j) algorithm that �nds a 2-approximative solution of the NP-hard k-enter problem. The node set Vi ofa graph Gi in the sequene G0; : : : ; Gk is determined by the approximativesolution of the ki-enter problem on G with ki > ki+1 for all i 2 f0; : : : ; k� 1g.The authors use a variation of the algorithm of Kamada and Kawai [15℄ asfore-direted single-level algorithm. In order to speed up the omputation ofthis method, they modify the energy funtion of Kamada and Kawai [15℄ thatis assoiated with a graph Gi with i 2 f0; : : : ; k � 1g. The di�erene to theoriginal energy of Kamada and Kawai [15℄ is that only some of the jV (Gi)j � 1springs that are onneted with a node v 2 V (Gi) are onsidered.The asymptoti running time of FMS is �(jV jjEj). Additionally, �(jV j2)memory is needed to store the distanes between all pairs of nodes.2.4 The Fast Multipole Multilevel Method (FM3)The fore-direted multilevel algorithm FM3 has been introdued by Hahul andJ�unger [11, 10℄. It is based on a ombination of an eÆient multilevel tehniquewith an O(jV j log jV j) approximation algorithm to obtain the repulsive foresbetween all pairs of nodes.In the oarsening step subgraphs with a small diameter (alled solar systems)are ollapsed to obtain a multilevel representation of the graph. In the usedsingle-level algorithm, the bottlenek of alulating the repulsive fores atingbetween all pairs of harged partiles in the Spring Embedder-like fore modelis overome by rapidly evaluating potential �elds using a novel multipole-basedtree ode. The worst-ase running time of FM3 is O(jV j log jV j+ jEj) with linearmemory requirements.2.5 The Algebrai Multigrid Method ACEIn the desription of their method ACE, Koren et al. [16℄ de�ne the quadratioptimization problem(P ) min xTLx so that xTx = 1 in the subspae xT 1n = 0 .Here, n = jV j and L is the Laplaian matrix of G.3



The minimum of (P) is obtained by the eigenvetor that orresponds to thesmallest positive eigenvalue of L. The problem of drawing the graph G in twodimensions is redued to the problem of �nding the two eigenvetors of L thatare assoiated with the two smallest eigenvalues.Instead of alulating the eigenvetors diretly, an algebrai multigrid al-gorithm is used. Similar to the fore-direted multilevel ideas, the idea is toexpress the originally high-dimensional problem in lower and lower dimensions,solving the problem at the lowest dimension, and progressively solving a high-dimensional problem by using the solutions of the low-dimensional problems.The authors do not give an upper bound on the asymptoti running time ofACE in the number of nodes and edges.2.6 High-Dimensional Embedding (HDE)The method HDE of Harel and Koren [13℄ is based on a two phase approahthat, �rst, generates an embedding of the graph in a very high-dimensionalvetor spae and, then, projets this drawing into the plane.The high-dimensional embedding of the graph is generated by, �rst, using alinear time algorithm for approximatively solving the k-enter problem. A �xedvalue of k = 50 is hosen, and k is also the dimension of the high-dimensionalvetor spae. Then, breadth-�rst searh starting from eah of the k enternodes is performed resulting in k jV j-dimensional vetors that store the graph-theoreti distanes of eah v 2 V to eah of the k enters. These vetors areinterpreted as a k-dimensional embedding of the graph.In order to projet the high-dimensional embedding of the graph into theplane, the k vetors are used to de�ne a ovariane matrix S. The x- and y-oordinates of the two-dimensional drawing are obtained by alulating the twoeigenvetors of S that are assoiated with its two largest eigenvalues. HDE runsin �(jV j+ jEj) time.3 The Experiments3.1 Test-Environment, Implementations, and ParameterSettingsAll experiments were performed on a 2.8 GHz Intel Pentium 4 PC with onegigabyte of memory.We tested an implementation of GVA by S. N�aher and D. Alberts that ispart of the AGD [14℄ library, an implementation of GRIP by R. Yusufov thatis available from [22℄, and implementations of FMS, ACE, HDE by Y. Koren thatare available from [17℄. Finally, we tested our own implementation of FM3.In order to obtain a fair omparison, we ran eah algorithm with the sameset of standard-parameter settings (given by the authors) on eah tested graph.However, we are aware that in some ases it might be possible to obtain better4



results by spending a onsiderable amount of time with trial-and-error searhingfor an optimal set of parameters for eah algorithm and graph.3.2 The Set of Test GraphsSine only few implementations an handle disonneted and weighted graphs,we restrit to onneted unweighted graphs, here.We generated several lasses of arti�ial graphs to examine the saling ofthe algorithms on graphs with prede�ned strutures but di�erent sizes.These are random grid graphs that were obtained by, �rst, reating regularsquare grid graphs and, then, randomly deleting 3% of the nodes. The sier-pinski graphs were reated by assoiating the Sierpinski Triangles with graphs.Furthermore, we generated omplete 6-nary trees.The next two lasses of arti�ial graphs were designed to test how well thealgorithms an handle highly non-uniform distributions of the nodes and highnode degrees. Therefore, we reated these graphs in a way so that one an expetthat an energy-minimal on�guration of the nodes in a drawing that relies on aSpring Embedder-like fore model indues a tiny subregion of the drawing areawhih ontains �(jV j) nodes. In partiular, we onstruted trees that ontaina root node r with jV j=4 neighbors. The other nodes were subdivided into sixsubtrees of equal size rooted at r. We alled these graphs snowake graphs.Additionally we reated spider graphs by onstruting a irle C ontaining25% of the nodes. Eah node of C is also adjaent to 12 other nodes of theirle. The remaining nodes were distributed on 8 paths of equal length thatwere rooted at one node of C. In ontrast to the snowake graphs, the spidergraphs have bounded maximum degree.The last kind of arti�ial graphs are graphs with a relatively high edgedensity jEj=jV j � 14. We all them ower graphs. They are onstruted byjoining 6 irles of equal length at a single node before replaing eah of thenodes by a omplete subgraph with 30 nodes (K30).The rest of the test graphs are taken from real-world appliations. In par-tiular, we seleted graphs from the AT&T graph library [1℄, from C. Walshaw'sgraph olletion [20℄, and a graph that desribes a soial network of 2113 peoplethat we obtained from C. Lipp.We partitioned the arti�ial and real-world graphs into two sets. The �rstset are graphs that onsist of few bionneted omponents, have a onstant max-imum node degree, and have a low edge density. Furthermore, one an expetthat an energy-minimal on�guration of the nodes in a Spring Embedder draw-ing of suh a graph does not ontain �(jV j) nodes in an extremely tiny sub-region of the drawing area. Sine one an antiipate from previous experi-ments [13, 16, 9, 12℄ that graphs ontained in this set do not ause problemsfor many of the tested algorithms, we all the set of these graphs kind. Theseond set is the omplement of the �rst one, and we all the set of these graphshallenging. 5



3.3 The Criteria of EvaluationThe natural riteria to evaluate a graph-drawing algorithm in pratie are theneeded running times and the quality of the drawings.In order to evaluate the quality of the drawings, we fous on the esthetiriteria that all tested algorithms strive for (i.e., uniformity of edge length, fewedge rossings, non-overlapping nodes and edges, and the display of symmetries).Suppose G = (V;E) is a graph and � is a drawing of G. Let l�(e) denotethe length of an edge e 2 E in � and lav� denote the average edge length of anedge in �. To measure the uniformity of the edges, we alulated the normalizedstandard deviation of the edge length that is�� :=vuutXe2E (l�(e)� lav� )2jEj � (lav� )2 :We ounted the number of edge rossings in � (denoted by en�) as well asthe number of pairs of edges that ompletely overlap eah other (denoted byeon�). To ompare these measures on graphs with di�erent sizes, we de�ne therelative edge-rossing number (ren�) and the relative edge-overlapping number(reon�) of a drawing � of G as follows:ren� := jen�jjEj reon� := jeon�jjEjWe did not measure the number of (partially) overlapping nodes. The reasonis that per default some implementations represent nodes by points (ACE, HDE),whereas the others draw them as irles that oupy nonempty area. Also, wedid not expliitly measure the symmetry of a given drawing, but printed thedrawing, instead. One of the most important impliit goals of a graph-drawingalgorithm is that an individual user is satis�ed with a drawing. Therefore, weprovide printouts of the generated drawings, too.4 The Results4.1 Comparison of the Running TimesTable 1 presents the running times of the methods GVA, FM3, GRIP, FMS, ACE,and HDE for the tested graphs.As expeted, in most ases GVA is the slowest method among the fore-direted algorithms. The largest graph fe oean is drawn by GVA in 5 hours and20 minutes.The method FM3 is signi�antly faster than GVA for all tested graphs. Therunning times range from less than 2 seonds for the smallest graphs to less than6 minutes for the largest graph fe oean. The sub-quadrati saling of FM3 anbe experimentally on�rmed for all lasses of tested graphs.6



Graph Information Algorithm Informationmax. CPU Time in SeondsType Name jV j jEj jBj jEjjV j degree GVA FM3 GRIP FMS ACE HDErnd grid 032 985 1834 2 1.8 4 12.5 1.9 0.3 1.0 < 0:1 < 0:1rnd grid 100 9497 17849 6 1.8 4 203.4 19.1 4.4 32.0 0.5 0.1Kind rnd grid 320 97359 184532 2 1.9 4 6316.1 215.4 (E) (M) 4.1 1.3Arti- sierpinski 06 1095 2187 1 2.0 4 13.1 1.8 0.3 1.0 < 0:1 < 0:1�ial sierpinski 08 9843 19683 1 2.0 4 171.7 16.8 4.8 33.0 1.0 0.1sierpinski 10 88575 177147 1 2.0 4 3606.4 162.0 (E) (M) 23.4 1.0rak 10240 30380 1 2.9 9 317.5 23.0 6.8 (M) 0.4 0.2Kind fe pwt 36463 144794 55 3.9 15 1869.1 69.0 (E) (M) (T ) 0.5Real �nan 512 74752 261120 1 3.4 54 6319.8 158.2 (E) (M) 7.5 1.0World fe oean 143437 409593 39 2.8 6 19247.0 355.9 (E) (M) 4.0 3.4tree 06 04 1555 1554 1554 1.0 7 14.3 2.6 0.3 2.0 < 0:1 < 0:1tree 06 05 9331 9330 9330 1.0 7 130.3 17.7 2.4 43.0 0.5 < 0:1tree 06 06 55987 55986 55986 1.0 7 1769.2 121.3 (E) (M) 4.5 0.5snowake A 971 970 970 1.0 256 8.0 1.6 0.4 73.0 0.4 < 0:1Chal- snowake B 9701 9700 9700 1.0 2506 143.2 17.4 6.1 3320.0 (T ) < 0:1lenging snowake C 97001 97000 97000 1.0 25006 14685.7 166.5 (E) (M) (T ) 0.8Arti- spider A 1000 2200 801 2.2 18 17.6 1.9 0.4 1.0 1.1 < 0:1�ial spider B 10000 22000 8001 2.2 18 189.0 17.7 7.2 47.0 8.9 0.1spider C 100000 220000 80001 2.2 18 4568.3 177.2 (E) (M) 280.7 1.3ower A 930 13521 1 14.5 30 61.7 1.2 0.7 1.0 < 0:1 < 0:1ower B 9030 131241 1 14.5 30 595.1 11.9 19.3 46.0 1.4 0.2ower C 90030 1308441 1 14.5 30 11841.5 121.4 (E) (M) (T ) 1.4ug 380 1104 3231 27 2.9 856 23.1 2.1 0.4 1.0 < 0:1 < 0:1Chal- esslingen 2075 5530 867 2.6 97 43.8 4.0 0.5 404.0 1.0 < 0:1lenging add 32 4960 9462 951 1.9 31 80.6 12.1 1.6 17.0 0.5 < 0:1Real dg 1087 7602 7601 7601 1.0 6566 624.8 18.1 3.6 5402.0 108.4 < 0:1World bsstk 33 8738 291583 1 33.3 140 1494.6 23.8 29.1 6636.0 0.4 0.3bsstk 31 35586 572913 48 16.1 188 4338.4 83.6 (E) (M) 1.9 0.7Table 1: The test graphs and the running times that are needed by the testedalgorithms to draw them. Explanations: (E) No drawing was generated due toan error in the exeutable. (M) No drawing was generated beause the memoryis restrited to graphs with � 10; 000 nodes. (T ) No drawing was generatedwithin 10 hours of CPU time. B denotes the sets of bionneted omponents ofthe graphs.Exept for the dense graphs ower B and bsstk 33 GRIP is faster thanFM3 (up to a fator of 9). Unfortunately, we ould not examine the salingof GRIP for the largest graphs due to an error in the exeutable.Sine the memory requirement of FMS is quadrati in the size of the graph,the implementation of FMS is restrited to graphs that ontain at most 10; 000nodes. The running times of FMS are omparable with those of FM3 for the7



smallest and the medium sized kind graphs. In ontrast to this, the CPU times ofFMS inrease drastially for several hallenging graphs, in partiular for graphsthat either ontain nodes with a very high degree or have a high edge density.The algorithm ACE is muh faster than the fore-direted algorithms fornearly all kind graphs. However, the running times grow extremely if ACE isused to draw several of the hallenging graphs.The linear time method HDE is by far the fastest algorithm. It needs lessthan 3:4 seonds for drawing even the largest tested graph.4.2 Comparison of the Drawings4.2.1 Uniformity of Edge LengthsFigure 1 shows the normalized standard deviations of the edge lengths �� of thedrawings � for the tested kind and hallenging graphs.
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Figure 1: The normalized standard deviations of the edge lengths of the draw-ings for the kind graphs (left) and hallenging graphs (right).For the kind graphs the �� values of the drawings that are generated by GVA,FM3, FMS, and HDE are below 1 while the �� values assoiated with ACE are stillbelow 2. This indiates that for those graphs the goal of generating drawingswith uniform edge lengths has been reahed well by all algorithms.The �� values of some drawings of hallenging graphs that are generated byHDE and ACE exeed values of 5 and 25, respetively. In ontrast to this, the�� values of GVA and FMS remain below 1 for the majority of the drawings ofthe hallenging graphs. All �� values assoiated with drawings generated byFM3 are smaller than 1.Notie that it is not possible to obtain the measures ��, ren�, and reon� forthe drawings generated by GRIP, sine the used implementation of GRIP pro-vides sreen output only. Hene, in this ase we had to restrit ourselves toprinting sreenshots for visual omparisons.
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4.2.2 Edge Crossings and Overlapping EdgesThe relative edge-rossing numbers ren� and the relative edge-overlappingnumbers reon� of the drawings � generated by the algorithms are listed inTable 2.Graph Info Drawing Informationren� reon�Type Name GVA FM3 FMS ACE HDE GVA FM3 FMS ACE HDErnd grid 032 3.82 0 0 0 <0.01 0 0 0.03 0 <0.01rnd grid 100 14.75 0 0 0 <0.01 0 0 0 0 0.03Kind rnd grid 320 181.51 0 (N) <0.01 <0.01 0 0 (N) 0 0.08Arti- sierpinski 06 2.00 0.05 <0.01 0 0.02 0 0 0.03 0 0.01�ial sierpinski 08 9.49 0.07 0.01 0.02 0.08 0 0 0.14 <0.01 0.11sierpinski 10 99.97 0.09 (N) 0.27 0.01 0 0 (N) 0.98 1.43rak 30.82 <0.01 (N) 0 0.07 0 0 (N) 0 0.12Kind fe pwt 150.70 2.45 (N) (N) 1.61 0 0 (N) (N) 34.25Real �nan 512 301.25 18.81 (N) 12.27 21.27 0 0 (N) 3.68 9.14World fe oean 622.48 7.13 (N) 9.07 8.24 0 0 (N) 0.22 1.67tree 06 04 2.21 1.16 7.89 0.01 0 0 0 0.38 59.09 78.08tree 06 05 9.33 1.89 11.48 0 22.92 0 0 0.86 504.27 466.83tree 06 06 70.68 3.31 (N) 4.16 128.82 0 0 (N) 2929.74 2030.40snowake A 0.63 0 0.10 <0.01 0.62 0 0 42.02 32.11 85.34Chal- snowake B 1.46 0 8.18 (N) 6.92 0 0 169.77 (N) 398.06lenging snowake C 15.53 0 (N) (N) 195.87 0 0 (N) (N) 16818.82Arti- spider A 15.62 16.55 1.17 6.60 1.25 0.27 0.27 0.67 19.57 63.50�ial spider B 154.70 132.96 1.64 0 0 0 0 6903.67 4248.23 297.13spider C 2522.89 1029.64 (N) 0 0 0 0 (N) 44554.09 40163.33ower A 46.71 49.08 5.63 0.26 0.55 0 0 5.14 149.31 160.36ower B 64.90 51.57 1.90 0.06 0.34 0 0 21.63 167.48 210.83ower C 578.22 53.39 (N) (N) 0.30 0 0 (N) (N) 340.19ug 380 22.93 19.55 13.67 20.99 1.35 0 0 1.29 0.79 10.69Chal- esslingen 47.52 23.71 28.42 20.81 3.89 0.14 0.14 0.97 1.93 2.54lenging add 32 8.65 1.69 5.75 0.89 5.80 0 0 1.21 0.19 5.73Real dg 1087 1.74 < 0:01 37.07 5.92 6.49 0 0 109.23 1882.14 1390.30World bsstk 33 720.94 376.18 4171.05 413.56 113.86 0 0 3416.70 0.13 329.17bsstk 31 708.69 94.26 (N) 63.00 611.21 0 0 (N) 2.50 2386.76Table 2: The relative edge-rossing numbers (ren�) and the relative edge-overlapping numbers (reon�) of the drawings � generated by the tested algo-rithms. The entry (N) indiates that no drawing was generated.For the kind graphs, the multilevel and algebrai methods generate om-parable and signi�antly smaller numbers of edge rossings than the lassialfore-direted method GVA.With two exeptions, the ren� values of the drawings of the hallenging9



graphs that are generated by FM3 are smaller than the orresponding values ofGVA. The ren� values of ACE are muh smaller than those of FM3 for severalhallenging arti�ial graphs, while they are omparable with those of FM3 for thehallenging real-world graphs. Depending on the lasses of tested hallenginggraphs, the ren� values of the drawings generated by FMS and HDE vary a lot:FMS and HDE generate many rossings for the 6-nary trees and the snowakegraphs but omparatively few rossings for the spider and ower graphs.No drawing of a kind graph generated by GVA or FM3 ontains overlappingedges. In ontrast to this, few pairs of overlapping edges exist in many drawingsof kind graphs generated by FMS and ACE, and in all drawings generated by HDE.The hallenging graphs spider A and esslingen are the only graphs in the testset that ontain parallel edges, resulting in minimum relative edge-overlappingnumbers of 0:27 and 0:14, respetively. Hene, GVA and FM3 are the only algo-rithms that generate drawings with the minimum number of overlapping edgesfor all tested graphs. In ontrast to this, the ren� values of all drawings of hal-lenging graphs generated by FMS, ACE, and HDE are positive and reah extremelyhigh values in many ases.For FMS an explanation of this behavior might be that the positions haveinteger values only, and that the underlying grid-resolution is too small. For thealgebrai methods an explanations of the many overlapping nodes and edgesan be found in [3, 16℄ and [10℄.Sine overlapping edges are at least as undesirable as rossing edges weadditionally ompared the sums of the relative edge-rossing numbers and thedediated relative edge-overlapping numbers (see Figure 2).
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Figure 2: The sums of the relative edge-rossing and dediated relative edge-overlapping numbers of the drawings for the tested kind graphs (left) and hal-lenging graphs (right).For the kind graphs, the ren� values of the drawings generated by GVA aresigni�antly larger than the sum of ren� and reon� of all other algorithms. Forthose graphs FM3 and ACE have smaller values than HDE. FM3 reahes the lowestadded values of ren� and reon� for the majority of the hallenging graphs. Theother multilevel and algebrai methods have frequently higher added ren� and10



reon� values than the lassial fore-direted algorithm GVA.4.2.3 The Overall PitureIn the remainder of this setion, we will disuss the quality of the drawings ofthe tested graphs that are presented in Figures 3 to 10 by keeping the modeledestheti riteria in mind.For all kind graphs the lassial method GVA does not untangle the drawingsthat were indued by the random initial plaements. In ontrast to this, nearlyall algorithms generated omparable pleasing drawings of the kind graphs (seeFigure 3, Figure 4, and Figure 5(a)-(d)).None of the drawings of the omplete 6-nary trees (see Figure 5(e)-(j)) isreally onvining, sine the algorithms either produe many unneessary edgerossings or they plae many nodes at the same oordinates.Exept FM3 none of the tested algorithms displays the global struture ofthe snowake graphs. Even the drawings of the smallest snowake graph (seeFigure 6(a)-(f)) leave room for improvement. However, GVA and GRIP visualizeparts of its struture in an appropriate way.The drawings of the spider A graph (see Figure 6(g)-(l)) that are generatedby GRIP, FMS, and HDE are not as symmetri as the drawing generated by FM3.But they display the global struture of the graph. The drawing generated byGVA shows the dense subregion, but GVA does not untangle the 8 paths. Thepaths in the drawing of ACE are not displayed in the same length. The drawingsof the larger spider graphs are of omparable quality.The drawings of the ower B graph (see Figure 7(a)-(f)) that are generatedby FMS and HDE display the global struture of the graph but the symmetriesare not as lear as in the drawing generated by FM3. The drawings of the otherower graphs are of omparable quality.We onentrate on the hallenging real-world graphs now. The graphs ug 380and dg 1087 both ontain one node with a very high degree. Furthermore,dg 1087 has many bionneted omponents, sine it is a tree. Only the drawingsthat are generated by GVA, FM3, and GRIP (see Figure 7(g)-(l) and Figure 8(a)-(f)) learly display the entral regions of these graphs.The soial network esslingen (see Figure 8(g)-(l)) onsists of two big well-onneted subgraphs. This an be visualized by FM3, GRIP, and HDE. But thedrawings ontain several edge rossings.Sine add 32 that desribes a 32 bit adder ontains many bionneted om-ponents, we expet that the drawings have a tree-like shape. This struture isvisualized by GVA, FM3, GRIP, and ACE (see Figure 9(a)-(f)). The drawings ofGVA and GRIP ontain omparatively many edge rossings, while the drawingof ACE displays the global struture, but hides loal details.Finally, we disuss the drawings of the dense graphs bsstk 31 and bsstk 33.The drawings of bsstk 33 (see Figure 9(g)-(l)) that are generated by FM3, GRIP,and ACE are omparable and visualize the regular struture of the graph. Thear body that is modeled by the graph bsstk 31 (see Figure 10) is visualizedby FM3 and ACE only. 11



5 ConlusionWe an summarize that only GVA, FM3, and HDE generate drawings of all testedgraphs. The fore-direted multilevel methods and the algebrai methods are| exept the methods FMS and ACE for some graphs | muh faster than theomparatively slow lassial algorithm GVA. HDE, FM3 and GRIP sale well on alltested graphs. FM3 needs few minutes to draw the largest graphs. GRIP is upto fator 9 faster than FM3 but it ould not be tested on the largest graphs. Alltested methods are muh slower than HDE that needs only few seonds to draweven the largest graphs.As expeted, all algorithms, exept GVA, generate pleasing drawings of thekind graphs with relatively uniform edge length and few edge rossings. Inontrast to this, the quality of the generated drawings varies a lot dependingon the strutures of the tested hallenging graphs. In partiular, FMS, HDE, andACE frequently generate drawings with many overlapping edges. Unlike this,FM3 generates pleasing drawings for the majority of the hallenging graphs. Butthere still remain lasses of tested graphs (e.g., the omplete trees and the soialnetwork graph esslingen) for whih the drawing quality of all tested algorithmsleaves muh room for improvement.AknowledgmentsWe would like to thank David Alberts, Steven Kobourov, Yehuda Koren, StefanN�aher, and Roman Yusufov for making the implementations of their algorithmsavailable to us. We thank Ulrik Brandes, Carola Lipp and Chris Walshaw forthe aess to the real-world test graphs.Referenes[1℄ The AT&T graph olletion: www.graphdrawing.org.[2℄ F. Brandenburg, M. Himsolt, and C. Rohrer. An Experimental Comparisonof Fore-Direted and Randomized Graph Drawing Methods. In GraphDrawing 1995, volume 1027 of LNCS, pages 76{87. Springer-Verlag, 1996.[3℄ U. Brandes and D. Wagner. In Graph Drawing Software, volume XII ofMathematis and Visualization, hapter visone - Analysis and Visualizationof Soial Networks, pages 321{340. Springer-Verlag, 2004.[4℄ R. Davidson and D. Harel. Drawing Graphs Niely Using Simulated An-nealing. ACM Transations on Graphis, 15(4):301{331, 1996.[5℄ P. Eades. A heuristi for graph drawing. Congressus Numerantium, 42:149{160, 1984. 12



[6℄ A. Frik, A. Ludwig, and H. Mehldau. A Fast Adaptive Layout Algorithmfor Undireted Graphs. In Graph Drawing 1994, volume 894 of LNCS,pages 388{403. Springer-Verlag, 1995.[7℄ T. Fruhterman and E. Reingold. Graph Drawing by Fore-direted Plae-ment. Software{Pratie and Experiene, 21(11):1129{1164, 1991.[8℄ P. Gajer, M. Goodrih, and S. Kobourov. A Multi-dimensional Approah toFore-Direted Layouts of Large Graphs. In Graph Drawing 2000, volume1984 of LNCS, pages 211{221. Springer-Verlag, 2001.[9℄ P. Gajer and S. Kobourov. GRIP: Graph Drawing with Intelligent Plae-ment. In Graph Drawing 2000, volume 1984 of LNCS, pages 222{228.Springer-Verlag, 2001.[10℄ S. Hahul. A Potential-Field-Based Multilevel Algorithm for Drawing LargeGraphs. PhD thesis, Institut f�ur Informatik, Universit�at zu K�oln, Germany,2005. http://kups.ub.uni-koeln.de/volltexte/2005/1409.[11℄ S. Hahul and M. J�unger. Drawing Large Graphs with a Potential-Field-Based Multilevel Algorithm (Extended Abstrat). In Graph Drawing2004, volume 3383 of Leture Notes in Computer Siene, pages 285{295.Springer-Verlag, 2005.[12℄ D. Harel and Y. Koren. A Fast Multi-sale Method for Drawing LargeGraphs. In Graph Drawing 2000, volume 1984 of LNCS, pages 183{196.Springer-Verlag, 2001.[13℄ D. Harel and Y. Koren. Graph Drawing by High-Dimensional Embedding.In Graph Drawing 2002, volume 2528 of LNCS, pages 207{219. Springer-Verlag, 2002.[14℄ M. J�unger, G. Klau, P. Mutzel, and R. Weiskirher. In Graph DrawingSoftware, volume XII of Mathematis and Visualization, hapter AGD - ALibrary of Algorithms for Graph Drawing, pages 149{172. Springer-Verlag,2004.[15℄ T. Kamada and S. Kawai. An Algorithm for Drawing General UndiretedGraphs. Information Proessing Letters, 31:7{15, 1989.[16℄ Y. Koren, L. Carmel, and D. Harel. Drawing Huge Graphs by AlgebraiMultigrid Optimization. Multisale Modeling and Simulation, 1(4):645{673,2003.[17℄ Y. Koren's algorithms: researh.att.om/~yehuda/index_programs.html.[18℄ A. Quigley and P. Eades. FADE: Graph Drawing, Clustering, and VisualAbstration. InGraph Drawing 2000, volume 1984 of LNCS, pages 197{210.Springer-Verlag, 2001. 13



[19℄ D. Tunkelang. JIGGLE: Java Interative Graph Layout Environment. InGraph Drawing 1998, volume 1547 of LNCS, pages 413{422. Springer-Verlag, 1998.[20℄ C. Walshaw's graph olletion: staffweb.ms.gre.a.uk/~.walshaw/partition.[21℄ C. Walshaw. A Multilevel Algorithm for Fore-Direted Graph Drawing.In Graph Drawing 2000, volume 1984 of LNCS, pages 171{182. Springer-Verlag, 2001.[22℄ R. Yusufov's implementation of GRIP: www.s.arizona.edu/~kobourov/GRIP.
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(a) GVA (b) FM3 () GRIP
(d) FMS (e) ACE (f) HDE
(g) GVA (h) FM3 (i) GRIP
(j) FMS (k) ACE (l) HDEFigure 3: (a)-(f) Drawings of rnd grid 100 and (g)-(l) sierpinski 08 generatedby di�erent algorithms. 15



(a) GVA (b) FM3 () GRIP
(d) ACE (e) HDE (f) GVA
(g) FM3 (h) HDE (i) GVA
(j) FM3 (k) ACE (l) HDEFigure 4: (a)-(e) Drawings of rak, (f)-(h) fe pwt, and (i)-(l) �nan 512 gener-ated by di�erent algorithms. 16
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(g) GVA (h) FM3 (i) GRIP
(j) FMS (k) ACE (l) HDEFigure 8: (a)-(f) Drawings of dg 1087 and (g)-(l) esslingen generated by di�erentalgorithms 20



(a) GVA (b) FM3 () GRIP
(d) FMS (e) ACE (f) HDE
(g) GVA (h) FM3 (i) GRIP

(j) FMS (k) ACE (l) HDEFigure 9: (a)-(f) Drawings of add 32 and (g)-(l) bsstk 33 generated by di�erentalgorithms. 21



(a) GVA (b) FM3
() ACE (d) HDEFigure 10: (a)-(d) Drawings of bsstk 31 generated by di�erent algorithms.
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