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Fractional Sobolev-Poincaré Inequalities in
Irregular Domains*
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Abstract This paper is devoted to the study of fractional (g, p)-Sobolev-Poincaré in-
equalities in irregular domains. In particular, the author establishes (essentially) sharp
fractional (g, p)-Sobolev-Poincaré inequalities in s-John domains and in domains satisfying
the quasihyperbolic boundary conditions. When the order of the fractional derivative tends
to 1, our results tend to the results for the usual derivatives. Furthermore, the author ver-
ifies that those domains which support the fractional (g, p)-Sobolev-Poincaré inequalities
together with a separation property are s-diam John domains for certain s, depending
only on the associated data. An inaccurate statement in [Buckley, S. and Koskela, P.,
Sobolev-Poincaré implies John, Math. Res. Lett., 2(5), 1995, 577-593] is also pointed out.

Keywords Fractional Sobolev-Poincaré inequality, s-John domain, Quasihyperbolic
boundary condition
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1 Introduction

Recall that a bounded domain  C R" is a John domain if there is a constant C' and a point
xo €  so that for each x € €, one can find a rectifiable curve ~ : [0,1] — Q with v(0) = =z,
v(1) = z¢ and

Cd(y(t),082) = 1(~([0,1])) (L.1)

for each 0 < ¢ < 1. F. John used this condition in his work on elasticity (see [11]) and the term
was coined by Martio and Sarvas [14]. Smith and Stegenga [17] introduced the more general

concept of s-John domains, s > 1, by replacing (1.1) with
Cd(y(t),09) = 1(([0,4]))". (1.2)

The condition (1.1) is called a “twisted cone condition” in literature. Thus the condition (1.2)
should be called a “twisted cusp condition”.

In the last twenty years, s-John domains have been extensively studied in connection with
Sobolev-type inequalities (see [2, 7-8, 12-13, 17]). Recall that a bounded domain  C R",
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n > 2 is said to be a (g, p)-Poincaré domain if there exists a constant Cy, , = C, ,(€2) such that

(ém@ymﬂmﬁégcw(ﬁtmuwmji (1.3)

for all u € C*>(Q) N LY(Q2). Here ug = f,u(x)dz. When ¢ = p, Q is termed a p-Poincaré
domain and when ¢ > p, we say that Q supports a (g, p)-Sobolev-Poincaré inequality. Buckley
and Koskela [2] have shown that a simply connected planar domain which supports a (n"—f’p, p)-
Sobolev-Poincaré inequality is a 1-John domain. Smith and Stegenga shown that an s-John
domain € is a p-Poincaré domain, provided that 1 < s < ~"5 4 P In particular, if 1 < s <
—, then 2 is a p-Poincaré domain for all 1 < p < oo. These results were further generalized
to the case of (g, p)-Poincaré domains in [7, 12-13].

Recently, there has been a growing interest in the study of the so-called fractional (g, p)-
Sobolev-Poincaré inequalities (see for instance [3, 9] and the references therein). In this paper,
we continue the study of the following fractional (g, p)-Sobolev-Poincaré inequality in a domain
Q C R™ with finite Lebesgue measure, n > 2,

|u(z) — u(y)|” »
u(x) —ug|fde < C / / ——————dydz )", 1.4
/ | Q| QNB(z,7d(x,092)) |37 - y|n+p5 ) ( )

where 1 < p < g < o0, 6§ € (0,1), 7 € (0,00) and the constant C' does not depend on
u € C(Q)N LY(Q). If Q supports the fractional (g, p)-Sobolev-Poincaré inequality (1.4), ¢ > p,
then we say that Q is a fractional (g, p)-Sobolev-Poincaré domain®.

From now on, unless otherwise specified, § € (0,1) and 7 € (0, 00) will be fixed constants.

Given a function u € C(Q) N L (), we define g, : @ — R as

ju(w) —uw)l”

gu(x) :/ — (1.5)
ONB(z,rd(z,00) 1T — y["TPo

for z € Q.

It is well-known, due to Maz'ya [15-16], that the validity of a (g, p)-Sobolev-Poincaré in-
equality in € is equivalent to certain capacity-type estimates in €2. Thus one would expect that
a similar equivalence result holds in the setting of fractional (g, p)-Sobolev-Poincaré inequalities

as well. Our first main result confirms this expectation.

Theorem 1.1 Let 2 C R™, n > 2 be a domain with finite Lebesque measure and 1 < p <
q < 00. Then the following statements are equivalent:

(i) Q satisfies the fractional (q,p)-Sobolev-Poincaré inequality.

(ii) For an arbitrary ball By C €, there exists a constant C = C(Q),p, q, Bo,0,T) such that

mﬁgmm/%@m (1.6)
Q

for every measurable set A C Q such that AN By = 0. The infimum above is taken over all
functions u € C(Q) N LY(Q) that satisfy u|a > 1 and u|p, = 0.

IStrictly speaking, we should also indicate the parameter § in the definition of a fractional (g, p)-Sobolev-
Poincaré domain. But since we did not emphasize it in the definition of the fractional (g, p)-Sobolev-Poincaré
inequality either, we keep our current terminology.
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Theorem 1.1 can be regarded as a fractional version of [7, Theorem 1] and it allows us to
study the fractional (g, p)-Sobolev-Poincaré inequalities in irregular domains via capacity esti-
mates. On the other hand, as in the usual Sobolev-Poincaré case, we have standard techniques
for doing capacity estimates.

Our second main result can be regarded as an (un-weighted) fractional version of [7, Theorem
9].

Theorem 1.2 Let Q C R", n > 2, be an s-John domain. If p < %, s < nfp(s and 1 <p<

then Q supports the fractional (g, p)-Sobolev-Poincaré inequality (1.4).

q <

np
s(n—pd)+(s—1)(p—1)’

The range for ¢ in Theorem 1.2 is essentially sharp as indicated by the following example.

Example 1.1 Given 7,6 € (0,1), 1 <p < % and s < n—Lpé’ there exists an s-John domain

2 C R™ such that Q does not support any fractional (g, p)-Sobolev-Poincaré inequality with
q>

np
s(n—pd)+(s—1)(p—1)"

Theorem 1.2 holds for the critical case ¢ =

s(n—pé)—‘:ég—l)(p—l) as well, provided that s = 1
or p =1 (see Remark 4.2). We conjecture that Theorem 1.2 holds under the same assumptions
for the critical case.

The above s-John condition on a domain € is very “geometric” and it provides an effective
estimate for capacity. There is another well-known “metric” condition on € that is sufficient
for our capacity estimates. The condition is termed the quasihyperbolic boundary condition
in literature and it requires that the quasihyperbolic distance between each point x and a
fixed point z( in Q is dominated from above by (a logarithmic function of) its distance to the
boundary of 2 (see Section 2 below for precise definitions). With these understood, our third
main result can be regarded as a fractional version of [13, Theorems 1.4-1.5] and [10, Theorem
1].

Theorem 1.3 Let Q C R™, n > 2, satisfy the quasihyperbolic boundary condition (2.1) for
1.
i

)

some B < 1. Then Q is a fractional (q,p)-Sobolev-Poincaré domain provided that p € [

2
and q € [p, %nf’;é).

Note that the condition ¢ € [p, % b5) implies that p > +(n— n%)

Example 1.2 For each g > % ni”;w there exists a domain 2 C R™, n > 2, satisfying (2.1)

which is not a fractional (g, p)-Sobolev-Poincaré domain. For each 1 < p < %(n — n%), there

exists a domain Q C R™, n > 2, satisfying (2.1), which is not a fractional (p, p)-Sobolev-Poincaré

domain.

Recall that we say a domain @ C R™ with a distinguished point xg has a separation property
if there exists a constant C such that the following property holds: For every = € (2, there
exists a curve v : [0,1] — Q with v(0) = z, v(1) = zo, such that for each t, either

7([0,t]) € By := B(7(t), Cod(~(t), 052))

or each y € ([0,¢])\B; and zo belongs to different components of Q\dB;.
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Theorem 1.4 Assume that Q C R™ is a domain of finite Lebesque measure that satisfies
the separation property with a distinguished point xo. Let 1 < p < . If Q is a fractional
(q,p)-Sobolev-Poincaré domain with T = 1 for some q > p, then for each x € ), there is a

curve 7y : [0,1] = Q with v(0) = z, v(1) = x¢ such that

diam ([0, t]) < Cp(d((t), 09)), (1.7)
where o(t) = FOFRGD,

The assumptions in Theorem 1.4 can be further relaxed. Indeed, Theorem 1.4 holds if
we only assume that the fractional (g, p)-Sobolev-Poincaré inequality (1.4) holds for all locally
Lipschitz continuous functions in € (see Remark 3.1).

Since this paper generalizes the main results of [2-3, 7, 9, 13] to the fractional setting in a
natural way, some of the arguments used in this paper are similar to ones in those papers. In
particular, we benefit a lot from [7, 9, 13]. This paper is organized as follows. Section 2 contains
the basic definitions and Section 3 contains some auxiliary results. We prove our main results,
namely, Theorems 1.1-1.2 and Example 1.1 in Section 4. In Section 5, we prove Theorem 1.3
and give the construction of Example 1.2. In the final section, i.e., Section 6, we discuss the

proof of Theorem 1.4 and point out an inaccurate statement, namely, Corollary 4.1 in [2].

2 Notations and Definitions

Recall that the quasihyperbolic metric kg in a domain 2 C R™ is defined to be

ds
= 1 f
kQ (LU, y) H’} /y d(Z, 89) )

where the infimum is taken over all rectifiable curves  in €2 which join  to y. This metric was
ds

introduced by Gehring and Palka in [5]. A curve v joining 2 to y for which kq(z,y) = fv FIERD)
is called a quasihyperbolic geodesic. Quasihyperbolic geodesics joining any two points of a
proper subdomain of R™ always exists (see [4, Lemma 1]).

Recall that a domain 2 C R™, n > 2, is said to satisfy a [-quasihyperbolic boundary
condition, 3 € (0,1], if there exists a point 2y €  and a constant C such that
1 log d(xo,00)

S glos i an) 0 ®1)

ka(x, zo)

holds for all z € Q.

Let Q be a bounded domain in R”, n > 2. Then W = W(Q2) denotes a Whitney decompo-
sition of €, i.e., a collection of closed cubes @ C ) with pairwise disjoint interiors and edges
parallel to the coordinate axes, such that Q = |J @, and the diameters of @ € W belong to

Qew
the set {277 : j € Z} and satisfy the condition
diam(Q) < dist(Q, 99) < 4diam(Q).
For j € Z, we define

W, ={Q € W : diam(Q) = 277}.
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Note that when we write f(z) < g(x), we mean that f(z) < Cg(x) is satisfied for all 2 with
some fixed constant C' > 1. Similarly, the expression f(x) 2> g(x) means that f(z) > C~1g(x) is
satisfied for all = with some fixed constant C' > 1. We write f(z) = g(z) whenever f(z) < g(z)
and f(z) Z g(x).

3 Auxiliary Results

We need the following “chain lemma” from [7, Proof of Theorem 9]. Note that the condition

3 below is not stated there, however, the proof adapts to our setting and we omit the details.

Lemma 3.1 Let Q@ C R"™ be an s-John domain and M > 1 a fixed constant. Let By =
B(xo, %), where xg € ) is the John center. There exists a constant ¢ > 0, depending only
on Q, M and n, such that given x € Q, there exists a finite “chain” of balls B; = B(x;,1;),
i=0,1,--- ,k (k depends on the choice of x) that joins xqy to x with the following properties:

( ) |B UBz+1| < C|B mBer1|

(2) d(z, B;) < crf
(3) (31,80) > Mm
(4)

4 ZXB < cxa-
=0

(5) |x — x| < CT;' and By, = B(x, 01(2,7139))' 1
or any > 0, the number of balls B; with radius r; > r is less than cr s when s > 1.
6) Fi 0, th b balls B; with radi s [ th h 1

Recall that for a function f, the Riesz potential I5, 6 € (0,n) of f is defined by
fy)
Is(f) = / ——=dy. 3.1
() e |7 —y[n0 3.1)
The following estimate for the Riesz potential is well-known (see for instance [1, Theorem

3.1.4 and Corollary 3.1.5]).

Theorem 3.1 Let 0 < §d <n, 1 <p < g < oo, and % - % = 2. Then ||Is(f)llg < |l fll,
for some constant ¢ independent of f € LP(R™). Moreover, there is a constant ¢c; = c¢(n,d) >0

such that the weak estimate
iglgl{w ER: |I5(f)(x)] > e+ < il fI7° (3.2)

holds for every f € L*(R™).

The following proposition, which can be regarded as a fractional analogy of [2, Theorem

2.1], is proved in [3, Proposition 6.2].

Proposition 3.1 Suppose that Q C R™ is a domain of finite Lebesque measure. Let 1 <
p < q < oo. Assume that the fractional (q,p)-Sobolev-Poincaré inequality (1.4) holds with 7 =1
for every u € C(Q) N LY(Q). Fiz a ball By C Q, and let d > 0 and w € Q. Then there exists a
constant C' > 0 such that

diam(T) < C(d + |T| 5~ 9)%)
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and
(n—pd)
T < Cld+d" w5,
if T is the union of all components of Q\B(w,d) that do not intersect the ball By. The constant
C' depends only on |Bol|, ||, n, p, q, 6 and the constant associated to the fractional (q,p)-

Sobolev-Poincaré inequality.

Remark 3.1 As in [2], one can check that the conclusion holds whenever the fractional
(g, p)-Sobolev-Poincaré inequality (1.4) with 7 = 1 holds for every locally Lipschitz continuous

functions (see [3, Proof of Proposition 6.2]).

Fix a Whitney cube Q¢ and assume that zq is the center of (Jg. For each cube Q € W, we
choose a quasihyperbolic geodesic « joining xg to the center of @ and we let P(Q) denote the
collection of all the Whitney cubes @ € W which intersect . Then the shadow S(Q) of the
cube @ is defined to be

5(Q) = U Q1.
QreEW
QEP(Q1)
The following lemma is proved in [13, Lemma 2.6].
Lemma 3.2 Let Q C R™, n > 2 be a domain that satisfies the quasihyperbolic boundary
condition (2.1). Then for each € > 0, there exists a constant C' = C(n,diam Q, ) such that

sup Y |QF <C. (3:3)
G Qep@)

We also need the following estimate of the size of the shadow of a Whitney cube @ in terms
of the size of (). The proof can be found in [10, Lemma 6].

Lemma 3.3 Let Q C R™, n > 2, be a domain that satisfies the quasihyperbolic boundary
condition (2.1). Then there ezists a constant C = C(n,d(zq,0S2)) such that

diam S(Q) < C(diam Q) 7+7
for all @ € W. Consequently,

15(Q)] < ClQ| 5. (3.4)

4 Main Proofs

Proof of Theorem 1.1 We first show that the condition (ii) implies the condition (i). Fix
a function u € C(Q) N L' (). Pick a real number b such that both |[{z € Q : u(z) > b}| and
Hz € Q: u(z) < b}| are at least ‘%l It suffices to show the fractional (g, p)-Sobolev-Poincaré

inequality with |u — ugq| replaced by |u —b|, and by replacing u with u — b, we may assume that

2T would like to thank Renjin Jiang for sharing the manuscript [10] and Aapo Kauranen for pointing out
Lemma 3.3 in their work in [10, Lemma 6].
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b=0. Write vy = max{u,0} and v_ = —min{u,0}. In the sequel, v denotes either v, or v_;
all the statements below are valid in both cases. Without loss of generality, we may assume
that v > 0.

Fix a ball By such that 2By CC . We may further assume that v|g, = 0. In fact, let
p € C(Q) satisty 0 < ¢ <1, spt(¢) C 2By and ¢|p, = 1. Note that we may write

v=¢v+ (1 - ).

The first term pv € C°°(2By\By) and thus the fractional (g, p)-Sobolev-Poincaré inequality
holds for v in 2By\By. On the other hand, the second term (1 — )v € C(Q) N L}(Q) and
it vanishes on By. So if one can prove the fractional (g, p)-Sobolev-Poincaré inequality for
(1 — ¢)v, then a simple computation, after summing up these two estimates, will imply the
fractional (g, p)-Sobolev-Poincaré inequality for v.

For each j € Z, we define v;(z) = min{2’/, max{0, v(z) — 27}}. We next prove the following
inequality:

29 |{z € QO : vj(x) > 2} SC(/ngj(z)dz>g. (4.1)

To see it, notice that 277v;|5, = 0 and 2_jvj|pj > 1, where F; = {z € Q : v(z) > 27T}, So

by (1.6), we obtain that
Fj\g < C/ 927j7,j(x)dx
Q

Note that go-j,; = 27PJ gv,;- Thus we finally arrive at

2By < C [ g, (0o
Q

which is the desired estimate (4.1).
The fractional (g, p)-Sobolev-Poincaré inequality now follows from the weak type estimates
via a standard argument. Write B, = B(y, 7d(y,0Q)) and Ay = Fy_1\F,

/|v )|9dz < Z olktha| g, | < C Z (/gvk dx)%
SC(kZOO/ngk(w)dl’)g

o0 aq
<c( Y ub+m)’
k=—o00
where
SO N
i<k+1j>k+1 A;nB, Y
and

Z Z / /AOB |vk|y_z|:i(pé)| dzdy.

i>k+1j<k+1
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Fory € A; and z € A;j with j — 1 >4, [v(y) — v(2)| > |v(2)| — |v(y)| > 2772, Hence,
ok (y) — ok (2)] < 28F1 <425 o (y) — o(2)]. (4.2)
Since the estimate
ok (y) — or(2)] < Jo(y) —v(2)]

holds for every k € Z, (4.2) is valid whenever ¢ < k < j and (y,2) € A4; x A;. It follows
from (4.2) that

SR ETDIDS O R = e

k=—o0 k=—oo i<k+1j>k+1 A;NBy

J .

Since Y. 2r(+1=i) < (1 — 27P)~1  changing the order of the summation yields that the
k=i—1

right-hand side of the above inequality is bounded by

4 1
172,1,/529@@) Y.

The estimate of I¥ is similar. Thus, we have proved that

[ ptaear < [ gt

The desired fractional (g, p)-Sobolev-Poincaré inequality (1.4) follows from the above inequality

as we notice that |u| = vy +v_ and |vy(y) — v4(2)] < |u(y) — u(z)| for all y, z € Q.

The implication from the condition (ii) to the condition (i) is easier. To see it, fix a mea-
surable set A C Q such that AN By = () and a function u € C(2) N L' (2) such that u|s > 1
and u|p, = 0. If ug < %, then by (1.4), we have

279A| < / lu(z) — ug|?de < / [u(z) — unl!de
A Q

< C(/qu(y)dy)g~

If ug > 1, then by (1.4) we have

€] 190
| Bol | Bol
a

< iic( [ ato)’

Combining the above two estimates, we conclude that

|A\% < C/ gu(x)dx
Q

where C' = C(Q, By, p, ¢,0, 7). Taking the infimum over all such u gives (1.6).

27NA| <279 ——|By| < |u(x) — ug|?dz
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Remark 4.1 It is clear from the proof above that the condition (ii) of Theorem 1.1 is

equivalent to the following condition: For an arbitrary cube Qo C €2, there exists a constant
C= C(Qa Q07p7 q, 57 T) such that

A7 < Cinf/ gu(x)da
Q

for every measurable set A C Q with ANQy = (). The infimum above is taken over all functions
u € C(Q) N LY(Q) that satisfy u|4 > 1 and u|g, = 0.

Proof of Theorem 1.2 Let By = B(x, %) Assume that p < %, 1 < s < —— and

n—po
1<p<g< S(n7p6)+7§71)(p71>. Choose A > 0 such that

QAZ%—S(n—pé)—(s—l)(p—l).

It suffices to show, by Theorem 1.1, that there exists a constant C' = C (€2, By, p, ¢, d, T) such
that for every measurable set A C Q with AN By = (), we have

Alf <C / gu()dz
Q

whenever u € C(Q) N LY () satisfies u|4 > 1 and u|g, = 0. Since €2 is bounded, we may further

assume that diam ) = 1.

For any « € A, we obtain from Lemma 3.1 a finite chain of balls B;, 7 = 0,1, -- - | k, satisfying
conditions (1)-(6) in Lemma 3.1 with M > 2. For all i =0,1,--- , k, we have
B; C B(y,rd(y,09)), ifye€ B;. (4.3)

To see this, fix y € B; and let z be any other point in B;. Then by the condition (3) in

Lemma 3.1,

d(B;, 00
IZ*y\Slyf:ci|+|xﬁz|§2ri§2%

2
< Md(y,aﬁ) < 1d(y, 09).
In order to estimate |A|, we divide A into the “bad” and “good” parts. Setting
1
gz{JL‘EAMLBz 25} and B = A\G,

where B, = B(z, %), we have |A| < |G| 4 |B]. We first estimate |G|.
For x € G, let {Bi}fzo be the associated chain of balls as described before. Then B, = Bj..
By the condition (1) in Lemma 3.1, we have

k—1

< |U‘Bk - U‘Bol < Z |uBi ~UBiya
=0

DN | =

o
—

< (|U‘Bz - uBiﬂBiJrll + |U‘Bi+1 — UB;NB;41 |)

N
Il
=)
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k
1
<
<3 /. )

- IBll/ (|Bl|/ [u(y) *U(Z)|pd2)%dy
"B, |1+% / / |u(y) —u(z |pdz)
/ /Bi ly — Z"S‘p25|pdz);dy-

For a ball B;,

1
B‘|/B lu(y) — up,

’d\'—‘

y (4.3) and the condition (2) in Lemma 3.1,
k
o
=1 [ )
Z |1Bil /B,
|B1\**1/ / H dz)”dy
e Iy - zl" P
k
x| (] u) el 1 g,
et B N\ Byrdwen) |y — 2[ntP

i

Foos s 1
ZE%TL (/ y)dy) .

B;

Thus we conclude that

sz
S =

1 527’57 (/B gu(y)dy)

k
=0 i
Holder’s inequality implies

L\ L penron) 3
L () T (T [ )
=0 i

=0

where k = w. Using the condition (6) from Lemma 3.1, one can easily conclude
k D i Kp 1(5 1)
DRI SCREETE e
i=0 i=0
Therefore,

k n
ZT%_KM_?) /B gu(y)dy > C, (4.4)

i=0
where the constant C' depends only on p, n, A and the constant from s-John condition.
By the condition (2) from Lemma 3.1, Cr; > |z —y|* for y € B;, and since p(—k+6—7) <0

according to our choice p < %, we obtain

Tlfk;pfnquS 5

|z — y|8(*ﬁp7n+p5)
K2

10
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for y € B;. For y € B; N (271 B;\2/ By), we have |x — y| ~ 2/r; and hence for such y,

T.fnprH“p(S < (2jrk)s(fﬁp7n+p5)' (4.5)

Combining (4.4) with (4.5) leads to

n

k
—rt+o— —Kp—mn
1§er( p)/ gu(y)dy < (r)*"P “’6)/ gu(y)dy
i=0 Bi B

[log 7|

+ 3 @yt [ gu(y)dy

= (291 B\ 29 By )NQ
|log rg |41

S Z (QZrk)s(fnpfvrkpé)/ gu(y)dy
1—=0 2 B,L.NQ
On the other hand,
|log r|+1 |log ri|+1
(2l <rp Z 22 < .
=0 l=—00

Comparing the above two estimates, we conclude that there exists an [ (depending on A) such
that

(2lr)2 < (2hrg) o RP-np) / gu(y)dy.
2l BL.NQ

It follows that
/ gu(y)dy > (2lrk)s(n+rcp—p6)+A — (217";9)S<7L_p5)+(s_1)(p_1)+2A.
QﬁQlBk ~

Uz DY) ith

In other words, there exists an R, > d

np
(/ gu(y)dy> GG FG-DE-DF24] > (R;)%
QNB(z,R;)

Note that according to our choice of A, the above estimate reduces to the following form:

P
a

/ gu(y)dy 2 |B(z, Ry)|
QNB(z,R;)

Applying the Vitali covering lemma to the covering {B(z, R;)}.cr of the set B, we can select
pairwise disjoint balls By, --- , By, such that B C |J 5B;. Let r; denote the radius of the ball

=1
Bi- Then
[e’e} oo 0 q
Gl bBl=5"Y 151> ([ aw)’
i=1 i=1 i=1 JONBi

q

S (i o sutin)” < ([ atwan)”

11
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We next estimate |B|. Note that B C |J B,. We may use the Besicovitch covering theorem
zeB

to select a subcovering {B;, }ien with bounded overlap. Since u > 1 on A and up, < %7 we
obtain that

lu(y) —ugp,,|? > 271

for y € AN B,,. By the fractional (g,p)-Sobolev-Poincaré inequality for balls (see for in-

stance [9]), we get

|[ANB,,|<C |u(y) — up,, |*dy
ANB,, '

< C(/B gu(y)dy)%-

Summing over all balls B, we obtain that

Bl% < C / gu()dy.

The proof of Theorem 1.2 is now complete.

np
s(n—pd)+(s—1)(p—1)"
However, one can easily adapt the proof of Theorem 1.2 to show that when s =1orp=1, ¢

Remark 4.2 In Theorem 1.2, ¢ is assumed to be strictly less than

can reach the critical value (the case s = 1 has already been proved in [3]). Indeed, we only
need to use a variant of Lemma 3.1. Namely, for each x € 2, we may join = to x( via an infinite
chain of balls {B;};en with all the properties listed in Lemma 3.1 except the condition (5) in
Lemma 3.1 replaced by

1
| —a;| <erf =0

as i — oo. Then following the proof of Theorem 1.2, we easily deduce the following Riesz-

potential-type estimate:

o
i q(y)
() — upy| < 3 rd / sy < [ —IW g,
’ ; B; q |z —ylsn=9)

Note that

/Q W4 - (e (@),

|z — y|s(n=9)
where = s0 — (s — 1)n. Thus we conclude that
u() = up,| < Is(xa9)(@).

For s = 1 and p > 1, the claim follows from the strong-type estimate in Theorem 3.1. For
p = 1, the claim follows from the weak-type estimate (3.2) and the weak-to-strong principle for

fractional Sobolev-Poincaré inequalities (see [9, Theorem 4.1]).

12
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Proof of Example 1.1 We will use the mushroom-like domain as used in [7]. The
mushroom-like domain €2 C R"™ consists of a cube ) and an attached infinite sequence of
mushrooms F, Fy, - -+ growing on the “top” of the cube. By a mushroom F' of size r, we mean
a cap C, which is a ball of radius r, and an attached cylindrical stem P of height r and radius
r®. The mushrooms are disjoint, and the corresponding cylinders are perpendicular to the side
of the cube that we have selected as the top of the cube. We can make the mushrooms pairwise
disjoint if the number r; associated with F; converges to 0 sufficiently fast as i — co. We further
write P =T UM UD, where T is the top %—part of P, M is the middle %—part of P, and D is
the bottom %—part of P.

Let u; be a piecewise linear function on 2 such that u; = 1 on the cap C; U7, u; is linear

on M; and u; = 0 elsewhere. Assume that 1 <s < 5’ and that one can prove the fractional

(¢, p)-Sobolev-Poincaré inequality with ¢ >
Note that

8("—1)5)4-(3—1)(11—1)'

1
/ |u(z) — uQ|qu) >y

_ P 1
[] (o) ) )
o JonB(,rd@e0) T —y"tP

(

u(@) —u()P . \¥
(/PI /PmB(z rd(z,09)) %dx)
s

r

a3

On the other hand,

Q
H
QD
=
‘G
’S
82
o,
8
N~—
=

< (Ts n— p5)+ s—1)(p— 1)>

Thus we obtain that for all i € N,

s(n— P5)+(§ Dp=1)

Sals

rit ST

9

which is impossible if g >

np
s(n—pd)+(s—1)(p—1)"

5 Fractional (g, p)-Sobolev-Poincaré Inequalities in Domains with
Quasihyperbolic Boundary Conditions

Lemma 5.1 Fizp and q as in Theorem 1.3. Then there exists a constant C' = C(n,p,q, )
such that

n—pd —1
> 1S@nElFT|QI = < ClB[FT T
QeWwW

whenever E C ().

13
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Proof For simplicity, we write p* = n’z—ié, K = # and \ = qfl. Then =P — &
Thus

S Is@n e F < it Y Y j@unm) ()

Qew QEW Q1€5(Q) Q|7
1
KE_ K S E K
—ipEE Y e Y (P9
QieW Qep@.) Q"™
K K 2B 1 _1 K
SIEFTE 3 j@nEl 3 jele e
Qiew QEP(Q)
SIEF™7 > QN E| =|E|3,
QrLew

where we have used (3.3)(3.4) with ¢ = (0-2%7%)(1 - p%)m > 0.

The proof of Theorem 1.3 is again based on Theorem 1.1.

Proof of Theorem 1.3 Fix Qy C 2 to be the central Whitney cube containing z(. For
each measurable set A C Q with ANQo = 0, let u € C(Q)NL () satisfy u|4 > 1 and u|g, = 0.
As in the proof of Theorem 1.2, we divide A into “good” and “bad” parts. Set

1
G= {x €Alug > 3 for some Whitney cube @ 3 :c} and B = A\G.

We have |A| < |G| + |B| and we first estimate |B|.

For points 2 € B, the standard fractional (p*,p)-Sobolev-Poincaré inequality on cubes

provides a trivial estimate

401 <o [ ol )™ <c( [ )’

on Whitney cube Q containing x, where p*9 = nﬁia' Since g < p*?, this yields

1 »

/ guly)dy = ZlANQI",
Q
and by summing over all such Whitney cubes, we deduce that
1 »
[ sutwan= 8%, (51)
Q
We next estimate |G| and our aim is to show that

1, 2
W(y)dy > =G|, 5.2
[ suwin= 5o (52)

so then the conclusion follows from Theorem 1.1.
For each z € G, let Q(z) be the Whitney cube containing x, for which ug,) > % Then the

chaining argument used in the proof of Theorem 1.2 gives us the estimate

12 Y Q) ([ )" 5.3

QeP(Q(x))

14
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Recall that P(Q(x)) consists of the collection of all the Whitney cubes which intersect the
quasi-hyperbolic geodesic joining x( to the center of Q(z). Strictly speaking, on the right-hand
side of (5.3), one should replace @ with AQ, where 1 < A\ < % is a fixed constant, when
applying the chaining argument. But a simple maximal function argument would imply that
the two quantities are comparable. We leave the details to the interested readers.

Integrating (5.3) with respect to the Lebesgue measure and interchanging the order of

summation and integration yield

s 3 e ([ smw) e

QEP(Q(x))

Z 1S(Q) N G|(diam Q)°~ (/qu(y)dy); (5.4)

Qew

Applying Holder’s inequality leads to

[

915 (X 1s@naiar 5) T (3 [ awa)

S =

Qew Qew
< (X Is@ngiel ) 7 ([ autian)”
Qew Q2

Applying Lemma 5.1, we find that

6121017 ( [ aulwian)”

which proves (5.2).

Proof of Example 1.2 The construction here is similar to that used in the proof of
Example 1.1 and thus we only point out the difference. The mushroom-like domain 2 C R"
consists of a cube @ and an attached infinite sequence of mushrooms Fi, F,--- growing on
the “top” of the cube as in Example 1.1. Now, by a mushroom F' of size r, we mean a cap
C, which is a ball of radius r, and an attached cylindrical stem P of height 7 and radius r°.
The mushrooms are disjoint, and the corresponding cylinders are perpendicular to the side of
the cube that we have selected as the top of the cube. We can make the mushrooms pairwise
disjoint if the number r; associated with F; converges to 0 sufficiently fast as i — co. We further
write P =T UM UD, where T is the top %—part of P, M is the middle i—part of P, and D is
the bottom %-part of P.

It is easy to show that  satisfies the S-quasihyperbolic boundary condition (2.1) if o =
% < 7 (see for instance [13, Example 5.5]). We next show that € is not a fractional (g, p)-

Sobolev-Poincaré domain if

np
on—pd)+({p—1)(c—71)

When 7 = 0 = 1;'58 , (5.5) implies that  is a f-quasihyperbolic boundary condition which

q>

(5.5)

does not support a fractional (g, p)-Sobolev-Poincaré inequality. This verifies Example 1.2.
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Let u; be a piecewise linear function on € such that u; = 1 on the cap C; U7T;, and wu;
be linear on M; and u; = 0 elsewhere. Assume that the fractional (g, p)-Sobolev-Poincaré
inequality holds on 2.

Note that

Q3

(/Q |u(x) — ’U,Q|qu)% Pe 7“1;,.

_ p i
/ / u(z) u(ﬁ/l\ dx) v
o JonBd@.o0) T —y[" TP

(

Ju(z) —u(y)|P
(L s o g )
<(ne

r; /dx@Q)p(l 5d)

< (T?(n pd)+(p—1)(o— T))

On the other hand,

=

1
P.

Thus we obtain that for all i € N,

o(n— p5)+(p D(e—7)
T,

Sals

S

1 )

which is impossible if ¢ > St

6 Necessary Conditions for the Fractional (g, p)-Sobolev-Poincaré Do-
mains

Proof of Theorem 1.4 Fix x € . Pick a curve v : [0,1] —  with v(0) = z and
(1) = ¢ as in the definition of separation property.
Let 0 < t <1 and d(t) = d(v(t),Cd(t)). If v([0,t]) C B(~(t),Cd(t)), then there is nothing
to prove. Otherwise, the separation property implies that 9B = 9B(y(t),Cd(t)) separates
([0, ¢])\B from xg. If the component of Q\JB containing zy does not contain a ball centered
at z of a radius —) , then B must have a radius at least ( ) since it intersects both B(xo, 5(1))
and 99. In this case, B’ = 4B contains B(zg, 6(1)) and we may assume that B’ does not contain
~([0,%]) (since otherwise we are done). Thus either Q\OB or B’ contains a ball centered at xg

of a radius comparable to §(1). In either case, we conclude from Proposition 3.1 that

diam ([0, t]) < C(d(~(t),0Q)),

(n— P5)9(1 l)

where @(t) =t

A bounded domain  C R™ with a distinguished point z( satisfying (1.7) with p(t) = ¢ is
termed s-diam John in [6]. It was proved in [6] that, for s > 1, s-diam John domains are not

necessarily s-John.
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In [2, Corollary 4.1], it was stated that if a bounded domain £ C R™ satisfies a separation
property and supports a (g, p)-Sobolev-Poincaré inequality (1.3) with ¢ > p, then Q is s-John

with s = 5 One could immediately check that the proof given there is only sufficient

P
(n—p)(g—p

to deduce that  is s-diam John with s = In fact, combining [6, Example 5.1]

p2
(n—p)(g—p)°

and [2, Section 4], one can produce an s-diam John domain 2 C R™ with s = such

2
P
(n—p)(qa—p)
that Q supports a (g, p)-Sobolev-Poincaré inequality. Moreover, € is not s’-diam John whenever
s’ < s and Q is not s-John.
We next briefly discuss how to construct such an example in the plane (it works in higher

dimensions as well). Set
C(ria, B) =C(r) = {(z1,2) : 0 < 21 < 7%, |2/| <P},

where 0 < o < [ < 1 will be specified later. The idea is very simple: We first use the
mushroom-like domain Q' C R? as is constructed in [2] (with different choices of parameters)
and then modify ' to be a spiral domain 2 as in [6, Example 5.1].

The mushroom-like domain €’ C R? consists of a cube () and an attached infinite sequence
of mushrooms Fi, F5,--- growing on the “top” of the cube as in Example 1.1. Now, by a
mushroom F of size r, we mean a cap C, which is a ball of radius r, and an attached cylindrical
stem C(r). The mushrooms are disjoint, and the corresponding cylinders are perpendicular to
the side of the cube that we have selected as the top of the cube. We can make the mushrooms
pairwise disjoint if the numbers r; associated with F; converge to 0 sufficiently fast as i — oco.

Note first that if 5 = a% with n = 2, then C(r) satisfies the (g, p)-Sobolev-Poincaré

inequality uniformly in r (see [2]). Let p = s = %6 and p* = %. One can show
that ' is a (g, p)-Sobolev-Poincaré domain if
a+ﬁ(n—1)—%>0 (6.1)

holds with n = 2 (see [2]). Note also that € is 1-John.

We next bend each mushroom F; to make it spiral so that the resulting domain €2 is an
s-diam John domain. According to our choice, s = % One can check that if g = a%,
then (6.1) reduces to

1 p?

5@ pbt (- (62)

2
P
p+(p—1)q] a—p
easy to check that é > % = s. It is clear that Q' and Q are bi-Lipschitz equivalent, so the

Since p < ¢ < p*, Gy > 1. For any 3 satisfying (6.2) and 8 = QP 4 g

(¢, p)-Sobolev-Poincaré inequality holds in © as well. Moreover, §) satisfies all the required
properties.
One could also modify the above example to the fractional (g, p)-Sobolev-Poincaré case, but

the computations will be too complicated, so we omit them in the present paper.
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