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Abstract

Regularized variable selection is a powerful tool for identifying the true regression
model from a large number of candidates by applying penalties to the objective
functions. The penalty functions typically involve a tuning parameter that control
the complexity of the selected model. The ability of the regularized variable se-
lection methods to identify the true model critically depends on the correct choice
of the tuning parameter. In this study we develop a consistent tuning parameter
selection method for regularized Cox’s proportional hazards model with a diverg-
ing number of parameters. The tuning parameter is selected by minimizing the
generalized information criterion. We prove that, for any penalty that possesses
the oracle property, the proposed tuning parameter selection method identifies the
true model with probability approaching one as sample size increases. Its finite
sample performance is evaluated by simulations. Its practical use is demonstrated
in the Cancer Genome Atlas (TCGA) breast cancer data.
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Tuning parameter selection in Cox model 1

1. Introduction

In modern epidemiological and biomedical research, investigators are increasingly facing large-
scale data with numerous variables. Investigators are often interested in identifying which of those
variables are associated with the outcome of interest. Therefore, variable selection becomes an
important task for large-scale data analysis. In order to avoid missing any potentially important
variables and functional forms of them such as polynomials and interactions, it is desirable to
include in the variable selection process as many candidate variables and their functions as the
sample size allows. Regularized variable selection method is an effective and efficient tool to iden-
tifying important variables from a large number of candidates. In this method, a penalty is applied
to the objective function to shrink the estimates of regression coefficients and achieve sparsity by
estimating small coefficients as exactly zero. Many penalty functions have been proposed in the
literature including Lasso (Tibshirani, 1996), adaptive Lasso (Zou, 2006), and smoothly clipped
absolute deviation (SCAD) (Fan & Li, 2001), among others. It has been shown that certain penalty
functions possess the so-called oracle property that they identify the true model with probability
approaching one as sample size goes to infinity and estimate the nonzero parameters as efficient as
if the true model is known with a proper choice of the tuning parameter (Fan & Li, 2001).

In variable selection literature, the number of parameters p is typically categorized into three
scenarios according to its relationship with sample size n. In the first category, p is considered
fixed as n — oo. In the next category, p is allowed to increase to infinity with n but at a slower
rate. The relationship is commonly assumed to be p = O(n") where 0 < x < 1. Models in this
category are often said to have a diverging dimension. In the last category, p is assumed to increase
to infinity at a faster rate than n such as p = O(n") with & > 1 or log(p) = O(n). Models in this
category are called high-dimensional, and some researcher call them ultra high-dimensional when
log(p) = O(n). In this paper we are concerned with the second category where p goes to infinity but

at a slower rate than n. This scenario is useful in many practical situations. For example, in studies
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2 A. Niand J. Cai

that involve gene sequencing data, the number of observed single nucleotide polymorphisms and
other gene alterations usually increases with the number of subjects under study. If each alteration
is considered as a covariate, then it is necessary to allow the number of parameters in the model to
increase with sample size. Many high-dimensional variable selection problems with p > n can be
reduced to problems with a diverging number of parameters by applying a pre-screening procedure
(Fan & Lv, 2008; Fan et al., 2010b,a; Wang & Zhu, 2011).

Tuning parameter is an important component of any penalty function. It controls the complexity
of the selected model. The oracle property of the penalty functions only ensures the existence
of a tuning parameter that leads to the true model, but it does not provide a method to identify
such tuning parameter consistently. Under the fixed-p scenario, Fan & Li (2001) used generalized
cross-validation to choose the tuning parameter. This method has been shown to be analogous to
the Akaike information criterion (Akaike, 1973) and overfit models with a positive probability
asymptotically (Wang et al., 2007). The same authors proposed a Bayesian information criterion-
based tuning parameter selection method and proved its model selection consistency in linear
models. Zhang et al. (2010) further introduced a generalized information criterion for generalized
linear models. Su et al. (2016) proposed an approximate information criterion for variable selection
in Cox proportional hazards model. Under the diverging model dimension scenario, Wang et al.
(2009) proposed a modified Bayesian information criterion for tuning parameter selection in linear
models. Under the high-dimensional model setting, Wang & Zhu (2011) proposed a family of
Bayesian information criteria for linear models. The authors proved that the generalized infor-
mation criterion identifies the true model consistently if the penalty coefficient diverges to infinity
with a rate slower than n'/2. Fan & Tang (2013) extended this criterion to generalized linear models
and established the divergence rate of its penalty coefficient for model selection consistency. More
recently, Luo et al. (2015) tackled the problem from a Bayesian perspective and proposed the

Extended Bayesian information criteria by modifying the prior distribution of the model space. The
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Tuning parameter selection in Cox model 3

authors established model selection consistency under high-dimensional (p = O(n") with K > 1)
Cox proportional hazards model but with the requirement that the number of nonzero parameters
is finite. In this paper, we extend the generalized information criterion to the Cox proportional
hazards model with diverging numbers of candidate as well as nonzero parameters by establishing

the required divergence rate of the penalty coefficient in the information criterion.

2. Generalized Information Criterion under Cox Proportional Hazards Model

Suppose there are n independent subjects. Let 7" and C' be respectively the time to the outcome of
interest and the censoring time. Let X = min(7’, C') be the observed time and A = (T < C)
be the censoring indicator, where [(+) is an indicator function. Let Z;(¢) be the d,, x 1 possibly
time-dependent covariate vector for subject ¢ at time ¢. 7" and C' are assumed to be independent
conditional on Z. Let 8 = (B4, ..., 8a,)T € % C %% be a vector of regression coefficients and
Bo = (Bot, -+, Boa,, )T be its true value. Assume there are k,, nonzero components of 3y and d,, — k,,
zero components. We allow both d,, and k,, to increase to infinity with n but with a slower rate than
n. Although the dimensions of 53, 3y, and Z;(t) all depend on n, we omit n from the subscript for
notational simplicity. Define for subject i the counting process N;(t) = I(X; < t,A; = 1), and
the at risk process Y;(t) = I(X; > t). The log-partial likelihood under Cox proportional hazards

model is

6 =3 [ (#2008 |13 Ve (7203 Javen,

where 7 is the time at the end of study. This log-partial likelihood is slightly different from the
conventional definition by including a 1/n term inside the logarithm. This leads to the same
score function and estimate of 3 as the conventional definition but will facilitate the theoretical
derivations in this paper. Let Py(-) be a penalty function with tuning parameter A\. We assume

that the penalty function possesses the oracle property. The penalized maximum partial likelihood
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4 A. Niand J. Cai

estimator [3 is the maximizer of the following objective function,

dn
0a(B) — nZA(lﬁjl)- (2)

Let «v, be the model that is identified by the tuning parameter A . Let aq be the true model. Let |, |
be the size of model «vy. Then |ag| = k,,. We consider the generalized information criterion

GICN) = — {~alB) + aulonl} 3)

where the penalty coefficient a,, is a positive sequence depending on n. When a,, = 1 the criterion
becomes the AIC statistic. Wang et al. (2007) noted that, when d,, is small compared to n, the
AIC statistic is approximately equal to the generalized cross-validation statistic (Craven & Wahba,
1979), which is frequently used for tuning parameter selection in Cox model (Tibshirani, 1997;
Fan & Li, 2002; Cai et al., 2005; Zhang & Lu, 2007). When a,, = log(n)/2, the criterion becomes
the Bayesian information criterion (BIC). Although there is no direct use of BIC for Cox model
selection, some modified forms of BIC have been proposed for Cox model selection in the literature
(Volinsky & Raftery, 2000; Luo et al., 2015). The selected tuning parameter ) is the minimizer of
(3). The oracle property guarantees the existence of at least one \ that gives rise to the true model
ap. The goal of this paper is to determine the characteristic of the sequence a,, so that the X leading

to the true model is identified with probability tending to one as sample size goes to infinity.

3. Notations and Regularity Conditions

In addition to the penalized estimator B\, we also define the unpenalized maximum partial likeli-
hood estimator Ba , for model oy, which maximizes (1). Note that B \ 1s a function of X\ and Ba Lisa
function of the model. For a given model ), we define its true parameter 5}; as the minimizer of
the Kullback-Leibler distance D(f,,) = n ' E{(,,(50) — £n(Ba, ) }- The expectation is taken under

the true model.
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Tuning parameter selection in Cox model 5
Let a®® = 1, a®! = a, and a®? = aa” for a vector a. Define the following notations for each n:

S(k (8,t) = ZY ®k: BTZ(t) k=0,1,2,

sP(B,t) = E{SP(B.1)}, k=0,1,2,

1,(B) = —%E {82;2@ } .

We require the following regularity conditions:

(A) fo ho(t)dt < oo, where hy(t) is the baseline hazard function.

(B) E{Y(r)} > 0.

(©) 1Z;(0)| + [ 1dZ;(t)] < C1 < oo almost surely for some constant Cy and i = 1,...,n and
Jj=1,...,d,. It implies that K,, = maxi<j<d, 1<i<n || Zij(t)|l« < 00, Where || - ||, denotes the
supremum norm.

(D) For any model o, there exists a neighborhood %, of ng such that for all 5,, € %4,, and

€ [0,7], 35 (Bays 1)/0Bay = 55 (Bay, 1), and 8255 (Bay, 1)/ 0Bar BT, = 57 (Bay s t). The

functions s\ (Bak, t) (k = 0,1,2) are continuous and bounded and s (Bay,t) is bounded
away from 0 on %4, x [0, 7].

(E) For any model a,, there exists a neighborhood %,,, of Bg) such that for all 3,, € %,,, there

exists positive constant Cs and C'3 such that

0 < Cy < eigeny; {1n(Bay)} < eigen o {n(Ba,)} < C5 < 00,

where eigen,, () and eigen, . (-) are the minimum and maximum eigenvalues of a matrix,
respectively.

(F) L, = supgez ||B|l1 < oo, where ||-||; denotes the L; norm. As a consequence of this condition
and Condition (C), we can define exp{|57 Z;(t)|} < exp(L,K,,) = U, < oofori =1,...n
and § € A.

(G) d*/n — 0and k,,/d, — c € [0,1) as n — oo.

Condition (A) ensures finite baseline cumulative hazard. Condition (B) ensures non-empty risk
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6 A. Niand J. Cai

set by the end of the study. Condition (C) requires the stochastic process of each time-dependent co-
variate to have bounded total variation almost surely. Condition (D) essentially requires exp{ 33, Z;(t)}
to be integrable under a diverging dimension so that integration and differentiation with respect
to S,(lk)(ﬁam t) (k = 0,1) can be interchanged, which is a standard condition for the proportional
hazards model. Condition (E) ensures that the covariance matrices of the score function are positive
definite and have uniformly bounded eigenvalues for all n. The same condition has been assumed in
the variable selection literature (Peng & Fan, 2004; Cai et al., 2005; Cho & Qu, 2013). Condition
(F) confines our investigation to the parameters with a finite total effect on the hazard function,
which is very reasonable in practice. Condition (G) specifies the divergence rate of the number of

candidate and nonzero parameters that is required to establish the theoretical results in this paper.

4. Asymptotic Properties of the Generalized Information Criterion

Let Aax be the smallest A that results in an empty model with no nonzero estimates. We partition

the tuning parameter space €2 = [0, Apay] into the underfit, true, and overfit subspaces as follows,
Q. ={:ax2at, DW={:an=ap}, QU ={N:a\2 a},

where a 2 b means a contains b but is not equal to b. Since B,\ is the maximizer of potentially
nonconcave objective function (2) due to nonconcave penalties, the asymptotic property of £, ( /5’ \)

is difficult to study. Instead, we work with the unpenalized version of the log-partial likelihood.

Define

CIC (03) = = {~tu(Bey) + anlorl}
Note that GIC*(«,) is a function of the model whereas GIC()) is a function of the tuning pa-
rameter. We only present main results in this section, the proofs of which are outlined in the Web
Appendix. There are two challenges in the proofs that are unique to the log-partial likelihood. First,
the log-partial likelihood and its score function are summations of dependent terms. We introduce

two intermediate quantities to tackle this difficulty. Second, the log-partial likelihood does not
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Tuning parameter selection in Cox model

possess the Lipschitz property (Kong & Nan, 2014) so certain asymptotic properties cannot be
established uniformly for 5. We instead establish the pointwise properties for any given /3, which
suffices our purpose as we are only concerned with the maximum partial likelihood estimator Ba -

The following lemma states that, for any A, the difference between GIC(\) and GIC()\) is no

less than that between GIC* () and GIC*(ag) with probability tending to one.

LEMMA 1: If the penalty function possesses the oracle property for the log-partial likelihood

(1), then for any \ € Q) and Ay € €y, as n — o0,
pr{GIC(\) — GIC(\g) > GIC*(ap) — GIC"(wg) } — 1.

Lemma 1 allows us to study the asymptotic properties of GIC*(«,) instead of GIC(\). Cai et al.
(2005) established oracle property for SCAD penalty under Cox model with a growing number of
parameters. Bradic et al. (2011) further proved the oracle property for the class of folded concave
penalties including SCAD, minimax concave penalty (MCP), and Lasso under Cox model with
non-polynomial dimensionality which includes diverging dimension as a special case.

The following theorem describes the uniform stochastic order of the difference between /,, ( Ba N
(Ba,) and D(3,,) over all possible model a, the number of which increases combinatorially

fast with sample size. All expectations are taken under the true model.

THEOREM 1: Under Conditions (A) to (G), uniformly for all models,

sup 0 (Buy) — BAL(82,)}] = Oyl {log(d,)} 7.

o |O,/>\|

Based on Theorem 1, for all underfitted model oy A o we have that,

inf {GIC*(ay) — GIC* ()}

axBag

= inf  [0a(Ba) — CalBan) = BL(B%) — alB0)} + B{L(BR) — (alB0))

axBao N

+an(Jax| = Jao)]

> _l sup gn(BOu) — E{l( gk)}‘ Bl %

T axZao

bu(Boa) = BB} + int D(,)
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8 A. Niand J. Cai

1
ot Lol
+ ot ~ay(jas] ~ Jao)

> _l sup gn(BOc,\) - E{E”( gk)}‘ _%

T ayZao

En(Bao) - E{EN< go>} + 0 — %ankn

=~ Oy og(d)} ) = 0, l{dumlog(d,)} )+, ~auk,
— O l{dalog(d)} 2 4.5, = L ank @

where 9, = inf,, 5q, D(ﬂgk) defines the smallest Kullback—Leibler distance to the true model
among all underfitted models. It can be deemed as the signal strength of the true model. Since

—-1/2

5, is always positive, if 6, and a,, satisfy the conditions §,n'/%{d, log(d,)} — oo and a,, =

o(6,nk, 1), then (4) is positive with probability tending to one. Then by Lemma 1,
pr )\ir%)f {GIC(\) = GIC(X\g)} > 0| — 1
S

as n — oo. This result suggests that as long as the signal strength of the true model does not decay
to zero too fast and the sequence a,, does not go to infinity too fast, the generalized information
criterion of all underfitted models is larger than that of the true model with probability tending to
one.

For overfitted models, the Kullback-Leibler distance based method is no longer useful because
D( ?u) = 0 for all @y 2 ag so d,, cannot be well defined. We instead study the asymptotic
property of £,(Ba,) — (,,(Ba,) directly. If the dimension of the model is finite, it is known that
2 times the log-partial likelihood ratio converges to a x? distribution with |ay| — |ag| degree of
freedom. However, when the model dimension goes to infinity, we have to consider higher order
terms in the linearization of the log-partial likelihood ratio statistic. Moreover, obtaining a uniform

stochastic order of £,,(fa, ) — £y (B4, ) over all overfitted models is challenging since the number of

such models increases to infinity combinatorially fast.

THEOREM 2: Under Conditions (A) to (G), uniformly for all oy 2 «,

sup ————
ax200 ’ak‘ - |Oz0’

{6a(8a) = ta(Bas) | = Opflog(dn)}.

Hosted by The Berkeley Electronic Press



Tuning parameter selection in Cox model 9

As a consequence of Theorem 2, uniformly for all overfitted models we have that

GIC* (o) — GIC* ()

inf
ax2a0 | — ||
1 ~ ~
Nt n(jaa| — |aol) {6”(6‘“) bn(Blay) + an(js] |QO‘)}
(07
= 0, {n log(d, )} + 0 ®

Therefore, when a,,/ log(d,,) — oo, (5) is positive with probability tending to one. Since || —
|| is positive for all overfitted models, it follows that inf,,, 5., GIC*(ay) — GIC* (o) is positive

with probability approaching one when a,,/ log(d,,) — oo. By Lemma 1 it follows that
pr | inf {GIC(X) — GIC(X\g)} > 0| — 1
AEQ4

as n — oo. With Theorem 1 and 2, we arrive at the following theorem.

THEOREM 3:  Under Conditions (A) to (G), if 6,n*/*{d, log(d,)} "/? = oo, a,, = o(6,nk;"),

and a,,/ log(d,) — oo, then as n — oo,

pr{ inf  GIC(\) > GIC(/\O)} 1.

AEQ_UQ

Theorem 3 is a direct consequence of Theorem 1 and 2. It entails that, if the signal strength
of the true model does not decrease to zero too fast and a, diverges with sample size with a
proper range of rates, then by minimizing the generalized information criterion we can identify
the tuning parameter that leads to the true model with probability tending to one as sample size
goes to infinity. From the three requirements specified in Theorem 3 we can see that the lower
bound of the divergence rate of a,, is log(d,,). The upper bound depends on the signal strength 4.
If 6, satisfies the first requirement, then a,, = O[{nd,, log(d,,)}'/?/k,] always satisfies the second
requirement. Hence, any a,, with a divergence rate between log(d,,) and {nd,, log(d,,)}'/?/k, gives
model selection consistency as sample size goes to infinity. Notably, the AIC statistic where a,, = 2
does not satisfy the requirements listed in Theorem 3, hence its inconsistency in model selection.
The BIC statistic where a,, = log(n) does satisfy the model selection consistency requirements.

Moreover, there is a range of other consistent information criteria as long as their a,, satisfies the
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10 A. Niand J. Cai

requirements in Theorem 3. In the simulation study that follows, we will investigate the finite

sample performance of AIC, BIC, and one other consistent information criterion.

5. Simulation Studies

We use the smoothly clipped absolute deviation penalty (Fan & Li, 2001) to demonstrate the finite
sample performance of the proposed tuning parameter selection method. Cai et al. (2005) has
established the oracle property of this penalty function in Cox model with a diverging number of
parameters.

Independent failure times are generated from the exponential hazard model. We set the baseline
hazard h((t) = 2 and the dimension of /3 to be d,, = [10n(1;/ 5] to reflect that it increases with the
number of cases n. and in turn with the sample size. We set d,, as a function of n, rather than
n because the former better represents the amount of information contained in the dataset. The
first component of [ is the smallest nonzero parameter in terms of the absolute value, denoted by
Buin, Which is related to J,,, the signal strength of the true model. As it is not possible to specify
the required convergence rate of ¢,, under finite sample size, we consider three different values
of Buin: 1.0, 0.34, and 0.18 corresponding to hazard ratio of 2.8, 1.4, and 1.2, respectively. The
other nonzero parameters recycle from 0.6 and —0.8. There is one nonzero parameter for every
two zero parameters. The pattern of (5 is (Sin, 0,0, 0.6,0,0,—0.8,0,0,0.6,0,0,—0.8,0,0,...). We
generate the design matrix Z as a mixture of correlated binary and continuous variables. First, a d,,-
dimensional multivariate standard normal variable Z* is generated with corr(Z;, Z5) = 0.5/l
Then the first three components of Z* are kept continuous, and the next three components are
dichotomized at zero, and this pattern is repeated for the rest of Z*. Thus half of the covariates
become binary with parameter 0.5. Censoring times C; are generated from a uniform distribution
U(0, ¢) where c is adjusted to achieve desired censoring percentage.

Various sample sizes and censoring rates are considered for each of the two [,,;, values. Variable

selection performance of the generalized information criterion is assessed for three choices of a,,: 1,
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Tuning parameter selection in Cox model 11

log(n)/2, and log{log(d,,) } log(d,,). The first two choices correspond to AIC and BIC, respectively.
The third one has a divergence rate between AIC and BIC. We also include as a comparison
the extended BIC (EBIC) (Luo et al., 2015) where a,|c,| in the proposed GIC is replaced by
log(n)|ax|/2 + v1log (‘ZTAL'). Following the authors, we set v = 1 — 1/{41og(d,,)/log(n)}. Since
the objective function (2) is not concave, we use local quadratic approximation algorithm to obtain
the estimates and their standard errors (Fan & Li, 2001). As a benchmark, we include the hard
threshold variable selection procedure, where the component of the unpenalized maximum partial
likelihood estimator from the full model is selected if its p-value from the Wald test is less than
0.05. We also include the result from the oracle procedure where the correct subset of covariates is
used to fit the model. For each setting 500 replications are conducted.

The performance of the variable selection procedure is evaluated by the average number of zero
parameters correctly estimated as zero (true negative number), the average number of nonzero
parameters erroneously estimated as zero (false negative number), the average number of correctly
identified parameters (both zero and nonzero), and the rate of identifying the true model. In addi-
tion, we define model error of a variable selection procedure as ME(f1) = E{E(T | z) — ju(z)}>.
Under the proportional hazard model with constant baseline hazard hg, it can be shown that
ME(j1) = hy2E{exp(—f3"z) — exp(—fT2)}? and is estimated by hy2m ' 327" {exp(—f37z) —
exp(—0BL 2;)}?, where m is the number of simulation replications. The relative model error for a
particular model is defined as the ratio of its model error to that of the unpenalized full model. We
use the median and the median absolute deviation of the estimated relative model error to compare
the performance of different variable selection procedures.

Table 1 summarizes the variable selection performance of different generalized information
criteria under sample sizes 1500, 2500, and 5000 and censoring rates of 80% and 90%. Overall, the
criterion with a,, = log{log(d,,) } log(d,,) gives the best performance in terms of rate of identifying

the true model and the median relative model error in various settings. The performance of the
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12 A. Niand J. Cai

EBIC is remarkably close to that of a,, = log{log(d,,)} log(d,,) with the latter outperforming the
former slightly but consistently across all scenarios. The only scenarios where the performance of
a, = log(n)/2 is similar to or slightly better than that of a, = log{log(d,,)}log(d,) are when
both of them have very high rate of identifying the true model or the signal strength is strong
(Bmin = 1.0). Based on the average number of correctly and incorrectly identified zero parameters,
the criterion with a, = 1 tends to select more parameters into the final model than does the
criterion with a,, = log{log(d,)}log(d,), whereas the criterion with a, = log(n)/2 tends to
select less parameters than does the criterion with a,, = log{log(d,)} log(d,,). This is consistent
with the fact that log{log(d,)} log(d,) lies between 1 and log(n)/2. We also evaluate the rates of
identifying the true model and average percentages of correctly identified parameters for different
generalized information criteria under wider range of sample sizes and censoring rates. The results
are summarized in Figure 1 and 2. It is apparent that the generalized information criterion with
a, = log{log(d,)}log(d,) offers the best overall performance in variable selection under most
sample sizes and censoring rates. The only scenarios where the choices of a,, = 1 or log(n)/2
outperform a,, = log{log(d,,)}log(d,) are those where the latter’s performance is already very

satisfactory.
[Table 1 about here.]
[Figure 1 about here.]

[Figure 2 about here.]

6. Real Data Applications

The Cancer Genome Atlas (TCGA) Research Network is a large collection of publically available
genomic sequence and mRNA expression data from tumor samples of various types of cancer
(http://cancergenome.nih.gov). The availability of matched overall survival data makes it possible

to conduct analysis to identify gene alterations and expressions that are potentially prognostic of
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the overall survival. In this analysis we use the breast invasive carcinoma dataset that contains
the mRNA expression data from 816 cancer patients (Ciriello et al., 2015). There are 119 death
events, corresponding to a 85.4% censoring rate. The mRNA expression was measured by RNAseq
technique and was standardized into z-scores for each gene by subtracting the mean and divided by
the standard deviation of the mRNA expression of that gene in the normal samples in the TCGA
database. Each gene was further categorized as significantly altered if the absolute value of its z-
score is larger than 1.96 and not altered otherwise. We consider the 468 genes that constitute the
IMPACT gene panel developed and routinely used at the Memorial Sloan Kettering Cancer Center
(http://cmo.mskcc.org/cmo/resources/gene-lists). Since the number of genes is more than half of
the sample size and exceeds the number of deaths, the Condition (G) imposed in this paper is likely
to be violated. To overcome this difficulty, we pre-screen the candidate genes by only including
those with an alteration frequency greater than 5% and a univariate log-rank test p value less than
0.05. These steps result in 35 genes that enter the subsequent SCAD-penalized variable selection
procedure. The idea of pre-screening followed by penalized regression has been thoroughly studies
in the literature (Fan et al., 2010a). The alteration frequency of the 35 genes range from 5% to
41%. We again use the three choices of a,, EBIC, and the hard threshold method to select the
genes. The chosen tuning parameters As are: 0.41 for a,, = 1, 0.73 for a,, = log(n)/2, 0.66 for
a, = log{log(d,)}log(d,), and 0.66 for EBIC. The identified genes are summarized in Table 2.
Only genes that are selected by at least one method are listed.

The criterion with a,, = log{log(d,)}log(d,) identifies two genes: MLH1 and KRAS. The
MLHI1 gene mutation has been reported to be associated with over ten-fold increase in the in-
cidence ratio of breast cancer (Scott et al., 2001). The KRAS gene amplification and mutation
are well known to be present in a number of cancers including breast cancer, lung cancer, and
endrometrial cancer (Kim et al., 2015; Pereira et al., 2013; Birkeland et al., 2012). Therefore, the

identification of MLH1 and KRAS gene mutations makes biological sense. The EBIC method
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identified the same two genes as a,, = log{log(d,)} log(d,), which is expected given the similar
results of these two methods in the simulation studies. The criterion with a,, = log(n)/2 misses
the important KRAS gene mutation. On the other hand, the criterion with a,, = 1 identifies ten
genes and the hard threshold method identifies five, many of which do not have previous literature

to support their association with the overall survival.

[Table 2 about here.]

7. Discussion

The theorems developed in this paper specify theoretical range of the divergence rate of the se-
quence a,, for model selection consistency. Any rate within the range leads to selection consistency.
Therefore, the choices of a,, is not unique. In real-data applications with finite sample sizes, differ-
ent choice of a,, may yield different results. Our simulation studies numerically demonstrate that
the choice of a,, = log{log(d,,)} log(d,,) offers an overall superior variable selection performance
over wide ranges of sample sizes and censoring rates. Admittedly, there likely to be other situations
where other choices of a,, may offer better performance. The main goal of this paper is to establish
the theoretical requirement on a,, for selection consistency. It is not our intention to provide the
best choices of a,, for all possible finite sample scenarios. In practice, we suggest practitioners to
use a few different a,, choices as a sensitivity analysis to assess how robust the selected model is
to the variation of a,,.

Although in this paper the model selection consistency of the generalized information crite-
rion is investigated in the context of regularized variable selection in Cox’s proportional hazards
model with a diverging number of parameters, the conclusions of our study have a much broader
application. In fact, the generalized information criterion developed in this paper can be used to
identify the true model from any set of candidate Cox’s regression models as long as the true

model is contained in the set. Therefore, it can be equally applied to the best subset selection or
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stepwise model selection procedures. In the context of regularized variable selection, the solution
path corresponding to a sequence of tuning parameter forms the set of candidate models. The oracle
property of the penalty function ensures that the solution path contains the true model.

A natural research question is to study the properties of the generalized information criterion
when the set of candidate models does not contain the true model. This happens when the solution
path of a regularized variable selection procedure fails to capture the true model or some covariates
with nonzero true effects are not included in the initial family of candidate covariates. In these cases
it is not clear if the proposed generalized information criterion can consistently identify all nonzero
parameters. Another potential research direction is to evaluate a variable selection procedure by
certain loss function of the estimated parameters rather than model selection consistency. Zhang
et al. (2010) investigated the squared loss of the penalized estimator in linear models with fixed
number of parameters and found that the Akaike but not the Bayesian information criterion is
asymptotically loss efficient in that it identifies the model whose squared loss converges to the
infimum of the squared loss of all possible models. It would be interesting to establish similar
results for Cox’s proportional hazards model with a diverging number of parameters.

Another future research direction is to apply the theoretical framework used in this paper to
the variable selection method recently proposed by Su et al. (2016) under Cox model with a
fixed model size. In their approach, the authors essentially approximate |c,| in our GIC with the
“unit dent function” Z?;l tanh(n.77) and set a, in our GIC to log(n.), which lies in the range
of divergence rate identified in our paper for selection consistency. Although the authors showed
under a particular finite sample setting that the parameter estimation is robust to the choice of a,,
it would still be interesting to extend our theoretical framework to their approach to identify a
theoretical range of divergence rate of a,, that ensures selection consistency under Cox model with

a diverging number of parameters.
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Figure 1. Rate of identifying the true model (RITM) of different choices of a,, in the generalized
information criterion. GIC 1: a,, = 1; GIC 2: a,, = log(n)/2; GIC 3: a,, = log{log(d,,)} log(d,);
EBIC: extended BIC.
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different choices of a, in the generalized information criterion. GIC 1: a, = 1; GIC 2: a,, =
log(n)/2; GIC 3: a,, = log{log(d,,)} log(d,); EBIC: extended BIC.
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Table 1
Model selection performance of different choices of ar, in the generalized information criteria.
80% Censored 90% Censored
RME RITM RME RITM

Method median (MAD) TN FN C (%) median(MAD) TN FN C (%)

n = 1500, Bmin = 1.0, d,, = 31 for 80% censored, d,, = 27 for 90% censored

HT 0.60 (0.19) 18.8 0.1 29.8 28.8 0.61 (0.23) 170 04 256 246
GIC1 0.41 (0.15) 193 00 303 51.0 0.50 (0.13) 157 02 245 102
GIC2 0.36 (0.15) 19.8 0.1 30.7 78.0 0.46 (0.29) 17.8 0.8 260 39.6
GIC3 0.36 (0.16) 199 0.1 307 79.0 0.48 (0.31) 178 0.8 260 38.6
EBIC 0.36 (0.16) 19.8 0.1 307 78.8 0.50 (0.34) 178 09 260 37.8
Oracle 0.32 (0.14) 200 0.0 31.0 100.0 0.29 (0.14) 18.0 0.0 27.0 100.0

n = 1500, Bmin = 0.34, d,, = 31 for 80% censored, d,, = 27 for 90% censored

HT 0.72 (0.17) 18.8 0.1 297 29.6 0.81 (0.25) 169 06 252 16.6
GIC1 0.46 (0.18) 193 0.0 302 48.0 0.71 (0.21) 153 02 241 8.0
GIC2 0.56 (0.39) 200 0.7 303 528 3.64 (2.48) 18.0 33 237 20
GIC3 0.36 (0.18) 199 0.1 308 80.6 0.86 (0.57) 178 12 255 244
EBIC 0.38 (0.17) 199 0.1 307 78.6 1.04 (0.91) 178 15 253 15.0
Oracle 0.33(0.14) 20.0 0.0 31.0 100.0 0.29 (0.14) 18.0 0.0 27.0 100.0

n = 2500, Bmin = 0.34, d,, = 34 for 80% censored, d,, = 30 for 90% censored

HT 0.71(0.15) 207 00 327 312 0.70(0.19) 189 0.1 288 312
GIC 1 0.47(0.18) 215 00 335 600 0.63(0.18) 176 00 275 9.8
GIC2 0.36(0.16) 220 0.0 340 968 1.61(1.25 200 1.6 284 206
GIC 3 0.37(0.16) 219 00 339 938 044(025) 199 03 296 672
EBIC 0.38(0.16) 219 0.0 339 90.0 044 (025 198 05 293 526
Oracle 0.36(0.15) 220 0.0 340 1000  031(0.13) 200 0.0 300 100.0

n = 2500, Bmin = 0.18, d,, = 34 for 80% censored, d,, = 30 for 90% censored

HT 0.71 (0.15) 20.7 0.1 327 26.0 0.69 (0.19) 189 04 285 21.8
GIC1 0.49 (0.17) 215 0.1 334 546 0.66 (0.18) 176 02 274 10.6
GIC2 0.45 (0.21) 220 06 334 476 227 (1.74) 200 25 275 3.0

GIC3 0.40 (0.17) 219 02 338 772 0.50 (0.28) 199 08 29.1 358
EBIC 0.40 (0.17) 219 02 337 76.0 0.45 (0.27) 19.8 1.1 28.8 20.0
Oracle 0.36 (0.15) 22.0 0.0 34.0 100.0 0.32 (0.14) 20.0 0.0 30.0 100.0

n = 5000, Bmin = 0.18, d,, = 39 for 80% censored, d,, = 34 for 90% censored

HT 0.71 (0.18) 246 00 375 246 0.67 (0.16) 207 0.1 326 274
GIC 1 0.44 (0.16) 255 00 385 592 0.66 (0.18) 196 00 316 9.0

GIC2 0.37 (0.15) 260 0.1 389 916 0.47 (0.20) 220 06 334 438
GIC 3 0.37 (0.15) 259 00 389 932 0.40 (0.17) 219 02 338 792
EBIC 0.36 (0.14) 259 00 389 920 0.41 (0.19) 219 03 336 6438
Oracle 0.35 (0.14) 260 0.0 39.0 100.0 0.37 (0.16) 220 0.0 340 100.0

RME: estimated relative model error; MAD: median absolute deviation; TN: true negative number
(average number of zero parameters correctly identified as zero); FN: false negative number
(average number of nonzero parameters incorrectly identified as zero); C: average number of
correctly identified parameters (both zero and nonzero); RITM: rate of identifying true model;
HT: hard threshold; GIC 1: a,, = 1; GIC 2: a,, = log(n)/2; GIC 3: a,, = log{log(d,)} log(d,);
EBIC: extended BIC.
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Table 2
Selected genes and estimated coefficients in the breast cancer TCGA data.
HT GIC 1 GIC 2 GIC3 EBIC
Variable 3 (se) B (se) 3 (se) 3 (se) 3 (se)
AKTI 0.72 (0.32)  0.54 (0.28) 0(-) 0-) 0-)
APC 0(-) 0.79 (0.35) 0() 0-) 0()
BCOR 0() 0.64 (0.32) 0() 0() 0()
CSF3R 0() 0.81 (0.35) 0() 0() 0()
ELF3 —1.22(0.51) —1.02(0.44) 0-) 0() 0H)

KRAS 0.93(0.36) 0.81(0.32) 0 1.03 (0.28) 1.03 (0.28)
MLH1 0.91(0.29) 096 (0.24) 1.09(0.23) 1.05(0.23) 1.05(0.23)

MPL 0() 1.11 (0.31) 0(-) 0() 0(-)
PPP2R1A 097 (0.41) 1.01(0.39) 0(-) 0(-) 0=
SDHC 0(-) 0.38 (0.19) 0(-) 0() 0()

HT: hard threshold; GIC 1: a,, = 1; GIC 2: a,, = log(n)/2; GIC 3: a,, = log{log(d,)} log(d,);
EBIC: extended BIC.
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Proof of lemma 1. We first consider BAO, the penalized estimate under the true model. By

definition, /3 \o Solves the equations

06, (P)
0B;

where 3; is the jth component of 3. Since BAO possesses the oracle property, it must follow that

— Py, (18i))sgn(B;) =0, G =1, kn,

Bej converges to (o, in probability and pr{P}(|3x;|) = 0} — 1. As a result, with probability

tending to one, B \o Solves the equations

0L, (3)
9P,

which are the same equations that the unpenalized estimate Bao solves by definition. This implies

=0, g=1 ..k,

that B o = Bao with probability tending to one. It follows that
pr{GIC(X\g) = GIC*(ap)} — 1. (1)
On the other hand, for any A\ € {2 and any model «,, by the definition of Ba , we have
GIC(\) = GIC* (ary). (2)

Lemma 1 follows from (1) and (2).

The log-partial likelihood function under Cox proportional hazards model can be written as

Ca(B) = D00 A (BTZi(ti) — log [nfl > Y5(t) exp{ 87 Z; (tz)}] ) Since the log-partial like-
lihood is a sum of dependent random variables, we introduce the following intermediate function

to facilitate the theoretical derivation:
0(B) = (B Zit:) — log{s(B,1:)}] A,

=1

where s (B,1) is defined in Section 3 of the main text. Define supp() as the support of 3 consist-
ing of indices of its nonzero components. Define set Z,, = {f € # : supp(f) = an} U {BY, }.

Then for any § € %, we define N, = ||3 — 3, || and

Zur(B) = ~|a(8)  £a(82,) — BL.(8) — (32}
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LEMMA 2: Under Conditions (A) to (G), uniformly for all model o,

{log(dn) }1/ 2] |

Proof. We first restate a theorem from van de Geer (2008) that will be used in our proofs.

1
’O‘A‘Na

T Za (ﬁ) :Op

sup

Theorem A.1 in van de Geer (2008) (Bousquet concentration theorem):
Let X1, ..., X,, be independent random variables in space 2" and let I be a class of real-valued

functions on 2~ satisfying for some positive constants 1, and T,
1 n
oo ST and  — X))} <7} vyel.
e S and 03 (60} < 77 v
Define Z = sup,p |[n =t Y0 {7(X;) — Ev(X;)}|. Then for any £ > 0,

< exp(—ne?).

262,
pr {Z EZ +e{2(r? + 2,E2)}"* + 53”}

We begin by introducing the following two intermediate quantities:

QunlB) = -

LalB) = 6a(B2,) = EAT(8) = La(80))
= 2Jeal®) — al) — {0) — T, )}

It is easy to see that Z,,, (3) < Qa, () + Ra, (8) + E{Ra,(B)}.

Ra, (B)

We will study the tail probabilities of the above two quantities separately.

To use Theorem A.1 in van de Geer (2008) to establish a probability bound for Q,,(3), we
first derive a bound for E{Q,, (5)}. Let €, ..., ¢, be a Rademacher sequence, independent of the
random variables 01(8) — (55 ), ..., (x(3) — £,(5Y,). By symmetrization theorem presented in
Lemma 2.3.1 of van der Vaart & Wellner (1996) with F being a class of only the identity function,

we have

B{Quy ()} = 1 Bl6a(8) = Gulhy) — BU(3) — G0} < 2|

n

D6 ([87Zi(ts) —log {5 (B,1:)}] Ai = [(82,)" Zu(ts) —log {1 (85, 1) }] )

=1

2
=°E
n
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2 | 2 |
SE ;ei{ﬁwm = (B2,)" Zilts) } |+~ Z {log s (8, 1:) —log s (B, t:) } A
- Il +[2

We first consider /;. By Cauchy—Schwarz inequality and E'(e) = 0,

n loex ] 5Y, n
L= 2B e S (8 - 8,)Z(t) y A = ~E Z{(ﬂj - 2Aj>zezzzj<t>Ai}'
- j|_;| n 2] 12 - N - 2] 2
<21p-80E [ {Zqzmmi} <25, > {Z : >Az}
Oi\_l B n n h 1/2
< %Hﬁ - 6 Z Z E{eZ( Ai}2 + Z Z E{eZij(t:) Aier Zij (te) Axt
j=1 Li=1 i=1 k=1

< 2N, o |V V2K,

Next we consider /5. Due to its lack of Lipschitz property, we cannot study its properties uni-
formly for 3 as in van de Geer (2008). We instead study its pointwise property for any given 3 by

mean value theorem. For some 3} that lies between ﬁgk and [3,
loexl (1)(5 t:) ool n 3(1)(5* t:)
nj \Pay 0 nj \Pay s i
Z EzA Z O‘A] 0)( . t) Z(ﬁj - OéAj) Z EiAi (0) > )
) (2

j=1 i=1 n (B4, t)
where s (5 ,t) denotes the j-th component of s (5 t), which is defined in Section 3 of the main

- °E

text. By the definition of s,%) (8,t) we have that

s\(B.t) = B [Y () Z;(t) exp{BTZ()}] < KB [Y(t)exp{ATZ(1)}] = K5 (5,1).

By Cauchy—Schwarz inequality and F(¢) = 0,

jaxl Wge 4
b< 28— 80,18 Z{Z% S (0 1) )}

7 S(O)(/Ba)\7

9 |04A|
0 OéA’
< EHﬁ - /Ba)\H Z (0)
a/\’
ti)
t:)

\le\ n
2 Oé )
< EHB_BSQ‘” E E { € (0 o

= =1 Oé)\7

97 1/2

1/2

)
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non sV < (g 1/2
» v ] a)\at
. E{ s Bayyt) 8 (O)< k)}])
i=1 k=1 n (5@715) Sn (Bgmtk)

< 2N, |on |V V2K,

It follows that E{Q,, (8)} < I + Iy < 4N, |ay|'?n~2K,,.
Now we check the two conditions for Theorem A.1 in van de Geer (2008). By Cauchy-Schwarz

inequality and mean value theorem, for all 7 we have

Gi(B) — i(Ba,)

< |87 ik - (85,)Zlt) (8, t:) — log s\7(85, . 1)},

[0 k2, 002}

0 *
s (B, )

< V218 = BN K + 118 = B2,
< 2|an VAN, K.

Thus [|;(8) = £i(52, Mlee < 2|ax|"?Na, K, and var{£;(8) — £:(52,)} < E{€:(8) — L:(BY,)}* <
4|lan|NZ K. Let i, = 2|z |2 N,, K, and 72 = 4|loy|NZ K. Then by Theorem A.1 in van de

Geer (2008) with X; = £,,(8) — 0,53, ), v being the identity function, and ' = {~}, for any & > 0,

/2
AN, || V2K, 16|y | N2 K21 % 422|ay|'/2N, K,
pr [an(ﬁ) 2 >‘| 1/|2 + e 2(4|CYA|NC2¥AK2 —+ —n1/2 A + | | 3 A
1/2 2 8 12 2¢> 2
= pr |Qa, (B) = 2[axr[/*No, Ky, a2t e(2+ m) T30 s exp(—ne”). 3)

Next we consider R, (5). By mean value theorem, for some 3} that lies between ﬁgA and 3 we

have that
gis 3 1 = Y(t:) exp{BTZ;(t;)}
Ray(B) = = log | -
(B) n; (Og [n; 81(10)(5,751')
~ FZY( ) o l(5,)"2,(0) )Ai
i DB, t:)
SO SO0
<Os<1£ log{ 5 } 10%{ O B0t }’
S8z 1) s%” 1)
= e | _ﬁg*)T{S“”( <o) SO >}

Hosted by The Berkeley Electronic Press



Tuning parameter selection in Cox model supporting materials 5

o (SO(3 8 s(g e
aup 13- 42, Z{ o) stk )}

o<ttt S(O)<ﬁa>\7 ) (0)<ﬁa>\7t)

51 1/2

/A

o
= sup |90, Z(; [S%w 5, (B2 1)

o<i<r j=1

3(1)(5* 1) o o 9y 1/2
Sgl())(ﬁ;/\’t) {Sn (ﬁa,\at) - Sn (ﬁa/\,t)}]>

[aex]
1
< sup ||B— B —[max
H /\” ; S{f(f)(ﬁ;/\yt) 1< |

0<t<r

+K,

2
SO, 1) — sO (B, t)H) }

1
oot \T|| ||| 3 Séo)(ﬁévt) 1< ax]

SO 1) — s L) \}

(1) / o (1) / o
SO 1) - sD(8 t>\

+Ky

<8 Baxm Al o<t PT S(O (Bx )()gtgr IS

SO 1) — SO t>]} . @

(1) 1 s (1) 1 o
SO 1) — sl wwz»\

+K,

We first bound supogtST{Sq(q,O)( * »t)}~". By Condition (F) we have

1 n
inf S(O) Yi(t) exp{— su Tz = U;l— Yi(t
B,Z(t) Z o @Zil?t)ﬁ 3 n ; g

Since Y (t) is a non-increasing function of ¢, we have that

1 n
0) 14 :
OEETS (B5,.t) = U, - El Yi(7)

and therefore

-1
1 1 —

sup —— < U, = Yi(r .

0<t£7' S,SO)(ﬁ;A,t) {nzzl (>}

Define pn = E{Y (7)}. By Lemma 2 in Kong & Nan (2014),
-1
1 « 2 nu?
{ ZY }—Pf {EZY;(T)} 2; <2€XP(—T)-
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1 S 20U, <9 ( n;ﬁ)
r{ su exp| —— .
p 0@57 ST(LO)( N t) =z M S p 9

)

Therefore,

By a modification of Lemma 3 and 4 in Kong & Nan (2014) we have for any positive constant ¢,

pr4 sup
o<t<r

ay? n )

SO 1) — s t)‘ > Une} < %WQ exp(—ne?),  (5)

sup max

pr ni
o<t<r 1<j<|ay] J

* * 1
Sw(l?(ﬁawt) - S(l)(ﬁawt)‘ > UnKnS} < g’CtA‘WZ eXp(_n€2>7

where W is a constant determined by the bracketing number of the class of functions indexed by ¢,

F ={Y(t)exp{BTZ(t)}U, " : t € [0,7],exp{BTZ(t)} < U,}. Applying these results to (4) we

have
2N, 1202, 2 1
Pr{RM(/B) > AMM n 5} < 2exp (—%) + = (o] + DW? exp(—ns?). (6)
Since Z,,, () € Qa, (8) + Ra, (8) + E{Ra, (5)}, by (3) and (6) we have that
2 8 2¢?2  U?e
1/2 1/2 n
pr |:Za>\(ﬂ) > 2N, KoY {W +e(2+ m) 24 5 T p } + E{Rm(ﬁ)}}
2 1
< 2exp (—%) + {g(lak\ + 1)W? + 1} exp(—ne?). (7)

To establish the stochastic order of random sequences, we use the following result: for any
random sequence X, a,, b, and any diverging constant sequence ,,, pr(X,, > a, + b,v,) = o(1)
implies that X,, = O,(a, + b,). Lete = n—1/ 24,., where 7, is any diverging sequence. Then (7)

becomes

2 Tn 8 272 UQ’yn
1/2 1/2 n n
pr {Zw(ﬁ) > 9Ny, Ky loa |V {nm a2 ) S R 4 B{R,(9)
g 1
<2ep (-0 )+ {Slasl + 02+ 1 bexp(22), ®)

Using the same method on (6) we get

Ra, (ﬁ)ﬂnl/z nu? 1 , ,
2 S 2 —— )+ = W2 exp(—~2).
pr{QNaJOé,\WQUgKn 9 exp + 5(|a>\| + 1)W*exp(—7)

From this tail inequality we can verify that E{ R, (8)un'/2N_ox| 72U 2K ' /2} < co. There-
fore, E{Ra,(8)} = Na,|aa"20(n~"/2). Then from (8) it follows that Z,, (8)N, !|on| =% =

O,(n=1/?).
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Now we derive the probability bound for the supremum of Z,, () over all possible models. Let

e = {|a|log(d,,) }'/*n="/%5, in (7), where 7, is any diverging sequence. Then,

2N, K|y ~ a2 2|ax| /% log(d,, )2
pr (Zax (ﬁ) = 21117 |:2‘O‘)\| 12 + n {1Og(dn)<2 +38n 1/2)} 3n1/2
+U3{log(dn)}1/2% . E{Rq, (B)}n!/?
M Na)\|a/\‘1/2
ny? 1 2 2
<2ewp (=) { Sl + 02+ 1 f exp(— o] g2}
We use the fact that
dTL k
. < (dpe/k), 0<k < d,, )

where e is the Euler’s number, in the following derivation.

1 2K, Lo 12 | 2laa]? log(dn)vz
pr (s 2 (9) > 2 |2l 4, {log(a) (2 + ) 4 AL
U{log(dn)}'/*v | E{Ra,(8)}n!/?
+ + o
/’L Na)\|a)\|
d
- 2N, K, |« B _ 1/2
<3 3 (200> P e g )
k=1 |ay|=k
L2 log(dn)rn  Un{log(dn)} Py - E{ R, (8)}n'?
3nl/2 1 N,, |ay] /2

< dn (CZ”) [2exp (—%) {%(k-i- W2+ 1}eXp{—k10g(dn)7§}}
< :1 (%)k [2 exp ( ) % HW? + 1} eXp{—klog(dn)vi}}

k 1
_ (%) {Zdﬁexp( )+{5 (k+1) W2+1}d( ﬂ. (10)
By Condition (G), {(d,, + 1)log(d,)/n} = o(1). Thus d%*! = o{exp(n)} and the first term in
the square brackets in (10) is o(d,;'). Since 7, diverges to infinity, the second term in the square
brackets in (10) is also o(d;;!). Moreover, (e/k)¥ < 1 for all k > 3. Therefore, it is easy to see that
(10) goes to 0 as n — oo. It follows that

1

o, 2K,
|O‘>\|Na

2|2 log(d,, )2
(8) =0, { = <2’a - 1/2+% {log (2+8n_1/2)}1/2—|— lon|# log(dn ),

3n1/2

sup
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8 A. Niand J. Cai

, Unflog(dn)}' ™ E{R%(ﬁ)}nmﬂ o, [ {log(dn)}l/zl |

% Nax|a/\|1/2 n

LEMMA 3: Under Conditions (A) to (G), uniformly for all model o,

{log(dn) }1/2] |

Proof. Denote || 3, — 32, || = Na,. Since 3, maximizes £, (Ba, ), £n(52,) < £n(Bay)- Since 52,

1 .
SEAP@H%A —Ba,|[=0

minimizes the Kullback-Leibler distance, £{(,, (8%, )} > E{(,(Ba,)} and 9E{(,(82,)}/98 = 0,

where the expectation is taken under the true model. It follows that,

0 < E{la(B5,) = £a(Ba)} < la(Bay) = B{a(Bay) — [6a(B2,) = E{a(Ba,)}] < 1Z0y (Bay)-
(11)

By Taylor expansion, for some 3, that lies between Ba , and ,BSZA we have that

B{la(Bar) = €al82,)} = =5 By = B0 1u(B2,) (Boy = B2,) < —5N2,Co (12)

The last inequality in (12) hold by spectral decomposition on ,,(3;, ) and Condition (E). By (11)
and (12) we have that N, < 2Z., (8a,)N;'C5'. In the proof of Lemma 2 we have shown
that Z,, (B)N;! = Op(lan|V?n~"/2). It follows that N, = O,(|ey|'/*n~*/2). Furthermore, by
dividing both sides of the inequality N,, < 2Z,, ( 5%)}]\7 o C3 ' by |ax| and taking supremum we

arrive at

sup

N 1
= sup —
| o) |

The last equality holds by Lemma 2.

n

. 01 log(d,) Y '/
b ko [

LEMMA 4: Under Conditions (A) to (G), uniformly for all model o,
I
D s fa(es) = 6a(82,)] = Opl{log(dn)}

Proof. By the definition of 3,, and 3 , we have that /,,(53,) < €n(Ba,) and E{(,,(53,)} >

Hosted by The Berkeley Electronic Press
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E{l,(B.,)} for any model a,. Thus,

Cn(Bay) = €a(B5,) < ba(Bay) = B{la(Bar) = [a(50,) = E{la(B0,)}] < 1Zay (Bay).

Define N,, = [|3a, — 32, || By Lemma 2 we have
|€ ﬁak B ( gx)‘ < nZaA<Ba)\) _

a>\ ’CV/\‘NQ h Q) ’a)\‘NOO\

O[{nlog(d.)}'"?].
In the proof of Lemma 3 we have established that N,,, = O,(|a|*/?>n~Y/2) for any a,. It follows

that sup,,, x| 732 (Bay) — ln( 2 = Oy[{log(dy)}'/?].

LEMMA 5: Under Conditions (A) to (G), uniformly for all model oy,

1
b 15 [ (50,) = (58,3 = Op [{nlog(d)}7].

. O . . . .
Proof. Since (,,(5, A) is a sum of dependent random variables, we decompose the quantity in the

statement of the lemma as follows,

W(85,) = B{ta(85)}

1
sup ———=
oy |oa]!/?

En( gk)_zn( SQ) + _n( SQ) _E{gn( 0 gn( gA)_Zn( gk)

Sup

)

e
|Oé>\‘1/2

=Sup 5+ {[1+IQ+E(11)}

a | ’1/2

We first consider ;. By mean value theorem,

n
& (8968, = 5038, 0.

I < sup | og{SO(85,, 1)} — log{s(8,,)}| = sup

o<t<r o<t<r

(13)

where S lies between Sy ( o, s 1) and s\ )( o, t). It follows from (5) that S (83, .t) converges
to 5510)( o, 1) in probability uniformly on ¢ € [0, 7], and so does S;;. By Condition (D), s\ ( oo t)

is uniformly bounded away from 0. Let C; be a constant satisfying 0 < C5 < infoc<, 37(10)( 0 o).

Define the event <7, = {S > C5}. Denote <7, as the complement of 7. Consider

pr | sup [ oS08, 00} ~ e (s 20, 0} > 22
o<Lt<T
2
<pr ng SR, 0 s Wt)}'> - }—l—pr(ﬂf) I+ .
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By (5) we have

05 ) n ) 05

2
o<t<r

n

1
R N [ B L

=Dpr { sup
o<t<r
Further, we have that J, = o(1) since S converges to 87(10)( 0 |t) in probability uniformly on

)yl

€ [0, 7]. Therefore, by replacing £ with n~'/2¢, from (13) we have that

1/2772 1
pr ([1 > 2 C(j"g) < EWQ exp(—e?). (14)

G (B2, < 1(B2,)7 Zits)—log{s” (82, 1)} < 1(B2,)T Zi(t:) |+
[log{si” (82, t:)} < log(Un) + |log(E[Y (t;) exp{(8%,)7 Zi(t:)}])| < 2log(U,). It implies that

—2log(U,) < (50 ) < 2log(U,) for all i. Thus, by Hoeffding’s inequality (Hoeffding, 1963),

Next we consider /.

for any € > 0,
2ne? 2
pr(l, > n'%c) < 2exp [— - } = 2exp {——} : (15)
oz ) S {log (U] Hioa(U) ]
From (14) and (15) we get
n'2U,e 1 g?

L +1L+EL)> = V2 1 B(I) p < =W?exp(—€?) +2 —_—].

pr{ 1+ I+ E(L) - +n/%e+ (1)} z exp(—e~) + 2exp {Ioe (U1

Let ¢ = {v,|ax|log(d,,)}/2, where 7, is any diverging sequence. Then,

U,
pr {1+ a4 B > {ralanlog(@)} (2 +1) + B(11)]
5

Ynla] log(dn)}
2{log(Ux)}*

From (14) it can be verified that E(I;n'/2U2C5) < oc. Therefore, E(I;) = O(n'/?). By using

1
< 1 exp{ o log(d) +2exp [—

(9) we have that

1

1 12 (Un
e+ Bt BU) > o log@))? (G +1) + )

pr {sup B

< Z > pr {Jl + L+ B(I) > {ny,|ax| log(d,) }/? (%’; + 1) + E(Il)}

k=1 |ax|_k‘
kvn
< Z( ) { Wde kyn —|—2d 2{103(Un)}2:|. (16)
Since 7, diverges to infinity, the two terms in the square brackets are both o(d,'). Moreover,
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(e/k)* < 1 forall k > 3. Therefore, (16) goes to 0 as n — oo. Hence, sup,, || ™/2{11 + I, +

E(I)} = O,[{nlog(d,)}'/?]. Thus SUp,, ||~ 1/2‘6 V—E{l,( gk)}| =0, [{nlog(dn)}l/z].

Proof of Theorem 1. For all model ), we have that

£a(Ba) = EAL(8,)}]

sup ———=

ax | |1/2

sup

ln(Bay) = €a(B2,)

0 0
’05)\|3/2 +Sup| >\|1/2 e ( ax) - E{gn( aA)} : (17)

By Lemma 4 and 5, (17) = O,[d,,{log(d,) }'/?] + O,[{nlog(d,)}*/?] = O,[{nlog(d,)}*/?] under
Condition (G).
Proof of Theorem 2. By Taylor expansion, for some S* that lies between Ba , and Bao,
o) = £0(B) = (Bag = Bor ) CaBan) + 5B = o) B ) B — i)

n leeal

+ = Z Z g;/j,kl /Baoj Baxj)(gocok - Baxk)(/@aol - Ba)\l) - Il + IZ + ]3-

i=1 j,ki=1
Since f3,, maximizes £, (54, ), I; = 0. In the proof of Lemma 3 we have shown that || 3,, — Bo.ll =
1/2

Op(Jaua| n~'/2) for any a,. Since oy 2 ay, 6 . Therefore, ||6AOC0 —BmH < ||Ba0 —BgOH +

1By — B9 || = Op(|an|"*n=1/%). We decompose I as

%(Bozo - BaA)T{a;(BaA) + nIn(Ba,\)}(Bao - Ba,\) - %(Boao - Ba)\)TnIn(BaA)(Bao - Ba,\)

= 121 - -[22a

where I,,(f., ) is defined in Section 3 of the main text. It can be shown that for ﬁ’é]k(ﬁak) and
Injk(Bm), the (j, k)th component of KZ(BOQ) and In(/@%) respectively, we have that E’r’uk(ﬁ%) +
nljk(Bay) = Op(n'/?). Thus, o1 < [|Bag = Bay[IPOp(n'/?ar]) = [[Bay — Bayl[?0p(n) under
Condition (G). Furthermore, Iy > n|Ba; — Ba, [|2eigen, i {Ln(Ba)}/2 = n|Bayg — Banl|2Cs/2
under Condition (E). It follows that Iy = 0,(/22). It can be shown that £{7;,(5*) is O,(1). Thus,

I5 < Op{||Bag = Bay IPlas??n} = 0,([|Bay — Ba, [|?n) under Condition (G). Thus, Is = o, ().
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Let Rl = [21 + [3 = Op([22) = 0p(|04>\|), then

En(/éozo) - gn(Boa,\) = %(Bo&o - Ba,\)TnIn(Ba,\)(Bao - Bax> + Rl- (18)

On the other hand, by Taylor expansion, for some 5** that lies between Ba , and Bao,

0= E%(Bax) = 6;’1(3@0) + {a;(Bao) + nIn(Bao)}(ﬂAw - Bao) - n]n(éao)(Bax - Boco)

n oyl
Ll ) S .
5 Z Z E;;/kl 604/\_] 501()j)(/BOQkJ - /Baok’)a [EEX}
1=1 j,k=1
n loal X ) R r
Z Z g;/_]/k|a/\| ** 6&)\j ﬁaoj>(ﬁa)\k - /Baok)
i=1 jk=1
= J1+J2—J3+J4. (19)

Denote the vector J5 as (v1, ..., Vja,|)" and Js as (vy, ..., Uja,|)" . Since we have shown that I, =

0p(I22), it follows that Zlaﬂ (ﬁau ﬂaoj) = OP{Z‘OQ‘ (5cu] ﬁaoy)vj} Since £, ( gx)""nln (Bao)

and n.1,, (3, ) are both symmetric matrices, under Condition (E) we have that vj = op(v;) for all
J, and therefore J, = o0,(.J3) component-wise. Since I3 = 0,(l52), similar argument gives that
Jy = o0,(J3) component-wise. Let Ry = Jy + Jy = 0,(J3), then J; — J3 + Ry = 0 by (19).
Using proof by contradiction, it is necessary that Ry = o0,(.J;) = op{ﬁg(ﬁao)} component-wise.
By solving (19) we have that S, — fay = 7~ {1 (Bag)} ¢, (Bay) + R2}. Plug this result into
(18) we get
bn(Bao) — #n(Ban)
= S {4 (Boe) + B Y T (B} B )™ )} Bu) + R} + R
Since both B% and Bao converge to (3 in probability, Bm also converges to Bao in probability.
Hence, I,,(Ba,) = In(Bay) + 0,(1). Therefore,
€n(Bao) = €n(Ba)
= 2 o) 0 Lo (Bao)} 0 Be) — €,Boo) 1 La(Ba)}

- %RQH_I{In(Bao)}_IRQ + %{K;(Bao) + R2}Tn_2{]n</éa0>}_2{K;’L(BOCO) + R2}0p<1) + Iy
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=K+ Ky + K3+ Ky + Ry

Since Ry = 0,{(,(B4,)} component-wise, K, and Kj are both o,(K;). Also, K, = o0,(K}).

Furthermore, by spectral decomposition and Condition (E),

K1 2 [16,(Ba ) IPn ™ eigenyuin [{1n(Bag)}'1/2 = OplJan)):
Thus, Ry = 0,(K}) since Ry = o,(|avy|). For any ay 2 g, I,(Ba,) is the covariance matrix of
n~Y 26;1(3&0), it follows that —2K; converges to a Chi-square distribution with degree of freedom
x| — |evo]. Therefore, 2{¢,,(Ba,) — €n(Bay)} converges to a Chi-square distribution with degree of

freedom |av,| — |y for any ay 2 «. By the corollary of Lemma 1 in Laurent & Massart (2000),

for e = 7, log(d,,)(|aa| — |a|) where 7, is any diverging sequence,

b1 [2{00(Bas) = €a(Ban)} > Il = lao] +2y/Tax] = 0] 108(dn) + 29 108 (dn) (Jar| = [at)]
= b1 (2t0(Bas) = €alBag)} > (lea] = latol) [1+2 {3 log(dn)} /2 + 29, log(d) )
< exp {—7nlog(dn)(lar] — |aol)} -

Therefore, by using (9) we have that

pr lsup fnlBo) — %O) + {7 log(da) }'"* + 7 10g(dn)]

m2a0 o] = |l

<Y Y pr () = a(Fun) > (o] = el |3+ {ralog()) + 3, 1ox(d,)|

k= ‘aoH—l \ak\ k

dn k
< Z <%> di’f—(k—lao')%}' (20)
k‘:\aoH-l

Since ~,, diverges to infinity and k = O(k — |ayp|) under Condition (G), diF~ #1200 — (1),

Moreover, (e/k)* < 1 for all k > 3. Therefore, (20) goes to 0 as n — oco. Thus,

1
sup ————
ax200 |O‘>\| I ’Ozo‘

{62300) = a8} = 0, |3 + {180} + 108(a)| = Oyf1os(a)}
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