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Abstract

In this work we aim the identification of an unknown parameter function in
the main part of an elliptic partial differential equation. It is a well known
fact, that identification problems are in general ill-posed. Our idea is to apply
a Tichonov-type regularization in fractional order Sobolev spaces. For such a
problem, we derive existence of solutions and first order necessary conditions.
Under a size condition for the regularization parameter s, corresponding to
the fractional order of differentiation, we are able to derive a second order
sufficient condition as well.

Fractional order Sobolev norm are challenging to implement. We therefore
prove their equivalence to a multilevel based operator norm, for s € [0,3/2),
which we can implement.

This operator norm and the second order sufficient condition enable us to show
superlinear convergence of an SQP-method. In the end we present a numerical

example.






Zusammenfassung

In dieser Arbeit beabsichtigen wir unbekannte Parameterfunktionen im Haupt-
teil von elliptischen partiellen Differentialgleichungen zu identifizieren. Es ist
eine allgemein bekannte Tatsache, dass solche Identifikationsprobleme im All-
gemeinen schlecht gestellte Probleme darstellen. Daher ist unsere Idee, das
Problem mit einem Tichonovterm in Sobolevrdumen von reellwertiger Ord-
nung zu regularisieren. Fiir dieses Problem leiten wir Existenz von Losungen
und notwendige Optimalitatsbedingungen erster Ordnung her. Setzen wir eine
Bedingung an den Regularisierungsparameter s, der der Ordnung des Sobo-
levraums entspricht, voraus, kénnen wir auch hinreichende Optimalitatsbedin-
gungen zweiter Ordnung herleiten.

Normen zu Sobolevraumen reellwertiger Ordnung sind sehr schwierig zu imple-
mentieren. Daher fithren wir eine Multilevel basierte Operatornorm ein, deren
Aquivalenz zu Sobolevnormen wir fiir s € [0,3/2) beweisen. Diese sind einfa-
cher zu implementieren.

Die Operatornorm und die hinreichende Optimalitéatsbedingung sind Zutaten
mit deren Hilfe wir superlineare Konvergenz eines SQP-Verfahrens zeigen. Am

Ende stellen wir ein numerisches Beispiel vor.
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Chapter 1
Introduction

Partial differential equations (abbr.: PDEs) describe a variety of phenomena
arising in natural sciences. The first descriptions of PDEs go back to the la-
te 17th century where Newton, Leibnitz and John and James Bernoulli were
among the first to describe and study them. Since then, a well-established
theory has been developed. Nevertheless, they are still an important subject
in nowadays research in many mathematical fields, as for example optimal con-
trol or inverse problems and many others. In this work we are concerned with
an elliptic partial differential equation. This type of PDE is usually associated
with steady-state behavior because it is not time dependent. They describe
for instance steady, irrotational flow, electrostatic potential without charge,
equilibrium temperature distribution in a material, etc. In this work, we con-
sider elliptic PDEs as a part of a boundary value problem with homogeneous

Dirichlet boundary conditions

Ly=g¢g inQ
y=0 on 0N

with an open, bounded set 2 € RY, an unknown function y : 2 — R and
a given function g : 2 — R. Our main interest lies in elliptic differential
operators with divergence structure, i.e.

n

Ly:_z< ymx"'zbl yz +C )y

ij=1
with given coefficient functions a™/, b°, ¢ (i,7 = 1,...n). In general, one ex-

amines the terms and conditions that allow us to determine the unknown y.
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A comprehensive introduction of partial differential equations in general and
on elliptic equations in particular can be found for instance in [25]. Within
the framework of this thesis, we are particularly interested in problems of the

following type

{ -V - (aVy) =g in Q, (1.1)

y=20 on 0f).

Here, the lower order terms and thus the coefficients ' and ¢ (i = 1,...n) do
not occur. In the second order term, there only appears one parameter function
a. Some physical interpretation of this kind of problem could be:

Heat equation in equilibrium:

e y: heat distribution

e a: material property (e.g. heat conductivity)

e ¢: heat sources or anything of that kind.
Groundwater filtration:

e y: groundwater level

e a: transmissivity of the ground

e ¢: sinks and sources in the domain.

The approach in this work is a different one. We are not interested in finding
the unknown state y of the PDE, but on the contrary, we want to identify
the material parameter a from a given state y and a fixed right-hand side
g. In other words, we want to solve the so called parameter-to-state mapping
S(a) = y backwards. It is a fairly natural assumption that one normally has
to deal with measurements y,; rather than the exact state y. We assume that

the measured noisy data y, fulfill the estimate

1ya = yll <0,

with some noise level 6 > 0. We thus imply that there exists a measurement
of the function y in the domain 2. In the case of groundwater filtration for

example this assumption makes sense which is unfortunately often not the



case. Typically, one can only expect to obtain measurements on the boundary.
The parameter-to-state operator is nonlinear and also ill-posed. Thus, we are
confronted with an amount of problems. We are in particular not able to invert
the parameter-to-state operator. Therefore, one has to find remedies. One first
thing that is always reasonable is to integrate additional information about the
problem. In our case, we assume pointwise box-constraints on the parameter
function a, i.e.

0< Gmin S G(.I') S Omax-

This is a suitable approach as material parameters are likely to be bounded.
Additional information that arise from physical or technical background know-
ledge are called objective apriori information (see [33|, Chapt. 2.3 ). Such a
kind of information is useful and important, but they do not solve the problem
of ill-posedness on their own. In the theory of inverse problems and especially
parameter identification problems, a lot of work has been done in the last de-
cades to find regularization methods to overcome the problem of ill-posedness,
see e.g. the textbooks [7] and [24]. A very established kind of regularization is
the Tichonov regularization, see for example the well known works [4], [46]. In

our work we use a type of Tichonov regularization in the following way,

min J(4.0) = ¢ |y~ vallqoy + 5 Bla),
where y = y(a) is always to be understood as a solution of (1.1). The minimi-
zation of only the first term is called output-least-squares method.
The choice of the regularization term is very important. There are different
terms imaginable, some of which have already been investigated, see for ex-
ample [37], [42], or [22], for matrix-valued parameter functions, or [52], where

they used an additional L!-regularization term for the control. In this work we

made the choice of the following term for 0 < s < %,

R(a) = llal3s(0)-

There are upsides and downsides to this choice. On the one hand it has a regu-
larization effect, such that we can prove existence of solutions to the parameter
identification problem and we are also able to derive first and second order op-
timality conditions, although we need an additional size condition for s for

the second order condition. Also, the choice seems reasonable for applications.
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Imagine a workpiece consisting of at least two different kinds of material. In
that case, one would expect to have a possible jump in the material parameter
at the interface. Those jumps are allowed for small regularization parameters
s €]0, %[ On the other hand, one could see a putative downside in the numeri-
cal implementation. The norm and inner product of Sobolev-Slobodeckii spaces
are defined in such a way that is makes their implementation problematic, if
not impossible. Our idea to overcome that difficulty is to work with another

norm concept that is equivalent to the usual Sobolev-Slobodeckii norm.

Structure of the thesis

In chapter 2 we provide the mathematical background for the treatment of
partial differential equations that is needed in this work, which mainly comes
from functional analysis. Later in this chapter we introduce a regularity result
that will play an important role in later chapters, especially for the derivation
of second order sufficient optimality conditions and for the convergence of
the SQP-method. After this we give a short introduction to our parameter
identification problem with some first global assumptions.

Chapter 3 is devoted to the Finite Element method . We get acquainted
with the idea the decomposition of a domain, trial spaces and the Galerkin
method. In the end we state very important inverse inequalities.

In chapter 4 we introduce the so called multilevel operator and show that it
induces an equivalent norm on the Sobolev space H*(2). With this at hand, we
can replace the H*-norm in the regularization term of the objective functional
by the multilevel based norm, when needed. This is a benefit for example
for the numerical treatment as the multilevel operator can be implemented
without further problems in contrast to other realizations of the H®-norm like
the Sobolev-Slobodeckii norm or a fourier approach.

In chapter 5 we discuss the parameter identification problem. We show exis-
tence of solutions and derive first order necessary and second order sufficient
optimality conditions. For the derivation of the second order sufficient con-
dition we have to overcome the so called two norm discrepancy and have to
require a size condition for the regularization parameter s.

In chapter 6 we establish the sequential quadratic programming method

(SQP-method) for the given parameter identification problem and show local



superlinear convergence.
Chapter 7 is devoted to the numerical treatment. We introduce a primal-
dual active set method for the quadratic subproblem of the SQP-method. At

the end, we present a numerical example.



1. Introduction




Chapter 2
Mathematical setting

In this chapter we provide the mathematical background for the treatment of
our problem. For further and more specific information on functional analysis,
see for example [51] or [56]. We start with an assumption on the underlying
domain 2. Next, we introduce function spaces on this domain and state further

important results and properties.

2.1 The underlying domain ¢}

In the theory of partial differential equations, one requires a certain smoothness
of the boundary of a domain. We state one definition here, which can be found

for instance in [55], [26] and [47].

Definition 2.1. Let Q ¢ RY, N > 2, be a bounded domain with boun-
dary T' = 0. We say the domain 2 or its boundary I are of class C*!,
k € NU {0}, if there exist finitely many local coordinate systems Sy, ..., S,

functions hy, ..., hy and constants a, b > 0, such that the following properties
are fulfilled:
1. FEach function h;, i = 1,..., M, is k-times continuously differentiable on

the (n — 1)-dimensional closed hypercube

anl = {y: (yla"wynfl) : ‘yl‘ S&,i: 1,,%-1}
and its derwatives of order k are Lipschitz continuous.

7



8 2. Mathematical setting

2. For every x € T there is a i € {1,..., M} such that x has the repre-
sentation © = (y, hi(y)), y € Qn_1 with respect to the coordinate system

S;.
3. For the local coordinate system S; there holds

(yvyn) € Q < y S anla hl(y) < yn < hz(y) + b
(Y, yn) € LSy € Qut, hi(y) — b <y, < hily).

Domains or boundaries of class C%' are called Lipschitz domain or Lipschitz

boundary.

This is a very technical definition. Roughly speaking one can think of the
boundary as locally being a Lipschitz continuous function or k-times differen-
tiable with k-th derivative being Lipschitz continuous, respectively. And the
domain is locally situated only on one side of the boundary. Domains that we
are interested in throughout this work are two or three dimensional polygonal
or polyhedral domains that are convex, e.g. the unit square or unit cube. In
[29], one finds a proposition saying that convex and polygonal or polyhedral

domains in RY, N = 2,3 are domains with Lipschitz boundary.

Remark 2.2. The dimension of the underlying domain will be denoted by
N, wvectors x € Q in the domain will be given as x = (x1,...,xy) and the

Euclidean norm of x will be referred to as |z| = (z2 4 --- + 2%)/2.

2.2 Function spaces

Let us start this small introduction on function spaces with continuous function

spaces.

Definition 2.3. 1. Let a = (o, ...,ay) € N¥. N € N, be a multi-index
and |o| := a1+ - -+an, then D* = D* ... D3, where D; = aixi denotes
the partial derivative with respect to the i-th component of RY and D?
denotes the 0-th derivative, thus the identity. The number |«| is called

the order of the derivative D®.

2. We assume Q € RY to be an open connected domain and v : Q —
R a function on Q. Then, we call supp(v) = {x € Q:v(x) # 0} the
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support of v. Then, we denote by CF(Q), 0 < k < oo the space of k-times
differentiable functions v : 0 — R with compact support. Likewise, one
defines C*(Q) as the space of k-times differentiable functions v : Q — R.
The same can be done on the closure of the domain Q. Those spaces
equipped with the norms [|v[|oro) = maxzeq Y, <4 [Dv(2)| are Banach
spaces. We denote by D(Q) := C§°(2) the space of test functions, i.e. the

space of infinitely differentiable functions v that have compact support in
Q.

Next, we would like to introduce Lebesgue spaces. The following definitions
and properties can be found in a lot of different references. Let us name for

instance [[1] chapter 2].

Definition 2.4. Let Q be a domain in RY and let p be a positive real number,
i.e. 1 < p < oco. We denote by LP(Q) the class of all measurable functions u
defined on ) for which hold

/Q|u(:17)|pdx < 00.

We define L}, () to be the space of locally integrable functions, i.e., the set of

loc

all measurable functions u : 0 — R such that

/Ku(:c) dr < 00

for all compact subsets K C ().

The elements of those spaces are equivalence classes. This means that two
functions are equivalent if they are equal a.e. in €. Let us introduce the LP-

norm, which is the natural norm on LP((Q2), as

fullrer = |u<x>|pdx);

for 1 < p < oo. Let us now have a look at the limit case where p = co.

Definition 2.5. Let Q € RYN. Then, we call a function u that is measurable
in  essentially bounded on Q if there is a constant K such that |u(z)] < K
a.e. in . We denote by L>(Q2) the vector space of all functions u that are

essentially bounded in €.
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The elements of this space are again equivalence classes, in the same sense as
above. We call the greatest lower bound of those constants K in the definition
the essential supremum of |u| in £ and denote it by esssup,cq |u(x)|. Thus,

the functional || - || e () With
lull o= () = ess sup [u(z)]
e

is a natural choice as a norm on L>*(Q). Let us state a useful embedding

theorem for LP-spaces, see [1].

Theorem 2.6. Suppose that vol() = [,1dx < co and 1 < p < g < oo. If
u € L1Q), then u € LP(Q2) and

11
lullry < (vol(0)F ™+ [ullagy.

Hence,
Li(Q) — LP(Q).

The LP-spaces with respect to the associated norms are Banach spaces for
1 < p < o0, i.e. they are complete metric spaces. The space L?(Q2) is also a
Hilbert space with respect to the inner product (u,v)r2) = [, u(x)v(x)dz,
where ||u||%2(Q) = (u,u)2(0). The dual space to LP(2), 1 < p < o0, is given by
L9(€2), where the exponents p and ¢ are connected via the equation % + % = 1.

Moreover, the dual pairing is defined by

(u,v) La),Lr (@) —/u(x)v(x)dx.

Q

Before passing on to Sobolev spaces, let us introduce the concept of weak
differentiability. The following definitions can be found for instance in [1] or
[55].

Definition 2.7. Lety € L} () and a be a multi-index. If there exists a locally

loc

integrable function w € L, (), such that
/ yD(z)dx = (—1) / w(x)v(x)dx
Q Q

for all v € C§°(R2), then w is called a-th weak derivative of y, and we write

w = D%y.
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Definition 2.8. Let 1 < p < oo, k € N. We denote by W*P(Q) the space of
functions y € LP(QY), whose weak derivatives D*y exist for all o with |a| < k

and belong to LP(Q2) as well. Those spaces are called Sobolev spaces.

Sobolev spaces are equipped with the following norm,

3 =

ol = | 3 [ 1*lras
Q

la|<k

The space W">(Q) is similarly defined with norm

||y||ka°°(Q) = g}é}é ||Day||L°°(Q)~

Again, for p = 2, one obtains Hilbert spaces W*2(Q) =: H*(Q). Let us write
down the specific norm and inner product for the space H'(Q) = {y € L*(Q) :
Dy € L*(Q),i =1,...n} as an example.

1

il = [ 07+ 190P) ) (21)
(u,v)H1(Q):/uvdx+/Vu-Vvdx
Q Q

Definition 2.9. The closure of C3°(Q) in the Sobolev space W*P(Q) is called
WP(Q). This space is equipped with the same norm as W*?(Q) and is a closed
subspace of WFP(Q). In particular, WE?(Q) =: HE(Q).

On the space H} () one can introduce another norm by

e = [ IVoPds, 2.2

that is equivalent to the norm on H'(2), (2.1). This is only true in the space
H}(Q). In H'(Q) the norm (2.2) is only a seminorm. For 1 < p < oo one

introduces the associated seminorms as follows,
|y‘€vk,p(Q) = Z HDayHIip(Q)‘
|a|=k

In this work we are particularly interested in an extended understanding of
Sobolev spaces for noninteger s. There are several possible ways of defining

fractional order Sobolev spaces, see |[1|, 7.57-7.64|. Let us name for example
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the spaces of Bessel potential, that use Fourier transforms of the functions
multiplied with a factor containing the order of smoothness. Another way to
define fractional Sobolev spaces yields the so called Sobolev-Slobodeckii spaces.
The following definition of the associated norms can be found for instance in
[53]. This is a rather general definition as it includes not only Hilbert spaces,

but is stated for 1 < p < oo.

Definition 2.10. Let 1 < p < o0, s € R, s >0, s = k+ r and k € Ny,
€ (0,1). We denote by W*P(Q) the space of functions u € WHFP(Q) that

Fulfill

| D*u(x) — D*u(y)|”
]u|WSp Z // |x YT dx dy < oo. (2.3)

lal=k g §
Then,
1
dlwstey = { Il + [uyeniey } 2.4)
is the Sobolev-Slobodeckii norm and |u|ws»q) the associated seminorm.

For p = 2 the spaces W?(Q2) are Hilbert spaces with the inner product

(u, V) k2 = Z/Da Dv(x) dx

for s = k € Ny and

(U,U)Ws,z( Q) = (u U Wk2(Q)

(D% “u(y))(D(z) — D(y))
t2 // I:L‘ —y[rree drdy

lel=k ¢ o

for s = k+ r and k € Ny, k € (0,1). Let us now introduce the dual space of
Wor (9).

Definition 2.11. The dual space of WiP(Q) with k > 0, where p € (1,00)

and q such that ]lj + é =1 s given as
Woke(Q) = (W5 ()

with the norm

| Jo u(@)v(z)dz]
HUHW”W(Q) = ksup QHU” .
veEWS P(Q),0£0 Wk ()

These spaces are Banach spaces as well.
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2.3 Sobolev’s embedding theorem

It is essential when working with Sobolev spaces to consider inclusion relations
between Sobolev spaces in order to arrive at some sort of ordering among them.
For Sobolev spaces of integer order one derives directly from the definition the

following inclusions, see [15].

Proposition 2.12. Suppose that €2 is any domain, k and m are nonnegative
integers satisfying k < m, and p is any real number satisfying 1 < p < oo.
Then W™P(Q) — WkP(Q).

Proposition 2.13. Suppose that ) is a bounded domain, k is a nonnegative

integer, and p and q are real numbers satisfying 1 < p < q < oo. Then
Whka(Q) — Whr(Q).

There exist more general inclusions or embeddings that are not evident and
they can even be shown for fractional spaces. The main embedding theorem is
the following. In this fractional form it can be found for instance in [29] but
without proof. A version for Sobolev spaces with integer order can be found

in many references about sobolev spaces, for instance [1], [25], [15] etc.

Theorem 2.14. Let Q C RY be bounded and open with Lipschitz boundary
02, p > 1. Then,

WHP(Q) — Wh(Q) (2.5)
for 0 <t,seR, p<gq suchthats— N/p=t— N/q and

WeP(Q) — CH*(Q)
fork<s—N/p<k+1 a=s—k— N/p, k a non-negative integer.

A proof of the first inclusion can be found e.g. in [9] and of the second

inclusion e.g. in [54].

2.4 WlP_regularity of the solution of the PDE

It is well known from the theory of elliptic boundary value problems that

the Lax-Milgram lemma yields the existence and some regularity of the weak
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solution of an elliptic problem. In our case this means that for every g € L*(Q)
and a € L*(Q) that fulfills the pointwise constraints 0 < apn < () < amax,
where an,;n and an., are positive constants, there exists a unique solution y of
the weak formulation
/aVy-Vvdx:/gvdx Vv € Hy(S2).
Q Q

Furthermore we obtain H'-regularity of 3, namely

lyll e ) < cllGlla@)-, (2.6)

with G(v) = (g,v)r2(q). In our special case we even obtain uniform boun-
dedness of y in H'(Q) for a fixed function g € L*(Q), because the constant ¢
does not depend on the parameter function a. Unfortunately, this regularity
is not sufficient for our purposes. But one can find a remedy in the work of
Meyers [|45], theorem 2] and for a more general case in the work of Gréger [30].
Both articles apply to problems on domains with Lipschitz boundary. Meyers
considers elliptic problems of divergence structure with homogeneous Dirichlet
boundary condition. He derives the existence of some constant ¢ > 2 such that
given the existence of a solution y € W1?1(Q) for a p; €7, q[ with % + % =1,
then y € W'P(Q) for all ¢ < p < . In two or three dimensions a right-hand
side g € L*(Q) is sufficiently smooth. The occurring constant ¢ depends on
the dimension of the domain €2, on the smoothness of its boundary and on the
pointwise bounds of the parameter function a, more precisely on their ratio,
ie.

Amin

—0 = qg— 2,
amax
Amin

—1 = q— oo.

amax
In the paper of Groger this result is generalized to the case of mixed boundary
conditions and to more general operators. With these results we obtain higher
regularity of the solution y, namely the uniform boundedness of y in W'?(Q)

for p € (2,q] and g > 2.

Lemma 2.15. Let Q be a bounded domain in RY with Lipschitz boundary.

Then, there exists a constant ¢ = §(£2, Gmin, Gmax) > 2, such that

||y||wg”’(sz) < &l|Gllw-100), (2.7)
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for p € [2,q] with ¢, = ¢,(§2, Qmin, Gmax, D). G only depends on the right-hand
side of the PDE g.

Remark 2.16. In the upper lemma we obtain uniform boundedness of y for
the WP seminorm. Together with the estimate (2.6), we can derive uniform

boundedness also in the full WP norm.

2.5 Introduction to the problem

Now, let us introduce the minimization problem that we will discuss in this
thesis. We consider a quadratic cost functional with a Tichonov type regulari-

zation term subject to a nonlinear elliptic partial differential equation.

minimize J(y,a) = 3|ly — yd||%2(9) + 5||al qu(ﬂ) )
subject to -V . (aVy) =g in Q
y=20 on I’ (2.8)
0 < amin < a(x) < Apax a.e. in ()
y € HI(Q), a e H(Q) s>0

We want to identify the parameter function a in the main part of the elliptic
PDE. Let us shortly note that the terminology in optimal control theory, which
is rather connected to this type of problems, too, is slightly different. The
PDE is called state equation, the parameter a control. As it acts on the whole
domain, we say that it is a distributed control. The function y is referred to
as state in optimal control and data function in the parameter identification.
Additionally to the PDE, we require some pointwise control constraints or
pointwise boundaries for the unknown parameter function. Let us now clear

some requirements for this problem.

e The underlying domain Q C RY, N = 2,3 is required to be a Lipschitz
domain, with Lipschitz boundary I' = 0€2. This strong requirement is

made for simplicity and could be weakened for some of the results.

e The desired state or measured noisy data y; and the right-hand side of
the PDE ¢ are both functions in L>((2).

e The pointwise bounds are positive real numbers satisfying ayin < @max-
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e The regularization parameters a and s are both positive real numbers.

In view of the numerical treatment of the problem, let us already point out, that
we will use a different norm concept for the fractional Sobolev space H*((2),
an operator based norm subject to a multilevel finite element approach. The
usual Sobolev-Slobodeckii norm (2.4) is not useful for implementation and it
also appeared to be reasonable to use this equivalent norm concept in the

convergence proof of the Lagrange-Newton SQP-method.



Chapter 3

Finite Element Method

In this chapter we want to introduce the Finite Element Method (abbr.: FEM).
This will be the basis for the following chapter about an equivalent norm for
the Sobolev Space H*({2).

As already said in the first chapter, partial differential equations describe phy-
sical or technical processes. Unfortunately, only in rare cases PDEs can be
solved analytically. In the other cases one has to rely on numerical methods.
Instead of the continuous problem one considers and solves a finite dimensional
approximation of the problem. This is the idea of discretization methods. One
of the most popular methods for solving PDEs is the finite element method.
In the literature one finds numerous textbooks about the finite element me-
thod, not to mention the number of articles. We basically focused on the books

[36], [15] and [21].

3.1 Decomposition and basis functions

The basic idea of the FEM is to decompose the underlying domain and to
define polynomial basis functions on the resulting grid. Let us be a bit more
precise about this. We define decompositions {7, },>0 on the domain € and
restrict our considerations on domains © € R? with a polygonal boundary T.
Therefore, it is consistent to focus on decompositions with triangular elements

T that have the following properties, see [12].

Definition 3.1. 1. A decomposition T = {T1,Ts,....,Tn} of Q with tri-

angular elements is called admissible if there holds

17
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o O =UperT, i.e. the triangles T cover the domain S exactly.

e The triangles have pairwise disjoint interiors.

e No vertex of any triangle lies in the interior of an edge of another
triangle.

2. We write Ty, instead of T, if the diameter of every element is at most 2h.

3. A decomposition Ty, is called quasi-uniform, if there exists a k > 0, such

that every element T € Ty, contains a circle of radius pr with

pr > hr/kK,
where 2hy 1s the diameter of T.

4. We define the mesh size of the triangulation Ty, as

h = hr.
5. A decomposition Ty, is called uniform, if there exists a k > 0, such that

every element T € Ty, contains a circle of radius pr with

pr > h/k.

We assume furthermore that the mesh size converges to zero as the number
of elements of the triangulation tends to infinity. In the literature a uniform
triangulation 7, is also called regular or isotropic. By a finite element decom-
position of the underlying domain one obtains a certain number of elements.
This number is to rise rapidly depending on the fineness of the discretization.
For a reasonable treatment of all elements one introduces a so called reference
element and its projection on the respective element. Such an approach is ap-
propriate for affine families of finite element spaces, see [12]|, which includes

our setting. In the case of triangular elements it is useful to set
f: {i’ = (Zi‘l,ffg) -0 S i’l,fg S 1,[12‘1 —I—JAZQ S 1}
The transformation on an element 7" is then given as

Tr = ZET(i’) = BTZi' —+ 2.
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Consequently, the transformation of an element 7" onto T is
T = jfT<$) = (BT)_I(JZ — Il).

The transformation matrix is given as

T21 — 1,1 3,1 — T1,1
Br = :
T2 —X12 T32 —T12
Furthermore, by the volume meas(7") of an element 7" we understand

1 p1—¢ 1

meas(T):/dx:/ |detBT]d§::|detBT|/ / déyd& = —| det By|.
T T 0o Jo 2

(3.1)

On such a grid one defines a finite dimensional trial space. In our case the
space of piecewise linear and continuous functions S} (T') is the space of choice.
Every basis function ¢; is equal to one at exactly one node of the grid. It
decreases linearly to zero on neighboring elements and is equal to zero else-
where, i.e. p;(z;) = 0;;, Vi,j = 1...ny, where ny, is the number of nodes of
the triangulation. These functions have only a local support, which leads to
sparse matrices in the numerical realization. On each element T there exist

only three basis functions that are nonzero and we obtain the transformation
¢a(z) = palir(z)) VzeT,

where o = 1, 2, 3 is a local numbering of the nodes in 7', and p,, a = 1,2, 3 are
the basis functions on the reference element. For those basis functions there

exists the explicit representation
pi(%) =1 =21 — Tg, pa(@) =21, p3(2) = 22

For the derivative there holds D, = (By)~ ' D; on element T. The trial space
is then given as

np

Vi, = {wp s op(x) = Zngpj(x)} =span{y; : j=1,...n,}. (3.2)

J=1

With the transformation of T onto 7' we can write for functions v € H™(T),

with an integer m > 0,

v(z) = v(Bra 4+ z1) = 0(2)
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and we obtain the existence of a constant ¢ = ¢(N,m) such that
(0] ggmzy < ¢ | Br™ - [ det Br|™2[v]gm ), (3-3)
analogously one obtains
[]smry < ¢ [|BFH|™ - | det Br[V2[0] g - (3.4)
By applying the chain rule we obtain for the gradient
D;0(2) = B} Dyv(z)

and also

D,v(x) = By ' Dyo(2).

3.2 Galerkin method

The starting point is a variational form
a(u,v) = g(v) Yo eV, (3.5)

with a bilinear form a(-,-) and a linear form ¢, where we want to find the
solution u in a function space V. Furthermore, we claim the assumptions of
the Lax-Milgram lemma to hold, i.e. there exist real nonnegative constants «,
and [,, such that

|a(u, v)] < aallully - [[vllv, (3.6)

a(u, 1) > Bollull?. (3.7)

Now, we choose finite dimensional subspaces V;, C V', e.g. the trial spaces (3.2)
above, with fineness h > 0. The Galerkin method determines approximations

up, € V3, of the continuous solution v € V' as
a(up,vp) = g(vp) Yo, € V. (3.8)

Because of the V-ellipticity of the bilinearform a we obtain via Lax-Milgram’s
lemma the existence of a solution u;, € V}, and Cea’s lemma yields a quasi best

approximation property.
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Lemma 3.2. [Cea] Assume that a : V x V — R is a bounded bilinear form
which is V-elliptic. Given some g € V', let u and uy, be the solutions of (3.5)
and (3.8), respectively. Then,

(07
lu —up|ly < == inf [Ju—vv.
a Vi

In the case of symmetric bilinear forms a, the element wy, is the orthogonal
projection of u in V}, and also the best approximation in V}. For the finite
dimensional space V}, with dim(V},) = n;, the functions {p1,...,¢n, } C Vi, as
introduced in the last section, form a basis. Then, for any function v, € V},
there exists a unique representation vj,(x) = Zfil vii(x). If we insert these
expansions into the variational form (3.8), we obtain a matrix A € R"»*"
and G € R™ representing the bilinear form a and g. Thus, we have a linear

system,
Au =G, (3.9)

with u = [uy,...,u,,]. Since the bilinear form a is symmetric and V-elliptic,

A is symmetric and positive definite. Hence, (3.9) is uniquely solvable.

3.3 Trial spaces

Let us be a bit more specific about the assumptions on the trial spaces and
the underlying decompositions, particularly in view of the multilevel approach.
Therefore, let us require for a family of triangulations {7p, }jen, on the domain
(2 to be nested. This is obtained by taking a uniform coarse grid 73, and app-
lying a globally uniform refinement strategy. The resulting sequence {7, } jen,
then fulfills

1277 < hj <277 (3.10)

for all 7 = 0,1,2,..., where h; is the global mesh size of the triangulation
’ELJ. and some constants ¢; and co. For the associated trial spaces of piecewise
linear functions V; = Sy, () there holds

VWCWcC--CV;=5,.(Q CVjuC--- C H(Q), forse[0,3/2). (3.11)
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For the last inclusion see for example [[53], p.221, p.307]. For one dimension we
show as an example that trial spaces of piecewise linear continuous functions
are contained in Sobolev spaces H*(2) for s € [0,3/2). Therefore, we have a
look at the Heaviside function. Let © : R — R be defined as

0, z<0

O(z) =

1, =z>0.
We show that the Sobolev-Slobodeckii norm for s € [0,1/2) exists for © with a
value smaller than infinity. Then, © is an element of fractional Sobolev spaces
H*(Q) for 0 < s < 1/2. Let us recall the Sobolev-Slobodeckii norm for s > 0,
with s =k+k, k€ N,, k € (0,1):

[ullws @) = {||U||’V’V5(Q) + [uly ;(Q)}l/p

with the associated seminorm

D% Do P
[ulivs ) Z //‘ ’d+2n( ) dz dy.

lal=k ¢ 0

In our case we have d = 1 and the domain Q = [—1,1], p = 2, s < 1, thus
k = 0 and kK = s. Hence, we find by inserting the definition of the Heaviside

1O(x) — O(y)?
Hs([-1,1]) // |$_ |1+25 dx dy
/ [0 1P
x J—
//u— 1 d”“/ [ — yjes
—1 -1 0 —1

function

|03

0

0dmdy+//| IR dx dy
-1
Py dmdy—i—//()dxdy
“1
0 1 10
:// y)1+2s dx dy—i—// )+2s dx dy.
Z1 0 -1

/]
jﬁ
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Thus, there are two terms left for integration,

0 1
1 1 1 1
— 1 — —25 723d /_ 2s 1 72$d
J e e I i R
1 1 1 1 0
g _ 1 — _2S+1 . _ —25+1
{23 s 1Y) 55 Tos il Y B
1 1 —2s+1 1 1 ) !
- - . 1 s+1 )
+[23 —2s5+17 25 Tty

This norm exists and is nonnegative and bounded for s € (0,1/2). The deno-

minators —2s + 1 and 2s are nonzero for s # 1/2 and s # 0.

1 1 —2s —2s
Ol = g5 gy (127 A 1+1-271 4 1)

2_2—2s+1

—252+ 5

Thus, the Heaviside function is an element of H*(2) for s < 1/2. This implies
that piecewise linear continuous functions are elements of H*(Q2) for s < 3/2.
Their weak derivatives are piecewise constant functions with jumps that can
be treated likewise the Heaviside function, thus, they have bounded norms in
H*(Q) for s < 1/2. Note that we showed this only for the one dimensional

case.

3.4 Inverse inequalities

An important tool when working in the finite element setting are inverse ine-
qualities. With this kind of inequalities we compare different norms on a finite
element space. A stronger norm, with respect to the order of differentiabili-
ty, of a finite element function can be estimated by a weaker one. Therefore,
we multiply the weaker norm with a factor depending on the mesh size to the
power of the difference in differentiability. For a triangulation 7}, of the domain

Q, the following theorem holds.

Theorem 3.3. Let T}, be a quasi uniform triangulation of the domain ) and

let V; be a piecewise linear and continuous trial space on the domain. Let
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s € [0,3/2) and t € [0,s]. Then, there exists a constant ¢ = c(s,t) such that
for every v €'V

[0l ey < ¢ by ol gar(q)- (3.12)
In particular, we obtain fort = s
[l s < e by ||vll L2 (3.13)

For example in [15], inverse inequalities are treated and proved in a more
general way in chapter 4.5. In particular, Theorem 3.3 is a consequence of [[15],
Theorem 4.5.11] and [[15], Remark 4.5.20].



Chapter 4
Multiscale approach

For the regularization of the identification problem we choose fractional So-
bolev spaces H*®({2), where the parameter s can be chosen freely between 0
and g In chapter 2 we already introduced several ways of defining fractional
Sobolev spaces, none of which are very practicable for numerical treatment.
Hence, with this choice of the regularization term we are facing the challenge
of finding a way to avoid the usual norms of H*({2). In the literature we can
find an interesting approach for this topic. It is presented for instance in [14],
[53] and [57]. The authors introduce a so called multilevel operator that is
essentially a weighted linear combination of L2-projection operators onto trial
spaces with different levels of refinement. In their work, they furthermore show
equivalence of a multilevel operator based scalar product and the H*-norm for
s = 1. The same result is evident for s = 0 and thus by interpolation one
obtains that is also holds for s € [0, 1]. The authors state that the proof can
be generalized to the case where s € (1, %) This is what we are showing in the
following section. For this purpose, we follow the lead of [53] and introduce

step by step the ingredients needed for the multilevel approach.

4.1 Projection operators

There are several imaginable ways of projecting elements of function spaces
onto finite-dimensional discretization spaces. At the beginning of this chap-
ter, we introduce one kind of projections and get acquainted with some of

their properties, especially their approximation properties, i.e. error estima-

25
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tes, and furthermore their stability for different norms. Let us start with the

L*-projection, that maps L? functions into the trialspace V; = S,%j(Q).

Definition 4.1. The operator Q; : L*(2) — V; is called L*-projection operator
and for any v € L*(Q), Q,v is given as the unique solution of the variational

problem

<U,Uj>L2(Q) = (ij,vj>L2(Q), \V/’Uj € ‘/j (41)

In the literature, e.g. in [53] one finds this definition for the L*-projection
operator and also for the H!-projection operator. We are interested in a mo-
re general definition of projection operators that includes the H'-projection

operator if we set s = 1. Thus, we define the following.

Definition 4.2. Let s € (0,3/2). The operator Q5 : H*(Q) — Vj is called
H?*-projection operator and for any v € H*(Q), Qv is given as the unique

solution of the variational problem

<U,’Uj>Hs(Q) = <Q;U,Uj>HS(Q)7 \V/Uj S ‘/J (42)

We can certainly extend the last definition to s = 0 and accordingly also
include the L2-projection operator into the same definition. But we chose to
define them separately. Nevertheless, we show some properties of the projection

operators for s € [0,3/2) all at once. Let us set Q; =0 for j = —1.

Lemma 4.3. The H*-projection operator Q) : H*(Q2) — V; is self-adjoint for
0<s<3/2.

Proof. Let u,v € H*(€). Hence, Q5u, Q5v € V. Then, by definition we easily
see that

(Qv, u) s () = (Qjv, Qju) s () = (v, Qju) () (4.3)

holds. [l

3

The next properties also hold true for all parameters s € [0, ;).
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Lemma 4.4. Let s € [0,3/2). Then, a sequence {Q;};en, of projection opera-
tors Q5 fulfills the following properties.

* Q1Q; = }Snin{k,j}:
e (QF — lec—l)<Qj - }9‘71) =0, for k # j,

o (Q5—Q51)*=0Qi— Q5

The proof of these properties is straight forward, see [53|, for s = 0.

4.2 Multilevel operator

Definition 4.5. For s € [0,3/2) let us define the multilevel operator
B* = h*(Qr — Qi) (4.4)
k=0

as a weighted linear combination of L?-projection operators.

The multilevel operator (4.4) induces an equivalent norm on the Sobolev
space H*(12).

Theorem 4.6. The multilevel operator B® satisfies the spectral equivalence

inequalities
cil|vl|Fs ) < (B0, 0) 20y < collvll 7o (4.5)

for s €10,3/2) and for v e H*(Q).

This property has already been stated in [53] or [57|. Unfortunately, the
proof has been carried out solely for the case s = 1. In particular for s € (1,3/2)
a generalization of this proof requires some effort. The proof of this theorem
for s € [0,3/2) is the main goal of this section. Let us first have a look at

several other results.
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4.3 Interpolation error estimates

For s € [0, %), the projection operators fulfill various error estimates. The defi-
nition of the projection operators implies the so called Galerkin orthogonality
for v € H*(Q)

(0= Q@ =0 Yy eV, (4.6)
This directly leads to

lv —Qjv|

i) = (0= Qv — Qo))
= (0= Qv v}y — (v — Qv Qo)

= (v— Q;U,U>HS(Q) <|lv - ij|

ws@) ||Vl 0)-
This is the first interpolation error estimate we want to mention.

Lemma 4.7. Let s € [0, %) Then, the following interpolation error estimate
holds true,

lv — Qjv]

H(Q) < ||’U| Hs(Q) Yv € HS<Q) (47)
The error estimate (4.7) stays true for the L2-projection as well, i.e.

v = Qjv|lz2) < ||lv]lL2 Yo € L*(Q).

Furthermore, we find the following estimate for the L2-projection in the lite-
rature (e.g. in [12] [21], [53], etc.)

v — Qv 20y < chZllvll () Yo € H*(Q).

By an interpolation argument we obtain

lv = Qv L2(0) < cthv\ H(0) Yv € H*(Q). (4.8)

With this estimate, we are now able to proof another error estimate for the

L2-projection.

Lemma 4.8. Let s € [0,2], t € [0,s]. Furthermore, let v € V;. Then, there
holds

v — Q;v|

Hs=t(Q) < ch§||v| H5(Q) Yv € V} (49)
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Proof. With the inverse inequality (3.13) and (4.8) we obtain

[ — Q0]

ae-r@) < B o — Qv r2q)

S hj_5+thj||v||Hq(Q) = h;HUHH“(Q)
]

Let us put on hold the line of error estimates for an instant. It is well-
known that orthogonal projections are best-approximation with respect to the

particular norm. For the H*-projection this means

v—Q%||lyscoy < inf v — s(Q))- 4.10
v — Qj |H(9)_pes1 (Q)H Pl @) (4.10)

hj
Having this in mind, let us state and discuss an important result from Dupont
and Scott, see [23]. Therefore we introduce shortly their notation. Let D be a
bounded set in R” with diameter d. Let D be star-shaped with respect to every
point in an open ball B. They define a function ¢ € C§°(B) with support in B
and with [ ¥(y)dy = 1. Then, they introduce Sobolev’s Representation. i.e.
if f € C*(D), [ a positive integer and = € D, then

fla) = Q' f(x) + R'f(2),

where

Q1) = 3 [ elorw =Ly

ol
|| <l

is a polynomial of degree less than [ and

Rifa) = Y [ Falaa) £ )iy
laj=t 7P
The kernels k, are given by k. (z,y) = (I/a!)(x — y)*k(z,y), where k(z,y) =
fol s lp(x + s (y — x))ds. With these notations cleared we can state their
result [[23], Theorem 6.1].

Theorem 4.9. Suppose that m = m + 6, where 0 < 0 < 1 and m s a
nonnegative integer. Let | = m+1, and let Q' be defined as above. Then, there
exists a constant C = C(n, ¢, d, m) such that, for 1 <p < oo and f € W*(D),
there holds

If = Q fllwroy < Clflwp o) (4.11)
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We will use the following consequence of the upper result.

Corollary 4.10. Let s=1+35, 5§ € (0,1/2). Then, there holds

11 = Q5)v]

Hs(Q) S C|U H3(Q)- (412)

Proof. As there holds Q%v € S,le, we can estimate with (4.10)

w < v — Q% i) < Clvlas(),

(1 = Q5)v]
which already finishes the proof. m

Let us now come to another important error estimate for the projection

operator ()7 with 0 < s < %

Lemma 4.11. Let s € [0,3), t € [0,s] if s € [0,1] and t € [0,5] if s=1+5 €
(1, %) Furthermore, let v € V;. Then, the H®-projection fulfills the following

error estimate,

lv = Qjv]

Hs=t(Q) < ch§||v| H5(Q) Yu € ‘/; (413)

The proof of this lemma is done in several steps. Let us show the estimate

lo = @5l < ehfllv = Qvlls(@) < ehtllvll o,

where the the second inequality is a direct consequence of (4.7). For the first

inequality we need the following auxiliary result.

Lemma 4.12. Let s € (0,3/2) and let w € H*(Q) be the unique solution of

the variational problem

(w, u) sy = (v — QFv,u) grs-1(0),

then, there holds

[wllzsre) < v = Qjvllms—@)-

Proof. For convex domains there holds for s € (0,3/2)

HS(Q) = ||(—A)S/2u||L2(Q)

lul
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Let (¢j;,p;); be eigenfunctions and eigenvalues of —A. Then, due to u =
> {u, ) for u € H5(Q), there holds

j=1
(=A)°pj =pjp; and (—A)u= ip;w ©i)p;
=1
Thus, we find
(W, u) sy = (v — Qiv,u) sty Vu € H*(Q)

2 2
& O w00 > w00 e
p =1

s—t)/2 s s—t)/2
= O A0 = Qe D ay T w030 ).
=1

j=1
We choose as test function u € H*(), such that u = 37", pj(w, ¢;)¢; holds.

Then we see,

s/2
Zp] w, Pj 90J>Zp / H (w, p; ‘PJ>L2(Q)

s—t)/2 s s+t)/2
- <Z '05‘ / (v —Qjv, 05)pj, E P;- o/ (W, p;)i) L2
— —

s s—t)/2 (s 2 s
& E P w, )2 =D o (0 — Qv ) (w, ;)
i=1

s+t)/2 s+t)/2
& (O o5 w0005 Y AT w, 03005 120
=1 j=1
. (s=)/2, s ) . (s+1)/2 . .
= <Zp] <U Qj’U,SOJ>SOJ>ij <w7(70]>90.7>L2(Q)'

j=1

Hence, we obtain

s+t s—t)/ s
IIZp( 20w, 030|120y < IIZ/J( o — Qv 0))¢ill 2@
7=1

< [lv — Qv

H—1(Q)

and thus, letting m tend to infinity, we get

w5+t < [lv = Qv as-+(q)
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For the proof of the next lemma, we use furthermore the following estimate
which is a consequence of well known interpolation error estimates, where [ is

the nodal interpolant.

Hw—ijHHé < ||lw — Twl|| gs(0) < ch'||w|

Hot(Q)- (4.14)

Lemma 4.13. Let w € H*(R2) be given as in the previous lemma. Then, there
holds

o — Qjv

() < ¢ o — Qjvllms(e)
Proof. We find
lv— QSU“HS o) = (0 — Qjv,v — Qiv) i)
= (w,v — QS'U>HS*t(Q)
= (w — Qjw, v — Qjv) s+
< w = Qwllas@llv — Q5 UHHs
< -l

H5+t(Q) ||U — Q;’UHHS(Q)
Here, we applied (4.14). We continue estimating,

c- ht||lw|

o) < ¢ hlv— Q5]

Hs+t(Q) HU — QS’U‘

Hs— z )Hv — Q;Ul Hs(Q)-
Hence, we get
l|lv — Q;U“Hs—t(g) <c-h'v— ij| H ()5
which finishes the proof. O

The upper considerations yield the proof of lemma 4.11.

Let us state a last error estimate.
Lemma 4.14. Let s € [0,2), t € [0,s] if s € [0,1] and t € [0,5] if s=1+5 €
(1, g) Furthermore, let v € V;. Then, the H®-projection fulfills the following

error estimate,

lv = Q5o

Hs—t(Q) < C”U| Hs(Q) Yv € V} (415)

Proof. The assertion is a direct result of lemma 4.11 and the inverse inequality
(3.12).
m



4.4. STABILITY ESTIMATES 33

4.4 Stability estimates

One first stability estimate is a direct consequence of definitions 4.1 and 4.2. By
choosing v; = Q$v and applying Cauchy-Schwarz inequality we obtain directly
the following.

Lemma 4.15. For all v € H*(Q), the stability estimate
1Q5vllr+() < llvllr=(y (4.16)
holds for s € [0, 3).

Note that the stability estimate for the L2-projection in the L?-norm is
included for s = 0. We further know from [13] that the L?projection is also
stable in H'(Q2), thus

1@l < cllolng Yo H'Q). (4.17)
We show a more general result for the stability of the L?-projection.

Lemma 4.16. Let s € [0,3), then there holds for all v € H*(Q)

1Q;v

(@) < cllv]|as@)- (4.18)

Proof. The case s € [0, 1] can be done by an interpolation argument. Let us
have a closer look at the case s = 145 € (1,2). For the estimation, we use
Q;v =v for v € V;, lemma 4.15, theorem 3.3, (4.17) and lemma 4.11,

Qv s () = [|Q5v + Qv — Qv
< 1@Q5vllas(@ + Qv — Q5]
= [ Qjvllas@) + Qv — Q; Qv e (o)
< vllas@) + [1Q;(v — Q)| =)

@) + ¢ [[Qi(v — Q5v) || oy

() + ch;* v = Qjvllm e

Hs(Q)

H#(92)

< [lv]

< [lv]

< ||v|

ms@) +ch; ShSH'UHHs < c||v]|ms@
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We still need one more stability estimate for the H*-projection, s € (0, %)

Lemma 4.17. Let s € [0, %) Then, the H*-projection is stable in H*~'(Q) for

[0,s], ifsel0,1]

t e
0,5, ifs=1+5¢€(L,3),
i.€.
1Q5vll ey < cllvllme-r) Vo € HTHQ). (4.19)
Proof.
||ij||H5*t(Q) - ||ij —v+ U| Hs=t(Q)
< [|QFv — vllas—v@) + vl -1
S CHU| Hs—t(Q)-
We used lemma 4.14. u

4.5 Auxiliary results

In this section, we want to introduce two results that are necessary in the
following. The first result is the so called Schur lemma. Its proof can be found

for instance in [53].

Lemma 4.18. For a countable set I we consider the matric A = (A[l, k])k.1er

and the vector u = (uy)ker. For an arbitrary o € R we then have

Aul]? < |su All, K]|22=0D 1 | su Al K] [20F=D {[a 2.
|| _||2_[ D] up S0 AL K200 | [l

el et kel

Because of the consistency of induced matrix norms we obtain for an arbi-

trary o € R
1/2 12
1412 < [SUPZ AL, k]|2“(’€‘”] : lsupz A[L, k;]|2a<k—l>] ‘
1€l her lel 4=
In the particular case of a symmetric matrix A and o = 0 we have
1A]l2 < sup > " [A[L k]| (4.20)
el yer

The next result is a strengthened Cauchy-Schwarz inequality. For s = 1 it can
be found in [53]. We prove that it holds true, also for s € (0, 3/2).
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Lemma 4.19. For the decompositions Ty, may hold c;277 < h; < 277 for
all 7 € N. Then there exists a ¢ < 1 such that

(Qi — Qi—1)v, (@) — Qj-1)v) =0
< th_jl”(Qi — Qi1)v|

holds for allv € H*(Q2), s € (0,3/2).

o) (@5 — Qj-1)v| s ()

Proof. As already mentioned, the proof for s = 1 can be found in [53]. We
generalize it here and introduce for that purpose a parameter ¢ with respect

to the parameter s in the following way,

(0,s), ifse(0,1)
(1,s), ifs=1+5€(1,3).

te

Without loss of generality let j < 4. For v; € V; there holds Qjv; = v; € V

and therefore

(Qi = Qi-1)v, (Qj — Qj—1)v) s () = ((Qi — Qi-1)v, Q}(Q) — Qj-1)v) ms(0)
< <Q;(Qi — Qi—1)v, (Qj - Qj—l)U>HS(Q)

< Q5(Qs — Qim1)vllms (o (@ — Qj—1)v]

where we used the self-adjointness of @7 with respect to the H"-norm and

H3(Q)»

Cauchy-Schwarz inequality. Let us estimate the first term by using (3.12),
(4.19), property 3 of lemma 4.4 and (4.9),

1Q5(Qi — Qi—1)vll o) < chj Q3 (Qi — Qi—1)v]
< Chj_tH(Qi — Qi—1)v| Hs=t(Q) = Chj_tH(Qi - Qi—l)QU“HS*t(Q)
< Ch;t (I(Qi = Qi — Qi—1)v]

Hsft(ﬂ)

Hs=t(Q)
+ 11 = Qi )(Qi — Qi1)vll o))
= Chj_t[hg + hf_1]||(Ql - Qi—l)?f| H5(Q)

< Cz_t[j_i]”(Qz‘ — Qi—1)v|

All in all, with ¢ := 27!, we obtain the desired result

|<(Qz - Qz‘—l)v, (Qj - Qj—l)U>H1+§(Q)|
< g™ N(Qi = Qim)vll s 1(Q) — Qj—1)vll mies(e).

For ¢ < j, we proceed likewise because of the symmetric structure to arrive at

the same result. O
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4.6 Spectral equivalence

Now we are able to prove theorem 4.6. For convenience, the assertion is divided
into several lemmata. Note that we use a generic constant ¢ again throughout
this section. The proofs of the next lemmata reproduce the reflections in [53|

and generalize them, when required. Let us start with the upper inequality

D BN (@ = Qr-1)vll 2y < cllv]

k=0

Fo(@)- (4.21)

This inequality will be shown in two steps.

Lemma 4.20. For all v € H*(Q)) the following inequality is fulfilled,

D BNQr = Qee1)vllZy < € ) 1@k — Qr)oll?

k=0 k=0

Proof. We find with lemma 4.4

Zh @k = Qe-1)vlli2(@ Zh 1@k = Q1) 0l
= Z he 1 Qe — T+ 1 — Qr1)(Qk — Qr—1)v|72(0
k=0

<23 Qe = D@k = Qu)vlegay
k=0

(T = Qr-1)(Qr — Qr-1)v]|72(0 | -
Next, we apply (4.8) and the fact that the grids are chosen to be nested, i.e.

(3.11).

#) <2 B (enhi + el )@k — Quer)vllh
k=0

< th 2B (Qr — Qr—1)0

*(Q)

| ?Nm = CZ [(Qr — Qk—l)UHst(Q)
k=0

Lemma 4.21. The estimate

Zqu—@kl Yo%

is valid for all v € H*(Q).

) < c||v|
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Proof. For all v € H*(Q) there exists a representation with respect to the

sequence of operators {Q$};en,, with @, = 0

=D (Q5 = @5a)v =D v where vy = (@ — Q5
j=0 J=0

For © < k there holds v; € V; C V,,_; C V}, and hence

(Qr — Qr—1)vi = Qpvi — Qp—1v; = v; —v; = 0. (4.23)

This holds in particular for v; = (Q — Q5_;)v. Let us start the proof with
investigating the term on the left-hand side of (4.22). We will make use of
(4.23),

ZH (Qr—Qr-1) Z (Qr — Qr—1)v, (Qr — Qr—1)v) mrs(02)
k=0

Z Z Qk — Qr—1)vi, > _(Qr — Qr—1)vj)11+(0)
k=0 i= 7=0
min{4,j} oo
= Z (@ — Qu—1)vi, (Qk — Q1)) 150
k=0 1,j=0

oo min{i,j}

— Z Z (Qr — Qr—1)vi, (Qr — Qi 1>U]>H§ Q)

1,7=0 k=0
oo min{i,j}

SZ Z 1(Qr — Qr—1)vi]

i,j=0 k=0

w @[ (Qr — Qr—1)vj| r20)

Next, we estimate the first term ||(Qr — Qx_1)v]

ms(0)- The second term is
equivalent and can be estimated in the same way. To this end, we need (3.12),

lemma 4.16, lemma 4.4 and lemma 4.11,

||(Qk - Qk—l)vi|

weo@) < b [(Qr — Qr-1)villms-r() < ehyJvill ms-1(q)
= chy, ' (@ — Qi_1)vll v = chy " (QF — Q;_1)™v|
:Ch?”(Qf—I+I—Q¢_1)(QS i-1)v]
< el (T = QF)vills-ve + ch,;tH(I — Q7 _vill ()

< chi by we9) < chy' hiluil

H—1(Q)

Hs=t(Q)

mo() + chi hi g vl
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Putting these estimates together, we obtain

oo min{i,j}

ZH Qr = Qr)olliey S e D Y b thih |l

@) ||| s ()
1,7=0 k=0
oo
<y 27wy ey 0 e
4,7=0

For the last estimate, we need the following consideration for some fixed t €

(0, s] or t € (0, 5], depending on the size of s,

h};Qt < e (2—1@)*% — ¢ (2min{i,j}—k)*2t 92t minfi,j}

min{i,j} min{4,j}
N Z h;2t < ¢ . 92tmin{ij} Z (272t)min{i7j}—k <ec 92tmin{i,j}
k=0 k=0

The sum S0 (=26 {031F (o he estimated from above by a constant,
because it is a partial sum of a geometic series. Then, we obtain with a case

by case analysis

min{i,j}

Z hizthfhﬁ <ec 22tmin{z’,j}2—t(z’+j) — 2—t\i—j|.
Let us define a matrix A by A[j,i] = 271", Then, we estimate

ZH Qk = Qu-1)v[l7:(@) < CHAH2ZHU1HH ()"

Applying (4.20), a consequence of the Schur lemma, we obtain

”AHQ < SUPZQ tli— ]|

J€No 2

For ¢ := 27" and some j € Ny, this norm is bounded by
e . ! . Sl J . . < 2
SEES NS ST oS ST oA
i=0 i=0 i=j i=1 i=0 i=0 q
Hence, we obtain

o
%[5(9) < CZ Joill?

H*(Q)
i=0

S 1@k — Qi el
k=0
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and finally
Z 0|70y < Z((Qs i), (QF — QF_1)v)ms ()
= Z((Qs i 1) v U)HS(Q)
=0
= Z((QS Qi 1)V, V) ms()
=0
= (0,0) s (@) = 0] Hs (),
which finishes the proof. m

The previous two lemmata put together provide the upper estimate (4.21).

It remains to show the lower estimate

(@ <th 20(Qk — Qr-1)v)20y. (4.24)

vz

We divide it again into two steps. The first lemma directly follows from 3.12.

Lemma 4.22. For all v € H*(Q2) we have

ZH Qr — Q-0 <th 211(Qr — Qr-1)vl 720

Let us come to the last ingredient of the proof of theorem 4.6.

Lemma 4.23. The estimate

Hs(Q <CZ||Qk_Qk Dl

||U Q)

holds for all v € H*(Q).

Proof. For all v € H*(Q) there exists the following representation with respect

to the sequence of operators {Q;};en,

v =

WE

(Q; — Qj-1)v.

J

Il
o
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The estimate follows by applying lemma 4.19 and (4.20) by the same arguments

as in the proof of lemma 4.21.

||U|HS(Q) <Z — Qi U,Z —Qj-1) >
i=0 j= Ho(Q)
- <(Q Qz 1) 7(Qj Qj 1) > )
i=0 j=0

ZZ ' J||| Qz 1) |

| /\

oll(@; = Qi—1)vllm

()

< CZ 1(Qr — Qr—1)v]l7
k=0

[]

Now we know that the term Z B 2 (Qr — Qr—1)v H%Q(Q) is well defined and

equivalent to the H®*-norm of v i. e that holds

c1|v||7

o) < Zh “(Qr — Qr-1)vl 72y < callvll?

k=0

HS
Hence, we find the following equality.

Lemma 4.24. The following equality holds for v € H*(),

(B*0,v) 12(0 Zh 1@k = Qr-1)v[l72(0)

Proof. For all v e H*($2) there holds

(B*0,0) 120 <Zh (Qk — Qe1)v, >

— kZ: B % ((Qr — Qr_1)v, V)20
—0

L)

_ ; I (@ = Qu-1)v, (Qk = Qu1)0) (g

= Z he 1@k — Qr-1)vl1 2
e
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Combining lemmata 4.20-4.24, we obtain the proof of theorem 4.6.

Lemma 4.25. The multilevel operator B* is self-adjoint with respect to the
L*-norm. Furthermore it satisfies B* = (B*®)? for s € [0,3/4).

Proof. The operator B? is self-adjoint with respect to the L? norm if and only
if

<BS’U,U>L2(Q) = <U,BSU>L2(Q). (425)

We can interchange the summation and integration in (4.25) and use the self-
adjointness of the projection operators (4.3) to show the self-adjointness for

B?. The second matter is a direct result of Lemma 4.4. OJ

Remark 4.26. 1. In the case of piecewise constant basis functions the spec-

tral equivalence inequalities still hold for s € [0,1/2), see [53].

2. Due to Lemma 4.25 there holds
(B0, 0z = (B0, B ) oy = | B 0oy (4:26)
Consequently, we have the norm equivalence

1B*20 ]| 22y ~ ||

3. In the particular case of v,, € V,,, the infinite sum reduces to a finite

sum
Zh (Qk — Qr-1)vm = Y _ b (Qr — Qut) v
k=0

This allows a numerical evaluation of the expression.
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Chapter 5
Parameter Identification

In section 2.5 we already introduced our problem. Let us rewrite it once again

here.
e . J 1 _ 2 a 2 )
minimize J(y,a) = 31y — yallaey + 310l
subject to -V - (aVy) =g in Q (5.1)
y=20 on I
0 < amin < a(7) < Gmax a.e. in )

Let us start with some helpful notation. We split the objective into two
functionals F' and () that only depend on either y or a. They are defined as
F(y) = iy — y5||iQ(Q) and Q(a) = %||a||%{s(m. With these definitions we can
write the objective functional as J(y,a) = F(y) + Q(a). Next, we define the

set of admissible parameter functions as
A ={a € H*(Q) : 0 < amin < a(r) < apayx a.e. in Q}.

This definition implies a € L*>(£2) due to the pointwise bounds a i, and amyax.

At first, we are interested in the analysis of the elliptic PDE

—V - (aVy)=g in Q

5.2
y=10 on I (5:2)

As it is usual the case in the theory of elliptic boundary value problems, one
cannot expect the existence of classical solutions y € C?(Q) N C(9) here. The
Lax-Milgram lemma provides the existence of a unique weak solution y = S(a)

for every a € Auq and for every right-hand side g € L?*(f2), i.e. there exists a

43
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unique solution y = y(a) of the variational form

/aVy -Vudr = /gv dr =:G(v) Yve Hy(Q)
Q Q
for all @ € A,4. At this point, we do not necessarily need to restrict the para-

meter functions to the space H*(€2), we only need them to fulfill the pointwise
bounds, thus to be in L>®(€2).

We want to derive the variational form of the PDE and therefore we suppose
for one moment that there exists a classical solution and thus that all inte-
grals occurring in the following exist. We multiply each side of the PDE by an

arbitrary test function v € H}(Q) and consider the integral over

—/V-(aVy)vda::/gvdx.
0

Q
Integration by parts yields

/aVy -Vudr = /gv dr = (aVy, Vv) @)y = (9,0)20)-

Q Q
The boundary terms vanish because test functions v € H}(€2) have a compact
support and thus they are zero on the boundary. The existence and uniqueness
of solutions permit the definition of a parameter-to-state mapping (control-to-
state mapping in the optimal control setting) S : L=(Q) — H}(Q), a — y such
that (1.1) holds. Then, the objective functional can be written in a reduced
form

J(y,a) = J(5(a),a) = F(5(a)) + Q(a) =: f(a).

Additionally to the existence, the Lax-Milgram lemma also yields boundedness
of the state in H*(Q), i.e. [|y|lm (@) < cllGllm@y+ < cllgllrz@), where the con-
stant ¢ depends on the pointwise bounds @i, and @pa. This implies uniform
boundedness of all y = S(a) in H'(Q), thus 3K > 0, such that ||y||g1) < K,
for a fixed right-hand side g € L>(Q) — L*(Q). In section 2.4 we introduced
a result by Meyers [45] and a generalization of it by Groger [30] that ensure a
higher regularity of the solution y. The application to our problem yields the
existence of a constant ¢ > 2, such that ||y||wir@) < ¢||G|lw-1r() holds for

2 < p < q. For a fixed right-hand side g, we also obtain uniform boundedness
in WhP(Q), i.e.

[yllwie@) < K. (5.3)
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Those regularity results hold also for the adjoint state p.

5.1 Existence of solutions

The existence of a solution of (5.1) has been thoroughly discussed in my Di-
ploma thesis [5] and we will only present the main ideas and difficulties that
arise. However, there is a slight difference, as we considered the Tichonov term

in the H'-norm in [5] whereas we consider the more general H*norm here.

Lemma 5.1. The problem (5.1) has at least one optimal solution a with opti-

mal state § = y(a).

Proof. The proof basically follows the same path as the standard proof of
existence of solutions in the case of semilinear quadratic elliptic problems [[55]

Theorem 4.13|. Nevertheless, one has to be careful and adapt some steps.

1. Boundedness of the objective: The objective functional J(y, a) is bounded
from below. Thus there exists a nonnegative real number j defined by
j = infuea,, J(y,a) and a minimizing sequence (y,, a,) with a,, € A,
Yn = S(ay) such that J(a,,y,) = j, n — oo. For every n € N and every
v € Hy(Q) there holds (Vy, an V) 1200y = (9,0)r20)-

2. Passing to the limit: We examine the behavior of (Vy,, a,Vv) 2y~
for n — oo. We show the existence of a, y, such that a,Vv — aVv in
(L)Y and Vy, — Vg in (LP(Q))Y for a certain subsequence, where

p > 2 and i + % = 1. Then we obtain convergence
(VYn, an V) (200)v — (VT,aV0) (120~ -

e Convergence of a, Vv towards aVv: The functional value J(y1,aq)
of the first element of the minimizing sequence is an upper bound for

the functional values of the following elements. Thus there holds in

particular §lla, %,y < J(y1,a1) Vn € N, ie. {a,}2, is uniform-
ly bounded in H*(2). Hence, for s > 0, the sequence is also pre-
compact in L?(12), i.e. for a subsequence there holds ||a, —al|2(q) —
0, as n — oo. Together with the boundedness in L*>(€2) by the

pointwise bounds ||a, — @/ () < Gmax — @min, for n € N, we obtain

llan — al||r@) — 0, as n — oo
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for an arbitrary 2 < r < co. Holder’s inequality then yields conver-

gence of ||(a, — @) V|| (pa@qyn~ for ¢ € [1,2).

o Weak convergence of Vy,, towards Vi: The sequence {y, }22 ; is uni-
formly bounded in W'?(Q) for some p > 2, see (5.3). Thus, we have
a weakly convergent subsequence satisfying vy, — 7 in WP(Q) as

n — oo and there holds Vy, — Vg in (LP(Q2))" as n — oc.
Hence, (y,a) satisfies the variational form.

. Optimality of (y,a): We know that a € A.q, since the admissible set
is weakly sequentially closed. The last step is to show optimality of
(y,a), i.e. that holds J(a,y) = j. At first we use the continuity of
F(y) = 3lly — yall72(q and see that lim, o F(y,) = F(y) follows di-
rectly from y, — 7 in L?*(2). Secondly, we use continuity and convexity
of G(a) = %||a||%ls(m, thus its weak lower semi-continuity. Then, there
holds liminf, . Q(a,) > Q(a). Hence, there holds

j = lim Sy, a,) > lim F(y,) +limint Q(a,) > F(5) +Q(@) = J(7,a).

Due to the definition of j as infimum, there also holds j < J(y, a). Hence,
we get j = J(y,a).

5.2 Optimality conditions

5.2.1 Fréchet-differentiability

In the following we want to derive first and second order necessary optimality

conditions. To this end, we need a first and second derivative of the parameter-

to-state mapping. Let us recall the following definition of Fréchet differentia-

bility, which can be found e.g. in [55].

Definition 5.2. A mapping F : U — V is Fréchet-differentiable in u € U if
there exists an operator A : L(U, V') and a mapping v : U x U — V such that
forallh e U

F(u+h) = F(u) + Ah +r(u, h),
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where the remainder term r fulfills the following condition,

[ (u, W)[lv

-0 for ||h]|v-
17l

Let us now shortly restate the first and second order differentiability of the
parameter-to-state mapping S : L>(Q) — H'(Q), S(a) = y corresponding to

the partial differential equation

—V - (aVy)=g in Q (5.4)
y=0 onl.

The proofs of the first and second order Fréchet differentiability are done in

detail in [5] and [6]. Thus, we only explain the main steps here.

Lemma 5.3. The parameter-to-state-mapping S : L>(2) — H'(Q) is Fréchet-
differentiable. Its derivative can be described by S'(a)a; = v, where y; € H*(Q)

1s the weak solution of the following problem

—V - (aVy)) =V - (a1 Vy) inQ

5.5
y; =0 on I (5:5)

Here, a is an admissible parameter function with respect to (2.8) and y is the

corresponding state y = S(a).

By means of the Lax-Milgram lemma y; € H'(Q) is well-defined because
V - (a1 Vy) is an element of H~1(Q).

Proof. We have to show the existence of a linear continuous operator D :
L>(Q) — H'(Q), such that S(a + a;) — S(a) = Da; + r(a,a;) holds for all
a; € L>(Q) satisfying the equation

|r(a,ar) HHl(Q)

||a1\|L°°(Q)

— 0, for |lai||pee() = 0.
Then D is the Fréchet-derivative of S. Let us assume
~V - (aVyy) =V - (a1 Vy) (5.6)

to be the PDE associated with Da;. We easily verify linearity and continuity

of D. Next, we want to examine the term 7(a, a,), thus S(a+a,) —S(a) — Da;.
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In order to do so, we subtract the associated PDEs of S(a) and Day, i.e. (5.4)
and (5.6), from the PDE of S(a + a1) = y;, which is given as

=V ((a+a)Vy) = g.

All partial differential equations mentioned before have homogeneous Dirichlet

boundary conditions. A short computation gives
=V (aV(y —y—y)) =V - (aV(y1 —y)).
—————
=ys

ysll 1)

lax]| Lo (o)
mate ||ys] (o) by means of Cauchy-Schwarz inequality, Friedrich’s inequality

We now have to show — 0 for |la1|[z=(@) — 0. Therefore, we esti-

and Lax-Milgrams estimate. All in all we obtain ||ys|| g1 ) < c||a]|200(9), which

implies the desired remainder term condition. O]

Let us continue with the second order Fréchet differentiability of the opera-
tor S. We do this by showing first order Fréchet differentiability of the mapping
a— S'(a)a; for all ay € L>(Q).

Lemma 5.4. The mapping a — S’(a)ay is Fréchet-differentiable from L>(£2)
onto HY(Q) for all ay € L>®(Q). Its derivative is given by S"(a)[ay,as] = y”

where y" is the weak solution of the following problem

V- (aVy") =V - (a1Vyh) + V- (a2 Vyy) in Q

5.7
y' =0 on T, (5:1)

with y;, 1 = 1,2 being defined as the weak solution of —V - (aVy,) =V - (a;Vy)
and y = S(a) being the solution of =V - (aVy) = g.

The proof of this lemma can be done using the same techniques as in the

proof of first order differentiability of the operator S.

5.2.2 First order necessary condition

An optimal parameter function a € A,4 has to fulfill the following variational

inequality

fi(@)(a—a) >0 Va € Aug. (5.8)
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Let us now compute the derivative of the objective in a which was given as
fa) = J(y(a),a) = F(5(a)) + Qa),
f'(@)(a —a) = F'(5(a))S'(a)(a — a) + Q'(a)(a — a)
= F'(S(a))y; + Q'(a)(a — a)
= (5(a) — ya, y1)12(0) + (0@, (@ — @) gs(0)- (5.9)

We introduce the adjoint state in order to transform the variational equation

into the desired form. The weak solution p € Hj () of the adjoint equation

—V - (aVp) =y —ya inQ
p=20 on I

is called adjoint state. We denote by p the adjoint state belonging to the
optimal pairing a, . Considering the weak formulations of the adjoint equation

and (5.5) with ¢} and p as test functions, respectively, we easily see that

- [ta-a)5-Vpde = [5-yaul s

Q Q

holds. Thus we obtain a first order necessary optimality condition:

Lemma 5.5. An optimal parameter a together with the optimal state y = S(a)

and the optimal adjoint state p necessarily fulfills the following condition
—((a —a)Vy, Vp) 2@y~ + (aa,a — a)gs) > 0, (5.10)
for all a € Ayy.

Before continuing with the second order sufficient conditions, let us shortly

comment on the uniform boundedness of the adjoint state in the W1 norm.

Lemma 5.6. Let Q) be again a bounded domain in RN with Lipschitz-boundary.

Then, there exists a constant ¢ = G(£2, min, Gmax) > 2, such that

HpHWOl’p(Q) <C (5.11)

for p € [2,q] with C = C(Q, amin, Gmax, D, Yd, 9), and g beeing the right-hand
side of the state equation (5.2).
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Proof. Let us define H(v) := (y — ya,v)r2(0)- Then, we use lemma 2.15, and
Holder’s inequality with % + % = 1 and obtain,

(y — ydav)LQ(Q)l

HP“W(}”?(Q) < c||H|lw-1p@) = ¢ Sup

vEWL4(Q) v7£0 ||UHW1"1(Q)
<¢  sw 1y — vall o 10l oo
vEWL4(Q),0#£0 HUHWW(Q)
< sup |y — deLF(Q)H“HWl»q(Q)
vEWL4(Q),v£0 ||UHW1"1(Q)

< clly = yallzr) < cllyllr) + cllyallze -

Next, we apply the uniform boundedness of y in H*(Q2) or WP(Q2). Thus, we
obtain the desired result, as yq € L>(€2). O

Remark 5.7. In a similar manner we obtain via the Lax-Milgram estimate
(2.6) uniform boundedness of the adjoint state p in H'(Q). Combining these

estimates, we get uniform boundedness of p in the full WP norm.

5.2.3 Second order sufficient condition

Second order sufficient conditions (abbr.: SSCs) play an important role for
optimal control of PDEs. Over the last decades more and more articles concer-
ning SSC have been published, e.g. [11], [17], [19], [20], [39], [48], [49]. Other
than in finite dimensional spaces, SSCs are not primarily a tool to verify if a
stationary solution is a local minimum. Indeed, it is in general difficult to ve-
rify such a condition for a given stationary point, see [50]. However, they play
an important role in the theory of optimal control problems. A priori error
estimates for different discretizations have been proved assuming a SSC holds,
see [3], [16], [18], [31], [38]. SSC can also lead to Lipschitz stability [2], [32],
[43], which is the main ingredient in the convergence analysis of SQP-methods

(Sequential Quadratic Programming), [27], [28], see also chapter 6.

Two-norm-discrepancy

In finite dimensional spaces like RY, second order sufficient conditions are
given in the following way. A point 4 € R” is a local minimum of a function
f:RY = R if f(u) = 0 is fulfilled and the Hesse matrix f”(u) is positive
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definite, i.e. there exists a § > 0 such that for all u € RY holds
w' 7 (@)u > 8lul’.

In infinite dimensional spaces the situation is a different one. Already for simple
problems, we see that we cannot transfer the second order sufficient conditions
without further care. Let us consider the problem min,cc J(u), where U is a
Banach space, C' C U a convex set and J : U — R is a twice Fréchet diffe-
rentiable functional. One could expect that verifying the following conditions
J'(u)(u —u) = 0 and J"(u)v? > d||v||#, Vv € U for some & > 0 would be a
good way to find out if u was a strictly local optimal solution of the problem.
Let us give an example where the second order condition is not fulfilled. It can
be found in [55]. We consider the following problem,
1
min J(u) = _/o cos(u(x))dz.

0<u(z)<2m

A global minimum is given by u = 0. It fulfills the first order necessary condi-

tion

() (u — ) = /0 sin(i(z)) (u(z) — A(z))dz = /0 sin(0)u(z)dz = 0.

For the second order condition we obtain formally

1 1
J"(w)u?® = / cos(0)u?(z)dr = / w()de = |lullF2(,)- (5.12)
0 0

The minimum is unique in a small L*°-neighborhood, but if we consider any

LP-neighborhood, we have other points with the same value

since

o) = o, = ([ st e ([ erpar)” =orve

On the one hand, we obtain the desired coercivity estimate (5.12) in the L*-
norm. And on the other hand, there is no local uniqueness of the minimum in

an L?-neighborhood. This is caused by the non-differentiability of the mapping

u(:) = cos(u(-))
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as mapping from L?(0,1) to L?(0, 1). We have differentiability in the L>°-norm.
However, we do not have the desired estimate in the L°>°-norm. This phenome-
non is called the two-norm discrepancy. A functional J is twice differentiable
with respect to one norm, but the coercivity estimate holds in a weaker norm
in which the functional is not twice differentiable. This is a frequent situation

for optimal control problems which was first mentioned in [34].

Second order sufficient condition

In the following we are going to proof that the following second order optimality
condition

f'@)(a—a)* = dlla—alljsq
together with the first order necessary optimality condition (5.10) implies qua-
dratic growth of the objective functional in the parameter a and thus the local
optimality of this parameter. Let us start by calculating the second order deri-

vative of the objective functional. To this end, let us restate the second order

derivative of the control-to-state operator, i.e. S”(a)[a1,as] = 3" with

=V (aVy') =V - (a1 Vi) + V- (a2Vy)) in ©

, (5.13)
y' =0 on I

Here again, the first derivatives ¢}, i = 1,2 are defined by —V - (aVy]) =
V - (a;Vy), for i = 1,2, respectively. With this at hand let us now have a look

at the second order derivative of the objective functional

T(w.0) = 3y~ vallia) + S Nalli() = J(S(a).0) = F(S(a)) + Qla) = f(a).

We find

f(@)ar, a] = F"(5(a))[S"(a)ar, S'(a)as]
+ F'(5(a))S" (@)[ay, az] + Q" (a)[as, az]
= (5'(@)as, S'(@)ar)r2() + o(az, a1)m=(o)
+ (S(a) — ya, 5" (a)[a1, as]) L2 (-
We want to replace the last term, in which the second derivative of the state

occurs. It can be done in the same way as before for the first order derivative.

TFor that purpose, we again need the adjoint state p that is given by the
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adjoint equation —V(aVp) = y — y4. Next, we consider the weak formulation
of the adjoint equation with 3’ as test function and the weak formulation of

(5.13) with p as test function,

(pVa, Vy") 2@y = (¥ — Y0, ¥") 120
(¥"'Va, V) 2@y = —(a1Vys, VD) 2~y — (a2VYh, VD) 120~

= (Y —Ya, ¥ )12 = —(a1Vyy, VD) 2@y — (a2Vy1, V) 12a)~ -
The second order derivative of the objective functional now reads as
fr(@)[ay, ag] = (S'(a)as, S'(a)ar) 12 (o) + alag, a1)us(q)
- (a1Vy§, vp)(L2(Q))N — (aQVy’l, Vp)(L2(Q))N. (514)

Now we can come to the crucial point of this section. For the proof of the
second order sufficient condition we need a Lipschitz estimate and we are going

to prove it in several steps right now.

Theorem 5.8. Let Q C RY be a Lipschitz domain. Then there exists a con-

stant L belonging to the objective functional

fla) = J(y,a) = J(S(a). ) = 15(@) ~ alluey + 5 Nl

Hs(Q)»

that is independent from a, h, ai, as, such that

|f"(a+ h)ay, as] — f"(a)]ar, az]| < L~ |[h|zoo (e llan]

@ llazllms@  (5.15)

forall a, h, ay, as € L*(Q2) and s > %.

First of all, we split the left-hand side of the last inequality into six terms

|f"(a+ h)[ar, az] — f"(a)[ar, az]]
= |a(ar, a2)ms@) + Wi n You) 2@ — (@2VY1 4, VDR) r2@)~
— (a1 VY5, Vor) 2y — alar, a2)ms) — (W1, ¥a) 12@@)

+ (a2 Vyh, VD) 2y + (a1 Vs, Vp) (22|

< (Wi p Yo — ) ol + (Wi — v, ¥5) 2|

+ (@2 Vi, V(or — )2y~ | + a2V (Y1, — 1), VD) (2@ |

+ (@ Vys s Von — p))z2@)n | + (@1 V (ya, — ¥2), VD) (220~ ]

=T +To+ T3 +Ty+Ts+Tg. (5.16)
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We have to estimate each of these six terms by the right-hand side of the
Lipschitz estimate (5.15). The terms 7} and Ty can be treated together, just
as Ty and Ty and also T, and T.

Estimates

Let us now prove the remaining estimates. Therefore we first clarify our nota-
tion. The functions y, = S(a + h), pu, y; = S'(a)a; and y;,, = S'(a + h)a; are

defined to be the weak solutions of the following partial differential equations

=V ((a+h)Vy,) =g (5.17)
=V - ((a+h)Vpr) = yn — va (5.18)
—V - (aVy;) =V - (a;Vy) (5.19)

=V ((a+h)Vyi,) =V (aiVyn), (5.20)

each with homogeneous Dirichlet boundary conditions, i € {1,2}. In the follo-

wing proofs, we will use a generic constant c.

Lemma 5.9. Let s > %. Then, the estimates

a) 1Yl o) < e llaillms(o) (5.21)

and

b) 19 nllz ) < ¢+ llaill =@ (5.22)
are satisfied for i € {1,2}.
Proof. a) We consider the partial differential equations
=V (aVy;) = V- (a;Vy)
with the weak solutions y,, i € {1,2}. The weak formulation is given as

(aVy;, V)20 = —(a;Vy, Vo) 20) =: K(v).

We use the Lax-Milgram lemma to obtain

|(a,-Vy, VU)Lz Q |
1yill ey < el K ()]l may- = ¢+ sup (@)
0
vEH(Q) vl

1a:Vyllz2@n Vol 2@y

<c-
vEH () [0l ()

< c- |la:Vyll 2@y~
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In the next estimate, we use Holder’s inequality with 110 + 5 =1,

1ill o) < cllaillzn) - [IVYll L2 -
With the choice 2p’ := g, the state y is uniformly bounded in W14(Q) due to
(5.3). This choice yields

1 1 1
/: = _:2 /: = 2 =
1—1/p 1= =95 1/ P= 12 "1/

and with Sobolev’s embedding theorem (2.14) we obtain ||a;|| z2p(0) < ||

for s > %, and thus

p

H3(Q)

Nyill ey < cllaillas) - yllwra) < cllaillas@)-

b) The proof of the second estimate is very similar to the proof of the first one.

We consider a slightly different equation, i.e.
=V - ((a+h)Vy;,) =V - (a;Vyn).

Now we can do the same procedure as before up to the point where we have to
show uniform boundedness of [|ysly1.20 () =t [[ynllwra(e). There again, with
(5.3) we obtain uniform boundedness of the states y;, for all h € L>(Q2). Thus

we obtain also in this case for s > %

Hyz,',h”Hl(Q) < cf|a;] Hs(Q) * HthWW(Q) < cl|a] Hs(Q)-
O
Lemma 5.10. The estimate
lyn = yllwra) < cllhllre@) (5.23)

holds true for arbitrary q € [2,q]

Proof. Let us recall the PDEs for y, and y respectively, i.e.

V- ((a+h)Vyn) =g
-V (aVy) =g.
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We subtract them
—V-((a+nh)Vy,) +V-(aVy) =g —g = =V - (aV(yn —y)) = V- (hVyp)
and obtain from the weak formulation
(@V(yn = y), Vo) 2@y = = (hVyn, Vo) 2@y =: F(v)
for all v € H}(Q) with (2.7) the following estimate,

lyn = yllwra@) < cqllF@)llw-1a0) < cllhVynll i@y~
< cllhllze() - VYl L@y~
< cl|hl[@) - llynllwra@) < cllhllz=@)

The last estimate is valid because y; is uniformly bounded in W4(Q) for
g € [2,q] for all h € L>(Q), due to (5.3). O

Lemma 5.11. The estimate

1Yin = vill o) < cllailla=@llhllLe@, i€ 1,2 (5.24)
holds true for all h € L>*(Q), for s > %.

Proof. Analogously to the proof of the previous lemma, we subtract the PDEs

corresponding to y; , and y; and obtain

—V - ((a+h)Vy,,) + V- (aVy) =V - (a;Vyn) = V - (a; Vy)
& =V (aV(y, —4:) =V - (@V(yn —y) + V- (hVy;,,).

With the Lax-Milgram lemma we obtain as before
19 = vill o) < e (la:V(yn = Y)ll @y + 1RVY Ll z2@py) = (%)

Next, we apply Holder’s inequality with p,p’ > 1, ]% + 1% =1,

() < ¢ (llasllzwi@) 17 (wn = )l zaw gy + Nl V¥l a2y )
< c(flai

s lln = Yl + 10l (e il )

In the last step we chose 2p' .= ¢ < 2p = and applied again Sobolev’s

1
1/2-1/q
embedding theorem. Hence, we obtain the size condition for the regularization
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parameter s, s > %. From lemma 5.10 and 5.9 we know how to estimate the

terms |y, — yllwra) and ||y; ||z (@) and obtain

1 — Vil @) < e (llallms @ Rl @y + 1Pl @ llaill a5 @)

= ¢ (llaillzs @17l =) -

Lemma 5.12. The estimate
[P — pllwra) < cllhllre@) (5.25)
1s valid.

Proof. We start this proof again by subtracting the PDEs belonging to p and
bn

=V (aV(pn—p)) =yn —y+ V- (hVps).
We estimate ||pp, — p|lw1.a) with (2.7)

Ipn — pllwrag) < cllyn — ylla) + 1BV prll ey y)
< c(llyn = yllwrag) + 12l @) I Vonll za@y)~)

IN

c(llyn — yllwra) + |12l 2o @ lPrllwray)-

The term ||y, — y|lw1.a(q) is bounded by |||z~ (q) and the adjoint states py, are
uniformly bounded in H'(Q) for all h € L>(£2) as a result of the Lax-Milgram

Lemma. Thus, we obtain

th — pHWW(Q) < CHhHL“(Q)'

]

Now that these estimates are available, let us continue the proof of the

Lipschitz estimate (5.15).

Lemma 5.13. The terms Ty and T can be estimated in the following way for

s>,

@) 1Al o= ), (5.26)
#e(@) |l Lo () - (5.27)

(Y Yo — Yo) 2] < cllar]as@)llaz|

\(Win — Y1 we) 2] < cllad

HS(Q)HG2|
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Proof. We estimate both terms
(W Yo — Yo) 2y < Winllae 1Y, — vall @)
(W — v va) 2| < llvn — villm @ el e @)

With estimates (5.21) and (5.22) from lemma 5.9 and estimate (5.24) from

lemma 5.11, i.e.

lyilla @ < cllaillms@

i nll ey < cllaillms @)

19in = vill @) < cllailla=@llhll =)
for 7,7 € 1,2, © # j, we obtain the desired results straight away:. O]

Lemma 5.14. The following estimates for Ty and Ts are valid fori, j € {1,2},
i# 7 and s > %

(a1, Vpn — ) 2@ | < Hlaill s llagl gs@ 17l 2o @)- (5.28)

Proof. For i,j € {1,2}, i # j and p,p’ > 1, % —i—[% = 1 we get with Holder’s
inequality
(@i VY 4, V(on = ) 2@y | < NaiVY il we@yy - 1V (0n = )l e @y =2 (%)

We set p’ := ¢ and thus p = and obtain with ¢,¢' > 1,1 .+ & =1 and a

- 1 1-1/g
further application of Holder’s inequality,

(¥) < ||a,-||qu ||V% h||(qu Q)N “|lpn —P||W1q

< HaiHLPq(Q) ) Hyj,h wlred (Q) ||ph —pHWl’q(Q)

Now we set pg’ := 2 and compute

/ 1 / 1
T T =1
We know that p = ;= 1 =y holds, because we set p’ = ¢, thus we obtain
[ U SV WIS S SDVUR S
2 p pg 2 7 pq 1/2-1/q

Now again, we apply Sobolev’s embedding theorem (2.14) and obtain for s > &

Q

laillLraay < llaill mo@)-

We accomplish the proof by applying estimates (5.22) and (5.25). [
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Lemma 5.15. The terms Ty and Ty can be estimated as follows

(@Y (Y = ¥5): VD) 2@y | < e llaillms) - llajllms ) - (17l L= @)
with i,j € {1,2}, i # j.

Proof. For i,j € {1,2}, 1 # j and p,p’ > 1,]%—{—1%: 1 we get

@iV (Y = ¥5), VD) 2@ | < NaiV ()5 — ) we@pyn - VDl e -
As before we set p' := ¢. With ¢,¢ > 1, % + ? =1 we get
(@i V (Y}, — ), VD) (r2 ()~
< laall oy - 195 = i llgwrow @y - IPllwrac)-

Again we set pq’ := 2, thus pqg = 1/2+1/q, and apply the embedding theorem
(2.14) with s > % for the first term, estimate (5.24) for the second term and
uniform boundedness of p in W9(Q) to complete the proof. n

Finally we have all components for the proof of theorem 5.8.

Proof. |[Theorem 5.8] In lemmata 5.13 -5.15 we have shown how the different
terms in (5.16) can be estimated. All in all this yields to

|f"(a+ h)]ar,a1] — f"(a)]ar,a0)| =Th + To+ T + Ty + Ts + T

< c-lag

@) ajllms@) - 17l
for all a, h, a1, ay € L™®(Q). ]

Now, we can write down and prove a second order sufficient condition.

Therefore, let us introduce the following cone.

Definition 5.16. The cone C(a) is given as

C(a) :={a€ H*(Q) : a(x) > 0,if a(x) = amin, a(z) <0,if a(r) = amax}-
(5.29)

Now, we can write down the following second order sufficient condition
(abbr.: SSC): There exists a constant ¢ > 0 such that

f"(@)(a)* = ollallZsq) (5.30)
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holds for all @ € C(a) with the corresponding solution y € Wh(Q) of the

linearized equation

-V . (aVy) =V - (aVy) in Q (5.31)
y=20 on I

In the next lemma we deduce a different SSC.

Lemma 5.17. Let (5.30) hold for all a € C(a) with the corresponding states
y € WH4(Q) as above. Then, there exist € > 0 and o > 0, such that

f@)(a—a)* > olla—allfs(q (5.32)

holds for all a € Auq with corresponding state y = S(a), provided that ||la —
alle@) + Iy — Ullap) < e

Proof. We use lemma A.8, see Appendix, for this proof. Let (y,a) satisfy the
state equation —V - (aVy) = g. Of course, (y,a) fulfill the state equation too,
ie. =V - (aVy) = g. Now, let § be the solution of the linearized equation

belonging to a := a — a, thus
-V - (aVy) =V - (aVy).

We assume the SSC (5.30) to hold for all directions satisfying the linearized
equation, thus it holds also for (¢, a). Combining all equations above, we obtain

for the error oy ==y — v — 7,

—V - (aVéy) =V ((a-a—a)Vy) = V- (VG -v)

and thus

16yl 13 (0) < (@ = @)V ([H =)z < lla = alle@ 17 — vl

<& (109l myeey + 17 mycey) -

Now, we choose ¢ sufficiently small, such that 1 — e > 0, then there holds

€ N
10l 1) < 1 _€HyHH3(Q)-

Now, we can apply lemma A.8 directly and finish the proof. O
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Let us come to the main theorem of this chapter.

Theorem 5.18. Let s > % and a € Agq, the associated state y = S(a) and
the adjoint state p fulfill the necessary condition (5.10). If in addition a and y

satisfy the second order sufficient condition

f"(a)(a—a)® = dlla—al

2
H*(Q)

for some constant § > 0, and for all a € A4, with associated state y = S(a),
then there are constants € > 0 and o > 0, such that the quadratic condition

for growth
fla) > f(a) +olla — C_l||%rs(9)
holds for all a € Auq with ||a — al|z=q) < € and the belonging state y = S(a).

Thus, a s a locally optimal parameter.

Proof. We develop the Taylor expansion up to the term of second order
1
fla) = f(@) + f(@)(a—a) + 5 f"(a+6(a—a))(a—a)’

with 6 € (0,1). The first order term is nonnegative due to the necessary con-
dition. We now estimate the second order term. Observe therefore, that the

directions @ — a lie in the cone C(a) for all a € Agq.

f'(a+0(a—a))(a—a) = f'(@)(a—a)+[f"(@+0(a—a) - f'@)a—a?

> dlla — allf@) — L+ lla — allpella — allfsq)

0 _
> §||a — || }s (-

This is valid if € is sufficiently small, namely & < %. For these estimates we
used (5.15) and the sufficient optimality condition (5.30). At last we obtain

0
f(a) > f(a) + ZHG — ||}y = f(@) + olla — @l g

With026/4, if HCL—&H%OO(Q) <ecand e < % ]

5.2.4 Optimality conditions via the Lagrange functional

The Lagrange functional or Lagrangian is given as

C(y,a,p)=J(y,a)—/avy-Vpdx+/gp dz.
Q Q
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We see that the Lagrange multiplier p corresponds to the adjoint state. We

verify

L5, Py = /<y ya)y da — / aVy. Vpde =0 Vye H(Q),
Q Q

L,(y,a,p)p = —/aVy - Vpdz + /gpdx =0 Vpe Hy(),
Lo(7,a,p)(a—a) = a/BS/2aBS/2(a —a) — Viy-Vpla—a)dz >0 Va € Au.

The first equation is the weak formulation of the adjoint equation applied to
y, the second equation is the weak formulation of the state equation applied
to p and the third equation is the first order necessary optimality condition
(5.10). The second order derivative of the Lagrangian provides an equivalent
representation of the second order sufficient condition. Therefore, we have to

write down the first and the second order derivative,

L' (y,a,p)(y1, a1) /y Yd) Y1 d:70+04/BS/2aBS/2a1 dzx
Q Q

—/aVy1~Vpdx—/a1Vy-Vpda:,

Q Q

L"(y, a,p)[(y1, a1), (Y2, as)] :/y1y2 d$+/OéBS/2alBs/2a2 dx
O )

— /a1Vy2 -Vp dx — /CLQVyl - Vp dzx.
Q Q

This second order derivative is equal to the second order derivative of the

reduced functional, i.e.

L' (y,a,p)[(y1, a1), (Y2, a2)] = ["(a)[as, ag),

where y and p are the state and adjoint state corresponding to a and y; =

S’(a)a;, i = 1,2 are the solutions of the linearized equation
-V - (aVy;) =V - (;Vy) in Q (5.33)
yi =0 on I'.

Let us finish this section with an equivalent representation of the second order

sufficient condition.
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Lemma 5.19. The second order sufficient condition (5.30) can be equivalent-
ly expressed in terms of the Lagrangian in the following way. There exists a

constant o > 0, such that

‘C”(ga aaﬁ)(ya &)2 > 0'||CL| %’—IS(Q) (534)
for all a € C(a) and all y € H} () satisfying
-V .- (aVy)=V-(aVy) in Q (5.35)

y=20 on I'.
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Chapter 6

Superlinear convergence of the
SQP-method

In [28], for example, local quadratic convergence of the SQP-method is shown.
In this chapter we follow the lead of this work. However, one has to be ve-
ry careful with the adaptation to our problem, because a lot has to be done
differently. Special care has to be brought to the choice of the spaces. Fur-
thermore, the concept of the generalized equation with the occurring cones
cannot be applied here because of the lack of Lagrange multipliers in function
space. Another difference is, that in the end we will arrive at superlinear, not
quadratic, convergence.

Let us start and shortly recall the nonlinear problem. Note that we use
the operator based multilevel norm in the regularization term instead of the
Sobolev-Slobodeckii norm for the space H*(£2).

Remark 6.1. In chapter 4 we have shown the equivalence of the norms

1B*20 )| 22y ~ o]

3o (D)- (6.1)

In the following, we use the terms H®-norm and multilevel norm equivalently
and always refer to the multilevel norm, which replaces the H®-norm in the

remaining chapters.

The objective functional is then given as

. 1 Qs
min J(y, a) = 5“@ - yd||%2(sz) + EHB /2a||%2(9)‘

65
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The elliptic PDE is given as follows

—V - (aVy)=g inQ
y=20 on I,

with pointwise box-constraints
0< Gmin S (Z(.CE) S Amax-

For the numerical realization, we later choose € to be the unit square in R?
with boundary I' = 0€2, but for the proof of quadratic convergence of the SQP-
method we let Q € RV, N = 2, 3 be a domain with Lipschitz boundary. Let the
general assumptions for the problem hold. Then, one finds the corresponding

Lagrange functional
L(y,a,p) = J(y,a) — /aVy-Vp dw+/gpdﬂf
Q Q

and the system of first-order necessary optimality conditions

(05) -V (an) =Y — Yd,
(aB*a —Vy-Vp,a—a)gs gs >0, Va € Ay

Amin S CL(JI) S Amax

\

Let us define a Lagrange-multiplier-like quantity p € H*({2) as
w:=aB’a—Vy- Vp. (6.2)

For the parameter function there holds a € H*(2) and thus B*a € H*(2) and
for the second term on the right-hand side there holds Vy-Vp € LP(Q) for some
p > 1. We need to ask the question for which p an embedding LP(Q2) — H~°(Q2)
holds true. This is the case if and only if the opposite direction holds for the

dual spaces, i.e. H*(Q) < L¥ (), with i—l—[% = 1. Via the Sobolev embedding

theorem we see that this is the case for p’ > 2 and s — % = —g. Hence, we

obtain that LP(Q) < H~*(Q) is fulfilled for p < 2 and p > 52%=. Then, in two

or three dimensions, p > 522 is fulfilled for s € (0,3/2). In order to play it

safe, we can require Vy - Vp € L*(Q). As we pointed out in section 2.4, the

regularities of the state y and the adjoint state p in smooth domains €2 depend
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on the quotient of the pointwise bounds amin/@max. FOr Gmin/@max — 0, we

have § — 2. Conversely, we have for ay,/amax — 1 that § — oo. For § > 4 we

obtain y, p € Wh4(Q) and thus the requirement Vy - Vp € L3(Q) is fulfilled.
With this definition of u, we see

(p,a — a)ps=pgs >0, Ya € Auq. (6.3)
Assumption 6.2. For the rest of this chapter we require the following:

1. Let the reqularization parameter s fulfill

{NNNNNNN}
¢ 2 q)

qg'q 2 g’

2. Let ¢ > 4 hold.

6.1 Lagrange-Newton-SQP-method

Assumption 6.3. We assume that (y,a) € WHI(Q) x Auq together with the
associated adjoint state p € WH4(Q) fulfill the first order necessary and second
order sufficient conditions, (5.10) and (5.30).

In each step of the SQP-method, one solves a linear quadratic subproblem.
Its objective functional consists of the first derivative of the objective function
of the initial problem evaluated at the current solution (y, ax) in the direction
of (y — yx, a — ax) and the second order derivative of the Lagrangian evaluated

at the same point applied to (y — yg, a — a)?
min F'(y, a) == J'(yx, ax)(y — yr, @ — ax) + %ﬁﬂ(?ﬂm ar, i) (Y — Yk, @ — ag)”
Therefore, let us compute
I (Yres ar) (Y — yu @ — ax)

— [ =)y - ) do+ o [(Ba)(Ba - ) ds

Q Q

and the first and second order derivative of the Lagrangian
L' (Yres ar, o) (Y — Yy @ — ar) = J" (Y, @) (Y — Y @ — ax)

- /akv(y — k) - Vg do — /(a — ax)Vyy - Vpy dz,
Q O
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L7 (g i) (y — st — ag)? = / (v — ) dz + / (B(a — ay))? de
0 Q

- /(a —ap)V(y —yr) - Vpi do — /(a —ap)V(y — yr) - Vpy dz.
Q Q

Thus, we obtain the following quadratic functional:
F(y, a) = {(yk — Y, Y — yk)L2(Q) + OZ(BS/QCLk, BS/Q(G - ak:))L?(Q)

1
— ((a—ar),V(y — y&) - Vi) r20) + 5”3/ - ka%?(Q)
a S
+ 1B — )l

The PDE of the linear quadratic subproblem is the linearization of the initial

state equation. The linearization is done according to the pattern F(y) ~
F(ye) + F'(ye) (y — yr)-

—V - (axVyr) =g =V - ((a —ar)Vyp) =V - (axV(y —yx)) =0
< =V (aVyr) = V- (axVy) =g — V- (axVyi)

6.1.1 Linear-quadratic subproblem

The linear-quadratic subproblem in step k is the following,

(

min  F(y,a) = (Yx — Ya, ¥ — Y)12(0)
+C¥(BS/2CL]€, BS/Z(CL — ak))Lz(Q)

—((a—ar), V(y —yx) - Vi) 2o

(QP) +301y = gela) + SI1BY2(@ - a3
s.t. =V - (axVy) =V -(aVyr) =V - (axVyr) +¢g in Q
y=0 on I’
0 < amin < a(x) < Apax a.e. in .

\

The corresponding adjoint state p € VVO1 9(Q) is the unique solution of
=V - (axVp) =V - (aVp) =V - (@ Vi) + Y — Ya-
Let us define as before yu € H*(2) as

p:=aB’a—Vy-Vpr —Vyr - Vp+ Vyi - Vpi. (6.4)
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Thus, the optimality system of (QP)y is then given as

/

—V  (axVy) =V - (aVyr) = V - (axVyr) + g,
—V - (axVp) =V - (aVpy) =V - (axVpr) +y — ya,
(OS)k{ aB’a—Vy-Vp, — V- Vp+ V- Vpr — pn =0, (6.5)
<,u, d - a>H757H5 Z O VCNZ 6 Aad,

\ Amin S &(33') S Amax-

This optimality system can also be obtained via the formal Lagrange method,
as in chapter 5.2.4. We have to ensure the existence of a unique solution in
every step of the subproblem (QP). This result will not be true in general for
any point (yx, ax). Thus, we require the current iterate to be close enough to
the optimal solution, i.e. ||z — Z||w1a@)x (@) < 7 for some appropriate r > 0
with 2 = (y,ax) and T = (y,a). At the end of this subsection we show, that
this requirement is no restriction if we choose the starting point xq to be close
enough to 7.

The following procedure is based on [28]. At first we show an auxiliary

result.

Lemma 6.4. There exist constants r > 0 and &' > 0 such that

L"(Yr, ar, pr)[(y, @), (y, a)] > 8'||allFs () (6.6)
holds true for all (y,a) € HY(Q) x H*(Q) that fulfill
-V - (axVy) =V - (aVys) in Q (6.7)
y=20 on I,
given that
9% = Fllwra) + llar — all o) < 7. (6.8)

Proof. Let us start estimating the left-hand side of (6.6),

£//<yk> ak:pk) <y7 a)a (ya a)

[ )
= L"(y,0,p)l(y, ), (y,0)] = [£" (7, a,p) = L" (yr, ar, pr)] [(, @), (y, @)]
> L'(g,a,p)[(y: ), (v, 0)] = llax — all oy llallfrs o)
> L'(g,a,p)[(y: ), (y,0)] = rllallso)-
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Here, we used Lipschitz-estimate (5.15) and assumption (6.8). It remains to
estimate L£"(y,a,p)[(y,a), (y,a)] suitably from below. Unfortunately, the se-
cond order sufficient condition that we derived in chapter 5.2.3 does not imply
this term. The directions (y,a) do not fulfill the linearized equation (5.35),
which is mandatory for the second order sufficient condition to hold. There-
fore, we want to apply lemma A.8. Let (y,a) be a solution of the following

equation

-V - (axVy) =V - (aVyr) in Q (6.9)
y=0 on I

In chapter 5 we developed the second order sufficient condition that is fulfilled
for solutions of the linearized equation (5.35). Let y be the solution of the
linearized equation belonging to the same parameter function a as above, i.e.

(4, a) shall fulfill

-V -(aVy) =V -(aVy) in (6.10)
0

Then, we know

Combining (6.9) and (6.10), we obtain
=V - (@xV(y—19) =V (aVy) + V- (@V§) = V- (aVy) = V- (aVy).
Now, the lemma of Lax-Milgram yields

1y = 9l < aV(ye — 9) + (ax — @)Vl L2

< lyx — gllwra@llallzs@ + llar — alle @19l #2 )

< rllal

@) 9l Hp o)

if [|yx — ¥llwrae) and ||ax — @||L~(q) are small enough. Thus, we can apply
lemma A.8, which finishes the proof. n

Lemma 6.5. There exists a constant r > 0, such that problem (QP)y possesses

a unique solution, provided that ||yx — §|lwra) + [|ax — @||Le@) < r holds.
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Proof. The feasible set
MF = {(y,a) € H}(Q) x H*(Q) : 0 < apmin < a(2) < amax,
—V - (axVy) =V - (aVyr) — V- (aVyr) + g}

is non-empty, closed and convex. Due to lemma 6.4, for the quadratic part of

the objective functional there exist r > 0 and ¢’ > 0, such that

L (yi, ar, pi) [(y, a), (y, @)] = &[|al

holds true for all (y,a) € H'(Q) x H*(Q) that fulfill

2
H3(Q)

-V - (axyVy) =V - (aVy,) in Q
y=0 on I’

provided that ||yx—7||lw1.a)+||ar—al =) < r. Thus, the objective functional
is uniformly convex and continuous. Hence, the problem (QP); possesses a

unique solution. O

In the next lemma we show that in any step of the Lagrange-Newton SQP
method, the solution of (O.S); is uniformly bounded with respect to a particu-
lar norm, provided that the starting point is uniformly bounded with respect

to the same norm. In the following we use ¢ as a generic constant.

Lemma 6.6. Given a starting point xo = (yo, ag) with the corresponding ad-
joint state py that is uniformly bounded in WH(Q) x L>®(Q) x WhH1(Q), i.e.

yollwray + [laol L) + |lpollwrag) < ro,

for some appropriately chosen rq > 0. Then, there exists a constant r > 0,

such that for every solution (y, a,p) of the optimality system (OS)y, there holds

[Yllwra) + llallz=@) + Ipllwrae) <7 (6.11)

Proof. 1. Estimation of the parameter function a: The uniform boundedness
of a with respect to the L*°-norm is a direct consequence of the box
constraints, i.e.

lallze (@) < @max — Amin-
Naturally, this holds true for every optimal parameter function in every

step of the iteration.
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2. Estimation of the state y: We proof the uniform boundedness of y in
Wh4(Q) by induction. For the first state yo we require a uniform boun-
dedness to hold. Let us assume that we already showed the boundedness

condition for y, i.e.

yellwrag) < K, (6.12)

for some constant K > 0. Let us have a look at the linearized state

equation of the quadratic subproblem,
=V - (axVy) =V - (aVyr) — V - (axVyx) + g.

We can estimate the state y with the Groger estimate, analogously to
2.7,

lyllwra) < e (IV - (@Vy) llw-ra@) + IV - (@ V) llw-1a0)
+ ||9HW*1#7(Q)) .

This is consistent because g, a, a, € L>®(2), and because of the assump-

tion yy € WHI(Q). Thus, we can estimate with £+ =1

[(aVyr, V)20

lyllwra) <c sup
vewlr [Vl
o]l #0
arVyi, VU v
+ sup [(axVyr, V) 12(0 | v sup 1(9,v) 20|
vewbLp() ||UHW14’(Q) vewbLp(0) ”UHWW(Q)
vl #0 llo]l£0

\V4 7 \V4
<ol sw |aVyrllLa) | Vol e

vewlp(Q) HUHW“’(Q)
[lv]l#0

|axVyrl La) Vol e N g/l @)llv]| o)

vewlp(Q) H'UHWLP(Q) vewlp(Q) HUHWLP(Q)
llvll#0 lv]|#0

+

< ¢ ([laVyklla@) + llaeVyrllLaw + lgllze@)
< ¢ (llallzoe@ lyrllwra@ + llallze@llvellwrae) + lgllLe@)

IN

C.

The last estimate is valid due to assumption (6.12) and due to g,a €
L>(Q). Thus, y is uniformly bounded in Wh4(0).
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3. Estimation of the adjoint state p: This part of the proof is done by the
same induction as for the state y. We start the iteration with an adjoint
state pg that is uniformly bounded. The next step is that we assume,

that we showed uniform boundedness already for py, i.e.
1PEllwrae) < K7, (6.13)

for some constant K’ > 0. Then we estimate the linearized adjoint equa-

tion as follows:

Ipllwra@) < c([IV - (aVpr)|lw-1a@) + IV - (@ Vr)|lw-1a0)
+ |y — deW*L‘?(Q)) .

The first and second term on the right hand side are estimated in the
same way as above, where we use (6.13). The third term can be handled

easily, too.

ly — dew—lﬁ(Q) < Hwa—lﬁ(Q) + HZ/dHW-Lé(Q)

(y,v) 20| YliLa) V]l Lr(Q
< sup —()+||yd||Loo(Q) < sup 19l 1ol e
UE\TV\l\;(Q) ||U||W1,P(Q) 1,6“?/;;(5—2) ||U||W1,p(Q)

v||#0 v||#0

< lyllwra@ +c<e.

Here, we used the uniform boundedness of y that we showed above. Thus,
we obtain uniform boundedness of the adjoint state p in W14(Q).

All together, there hence exists a constant r > 0, such that
[Yllwra) + llallz=@) + Ipllwrae) <7
]
Remark 6.7. The result (6.11) is also valid in W9(Q2) x L°(Q) x Whi(Q),

forpe(2,q.

6.1.2 Auxiliary linear-quadratic problem

Let us define the following spaces,

W = WU Q) x H*(Q) x Wal(Q) x H*(Q)
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and 7 :=W Q) x L*(Q) x WH(Q),

fora g € (2,q). Let w = (y,a,p, ) € W fulfill the optimality system (OS) and

the second order sufficient condition (5.30), i.e.

f'(@)a® > ollallfs(q),

for all a € C(a), together with the corresponding solution y of the linearized
equation —V - (aVy) = V - (aVy), where C'(a) is given as the cone C(a) :=
{a € H*(Q) : a(x) > 0,if a(z) = amin, a(x) <0,if a(z) = amax}, see (5.29).

Let us introduce an auxiliary quantity § = (01,09,03) € Z, where ¢,
1 = 1,2,3 are supposed to be perturbations in the following linear quadra-
tic problem (QP)(J),

(

min F(y, a) = (g — Ya,Y — g)LQ(Q) + a(BS/Q&, Bs/2(a - &))Lz(g)
—((a=a),V(y—9) - VD)2

_<517 Y= Z7>W—Lé,w1,q* - ((52, a— C_Z)L2(Q)

(@P)(©) +1ly = 71320y + $1B2(@ = @) 32(q)
s.t. =V-(aVy)=V-(aVy) -V -(aVy)+g+d3 in Q
y=20 on I
0 < @min < a(x) < Gax a.e. in €.

\
The corresponding system of first order necessary conditions reads as

;

~V - (aVy) =V - (aVy) = V- (aVy) + g + J3,
—V - (aVp) =V - (aVp) =V - (aVp) +y — ya — 1,
(08)(0) 4 aBsa—Vy-Vp—Vi-Vp+Viy-Vp—6by—p=0,
(U, —a)g—spgs >0 Va € Aug,

\ (min S &(.’L’) S Amax -

Here, 11 is defined as in (6.4). A comparison of the systems (OS) and (OS)(0)

yields a further representation of the perturbations 9;, i =1,...,3,
03 ==V -((@—ar)Vy) = V- (aV(y—y) + V- (aVy) = V - (axVyg),
(6.14)

01 ==V ((ax —a)Vp) =V - (aV(pr — D)) + V - (axVpr) = V - (aVD),
(6.15)

do=Vy -V(pr — D)+ V(yxr —9)Vp — Vyi - Vpr + Vy - Vp. (6.16)
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The perturbations play an important role in the proof of the convergence result
at the end of this chapter. In preparation of this, let us show two estimates
subject to 9, one from above and one from below. The proofs of these estimates
are done in two very different ways, they are using either one of the above

representations of §. Now, let us start with an existence result for problem
(QP)(9).
Lemma 6.8. The problem (QP)(6) possesses a unique solution.

Proof. The objective functional of (Q P)(9) is continuous and uniformly convex
due to the second order sufficient condition. Thus, it is radially unbounded, too.
Let us be more precise and show the uniform convexity of the objective. We do
this for the reduced functional and denote the parameter-to-state operator by
Ss. Let us have a look at the first and second order derivatives of the objective

functional F'.
F'(Ss(a),a)h = (§ — ya, S§(a)h) 2 () + a(B*2a, B¥?h) 120
— (h,V(y—7) - VD)2 — ((a — a), VSs(a)h - VD)2

— (01, Si(a)h)w-rawra — (02, h) 2 + (S5(a)h, y — §)r2(e)
+ O[(Bs/2h, BS/Q(CL — &))L2(Q).

Because Sjs is linear we get

F"(Ss5(a), a)h® = (§ — ya, S§ (a)h*) 120y —2(h, VS5(a)h - VD) r2(0)

N J
-~

=0
— S51, S:;/(a)h2>w—1,@,wl,@/+ (S(lsl(a)h2> Yy — g)LQ(Q)l

Vv VT
=0

=0

+ (Sj(a)h, Sj(a)h) 12y + a(B*2h, B?h) 120
= —2(h, VS§(a)hVp) 2y + (Si(a)h, S§(a)h) r2(q) + a(BY2h, B/*Nh) 12 ().

We see that (S5(a)h,a) is the solution of
=V (@Vy) = V- (aVy),

which is the linearization of the perturbed linearized equation —V - (aVy) =
V - (aVy) — V - (aVy) + g + 3. Thus, the above is exactly the second order
condition, (5.34). Hence, there holds

F"(S5(a), a)h* > rllal

2
Hs(Q)»
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i.e. the objective functional is uniformly convex. Furthermore, the admissible

set

M° = {(y,a) € H}(Q) x H*(Q) : 0 < tmin < a(r) < dpmay,
—V-(@Vy) =V-(aVy) = V- (aVy) + g + ds}

is non-empty, closed and convex. Thus, there exists a unique solution of the

linear quadratic problem (Q)P)(d), which follows from standard arguments. [

Remark 6.9. The solution of (QP)(8) is uniformly bounded in W14(Q) x
L>®(Q) x WY(Q) for G € (2,4) and there exists a constant r > 0, such that

lysllwra) + llasll Lo @) + lIpsllwra) < 7 (6.17)

We can adapt the proof of lemma 6.6, as §;,d3 € W=14(Q).

6.2 Stability of (QP)(d) with respect to pertur-

bations

The first important step on the way to show superlinear convergence of the
Lagrange-Newton-SQP-method is to show stability of the (QP)(d) with respect
to perturbations d. This will be the estimate from below of the perturbations

J.

Theorem 6.10. Let ws = (ys, as, ps, fts) be the solution of (QP)() with
respect to & = (01, d2, 03) € Z and wy = (ys', ag, psr, ps) be the solution of
(QP)(6) with respect to a perturbation 0" = (07, 0%, 65) € Z. Then, there exists
a constant L > 0, such that

lws — we llw < L[5 —&'||2 (6.18)
holds for all §,0" € Z.
Proof. Let ow = (dy, da, dp, ) denote the difference ws — wy.

1. Assembly of equations for ws — wg: We write down the corresponding

equations and start with dy. Let us consider the weak perturbed lineari-
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zed state equation for § and ¢ with dp as test function.

(aVys, Vop) 2y = —(asVy, Vop) 2y~ + (@Vy, Vop) 2y~
(97 5P)L2 + <5 > Lays pyld

(aVys, Vop) 2y = —(as VY, Vip)r2@)n + (aVy, Vép) L2~
+ (9, 0p) 2(0) + (95, > Lyl

= (dVéy, V(Sp)(Lz(Q))N = —(6aVy‘, v5p)(L2(Q))N
+ <53 - 6;’,; 5p>(W01,é)*7W01,é- (619)

We find the analog for the adjoint equation by using dy as test function.

(aVps, Voy) 2@y~ = —(asVp, Voy) 2@y~ + (aVp, Voy) 2y~
+ (Ys, 0y) L2(@) — (Ya; 0y) 120 + (91, y>(w

(aVps, Voy) 2@yny = —(as VD, Voy) 2y~ + (@Vp, Véy) 2
+ (Y5, 0Y) r2@) — (Ya: 0Y)r2(0) + (91, 0Y)

1, Q)*

= (&V(Sp, V(Sy)(LQ(Q))N = —((SCLV]?, V(Sy) L2(Q)N + (5y, 5y)L2(Q)
<5 517 5y>(W1 q W01,¢i~ (620)

Finally, for the variational equation we obtain with da as test function,

a(B*?as, B¥*a) 120y — (Vi - Vps, 6a) 120) — (Vys - VD, 6a) 20
+(Vy - VD, 6a)r2a) + (—s,6a) o= s — (02, 6a)12(0) = 0
a(B*ay, B¥*6a)20) — (Vi - Vg, da) 2(0) — (Vs - VP, 0a) 120
+(Vy - VP, 0a)r2(q) + (—p1r, 0a) v s — (8, 00) r2() = 0

a(B**5a, BY*5a) 120y — (V7 - VOp, 8a) 12y — (VY - VP, 6a) 120

+(=0p,0a) g+ s — (09 — &3, 6a) 12(q) = 0.
(6.21)



78 6. Superlinear convergence of the SQP-method

Combining these three equations, we obtain after a little computation
189172y + @l B?6al|720) — 2(6aV by, VD) 2@y + (=04, 6a) g+ g

= <53 (5&, 5p>(W1 q Wol,q — <51 - 51, (5y> 1, q)* (52 (5&, 5G)L2(Q)
< 165 — 05l

1, Q(Q 1 q + ||51 - 1||(W()1’Q(Q))*

ARd(®)

+ 1102 = 03]l 2@ 1 0all 112y
< 105 = dllw-ra@ 10pllyra00) + 101 = 01 llw-rae) 10yllya ()

+ 162 = 83l 2oy 1 0al

He(9)- (6.22)

The term on the left-hand side depending on p can be estimated using
the fourth line of the optimality system (O.S)(0).
(=0, 6a) g prs = (—fts + or, a5 — Qs) s+ b
= (s, ay — as)ps* mgs + (e, a5 — Q) s s > 0,
as as, ay € Agq. Then, with Young’s inequality (A.3), (6.22) becomes
16y1Z2(6) + al| B*26al|72 0y — 2(0aV 8y, VD) 12(0))v
<16 — 84l 98l 1y + 151 = 34l sa 169l
+102 = 8|22 [ dal

H*(92)
<’y <||5p||12/‘/01’@(g) + ”5y||12/V01’6(Q) + ||(SCL| %—]5(9)>
+03) (18 = 85—y + 16 = 8110+ 102 — bl

(6.23)

where the constant v can be chosen arbitrarily small.

2. Application of the SSC: The next step of the proof is to estimate the
left-hand side

16yl 72() + all B¥26a 720y — 2(6aV 8y, VD) 12~ = L"(3,a,)(6y, 6a)*
from below. To this end, we split dy into

5y = 6ylin + 6yrest7

where dyy;, is the solution of the linearized state equation,

-V (aVéyhn) =V. (5aV§) (6.24)
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and 0y,est 18 the solution of
V(@Y 8Yrest) = 03 — O, (6.25)
Both solutions, dyy, and 0yes, are bounded. By (2.7) we know that
[83hest oy < €llds = 5 lw-atey (6.26)

holds. The boundedness of dyy;, follows with the same argument and the

definition of the duality product, where % + % = 1, namely

((5aV§, VU)LQ(Q)

H(sylin“WOI"i(Q) < CH(sGVgHW*L‘i(Q) <c sup || H
vewd @) 1l o)

16aV7 |l (Lay~ IVl L (@)

<c HUH , < Héav:g“(Lq(Q))N
vew 4 () whi' ()
< [16all oo (@ 17l yra () < e (6.27)
For the last estimate we used ||0al|z~) = ||as — as||zo@) < 2(Gmax —

amin) and the uniform boundedness of [|7|| in W4(Q). The second or-
der sufficient optimality condition is not directly applicable to the term
L"(y,a,p)(dy, da)* because dy is not a solution of the linearized equation.

But for dy;;, we have the second order optimality condition
L£"(,a,p) Oy, 00)* > 0| B**bal| 72 () (6.28)

see (5.34). Thus, we split the term L£" (7, a, p)(dy, da)?, such that we can
apply (6.28)

‘C”(gv a’ 7) (5y7 6(1)2 = »CU(:U, aa]j) (5ylin + 5yrest7 da + 0)2
£”(gv a?ﬁ) (5y1in7 (5@)2 + 25”(@7 C_La 25)((5%117 5&), (6yrest7 0))
+ L"”(_7 7ﬁ)(5yrest7 0)2

Ql

Let us estimate the remaining terms from below. Therefore we use dy =

5ylin + 5yrest and thus ”(Sy“%z(g) = “&Ulin + 5yrest”%2(g) = ||5ylin||%2(9) +
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2(6ylina 5yrest)L2(Q) + H&%est“%%g)-

2L"(y, @, p) (6%, 6a), (0Yrest 0)) + L (G, @, P) (Yrest; 0)?

= L"(y,a,p)(8y,da)* — L"(,a, p)(0Yyn, 6a)?

= ||5?/||%2(Q) - ||5ylin||%2(ﬂ) —2(6aVoy, VD) 2@y

+2(0aV6Yin, VD) (12(2))¥

= 2(0%1in, Orest) 122 + [10Yrest 720y = 2000V 8yrest, VD) (L2())

> 0| B*/?6a||2aq) — cllds — 85 lf-raq)
with %—I—% =1, and 2 < § < g, coming from Groger’s estimate (2.6). Let
us have a closer look at the last estimate. We start with the first term

and apply Groger’s estimate
(0a0Yrest; VD) 2@y < [[0aV 6Yrest|| o) | VD La) < |06V OYrest|| Lr ()
with p = 1+1/(i‘ We continue estimating

180V 8yretl| ot < 1136l ey | VSt oy

with % + i = 1. We set pq¢’ := ¢ and obtain pg = 1/p+1/(j' We require

5> —% + % + % and apply Sobolev’s embedding theorem to obtain

(0%1ins Orest ) 22() < cl|0al| s || 0%rest [lwra ) < clldal|ms(a)l|ds — 5§,||W—1,é(g)

< c-v|dal

tre) ¢ CONN0s = 8115140,
with Young’s inequality. Let us come to the next term.
(51/1111, 6yrest)L2(Q) < ||6ylinHW1,<§(Q)HayrestHWlﬁ(Q)
< |5 — Ollw-rae) 10Ul wra)-
Then we see with Groger’s estimate and % + z%
[6%nllwra) < cl[[V(6aVy)|lw-1a@) < cll6aVill L)
< [[6all Lo [[ VY o (-

in' = g in ép = —L N_N_ N
We set ¢p’ := ¢ and thus obtain ¢p = i 15 For s > 7 g T we

apply Sobolev’s embedding theorem

19all ave IV Yl par ) < clldallmrs@) VT lLaey < clldallmso)-
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Hence, we get

@) 103 = 05l 1000

< ¢ lallFre@) + ¢ - C(0)103 — 35l [5y-ra(0y-

(0Yiin, 5yrest)L2(Q) < cl|dal

In both estimates we chose § arbitrarily small.
With (6.23) we then obtain

O_|’Bs/25a||%2(ﬂ) — C||(53 — 6;”12/1/_1,4(9)

<y (10012 1600y + 16912 1y + 032
+ C('Y) (”53 - 5&”%{/*1@(9) + H(51 - 51”12/1/*1,@(9) + ”52 - 55”%2(9)) )
which is equivalent to

= O'HBS/Q(sCL”%Q(Q)

<7 (“(Spﬂivom(m + H5ZUH€VOLQ(Q) + [|6al %{s(@) + cf[05 — 5:/3”%4/71,4(9)
00 (16— ooy + 161 — 8 raay + 102~ ).
(6.29)

Thus, the proof is almost done.

3. Incorporation of ||6y|lwray, 10Pllwra) and ||0pl|zs@y)-: On the left-
hand side of (6.29) there are still the terms ||6y||w1.a), ||0p|lw1ra@) and
|0 4e|l (22 (2))« missing. This problem can be solved by estimating these
terms in the following way. For dp we use Groger’s estimate (2.6) and

obtain via the perturbed linearized adjoint equation (6.20)

18Pl < cl0aVBlav—rap +ellor = 8illw-racay + elldyllw-rico)
< cl|8aVpll 2@y + elldr = 8illw-rag) + oyl
< clldall zer @) VDIl 20 (v + €llor = 07 lw-1.a(0) + c||5y||W01,«f(Q)
< cl|B?0all 20 1Bl w140y + €ll0r = O llw-rag@) + clldyllyagg
< eK||B*?bal| 12(0) + el = 81 lw-ra) + 0yl

We used again Holder’s inequality (A.1) with Il) + ]% = 1. We then chose

2p' := ¢ and thus obtained 2p = and used the uniform bounded-

1 /2i1/q
ness of p, (5.11). Finally, we applied Sobolev’s embedding theorem with

s> % and replaced the H®-norm by the multilevel norm.
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For H(SyHW(}“j(Q) we obtain equivalently
16y Il a0y < K| B28al| 2 + €ll0s — O3 llw-rao) (6.30)
and thus,

16plly 100y < eKI|B*2al| 20y + ¢lldr = 01 lw-r(a) + cllds — 8llw-1.¢0)
(6.31)

Estimates (6.30) and (6.31) can easily be integrated into (6.29), as we see

later. For the estimation of ||6 || (zs(q))+ let us have a look at the gradient

equation.
dp = aB’6a — Vy-Vop—Voy-Vp— (6 — )
We estimate

10pll s+ < llaB*6allims@y+ + V7 - Vopl| ()
+ VoY - VDIl (s )y + 1102 — 0ol (s ()~
< |laB*?Sa| 12 + VG - Vpl|(ms -
+ VoY - Vi (=) + 102 — 05| r2(e)-

Here we used for the first term

s ‘(Bséa,U)LQ(Q)’ ‘(BS/Q(;CL, BS/QU)LQ(Q)‘
|B*dal|(ms=()+ = sup = sup
vers(@  VlEs@ veH (Q) [Vl (@)
BS/25 Bs/2
< swp | all 2@l B**v|| 20
veH(Q) |v] Hs(Q)
Bs/26a vl| s
< sup c” loxallvli@ _ c|| B¥%5al| 12 (0.
veEHS(Q) [v] Hs(Q)

Now, let us estimate the terms ||Vy - Vép| (=)« and |[Voy - VDI| (s @)
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as follows,

_ (VY - Vop,v) 2@
HVy . V5p||(HS(Q))* = Sup @
vEH3 () V]l 12(0)

IVopllr2 ) [V | 20
()
IVl 2o V]l 2 )

vEH(9) 0]

< sup
veH(Q) |v]

< [|0p]] s

H3(Q)

Hgl|W01’4(Q) HUHLQP/(Q)

< H(SpHWOL‘f(Q) sup

VEH*(Q) 0] &5 )
”gl‘wlvd(g)‘ vl
< ||op]| ;1.4 sup 0 = K||dp|| ;1.4
H HWO q(Q) veHS(Q) ||U| HS(Q) H ||WO q(Q)

Here, we used Cauchy-Schwarz inequality (A.2) and Holder’s inequality
(A.1) with l + L —= 1. Then we set 2p =: ¢ and thus 2p’ = 1/2 75+ Lhen,
we applied Sobolev s embedding theorem for s > =. The analog holds
true for ||Vdy - V| (=), i-e. ||Vy - VD[ (=)~ < KHéyHWOl,q(Q). We
apply again the uniform boundedness of i and p in W12 ie. (2.7) and

(5.11). Thus, we continue estimating

10sell =y <llaB*?6all 120 + K [16plly1a 0
+ KI5yl 100y + 102 — 0| 220y (6.32)
4. Combination of estimates: Let us at the end of the proof bring everything
together. The estimates for ||6y||wrai), [|0p|lwra) and [[6pl|ms))-, i-e.
(6.30), (6.31) and (6.32), that we just derived, have to be squared. The
left-hand sides do not present a problem. The right-hand sides can be
estimated by using (a + b)? < 2a? + 2b?. With a generic constant ¢ this
yields
169121600y < €ll B250 30y + €l — 85 y-ra0
10pITyr.00) < cllBY*8allZaa) + clldr — 611y -vag0) + cllds — G510
1012/1Fs - < ellaB*8allfaq) + clloplfynagg, + oyl
+ c[|0g — (%HL?(Q)'

The term c||B*?a||7,, that occurs in each of these estimates can be

estimated by (6.29). Now, we integrate these estimates into the main
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estimate (6.29). Then we obtain all in all

1860l 320y + 101000 + 9Py + 1901y

)
)

+¢00) (1165 = A3y + 10 = 81y + 16— B2y ) -

< o7 (10912 1400y + 18912, + 100

Let us recall that v can be chosen arbitrarily small. Hence, the proof is

done.

6.3 Superlinear convergence

The next step is to show that the perturbations § = (01, do, d3) can be estimated
from above. For that purpose, we use their representations (6.14)-(6.16). Let

us start and introduce of the following space,
W' =Wy 9(Q) x H*(Q) x Wy 9(Q) x (H*(Q))*.

This space will be used for the neighborhoods in the following lemmata. For
a shorter presentation, let us in the following proofs drop the domain 2 in
the notation and write only i.e. I/VO1 7 as we are always referring to the same

domain.

Lemma 6.11. For any ry > 0, ro > 0 there exists L > 0 such that for
wy, € BY'(w) and for w € BY' (w) there holds the Lipschitz condition

16]]z < Lfjwy — @w- (6.33)

Proof. Let w = (,a,p, 1), w = (y, a, p, ) € BYY () and wy, = (Y, ar, P fir.)
€ BW (w), for some 71, ro > 0. In Lemma 6.6 we showed that such constants

exist. We estimate the occurring equations one by one. Let us start with the
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first one (6.14)

=V (@V(y—y) = V-((@-a)Vy) + V- (aVy) = V- (V)
— V- (aVyg) + V- (aVyg)|w-14

=[| =V (aV(7—wk) = V- ((a—arVy)
+ V@@ —y) + V- ((@— ax) V) lw-1a

<IV-(la=a)V - (7 —y)llw-1a + V- ((@—ar)V(y — y))lw-1a

<lla —allL= |7 — yrllwra + [|@ — ax|

Hs||Y — kaWl@

Let us have a closer look at the last estimate. For the first term we apply

Hoélder’s inequality with i + é = 1 and obtain

IV (0~ )95~ gi)lra = sup HEZOFT =0 T
UGWol’é/ ||U||W01,ﬁ'
< o M@= 0@ = )i Vol

o [T

< |la =a)V(g =)l < lla = allz<llg = yrllwra-

For the second term we equally see with % + z% = 1 the following:

IV((a = ar) - V(Y = yp)lw-ra = sup (@ = ar)Vy = yi), VV)

vew ”UHW(}'Q/
< o 18— )= Ll Tl

= [Tz

< (@ = ax)V(y = ye)llze < 1@ — arllzally — yrll o

We choose ¢ := ¢p’ and consequently get ¢p = m. With Sobolev’s embed-

ding theorem we then obtain for s > ¥ + ¥ _ X
q 2 q

la — ag| Lo ||V (y — y) || Lo < ll@ — a

Hs||Y — yk”wlﬁ-

Thus, there follows
IV - (aVy) =V - (aVy) =V - (aVy)

-V (akVyk) +V- (aVyk) +V- (akVy)HWfl,q

<rollg — ykllwra + (ro +71)l|@ — arl s
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due to [[a—a|lp~ < 7o and ||y — ykllwie < |y —yllwra + 17— yrllwra < ro4ry.

The second equation (6.15) can be estimated in the same way,

=V - (@V(pe =) = V- ((ax —a)Vp) + V- (Vi) = V - (@VD)|w-14

< |la = allze[lp = prllwra + lla = axl[msllp = prllwa

< rol|p — prllwra + (12 + 1) |la — ax|| g

The third equation (6.16) can be estimated without further problems, as well.

IVy -V (D —pe) + V(G —yr) Vo= V§-Vp+ Vi - Vpy
+ V- Vpr = Vy- V|2
=[Vy-V(@—pe) + V(@ =) Vp—Vy-V(p—pi)
= V(Y — k) - V|2
<V —=9)- VB —p)llez + V@ = yx) - V(o — pi) |2
< ly = gllwrallp = pellwra + | — vkllwrallp — pllwra
< r2llp = prllwra + (re+ r2) 15 — yellwra-

Let us have a short look at the estimation of the term ||V (y—4) -V (p— px)|| 2.

We use again Holder’s inequality with % + é =1,

IV =) -V = pi)ll2 IV = Dz V(D = pr) | z2a.

We set 2p := ¢ > 4 and obtain 2q = 1/2+1/q < 4 < @. Thus, we can estimate
2p < g, for a ¢ € (2,q). This yields

IV —9) - V(p—pi)llez < IV = )l [ V(P — pr)ll L2
< |V = )eallV(P — pr)llna
<y — vllwrallp — pellwra
< 79||D — prllwra,

due to w = (y,a,p, ) € BYY ().

The second term [|[V(7 — yx) - V(p — pi)||z2 can be handled in a similar
way. O

We just proved the estimate 0|z < L||wy — @||w. This is one ingredient

to show that the iterates of the Lagrange-Newton-SQP-method stay within
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a neighborhood. For the proof of superlinear convergence it is necessary to
estimate ¢ from above a little differently. Therefore, we split the right hand
sides of the equations (6.14)-(6.16) and treat the resulting parts separately,

1911z = l0sllw-r.a + (191 lw-r.d + [|d2]] z2-

More precisely, we estimate ||0s|lyw-1.4, ||01]w-1.a and [|d2||zz by two terms,
respectively. Then we combine the three first terms together and the three
second terms.

Let us start with,

103]lw-1a = [ = V- ((a — ar)Vy) =V - (aV (¥ — yx))
+ V- (@Vy) = V- (arVyg)|lw-14
<||=V-(aVy) = V- (axVyr) + V- (aVyr) + V- (e VY)|lw-14
+[2-V-(aVy) = V- (aVy) = V- (aVy) + V- (aVy,) = V - (aVyy)
+ V- (axVy) = V- (@ V)|[w-ra.

The second term can be estimated as follows

101lw-1a = || = V- ((ax — @)Vp) = V- (aV (pi, — D))
+ V- (axVpr) — V- (aVD)|lw-1.4
< |V -(aVp) +V - (axVpr) =V - (@Vpr) = V- (axVD)|lw-14
+—2-V-(aVp)+ V- (aVp)+V - (aVp) —V - (aVpy)
+V - (aVpy) =V - (axVp) + V- (ax VD) w1.4-
Equally, the last term yields
[02llz2 = [[Vy - V(px — D) + V(yx — 4)VD — Vi - Vpr + Vi - V|12
<|[[=Vy-Vp—VyVpr + V- Vp, + Vyi - V|2
+112-Vy-Vp—Vy-Vp—Vy-Vp—Vy Vp, — V5 Vpy
+ Vi - Vp — Vy - VD 2.
Next, we regroup the terms in two parts,
18|z ==l = V - (aVg) + V - (ax V) + V - (aVyi) + V - (V) w14
+ V- (@Vp) +V - (axVpr) = V- (aVpi) = V - (ax VD) |[w-14
+ | = V§-Vp = VyVpe + Vy - Vo + Vi, - VD[ 12 (6.34)
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and

1622 =[|2- V- (@Vy) = V- (@Vy) = V- (aV§) + V - (aVyy)
=V (@Vye) + V- (aVy) = V- (V) w-1a
+|—=2-V-(aVp)+ V- (aVp)+ V- (aVp) — V- (aVpy)
+V - (aVp) = V- (axVp) + V - (a1 VD) | w14
+112-Vy-Vp—Vy-Vp—Vy-Vp—Vy-Vp
— Vg Vpr+ Vy - Vp— Vi - VD| 2. (6.35)

Thus, we have shown

1]l < 118W1z + 18] z. (6.36)

In the following lemmata we derive estimates for 6/ and §® subject to two
different norms. By interpolation we will then derive estimates subject to the

space Z.

Lemma 6.12. Consider Zy = W=12(Q) x L*(Q) x W12(Q). Let w € W fulfill
the optimal system (OS) and the second order sufficient condition (5.30) and
let wy, be an iterate generated by (6.5), then there holds

16 2, < ellwy — ][ (6.37)

Proof. We reorganize the occuring terms, which yields

16PNz, =1l = V- (@Vy) = V- (axVye) + V - (aVy) + V - (1Y) |
+ ||V - (aVp) + V - (axVp) — V - (aVpg) — V - (ar, V)| g1
+ | =Vy-Vp—Vyr-Vpp + Vi Vo + Vi - V|2
=[|=V-((@a—a)V(y—y)lla— +[IV-((@—ar) V(P — pr))lla-
1 =V@ =) VO —pr)llLe-

Next, we estimate

161z, < lla — al

Hs Hs

U — yrllwra + ||a — arl|as [P — prllwra
+ 117 = yrllwrallp — pellwra

< Jwr — |l
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Let us have a look at the term || — V- ((@ — ax)V(y — yx))||z-1. These consi-

derations can then be applied also to the second term.

| =V (a—a)V(y—yp)l|lg-1 = sup |((@ — ar) V(¥ — yk), VU) 2]

veHL(Q) V]| g

< (@ — ar) V(G — ye)ll g2y [[v]|
>~ Sup

veH(Q) ||U||H1
< (@ = ax) V(7 — y&) |l 2y~
< la = agllL2 [V (F — y) || (p20ry

We used Hoélder’s inequality with % + ]% = 1. We set 2p’ := ¢ and obtain via

Sobolev’s embedding theorem ||a — ax||r2» < ||@ — ag||ms(q) for s > %. Thus,

HS

=V -((@a—a)V(F —ye)llu-r < [la — al

U= Yellwra
We still have to discuss the term ||V (¥ —yx) - V(P — pr)|| 2. Holder’s inequality
with }D + % =1 yields

V@ = yx) - V(0 = pi)llz < V(@ = 4) |20 [[V (P = ) || 20

< |17 = yrllwree [P — prllwree < NG — yrllwral|p — prllwra,
which holds true for ¢ € (4, 7). ]

Lemma 6.13. Consider now Z; = W=11(Q) x L*(Q) x W 14(Q). Let w € W

and wy, € W be chosen as in Lemma 6.12, then there holds
16Dz, < e (6.38)
Proof. We rearrange and estimate

16D 2, = || = V- (@V§) = V - (ax V) + V - (@Ve) + V - (V)| w1
+ ||V - (@Vp) + V- (axVpr) — V- (aVpr) — V - (4 VD) || w-1.a
+ | =V§-Vp—Vy - Vp, +Vy- Vp, + Vi - VD12
==V -((@—=a)V(G = y)llw-ra@ + IV - (@ = ax) V(P = pr))llw-ra
1 =V@ =) - V(D — i)z
<lla = akllz=ly — yellwra + l[a — akllz= P — prllwa

+ 119 — yrllwrallp — pellwra
<ec.
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Let us also discuss the first term in more detail:

| =V - ((@—ar)V(F —y)llw-ra@
(@ — ar)V(J — yx), VV) 2|

= sup
vE(W-1a(Q))* [0l w14y~
a— V y — q V q)*
< sup [(@—ar)V(y yk)H(L )NH U||((L Y )N
ve(W—14(Q))* vl w14y«

< |[(@— ar)V(F — yr)ll Loy~
< la = arlle= V(5 = yi)llzay~
<lla — arll=[|y — yxllwra.

The second term can be estimated in the same way. The third term can be

estimated as in the last proof, for ¢ > 4. O

Lemma 6.14. Again, let w € W and wy, € W be chosen as in Lemma 6.12,
then there holds

161z, < ellwy — llwllw — @w-. (6.39)

Proof. For better readability, we estimate the three terms of 6]z, see
(6.35), separately. The first yields

12-V - (aVy) =V - (aVy) =V - (aVy) + V- (aVyg) =V - (aVys)
+ V. (akVy) -V (akvg)“H—l
< |IV((a—a)- V(G = y)lla— + V(@ —ar) - V(y = )l z—

< |la —a

HS HS

U= Ykllwra + @ — arllmsly — yllwra.

The second can be treated in the following way
| =2-V-(@Vp)+V-(aVp) +V - (aVp) =V - (aVpr) + V - (aVpy)
=V (aVp) + V- (VD[ g
<[V((a—=a) -V —p))la—+ IV((@a—ar) - V(p =)l
< [la —a

ae||p = prllwra + @ — ag|lms||p — Pllwra.

We estimate the third term and obtain
12-V§-Vp—Vy-Vp—Vy-Vp—Vy:Vp,—Vy- Vpp+ Vyp - Vp
— Vi - V|| L2
<V =9)- VO =pollez + VG = 4) - Vp = D)l|2

< ly = gllwrallp = pellwra + 17 = yrllwrallp = pllwra-
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Combined, this yields
1621z, < [hwx — @ llwllw — @l

The estimates are done similarly as in the proof of Lemma 6.12. For the esti-
mation of the terms |V (y — 9) - V(P — pr)||z2 and ||V(y — yx) - V(p — D) || 2,
we again have to require ¢ € (4, q). H

Lemma 6.15. Again, let w € W and wy, € W be chosen as in Lemma 6.12,
then there holds

16@]z, < c. (6.40)
Proof. As in the last proof, we estimate ||§?| 2, in three parts.
|29 (@V5) ~ V- (aV9) = V- (aV§) + V- (aVy) ~ V- @)
+V - (@Vy) = V- (V) [lw-ra

<[V ((a=a)V(G = ye))llw-ra + V- (@ = ar)V(y = §)llw-ra

< lla = all=lly = yullwra + la = axllL<lly = gllwa

|—2-V-(aVp)+ V- (aVp)+ V- (aVp) —V - (aVpg)+ V- (aVpy)
-V (akVp) + V- (akVﬁ)”W_Lé
<|V-((a=a)V(P—p)llw-ra + [V ((@—ar)V(p—p))llw-1a

< lla = allo=[lp = pellwra + lla — axllL=llp — pllwr.a

12-Vy-Vp—Vy-Vp—Vy-Vp—Vy-Vp, —Vy-Vpr +Vy, - Vp
— Vyi - VD12
<|I\Vy—=9)- V@ =pu)lle2 +|IV@ =) - V(p— D)2
<y = gllwrallp — prllwra + |7 — yellwrallp — pllwra
Thus, this yields

162z, < c.

Again, the estimates for ||V(y —9) -V (p—pi)|lzz and [|[V(§—yk) - V(p—D)|| L2
hold true for g > 4. [
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Lemma 6.16. Let w € W and w, € W be chosen as in Lemma 6.12. Then,
there holds for an « € (0,1)

1612 < cllwx — I3, (6.41)

16212 < cllwx — @l [l — @] (6.42)

The first estimate follows from |61, < cljw, — @||%, ie. (6.37), and
10|z, < ¢, i.e. (6.38), with an interpolation argument. The second estimate
is obtained by the same argument with estimates [|6®||z, < c||w — || ||w —

@||w, ie. (6.39), and ||6@]| 7, < c, i.e. (6.40).

Remark 6.17. We can choose ¢ € (2,q) in such a way, that o € (3,1), i.e.

20 > 1. From now on we assume that 2ac > 1 holds.
Now, let us state the main result of this section.

Theorem 6.18. Let w fulfill the optimal system (OS) and the second order
sufficient condition (5.30). Then, there exists a constant r > 0 and a constant
C > 0, such that for each starting point w® € BV (w), the sequence of iterates
wy, generated by (6.5) is well-defined in BYY (w) and satisfies

Jewess — @llw < Clluy — w]33. (6.43)

Proof. Suppose the iterate wy € B)Y (w) is given. With (6.36), (6.41) and (6.42)

we estimate
6]l < 16Dz + 1622 < erllwe — wIF + callwe — [|* [[wipa — @]

Moreover, due to the results of theorem 6.11 and theorem 6.10 and the ass-

umption wy, € BY (w) there holds

10]lz < Lllwg — wllw < Lr

and  [lwppr — wllw < Ls||6]] 2.
At first, let us show that the iterate wy,; belongs to the neighborhood B! (w),

[wisr — @llw < Lslld]lz < Ls(er|Jwy — @[3 + collwe — @|5y |wppr — @|1F)
< L5(017"2a + cor®|| w1 — 0||3y)

< Ls(err®® + o L§ Lr*®) = Lsr®*(c1 + ¢, L°Lg).
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We know there holds 2a > 1, see Remark 6.17. Thus, we can choose r > 0,
such that Lsr?* '(c; + coL*LE) € (0,1), then ||wpy; — w|lw < r. With this
choice of the radius r, we obtain by induction for a starting point w® € B! (w)
a sequence of iterates that lies in B! (w) as well. Next, we prove superlinear

convergence and use Young’s inequality to obtain

lwrsi—@llw < Locallwn — @[3 + Locallw, — @l lewess — @[5

< Lser|Jwy — @[5 + LocaC(9) lwn — @[3 + Locayllwisr — @77
Thus,
lwisr = @llw = Locay|lwpsr — Dl5 < (Lser + LocaC (7)) ||wr — @[55

Since there holds 2o > 1 we can estimate ||wy, — |3 < ||wii1 — @||w for a

sufficiently small radius » > 0. Then we conclude

Lsci + L(;CQC(W)
1 — Lscoy

[wi1 — wllw < lwr, — o]
We choose v > 0 in such a way that 1 — Lscoy > 0. This finishes the proof. [

As a conclusion let us state, that the SQP-method has at least superlinear

order of convergence for problems, that fulfill assumptions 6.2.
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Chapter 7

Numerical example

7.1 The continuous problem

Let us restate the parameter identification problem that we want to solve. The

objective functional is given as
inJ _ 1 2 a B5/24)|2 71
min J(y,a) = 2||?J yd||L2(Q) + 5 I aHL?(Q)’ (7.1)

with the multilevel norm as regularization term. The elliptic differential equa-

tion is given as

-V - (aVy)=g inQ

7.2
y=20 on I'. (7-2)

Furthermore we deal with box constraints
0 < amin < a(z) < Gmax- (7.3)

We only treat the problem in two dimensions with domain €2 being the unit

square and the boundary I" = 0€).
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7.2 SQP-method

We implement an SQP-method, where we solve in every step the following

quadratic subproblem with a primal-dual active set strategy (PDAS).

(

min  F(y,a) = (Yx — Ya,y — yk)L?(Q) + Q(Bs/zak, Bs/z(a - ak))L2(Q)
—((a—ar), V(y —yx) - Vi) 20
(QP), +%||y—yk||%2(g) + %HBS/Z(G—%)”%%Q)
s.t. =V - (axVy) =V -(aVys) =V - (axVyr) +¢g in Q
y=0 on I
0 < amin < a(x) < apax a.e. in €.

We already discussed in detail the SQP-method in the last chapter, therefore,
we directly state the algorithm.

Algorithm 7.1 (SQP-Algorithm).
1. Select a starting point (ag, Yo, o), set k=0;
2. If (ag, Yx, pr) is a solution of (7.1)-(7.3), then STOP;
3. Solve (QP)y. to obtain the next iterate (agi1, Yr+1, Pks1);

4. Setk=Fk+1 and go to (2).

The SQP-method, without globalization strategies like linesearch, is only
locally convergent. Another possibility is to do some steps of the gradient

method first to obtain a starting point that is close enough to the solution.

7.3 Primal-dual active set strategy

In every step of the SQP-method we have to solve the quadratic subproblem
(QP). This problem has a quadratic objective functional and linear equality
and inequality constraints. We will solve it by applying a primal-dual active
set strategy, which is a widely used method, see for example [10], [41]. For a
general overview over semi-smooth Newton methods and in particular over the
primal dual active set strategy we refer to e.g. [35] or [40]. Let us restate the

optimality system with a u € H*(2), that is defined as

p:=aB’a—Vy-Vpr —Vyr - Vp+ Vyi - Vpi. (7.4)
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-V (angj) =V. (ELVyk) -V- (akVyk) + g,
-V (akVﬁ) =V. (C_vak) -V (akVpk) + gj — Yd,
(OS)k § aBsa— Vy-Vpr = Vyr - Vp+ Vy, - Vpp, — =0,
(,a —a)yg-s gs >0 Va € Agq,

\ Amin S &(l‘) S Amax-

A standard procedure in order to derive an active set method is to consider the
gradient equation pointwise and look at a projection formula for the parameter
function. For our problem at hand, we would have to face further difficulties due
to the nonlocal structure of the multilevel operator. Let us therefore derive the
PDAS strategy for the discrete case. As a start we have a look at the discretized
optimality system. We apply the Galerkin method, that we introduced shortly
in section 3.2. The assembly of the necessary matrices is thoroughly discussed

in the appendix B, let us just shortly define them here.

e Mass matrix corresponding to the L? scalar product: M

Stiffness matrix for a fixed parameter af for (afVyy, Von) 2@y KA;

Stiffness matrix for a fixed state yy for (a,VyF, Vo) 2y KY;

Stiffness matrix for a fixed adjoint state p} for (a,Vpf, Von) 2y~ KP;

Stiffness matrix for a fixed state yy for (VyFVpp, vp) 2@ KY';

Stiffness matrix for a fixed adjoint state p} for (VpEVys, vp)r2): KPT;

Multilevel operator for B® = Zi:o h;Qs(Qk — Qk-1)ar: B.

Furthermore, every function v, € Vj, has a unique representation Y " vip;,
where vj is the value of v, at the corresponding node. The vectors containing
the values of the functions in the nodes of the triangulation will also be written
in bold letters, i.e. v.= (vy,...,vp,)". Then we find the discrete optimal

system,
KAy + KYa = KAy, + Mg,

(DOS)i KApP + KPa — My = KAp, — Myd,
(aMBa —KY'p — KP'y + KY py,a, —a) >0 Va, € A",
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with vectors g = (gi)"1, 8 = g(x:), i = 1,...,np and ya = (yai)iry, Ydi =

ya(x;), i =1,...,n, and the discrete feasible set
A ={a €R™ : 0 < apin < a5 < Aax}-

We denote by a,i, and ay.. vectors that have n;, times the entry @i, or amax,
respectively. Now, let us have a closer look at the discrete gradient equation.

There holds a = a,;,, if and only if
aMBa —KY'p - KP'y + KY px > 0,
a = ay,, holds if and only if
oMBa —KY'p —KP'y +KY pi <0
and a € [anyin, amax| holds if and only if
oMBa —KY'p —KP'y +KY pix =0
& a=ao '(MB)"' (KY p+KP'y —KY py).

Thus, we can combine the upper thoughts via a projection relation for the

discrete parameter a,

a= IPJ[amin,a,mmc]{Oé_l(IMHB%)_l (KYTI_) + KPT}_’ — KYTpk) }

We define

pi=a '(MB)™" (KY p+KP'y —KY 'py) —a
where we denote its entries by p;, 2 = 0,...,n;, and obtain with the projection
relation

Amin, if p; <0,
a=(a'(MB)! (KYTI‘) +KP'y — KYTpk) , if pu; =0,
Anaxs it p; > 0.

Let us rewrite this in another way to derive the definition of the active and

inactive sets,
Amin, if a; + p; < amin,
a=qa ' (MB)" (KY'p+KP'y —KY 'pi), if & + g € [Amin, Amax),

Amaxs if &a; + p; > amax-

(7.5)

Now, we can write down the algorithm for the primal dual active set strategy.
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Algorithm 7.2 (PDAS-Algorithm).
1. Select a starting point (ag,yo,Po) and find
o = a ' (MB) ™! (KYTPO +KPyo — KYTPk) — ap.
Set n = 1.

2. Determine active and inactive sets,

At =i e {1,...,nn} a1+ g1 < Amin),
Ar =fie{1,...,np} Ano1i + Mao1i > Amax )
T = {1, np )\ (AU AR,

8. If Amax = AmaX gnd ADN = Amin - STOP;

n—1

4. Find the next iterate (ay, yn, Pn) by solving

KAy 4+ KYa = KAy, + Mg,
KAp + KPa — My = KApx — Myd

and (7.5).

5. Set p, = o ' (MB)™ (KY 'pp + KP'y, — KY'pi) — an, n=n+1 and
go to 2.

We implement (7.5) by means of characteristic functions ™" and x™** asso-

ciated to A™™ and A™" respectively, more precisely by the following diagonal
matrices,
1, ifi=jandiec A™"

min ,__
AT =
0, else,

1, ifi=jand i€ AMx,

AT =
0, else.

Then, the matrix corresponding to the inactive set results as I, = T — AMin —

AT where I denotes the nj, x nj, identity matrix. This yields

a—L,a ' (MB)™" (KY pn +KP'y, — KY pi) = A a, + Al ay.
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7.4 Example and results

Let us present a numerical example. Therefore, we set 2 := [0, 1] x [0, 1]. We

chose the right hand sides of the state and adjoint equation as

g = m*sin(mxl) sin(7x2), yqg = (1 — 72) sin(mwxl) sin(7z2).

The pointwise bounds for the parameter are set as

Amin = 0.01, Amax = 10.

We tested this problem for several values of s and for different refinements
and set the Tichonov parameter to a = 0.1. In the following tables, we see

the behavior for two different choices of s and Nint. (The number of elements

is given as 2Nint?).

At first we found on a coarser grid and s = 0.15:

k | [lax — au| Hs(Q) lyx — ynHHl(Q) I — anHl(Q) [Jwy, — wii| %
1 6.36¢-02 9.1e-03 8.5e-03 8.12e-02 -

2 3.97¢-02 5.5e-03 5.1e-03 5.04e-02 6.26e-01
3 2.45e-02 3.3e-03 3.1e-03 3.09e-02 6.13e-01
4 1.50e-02 2.0e-03 1.8e-03 1.88e-02 6.08e-01
5 9.0e-03 1.2e-03 1.1e-03 1.13e-02 6.01e-01
6 5.4e-03 6.90e-04 6.39e-04 6.7¢-03 5.92¢-01
7 3.1e-03 3.65e-04 3.65e-04 3.9¢-03 5.82¢e-01
8 1.7e-03 1.99e-04 1.99e-04 2.1e-03 5.38e-01
9 8.61e-04 9.88e-05 9.88e-05 1.1e-03 5.23e-01
10 3.29e-04 3.74e-05 3.74e-05 4.07e-04 3.70e-01

Tabelle 7.1: a = 0.1, s = 0.15, Nint = 32

The next table corresponds to a finer grid and s = 0.3:
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k | [lax — ClnHHs(Q) lyr — ynHHl(Q) [F PllHHl(Q) [|wy — wi | %
1 3.34e-01 4.62e-02 4.32e-02 4.23e-01 -
2 1.93e-01 2.40e-02 2.23e-02 2.40e-01 5.66e-01
3 1.02e-01 1.19e-02 1.11e-02 1.25e-01 5.20e-01
4 5.02e-02 5.7e-03 9.3e-03 6.11e-02 4.88e-01
3 2.36e-02 2.6e-03 2.4e-03 2.87e-02 4.69¢-01
6 1.08e-02 1.2e-03 1.1e-03 1.31e-02 4.56e-01
7 4.8e-03 5.259e-04 4.88e-04 5.9¢-03 4.50e-01
8 2.1e-03 2.25e-04 2.09e-04 2.5e-03 4.23e-01
9 8.35e-04 8.91e-05 8.27e-05 1.0e-03 4.00e-01
10 2.61e-04 2.77e-05 2.57e-05 3.15e-04 3.15e-01

at some plots. For the setting of the first table, we obtain

Tabelle 7.2: o = 0.1, s = 0.3, Nint = 64

In each last column we see, that the values are decreasing. Let us have a look

Figure 7.3: Parameter a, s = 0.15
The plots for the setting of the second table are the following:

Figure 7.2: Adjoint state p, s = 0.15
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Figure 7.4: State y, s = 0.3 Figure 7.5: Adjoint state p, s = 0.3

a

Figure 7.6: Parameter a, s = 0.3

There is something in the plots, that attracts our attention. We can al-
ready see, that for bigger sizes of s, the structure of the multilevel operator
and the underlying grids gain more importance. This is even better to see,
when s is further increasing. For other values of the regularization parameter

s, we see the following plots of the parameter function:

Figure 7.7: Parameter  Figure 7.8: Parameter  Figure 7.9: Parameter

a, s =0.3 a, s =0.5 a, s =0.8
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Figure 7.10: Parameter = Figure 7.11: Parameter  Figure 7.12: Parameter

a,s=1 a,s=1.2 a, s=14
This behavior is very unexpected, because we anticipated the results to

become smoother for a growing parameter s. The last plots show the solutions

for a fix s calculated on three grids that have different finenesses.

Figure 7.13: s = 0.3, Figure 7.14: s = 0.3, Figure 7.15: s = 0.3,
Nint= 16 Nint= 32 Nint= 64
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Appendix A

Useful estimates

The following well known estimates can be found in a lot of textbooks, e.g.
[51], [56].

Lemma A.1 (Hoélder’s inequality). Let Q € R™ and 1 < p,q < oo with
1 —I—% =1 (where we understand = = 0). If f € LP(Q) and g € LI(2), then

p

fg € LY(Q) and there holds

1 fallr@) < 11 flleee gl Lo (A1)

Lemma A.2 (Cauchy-Schwarz inequality:). For the special case where p =
q = 2, the inequality (A.1) is also known as Cauchy-Schwarz inquality, i.e. for
feL*Q) and g € L*(Q) there holds fg € L*(Q) and

1fgllzr@) < Ifll2@llgllza@)- (A.2)
A consequence of Holder’s inequality is the following:

Lemma A.3 (Interpolation inequality: Log convexity of L? norms). Whenever

0<p,g<oo,0<6<1andt="52+12 there holds

LA < 1N g

Lemma A.4 (Young’s inequality). Let 1 < p,p’ < oo, }D + 5 = 1. Then
ab < yaP + C(y)b” (a,b>0,v>0) (A.3)

for C(v) = (yp)#/7p' .

The following Lemma can be found in [[53], Lemma 9.11].
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Lemma A.5. Fors € (0,1] let w € H}(Ty) be the uniquely determined solution

of the variational problem
(W, v) (7 = (u— Qpu,v)g-s(r;y  for allv € H'(Ty,).

If we assume w € HY*(Ty,) satisfying

[wll ey < ellu — Quulla—«(7),
then there holds the error estimate

lu = Qpullmi-s(ry < ch®llu — Qyullm 7).
We know there holds the error estimate
lu = Quulli 7y < llullm ),
as a direct consequence of the Galerkin orthogonality
(u—Qpu,vp) sy =0 for all v, € S)(Ty).

Thus there also holds

lu — Quullz-«cz) < ch*ullm 7). (A4)

Let us have a look at the transformation from an arbitrary element 7" to the
reference element 7'. Let Bt be an invertible matrix and £ +— ¢ = Brz +b. In
the following lemma we show that the spectral norm of By can be estimated
from below and from above by h?, where h; is the global mesh size of the

decomposition 7;.
Lemma A.6. For N = 2 there holds
c-h? < ||Br|? <7 H (A5)
and
C-hi? <|Bp'|IP < C- by (A.6)

Proof. The spectral norm to the power of two of Br is given as ||Br||? =
)\max(B; Br). Let us evaluate that. To that end, we denote the corners of an

element 7' by x1, x5 and x3. Then, the transformation matrix By is given by

T21 — T1,1 31 — T1,1
Br = .
T2 —X12 T32 — T12
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For convenience we shorten the terms and set
a:=|re — x|, b:=lrz—x1|, a:=<(v3— 11, T3 — T71).

Then, we obtain

BIBy - ( a? abcos(a)) |

ab cos(a) b?

and the corresponding eigenvalues of B] By

1
Al = §[a2 + 02 £ /(a2 — b2)2 + 4a2b? cos?(a)].
We easily see,

Amax(Bf Br) <a>+ 0 <2d5 <2¢r < —A;=¢h.

K3 J

Furthermore we know there holds Apin(Bf- Br) + Amax(Bg Br) = det(Bf. Br) =
4

| det Br|? = 4A2 = 4h?, thus Ain(Bf Br) = = > ¢ h2. All in all we

)\max(BqTBT)
obtain the result
Cc hjz < )\min(B;BT> < )\max(B;EBT) = HBTH2 <c h?
The same can be done for By’ O

In [8] the authors develop some nonstandard finite element estimates in frac-
tional order Sobolev spaces. Therefore, they introduce a technique to handle
globally defined fractional order Sobolev norms in some local way. The follo-

wing lemma is taken from this article.

Lemma A.7. Let Q be a bounded polyhedral domain in RN for N = 1,2, 3.

Let T} be a regular triangulation of Q, where h; is the global mesh size. Let
furthermore k be a nonnegative integer, A € (0,1) and w € H**(Q). Then,

the following error estimate holds:
2 @, 12 [8O‘w(x)]2
|/1U|Hk+>\(Q) < cy OAZ:k; (\3 w‘H)\(T) + /T W(Zl’ , (A?)

where p(z,0T) = infyecor |x — y| is the distance from x to the boundary of T.

Furthermore, they provide an important estimate on the reference element,

UQ(x) 2 N 1
— dx < OT,)\HUHHA(T) Vu € HNT) and 0 < A < 3 (A.8)

7 p(x,0T)*
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The proof of the lemma is given in the above-named article and the proof of
the last estimate is given in the references therein.

Let us state a well-known result published by Maurer and Zowe, see [Lemma
5.5, [44]]

Lemma A.8. Let B be a continuous symmetric bilinear form on X x X, H
a subset of X and d > 0 with

B(h,h) > 6||h||* for all h € H.
Then, there are 69 > 0 and v > 0 such that

B(h+z,h+2) > &|lh+2||* forallh € H, z € X and ||z| < ~|/A].



Appendix B

Implementation of the FE-Method

B.1 Assumptions
e Domain: Q = [0,1] x [0,1] C R?

e Decomposition: uniform triangulations and uniform refinement strategy,

T h=0,....L.

e Trial space: For both, the parameter function and the state we use as trial
spaces the spaces of piecewise linear continuous functions with different

refinements that we call V}, with mesh size h. There holds

VocWVic---CcVpC---C H(Q) for 0 <s < 3/2.

e Notation:

— Let ny, be the number of nodes.

Let Nj, be the number of finite elements of the triangulation 7.

— Let (-,),, denote the Euclidean scalar product in R"".

— Let Nint denote the number of elements between zero and one on the
x-axis, thus Nint,;1 is the length of the elements of decomposition

Th-

— Local numbering: We denote the node at the right angle of every

element by one and continue in clockwise direction.
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Figure B.1: Example for local numbering of nodes

We can write down a function g, in the trial space V}, as follows:
np
yn(x) =D yie;()
j=1

with real unknowns yj, j =1,...,n, that we combine in a vector y = (y;);~,;.

The parameter-to-state equation in weak form
/GVyk-Vvdx—i-/akVy-Vvdx—/gvdx+/akVyk~Vv dz,
Q Q Q Q

has the following aspect subject to the trial space (for j = 1,...n;)
np np, T np nh T
/ > amem (Z yW%) Vi, dr + / > akem (Z yiVsOZ) Vi, dx
Q m=1 i=1 Q m=1 i=1
np np T
= /g pj da + / > akom (Z Y?Vsoz) -V; d.
o m=1 i=1

Q

All n equations together compose a linear system for y = (y1,...,yn,) and

a=(ag,...,an,)" .

KY;, -a+ KA, -y = Gn + KA, - yx

with matrices

Np

np T
KY), = [KYp 5], = /% (Z YII;VQDm> Vo, dx :
Q m=1 i1
Nh

TR
Khy = Khnalll = | [ D alson Vil Vo do
0 m=1

np
G = [/ g(pidxl .
Q i=1

1,j=1

and the load vector



B.2. ASSEMBLY OF MATRICES 111

B.2 Assembly of matrices

B.2.1 Load vector

We want to implement Gy, = [ [, gidz] ", for a right-hand side g . Therefore

we determine local load vectors for each element.

3 3
G" = { / gSOidl} = [I det By, | / gpad:f:}
r i=1 T a=1
1

Using a node quadrature rule we obtain with |det By, | = 2meas(T;) =
h

1 1

r A A A

6 Nint2 [9(21); 9(22); 9(23)]

where 1, T, and 3 are the local nodes of T,.. Then we assemble the load vector
by adding the entries of the local load vectors to the corresponding entries of

the global load vector.

B.2.2 Mass matrix

The purpose is to calculate the L? scalar product in the trial spaces V},, for
h=1,..., L. For functions uy(z) = 31" uip(x) and vy (x) = Y1, v, ()
there holds

an o

/Quh(:c)'uh(:c) dx = ;uf‘ ;VJI‘ /Q i(z)p;(z) de = (Mvy, up)y, .

where uy, and vy, are the vectors consisting of the node values belonging to uy,

and vy, respectively. Let us determine the local element mass matrices,

3

3
M" = [/ cpa(pgdx} = /pap5|det Br,|di
T a:ﬁzl

T a,f=1

For P1 = 1-— Zi’l — JAIQ, P2 = i’l, P3 = QATQ we calculate

1 1-21 1
/\plpldi’ = / / (]_ — 213’1 — i'Q)(]_ — Zil — i’g)dfi’gdi‘l = —
7 o Jo 12

and likewise
1
dA = ClA = —
/fpﬂ?z X /fp:zp:’) x 12’
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/Jb}?ldj = /Aplpzdfz /Ap3p1di’ =
T 7 T

N . . 1
/Aplpzadw:/Apgpgdx:/Apgpgdx: —.
T T T 24

Thus, the local mass matrices are given as

_ Nint,?
24

2
M" 1
1

_= N

1
1
2

With the map a < j = j(r,a), « € {1,2,3},5 € {1,...,n,} between the
local and global numbering of nodes we know where to add the entries of
the local mass matrix in the mass matrix M. It remains to incorporate the
homogeneous Dirichlet boundary conditions. To that end, we set equal to zero
all entries in rows and columns belonging to a node on the boundary, except

for the entries on the diagonal, which are set equal to one.

B.2.3 Stiffness matrices

The stiffness matrices KA, and KY,, occur in the parameter-to-state equation.
They differ fundamentally from each other and have to be treated seperately.
Let us start with KA. Let a, = >0  a¥ ¢, € V, be given. For arbitrary

Yn, vp € Vj, we want to calculate

nh Np T np
T = [ S (34 ) 3ot
m=1 j=1 i=1
N, 3 3 3
=33 Y ovih [ Yakevelves do
Tr ’YZI

r=1 =1 a=1
Np,

= > _(KAyy,vi).
r=1

The vectors yj, and v}, are 3-dimensional and consist of the values of y;, and
vy, at the nodes of T,.. KA}, is the element stiffness matrix of 7,, which is given
as
3 3
KA}, = [KA}(a, B)5 p=1 = [/T > akeo (V) V) dr
y=1

a?B:]‘
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We transform everything onto the refence element and obtain

Kaj(a,8) = [ Zaqw (Vo (1)) Vaig () do

= /f Z ap. (2)(Vapl(2)) " (Brr) ™ (Brr) ™" Vap(2) | det Byr| di.

A short computation yields

|detBTr|(BTr)_1(BTT)_T: ‘detBTr‘ ( $§2_$§2 _(Igl 1'171))

(det Byr)? (") () _ )

(95&% R 2) To1 — Ty
) -Tg,Q - 377{,2 _(555,2 - 557112)
_<37§,1 - lql) Ty — Ty

1 1
— 1 Ninth 0 Ninth 0
| det By | 0 - Niith 0 - Nirl1th

1
Y R A P C
0 o 01

2
Nintjy

There follows
3
KA}, = [KAL(a, B)]a 521 = [/TZa};pv(vfpa)Tprﬁdf]i,ﬁ:l
y=1

(prl) Vip1 (V:cPQ) Vip1 (pr:%) Vipi
/ Zaa,pv (Vap1) "Vapa (Vap2)"Vaps (Vaps)' Vapse | di.
(Vap1)"Vips  (Vap2)'Vaps (Vaps)' Vaps
The basis functions on the reference element are given as p; = 1 — &1 — Zo,

p2 = &1, p3 = &2, with Vp1 = (7}), Vo2 = (;), Vps = (}). Thus

2 -1 -1

3
KA};—/AZa};pW -1 1 0 |di
A
-1 0 1
2 -1 —1
=|l-1 1 0 /Aall‘(l—ﬁzl—:?:Q)—Fal;:%H—algizd:%
T
—1 0
2 -1 —1

1
:é(all‘—iral;—iral?f) -1 1 0
-1 0 1
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1
Thisisdueto/1—:@1—:&2dg:~:/:eldj::/izd:e:—.
7 7 7 6

Next, we assemble the matrix and incorporate the Dirichlet boundary values
as before.

For the matrix KY; we fix yy = > " yX ,, € V}, and evaluate for arbitrary
ap, v, €V}, the following

T Th N h
(an VY, Vo) 2@y = / (Z y EV%) D alpi ) ViV, du
Q2 i=1 j=1

m=1
N, 3 3 3 T
DD DI / (z Vo) Voups i
r=1 =1 a=1 A =1

Again, aj, and v}, are vectors with values of a;, und v, at the nodes of 7" as

entries. KY}, denotes the element stiffness matrix.

3

3 T
KY}, = [KYj(a, B)fa 521 = / (Zy‘W%) Vappdr
" \ =1

a,B=1

Transformation on refenence element
T
KY(a / <Z Y~ xpv> (Br) ' (Brr)~ " (Vipa)ps| det Bre|di.

10

Again, we see |det By |(Byr)Y(Br )T = (O 1) and hence

T
KYT / (Zy xp’y> a:pa)pﬁ di.

Thus, with Y := Zi:l yl,;Vjc]D7 we obtain

KYZ = [KYT(OG 5)]35:1

(Y Vzpl) ( xp1)p YT(stPl)p:a
= [ YT (Vap2)pr Y (Vipa)ps Y ' (Vape)ps| di.
Y (Vips)pr Y (Vaps)pe Y ' (Vips)ps



B.3. IMPLEMENTATION OF MULTILEVEL OPERATOR 115

With the basis functions p; = 1—31—2, p» = 41, p3 = &2 and with Vp, = (7)),
Vps = ((1)), Vps = (?) we deduce

and with YT = (y¥(C )+y2()+y3()) = (—y¥+y5 —y¥+y%) and
1
6

fT 1—2, — 29 dx = fT T dT = fT Ts dT = = we conclude

2y¥ —yk — vk 2y —yhk—vyk 2yk—yE— vk

KYp=¢| -yi+vys -yi+vys —yE+ys |,
-y +ys -yi+vys -yi+vys

due to ffl — 1 — Tp dT = ffil dz = ffi’g dr = %. We assembly and
incorporate the Dirichlet boundary values. The same assembly can be done for
a fixed p; to obtain KP,.

The transposed matrices KY; ' and KP, " are needed for the gradient equation
to evaluate the term (Vy,;erh,vh)Lz(Q) for a given y; € Vj and the term

(Vy,TVpk, Uh)LQ(Q) for a given p, € Vj,.

B.3 Implementation of multilevel operator

B.3.1 Representation of coarse functions in refined grids

In the following we implement matrices that map functions on coarse grids
onto functions on finer grids, as it is done in [[53]|, pp. 317-319]. Certainly,
the functions remain the same and the further node values are obtained via
interpolation. We represent the coarse basis functions by a linear combination
of fine basis functions and store the corresponding coefficients in a matrix. Let
us have a look at trial spaces V}_; and V},, with V},_; C V. For go?_l € Vi1,

1=1,..., n,_1 we obtain
g rljgoj, foralli=1,...,n,_1,

see Figure B.2.
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0 0 0 0 0

[
O [ —
=)

1 0 1 L 0

. . . _ 2 . . . .
Figure B.2: Basis funtions "' and coefficients r?j in two dimensions

1

Thus, we obtain a matrix for the transition from V,_; to V},

Ry_1.4]i,7] = r;jj fir j=1,....0, i=1,...,n41.

For a transition from V}, to the finest trial space V7, we apply them consecutively
Rh ::RLfl,L---Rh,thl fﬁI‘hIO,...,L—l, RL I:]I,

where I is a nj, X n; identity matrix. Thus, we are able to blow up coarser
functions such that they all have the same number of entries as functions on
the finest grid. It is important to mention that the shape of the function does

not change , see B.3. For a; € V), there holds
np ) nr, ]
o= Y all =3 al
i=1 j=1

This procedure is important, because we have to sum up functions from dif-

ferently refined grids. Therefore, they need to have the same dimension.

B.3.2 L?-projection

Let a; € Vi, where V is the finest trial space. We want to find the L2-
projection of ay, i.e. ap = Qrar onto coarser trial spaces V, k=1..., L —1,

which is defined by the variational equations

(ak, @f)L?(Q) = <aL7S0§C>L2(Q) V@f € V. (B‘l)

Here, f are again the basis functions belonging to the trial space Vj. This is

equivalent to the linear system

Mkak = Fk



B.3. IMPLEMENTATION OF MULTILEVEL OPERATOR

117

Figure B.3: Coarse function on coarse grid and fine grid

with mass matrix and load vector
My = Mi[l, j] = (&}, o) 120, Fi1 = {aL. ¢])12(0)-
We invert M, and obtain
a, = M 'Fy forall k=1,..., L.

For the load vector there holds for k € {1,..., L — 1}

My 1 My 1

Fyi= <aL790;€>L2(Q) = Z Tff(%#?“h%m = Z Tflekﬂ,j

j=1 j=1

and thus
Fr =R, Fri1 = Ry FL.

We know that Fp, is given as

L
Fr)= (ar, 901L>L2(Q) = <Z aL,iSOiLa 901L>L2(Q)~

i=1
Hence, there holds
FL = ML - ag,.

Thus, the L?-projection is given as
aix = M;lR;ML - ar,

and we set

Py, == M 'R} M.
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B.3.3 Multilevel operator

3

We introduced the multilevel operator for s € [0, 3) as

B = h*(Qr — Qi)
k=0

It fulfills the spectral equivalence inequalities,

Cl||U| %Ib(ﬂ) S <BS’U,U>L2(Q) S CQHU‘ ?{5((2) for all v € HS<Q),

see chapter 4. For a function vy, € Vi, we want to implement

00 L
B, = Z h;ZZS(Qk — Q1)L = Z h;;%(Qk —Qr-1)v €Vp
k=0

k=0

The sum reduces to a finite sum because there holds Qv = v, for £ > L. We

restructure the sum and get

L-1

L
B'vp =Y h(Qu — Qr-1)vr = hpQuur + > (h™ = hy23)Quvr.
k=0 k=0

Let vi, denote the vector of node values of v;,. We implement the multilevel

operator as the following matrix B
Bvy = H *Prve + ) (H® — H3) Prve

with the L? projection Py, k =1,...,L and H := <1~
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