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1 Introduction

Fractional calculus is acknowledged as an important research tool that opens up many
horizons in the field of dynamical systems [1]. According to Professor Katsuyuki Nishi-
moto, ‘the fractional calculus is the calculus of the XXIst century’ [2]. This opinion is
strengthened by a huge increase of interest in this research tool, expressed by an increase
in the number of theoretical developments and basic theory on this subject; see, e.g., [3-7].
Recently, it has also been proved that fractional differential equations are significant and
essential tools when applied in the study of nonlocal or time-dependent processes and in
the modeling of many applications, including chaotic dynamics, material sciences, me-
chanic of fractal and complex media, quantum mechanics, physical kinetics, chemistry,
biology, economics and control theory [8]. For instance, a fractional generalization of the
Newtonian equation to describe the dynamics of complex phenomena, in both science and
engineering, has been proposed in [9]; a fractional Langevin equation, with applications
in polymer layers, has been investigated in [10]. One can say that real-world problems
require the definitions of fractional derivatives for initial and boundary value problems
[11, 12]. Fractional mathematical models describing natural phenomena, like shallow wa-
ter waves and ion acoustic waves in plasma and vibration of large membranes, as well as
personal and interpersonal realities, like smoking, romantic relationships and marriages,
can be found in [13, 14] and [15, 16], respectively. Details of the geometric and physical
interpretation of fractional differentiation can be found in [6].

Thermistor is a thermo-electric device constructed from a ceramic material whose elec-
trical conductivity depends strongly on the temperature. This makes thermistor problems
highly nonlinear [17]. They can be used as a switching device in many electronic circuits.
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A broad application spectrum of thermistor problems in heating processes and current
flow can be found in several areas of electronics and its related industries [18]. Generally,
there are two kinds of thermistors: the first have an electrical conductivity that decreases
with the increasing of temperature; the second have an electrical conductivity that in-
creases with the increasing of temperature [19, 20]. Here we consider a prototype of elec-
trical conductivity that depends strongly in both time and temperature. Our goal consists
in proving global existence of solutions for a fractional Caputo nonlocal thermistor prob-
lem. The results are obtained via Schauder’s fixed point theorem. Precisely, we consider

the following fractional order initial value problem:

—_ A& u®) , te€(0,00),
(Jof (x, u(x)) dx)? 1)

”(t)h:o = Uo,

CD(z,fﬁu(t) =

where CD%?; is the fractional Caputo derivative operator of order 2« with 0 < & < % a real
parameter. The function u denotes the temperature and X is a positive real. We shall as-

sume the following hypotheses:

(H1) f:R* x R* — R* is a Lipschitz continuous function with Lipschitz constant L; with
respect to the second variable such that ¢; < f(s, %) < cp with ¢; and ¢, two positive
constants;

(H,) there exists a positive constant M such that f(s, u) < Ms?;

(H3) |f(s,u) —f(s,v)| <s?|u—v| or, in a more general manner, there exists a constant @ > 2
such that |f(s,u) — f(s, V)| <s®|u—v|.

In the literature, questions involving the existence and uniqueness of solution for frac-
tional differential equations (FDEs) have been intensely studied by many mathematicians
[4, 5, 21, 22]. However, much of published papers have been concerned with existence-
uniqueness of solutions for FDEs on a finite interval. Since continuation theorems for
FDEs are not well developed, results as regards global existence-uniqueness of the so-
lution of FDEs on the half axis [0, +00), by using directly the results from local existence,
have only recently flourished [23, 24].

In contrast with our previous work [25-27] on fractional nonlocal thermistor problems,
which was focused on local existence and numerical methods, here we are concerned with
continuation theorems and global existence for the steady state fractional Caputo nonlocal
thermistor problem. The paper is organized as follows. In Section 2, we collect some back-
ground material and necessary results from fractional calculus. Then we are concerned in
Section 3 with local existence on a finite interval for (1) (Theorem 3.2). Section 4 is de-
voted to the (non-)continuation (Theorem 4.1) associated with problem (1), which allows
one to generalize the main result of Section 3. Our proofs rely on Schauder’s fixed point
theorem and some extensions of the continuation theorems for ordinary differential equa-

tions (ODEs) to the fractional order case. One of the main difficulties lies in handling the
M (u(t)

(o f Geula)) dx)?

time; another one in the fact that electrical conductivity depends on both time and tem-

nonlocal term , representing a heat source and that depends continuously on

perature. Based on the results of Section 4, in Section 5 we prove existence of a global
solution for (1): see Theorems 5.2 and 5.3. We end with Section 6 presenting conclusions.
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2 Preliminaries and basic results
In this section, we collect from the literature [4, 5, 22, 28—30] some background material
and basic results that will be used in the remainder of the paper.

Let C[a,b] be the Banach space of all real valued continuous functions on [a,b] en-
dowed with the norm [|x][45 = maX;e[qp) [*(£)]. According to the Riemann-Liouville ap-
proach to fractional calculus, we introduce the fractional integral of order «, « > 0, as

follows.

Definition 2.1 The Riemann-Liouville integral of a function g with order « > 0 is defined
by

1 t
Do) = —— [ (¢ =99 a(s)ds, ,
reDy8(t) F(oz)/(;(t s)*"g(s)ds, t>0

where I' is the Euler gamma function given by

oo
(o) = / " let dt,
0
o> 0.

The natural next step, after the notion of fractional integral has been introduced, is to
define the fractional derivative of order «, @ > 0.

Definition 2.2 The Riemann-Liouville derivative of the function g with order « > 0 is
defined by

1 a"

DY g(t) = ———— —
rD5,8() T(n—a)de

t
/ (t—s)"*g(s)ds, t>0,
0

wheren-1<a<neZ*.

Note the remarkable fact that, in the Riemann-Liouville sense, the fractional derivative
of the constant function is not zero. We now give an alternative and more restrictive def-
inition of fractional derivative, first introduced by Caputo in the end of the 1960s [31,
32] and then adopted by Caputo and Mainardi in [33, 34]. In Caputo sense, the fractional

derivative of a constant is zero.

Definition 2.3 The Caputo derivative of the function g(¢) with order « > 0 is defined by

o 1 ! a-1_(n
cDg,8(t) = m/o (t—35)"'g"(s)ds, t>0,

wheren-1<a<neZ*.
For proving our main results, we make use of the following auxiliary lemmas.

Lemma 2.1 (See [24]) Let M be a subset of C([0, T)). Then M is precompact if and only if
the following conditions hold:
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1. {u(?t) : u € M} is uniformly bounded,
2. {u(t) : u € M} is equicontinuous on [0, T).

Lemma 2.2 (Schauder fixed point theorem [24]) Let U be a closed bounded convex subset
of a Banach space X. If T : U — U is completely continuous, then T has a fixed point in U.

Finally we recall a generalization of Gronwall’'s lemma, which is essential for the proof

of our Theorem 5.3.

Lemma 2.3 (Generalized Gronwall inequality [35, 36]) Let v: [0,b] — [0, +00) be a real
function and w(-) be a nonnegative, locally integrable function on [0, b]. Suppose that there

exista >0 and 0 < «a < 1 such that

v(s)
7T ds.

v(t) < w(t) +a/t
0

Then there exists a constant k = k(a) such that

w(s)
TR ds

ki
v(t) < w(t) + a/o
forte[0,b].

3 Local existence theorem
In this section, a local existence theorem of solutions for (1) is obtained by applying
Schauder’s fixed point theorem. In order to transform (1) into a fixed point problem, we

give in the following lemma an equivalent integral form of (1).

Lemma 3.1 Suppose that (Hy)-(Hs) holds. Then the initial value problem (1) is equivalent
to

- A ! )21 S (s, uls)) d
u(t) uO+I‘(2a),/0(t s) 4(f0tf(x,u)dx)2 s. (2)

Proof 1t is a simple exercise to see that u is a solution of the integral equation (2) if and
only if it is also a solution of the IVP (1). O

Theorem 3.2 Suppose that conditions (H,)-(Hs) are verified. Then (1) has at least one
solution u € CI0, h] for some T > h > 0.

Proof Let

E={ueClo,T): lu-uollcor = sup |u-uo| <b},
0<t<T

where b is a positive constant. Further, put

Dy ={u:u e C[0,h], ||lu—uollcrom < b},



Sidi Ammi et al. Advances in Difference Equations (2017) 2017:363 Page 5 of 14

where

, M\ h\ %
’“:“““{(b(m> ) ’T}

and 0 < o < % Itis clear that # < T'. Note also that Dy, is a nonempty, bounded, closed, and
convex subset of C[0, 4. In order to apply Schauder’s fixed point theorem, we define the

following operator A:

S (s, uls))

Lo g5, te0,h). 3)
(f2 (1) dx)?

_ A ! _ o)2a-1
(Au)(t) = ug + —F(Za) /0 (t—5s)

It is clear that all solutions of (1) are fixed points of (3). Then, by assumptions (H;) and
(H), we have for any u € C[0, /]

A 1 ! 2a-1
|(Au)(t) - Moi < m W /0 (t-ys) f(s, u(s)) ds

A M (!
= - f (t - S)ZOFI ds
Cl 0

I'2a)
< M i 2a
~ 2al(2a) ¢}
M1 2

TTQRa+1)3
<b.

It yields AD;, C Dj,. Our next step, in order to prove Theorem 3.2, is to show that the
following lemma holds.

Lemma 3.3 The operator A is continuous.

Proof Let u,,u € Dy, be such that ||u, — ullcjo, = 0 as n = +00. One has

| At (8) - Au(®)|

< a1, o spant| _SEm)  fsul)
~ PQa) Jo U f oy d? ([ o) dn)?

A ' 21| L B

FQ2a) /0 ¢ (fLf (x, 1) dx)? V(5,1 (5)) =/ (s u(s)))

1 1
’ _ d
+f(s u(s)) <(f0tf(x’ u,,) dx)? (fo‘f(x, u) dx)2>‘ S

=

A ! _ 2&—1;
r(2a)/0(t g (fo.f (6, ) dx)?

=

V(s, 7. (s)) —f(s, u(s)) | ds

A o ‘ 1 ) 1
1ﬂ(za)/o(t )7 f (s, u(s))| U o dnf ([ o) d)?

<h+D. (4)

+
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We now focus on both right hand terms separately. By hypotheses (H,) and (H3), we have

A t
I < @Pr ) / (t—s5)*! [f(s, u,,(s)) —f(s, u(s)) | ds

AL
F(fz’ )/(t 22w, (s) — uls)| ds

Y~ ullciom / (6 -7 ds

= 2T (20) :
2 (2 )””n ullcm]/ (t-s)*'ds.
Then
AL
L< Lty — ull o 5)

T drQa+1)
Concerning the second term, we have

A ‘ (=) |f (s, u(s))l

2= Taw | JEF ) d)2 ([ (5, 10) )

x (Atf(x,un)dx>2— ([Otf(x,u)dx)z

< s [ | ([ s u;»dx)z ([ s dx)2
x ( /o t(f(x, un) — f(x,u)) dx> ( /0 t(f(x, ) +f (x, 1)) dx) ds

< % /O t(t—s)z"‘_l( /0 Vo t0) — f ) dx) ds

< % /t(t—s)Z"‘"l (/:|un(x) — u()| dx) ds

< %nun eon [ (-9 ds

< ;f(fof) I, -l | -5t ds

< %llun = ullcron-

It follows that
B L A PR ©

T2 +1)
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Collecting inequalities (5) and (6) together, and inserting into (4), we have

’Au,,(t) — Au(t)’ <h+1

- ALy 20c3h* Ly | |
+ U, —u .
“\@r@a+1) " dr@a+1)) " TN

Therefore,

AW Ly 2)c3h* Ly
+
ATRa+1)  fT'Qa+1)

|Aw, — Aullclon < < >||Mn — ullclon- (7)

Consequently, ||Au,, — Au||cjo; — 0 as n — +00, which proves that A is continuous. This

ends the proof of Lemma 3.3. O
To finish the proof of Theorem 3.2, it remains to show the following.
Lemma 3.4 The operator ADy, is continuous.

Proof Letu e Dy and 0 <t <t <h. Then

|(Au)(2) - (Au)(11) |

<ol o e 0 e
< ), (69t

e e [
—r(za)/o (6= (6™ ”ﬁ%

a _ o)2a-1 1 — ! )
oy (S’”(S))((félf(x,mm)z [ rmar)

_ f "y g S ds‘
\ (i o) d)?

<I3+1y+1s, (8)

where we have, by direct calculation,

)\Cz
I<————
(at1)*T'(2a)
< )\,Cg
- (cltl)zF(Za + 1)

/tl ((tl _S)Za—l _ (tz _S)Za—l) ds
0

2

A Czt%a—l t ty 2 t 2
Iy < Fo) @n s’ (/0 flx,u) dx) - (/0 flx, u)dx) ds
A 3

- F(2a) (a1t1)?(c122)?
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ds

X ‘/Otl (/:zf(x,u)dx+‘/otlf(x,u)dx) (fotzf(x,u)dx—/Otlf(x,u)dx)

A C%(tl + tz)t%a*1 7]
= TCa) (at)at)? /tl f(s M(S)) ds

Ao St + )t

-1,
T I'2a) (ah)*(aitr)? %2~ 1]
and
)\CZ b 20-1 )\CZ 2
< — ty =8 ds < ——(th, — )*“. 10
5= (m)zr(za)/n =) s = e s 2~ 10)

The right hand side of inequalities (9) and (10) do not depend on u and converge to zero
as ty — f1. Then {(Au)(¢) : u € Dy} is equicontinuous and Lemma 3.4 is proved. O

Taking into account that AD;, C Dy, we infer that ADy, is precompact. This implies that
A is completely continuous. As a consequence of Schauder’s fixed point theorem and
Lemma 3.1, we conclude that problem (1) has a local solution. This ends the proof of The-
orem 3.2. g

4 Continuation results

Our main contribution of this section is to prove a continuation theorem for the fractional
Caputo nonlocal thermistor problem (1). First, we present the definition of noncontinu-
able solution.

Definition 4.1 (See [37]) Let u(t) on (0,8) and #(t) on (0, 8) be both solutions of (1).
If B < B and u(¢t) = ii(t) for ¢ € (0,8), then we say that #(¢) can be continued to (0, B).
A solution u(¢f) is noncontinuable if it has no continuation. The existing interval of the
noncontinuable solution «(¢) is called the maximum existing interval of u(¢).

Theorem 4.1 Assume that conditions (Hy)-(Hs) are satisfied. Then u = u(t), t € (0, B),
is noncontinuable if and if only for some n € (0, g) and any bounded closed subset S C
[n, +00) x R there exists a t* € [n, B) such that (t*, u(t*)) ¢ S.

Proof Suppose that there exists a compact subset S C [, +00) x R such that

{(tu®):tem.p)}CS.
The compactness of S implies 8 < +00. The remainder of the proof is given in two lemmas.
Lemma 4.2 The limit lim;_, g- u(t) exists.
Proof Let ty,t; € 21, B) such that f; < £,. From (8), we have

I=13 + 13,

where

f(s,ul(s))

L= A /n((tl - (- S)ZDH) ———————ds
I'(2a) Jo (fo' f (v w) dx)?
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and

__* 8 Co2e-l e y2a-1 S (s,uls))
13’2_F(2a)/n (=9 2= )(f(flf(x,u)dx)z

Under assumptions (Hj)-(H3), there exists a positive constant M3; such that
! 201 20-1
I < M3,1/ (=9 =(ta—9™7)
0
< My |(ta —)* = (1 —)* + £ - 5.
Moreover, there exists a positive constant M35 such that
5]
I < Ms,z/ (-9 = (t2—9)>7)
1

< Msa|(t2 — 0)* + (1 — )™ — (a2 — )|

and we also have Iy = I + I 5, where

m 1 1
I = _ o)2a-1 , _ d
4,1 /0 (2 —5) f(S u(S)) <(f051f(x, ) dx)? (fotzf(x’ ) dx)2) s

and

- i _ o)2a-1 1 _ 1 )d
Ly ﬁ (k2 —5) f(s,u(s))(( fotlf(x,u)dxﬂ ( fotzf(x,u)dx)Z s.

In the same manner as in the proof of Lemma 3.4, there exists positive constants M, and
My, such that

Iy <Myl -1,

Iy < Muplta - tal.
We have already proved in (10), for some positive constant Ms, that
I < Ms|t, — 11>

Therefore, we conclude that all [;, i = 3,4, 5, converge to zero when £, — . Thus, from
Cauchy’s convergence criterion, it yields lim,_, g- u(f) = u*. This finishes the proof of
Lemma 4.2. O

The second step of the proof of Theorem 4.1 consists in showing the following result.
Lemma 4.3 Function u(t) is continuable.

Proof As S is a closed subset, we can say that (8, u*) € S. Define u(B) = u*. Hence, u(t) €
C[0, B]. Then we define the operator K by

_ A ! _ ZafIM
(I(v)(t)—u1+r(2a) fﬂ -3) (fo f (6, v) dx)> ’
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where
~ AP e Sl v(9)
ul—l/l()‘l'm‘/o\ (t—S) st, VGC([ﬂ,ﬂ+1]),t€[ﬂ,ﬁ+1].
Set

E, = {(t,v):,B <t<B+1]v 5ﬁg§§+l|u1(t)| +b}
and

Ei={vecClpp+11: max [vo)-m ()] <bvp) =m®),
te[B,p+h]

where & = mln{(b(—) 1)Za 1}. Analogously to the proof of Theorem 3.2, we prove
that K is completely contlnuous on E,. Indeed, let {v,} € C[B,8 + h]. Then |v, -
vlligp+n) — 0 as m — +00 and similar arguments to the one above for (7), allow us to
declare that there exists a positive constant ¢, depending on / such that

IKv, — Kvllcig,pen < cullve = Vlicis,pem-

Hence, [|(Kv,)(£) — (Kv)(®)llig,6+n) — O as n — +0o, which shows that the operator K is
continuous. We show that KEj, is equicontinuous. For all v € Ej;, we have (Kv)(8) = u1(8)
and, in view of the choice of /4, it follows from hypotheses (H;) and (H>) that

! 20-1 fls,v(s))
Kmm)uﬂﬂr@) T e ©

< L 20 < b.
TTQRa+1) T

Therefore, we get KE;, C Ej,. Furthermore, for anyve E, and B <t <, < 8 + h, we have
([(V)(tl) - (1<V)(t2) = 16 + 17.

By a calculation analogous to the earlier one, there exists a positive constant Mg such that

 fvs)
L = _ o)2a-1
= o |, o9 i f o) d?

2a 1 f(s (s)) d
20{)/ (ol f(x,v) dx)> *

20-1 20-1 Md
/0((7«‘1 N ) )(f o) do? s

B
P S
I'(2a) Jo (fo! f(x,v) dx)? (fo> f(x,v) dx)?

< Mef|(ta— B = (1 - B + 1 = 55%| + | — 11 }. (11)

IA

F(2a)
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An analogous treatment as in (8)-(10) yields the existence of a positive constant M7 such
that

I

/( 5l ~ Sflsv(s) X
fo‘z f(x,v) dx)?

/ ( 2a 1 f(S’ V(S))
f(x, V) dx)?

<M {|(tr - B> - (&2 —ﬂ)2a| + |ty = tr| + 20t — 1. (12)

F(2a)

F(Za)

Since the right side of inequalities (11) and (12) go to zero as t, — t;, we deduce that
{(Kv)(?) : v € Ep} is equicontinuous. Consequently, K is completely continuous. Then
Schauder’s fixed point theorem can be applied to see that the operator K has a fixed point
u(t) € Ej. On other words, we have

. B L )2 IM
i) = + r(m)/,s(t ? (s flia) dx

S (s, u(s))

A 20-1
= —_— —s) T ———— s, , hl,
ug + 1"(205)/0 (t—3s) (fotf(x,ﬁ(x))dx)z s, telB,B+h]

where

N u(t), te(0,8],
u(t
u(t), telp,B+hnl.

It follows that #(t) € C[0, 8 + h] and

S A ¢ 2l (s, u(s))
u(t)_u0+—r(2a)fo (t-s) T

o f (x, i(x)) dix)?

Therefore, according to Lemma 3.1, #%(t) is a solution of (1) on (0, 8 + 4]. This is absurd
because u(t) is noncontinuable. This completes the proof of Lemma 4.3. g

Theorem 4.1 follows from Lemmas 4.2 and 4.3. O

Remark 4.1 Uniqueness of solution to problem (1) is easily derived from the proof of

Theorem 4.1 for a well chosen A.

5 Global existence
Now we provide two sets of sufficient conditions for the existence of a global solution for
(1) (Theorems 5.2 and 5.3). We begin with an auxiliary lemma.

Lemma 5.1 Suppose that conditions (Hy)-(Hs) hold. Let u(t) be a solution of (1) on (0, B).
If u(t) is bounded on [z, B) for some t > 0, then B = +oo.

Proof The result follows immediately from the results of Section 4. g
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Theorem 5.2 Suppose that conditions (Hy)-(Hs) hold. Then (1) has a solution in
C([0, +00)).

Proof The existence of a local solution u(¢) of (1) is ensured thanks to Theorem 3.2. We
already know, by Lemma 3.1, that «(t) is a also a solution to the integral equation

ft(t _ S)Za—l - f(S’ M(S)) s
0 (Jof (x, u(x)) dx)?

u(t) = up + rw)

Suppose that the existing interval of the noncontinuable solution u(¢) is (0, 8), 8 < +00.
Then

S(s,u(s))

|u()] = ”°+F(2a)/o(t g (ofGeueyday

A 1 ¢
< |uo| + @ W /0 (¢ —s)> ! [f(s, u(s)) | ds

< ol A1 /t [(s)|
Ug| + — .
=N TR 2 Jy (E-s)ie

By Lemma 3.1, there exists a constant k(«) such that, for ¢ € (0, 8), we have

A 1 ¢
Bl < klug| —— = [ (£ —5)**"ds,
|u(t)| < luol + |M0|F(2a)6%/0( s)** ' ds

which is bounded on (0, 8). Thus, by Lemma 5.1, problem (1) has a solution u(t) on
(0, +00). O

Next we give another sufficient condition ensuring global existence for (1).

Theorem 5.3 Suppose that there exist positive constants cs3, cs and cs such that c3 <
If(s,2)| < calx| + ¢c5. Then (1) has a solution in C([0, +00)).

Proof Suppose that the maximum existing interval of u(¢) is (0, 8), 8 < +0o0. We claim that
u(t) is bounded on [z, B) for any 7 € (0, ). Indeed, we have

o) =

Ug +

Aot e flsuls) d‘
1"(20()/0(t 9 Ef o)y da?

< Juo] + o fot(t—s)z“tf(s,u(s))\ds

I'2a) (c17)?

cs 1 Ao Y (us)l
I (20) (clr)Z/O(t_s) ds + T2 (611)2/0 s ds.

>

< luo| +
If we take

_ A 3 ! o2e-1
W(t)_|u0|+—l"(2ot)—(clr)2/0(t s) ds,

which is bounded, and

a4= }\.62 1
- T(Q2a) (ap)?’
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it follows, in accordance with Lemma 2.3, that v(¢) = |u(¢)| is bounded. Thus, by Lemma 5.1,
(1) has a solution u(¢) on (0, +00). a

6 Conclusion

In our paper we consider a prototype of electrical conductivity that depends strongly in
both time and temperature. The model relates to modern developments of thermistors,
where fractional PDEs have a crucial role. It turns out that available computational meth-
ods are not theoretically sound in the sense they rely on results of local existence. The main
novelty of our paper is that we prove global existence for a nonlocal thermistor problem
with fractional differentiation in the Caputo sense. Moreover, we extend some results of
continuation and global existence to the fractional order initial value thermistor problem.
The proofs rely on Schauder’s fixed point theorem. We trust that our results will have a
positive impact on the application of computer mathematics to fractional thermistor de-

vices.
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