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1. Introduction

Let X = (X, p, 1) be a metric measure space with a metric p and a
Borel measure p such that the measure of each ball is finite and strictly
positive. Define the Hardy-Littlewood maximal operators, centered M°
and non-centered M, by

c _ 1
Mf(av)—supi(B(x’r)) /B(m’r)|f|d,u, reX,

r>0 U
and )
Mfmzsup—/fdu, z e X,
=) S

respectively. Here B refers to any open ball in (X, p) and by B(z,r) we
denote the open ball centered at x € X with radius r» > 0.

Recall that an operator T is said to be of strong type (p,p) for
some p € [1,00] if T is bounded on LP = LP(X). Similarly, T is of weak
type (p,p) if T is bounded from L? to LP:*°=LP*°(X) (we use the con-
vention L% =[L>°). Obviously, the operators M ¢ and M are of strong
type (00,00) in case of any metric measure space. Moreover, by using
the Marcinkiewicz interpolation theorem, if M€ (equivalently M) is of
weak or strong type (po, po) for some pg € [1, 00), then it is of strong (and
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hence weak) type (p, p) for every p > po. If the measure is doubling, that
is u(B(z,2r)) S w(B(x,r)) uniformly in 2 € X and r > 0, then both M*¢
and M are of weak type (1,1). However, in general, the weak type (1,1)
inequalities may not occur. Furthermore, as we will see, it is even pos-
sible to construct a space for which the associated operators M¢ and M
are not of weak (and hence strong) type (p,p) for every p € [1,00).

Finding examples of metric measure spaces with specific properties of
associated maximal operators is usually a nontrivial task; see Aldaz [1],
for example. H.-Q. Li greatly contributed the program of searching
spaces which are peculiar from the point of view of mapping properties
of maximal operators. In this context, in [2], [3], and [4], he considered
a class of the cusp spaces. In [2] H.-Q. Li showed that for any fixed
1 < pp < oo there exists a space for which the associated operator M¢
is of strong type (p,p) if and only if p > pg. Then, in [3] examples of
spaces were furnished for which M is of strong type (p,p) if and only
if p > pg. Moreover, for every 1 < 7 < 2 there are examples of spaces
for which M¢€ is of weak type (1,1), and M is of strong type (p,p) if and
only if p > 7. Finally, in [4] H.-Q. Li showed that there are spaces with
exponential volume growth for which M€ is of weak type (1,1), while
M is of strong type (p,p) for every p > 1.

The aim of this article is to complement and strengthen the results
obtained by H.-Q. Li. For a fixed metric measure space X denote by P¢
and P, the sets consisting of such p € [1,00] for which the associated
operators, M and M are of strong type (p,p), respectively. Similarly,
let PS¢ and P, consist of such p € [1,00] for which M¢ and M are of
weak type (p,p), respectively. Then

(i) each of the four sets is of the form {oco}, [po, 0], or (po, 0], for
some pg € [1,00);

(ii) we have the following inclusions
P,CcP, P,CP PSCP.CP:¢ P,CP,CPs

where E denotes the closure of E in the usual topology of RU{oo}.

We will show that the conditions above are the only ones that the
sets PS¢, Py, PS, and P, must satisfy. Namely, we will prove the follow-
ing:

Theorem 1. Let P¢, P,, PS, and P, be such that the conditions (i) and
(ii) hold. Then there exists a (non-doubling) metric measure space for
which the associated Hardy—Littlewood mazximal operators, centered M€

and non-centered M, satisfy
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M¢ is of strong type (p,p) if and only if p € PE,

M is of strong type (p,p) if and only if p € Ps,
o M¢ is of weak type (p,p) if and only if p € PS,

M is of weak type (p,p) if and only if p € P,,.

The proof of Theorem 1 is postponed to Section 4.

2. First generation spaces

We begin with a construction of some metric measure spaces called
by us the first generation spaces. The common property of these spaces
is a similarity in the behavior of the associated operators M€ and M, by
what we mean the equalities P{ = P, and P = P,,. We begin with an
overview of the first generation spaces and then we consider two subtypes
separately in detail.

Let 7 = (Tn)nen be a fixed sequence of positive integers. Define

X, ={zn:mneN}U{a,; :i=1,...,7, n € N},

where all elements x,,, x,; are pairwise different (and located on the
plane, say). We define the metric p = p, determining the distance
between two different elements = and y by the formula

1 ifx, € {z,y} C S, for some n € N,
p(z,y) = .
2 in the other case.

By S, we denote the branch S,, = {Zpn,Zn1,...,ZTns, } and by S;, the
branch without the root, S, = S, \ {z,}. Figure 1 shows a model of
the space (X, p). The solid line between two points indicates that the
distance between them equals 1. Otherwise the distance equals 2.

T11 T12 Tiry T21 T22 Tor, Tpl Tn2 Tnry,

T T2 Ln

FIGURE 1.
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Note that we can explicitly describe any ball: for n € N|

{zn} forO0<r<1,
B(xp,m) =14 S, for 1 <r <2,
X, for 2 < r,

and fori € {1,...,7,},n €N,

{Zni} for 0 <r <1,
B(xpi, ) = { {xp, wp;} for 1 <r <2,
X, for 2 < r.

We define the measure p = p, p on X, by letting p({z,}) = d,, and
w({zni}) = dpF(n,i), where F > 0 is a given function and d = (d,, )nen is
an appropriate sequence of strictly positive numbers with d; = 1 and d,
chosen (uniquely!) in such a way that u(S,) = p(Sn—1)/2, n > 2. Note
that this implies p(X;) < co. Moreover, observe that p is non-doubling.
From now on we shall use the sign |E| instead of u(E) for E C X,. It
will be clear from the context when the symbol || refers to the measure
and when it denotes the absolute value sign.

For a function f on X, (which is in fact a ‘sequence’ of numbers) the
Hardy-Littlewood maximal operators, centered M ¢ and non-centered M,
are given by

Mef(z) = sup ——

swp sy O I v e X

yEB(z,r)
and

Mf(x) = sup — Zlf |- Hy}, =eXs,

B>x

respectively. In this setting M is of weak type (p,p) for some 1 <
p < o0 if [Mflpoee S Ifllp uniformly in f € ¢7(X7, 1), where ||g[l, =

(Srex, l9@)[P[{z}) " and gy = supyso ALEx(9)[V/P with Ej (g)
{z € X; : |g(x)] > A}. Similarly, M is of strong type (p,p) for some
1<p<ooif [Mfllp < [ f]lp uniformly in f € /(X7, p1), where [|gloc =
sup,cx. |g(z)|. Here the notation A < B is used to indicate that A <
CB with a positive constant C' independent of significant quantities.
Moreover, for given a function f > 0 and a set £ C X, we denote the
average value of f on E by

Ap(f ‘E| S F@)H{a}l.

reEE
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Analogous definitions and comments apply to M€ instead of M and then
to both M and M€ in the context of the space (Y;,u) in Section 3.
We are ready to describe two subtypes of the first generation spaces.

2.1. We first construct and investigate first generation spaces for which
the equalities PS = P; and PS = P, hold and, in addition, there is no
significant difference between the incidence of the weak and strong type
inequalities, by what we mean that PS¢ = P and Ps = P,. Of course,
combining all these equalities, we obtain that for such spaces all four
sets take the same form. In the first step, for any fixed pg € [1, 00] we
construct a space denoted by Xpo for which P{ = P, = P, = P, =
[po, 0] (by [00, 0] we mean {oo}). Then, after slight modifications, for
any fixed py € [1,00) we get a space X;,o for which P¢ = P, = P¢ =
P, = (pOa OO}

Fix pg € [1,00] and let Xpo = (X,,p,u) be the first generation
space with 7,, = L%J in the case py € [1,00), or 7, = 2" in the
case pg = oo, and F(n,i) =n,i=1,...,7,, n € N. The key point for
considerations that follow is that we have: for pg # 1,

. NTy
lim

—_— = 1<
n—00 (n —+ 1)17 0, =P < Po,

and for py # oo,

nt,

——— <1, neN.

(n+1)po —

Proposition 2. Fixpg € [1,00] and let Xpo be the metric measure space

defined above. Then the associated mazimal operators, centered M€ and

non-centered M, are not of weak type (p,p) for 1 < p < po, but are of
strong type (p,p) for p > po.

Proof: Tt suffices to prove that M€ fails to be of weak type (p,p) for
1 < p < pgand M is of strong type (po,po). First we show that M€ is
not of weak type (p,p) for 1 < p < pg. Consider py € (1,00] and fix p €
[1,p0). Let fo = 6a,, n > 1. Then |[f,|[b = dn and M€ f,(xni) > 27,
i=1,...,7,. This implies that |E} /2(n41))(M°fn)| > n7,d, and hence

lim sup 7||M“fn||£m im Ml 00
nooo  |fallb T nooe (2(n+1))Pd,

In the next step we show that M is of strong type (po,po). Consider
po € [1,00), since the case pg = oo is trivial. Let f € £P°(X,, ). Without
any loss of generality we assume that f > 0. Denote D = {{zy, Tn;} :
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neN i=1,...,7,}. We use the estimate
IMFES < D7 > Ap(H™Had = D As(f)™|B].
BCX, z€B BCX,

Note that each x € X, belongs to at most three different balls which are
not elements of D. Combining this with Holder’s inequality, we obtain

ST as(HPIBl < Y0 @) {a} < slif|z
B¢D B¢D zeB

Therefore

W sl < sis + 3 (A, ),

neN i=1

Finally, we use the inequalities (f(x,) + nf(n:))?° < (2f(xn))P +
2nf(xn:))P° and [{Tn, Tni}] < 2{zni}| = 2n|{z,}| to estimate the dou-
ble sum in (1) by

opo-+1 <Z W F@n)P {zn}] +ZZ( _fnf > ° |{xm}>

neN neN i=1

< 2P0t flipo. [

A modification of arguments from the proof of Proposition 2
shows that, for a fixed py € [1,00), replacing the former 7, by T, =

| (log(n) + 1)%J leads to the space X for which P¢ = P
P =P, = (po, ] Moreover, it may be noted that only the prop-

erties lim,, (n+ ) =00, 1 < p < po, and sup,,ey riyr < 09, P> po,

n+ 1)1’
are essential.

2.2. In contrast to the former case, for the spaces we now construct
and study, the equalities P{ = Py and PS = P, still hold, but there is a
difference between the incidence of the weak and strong type inequalities.
For any fixed pg € [1,00) we construct a space denoted by Xpo for which
P¢ = Py = (po, 0] and PS5 =P, =[po, o0]. We begin with the case pg=1,
which is discussed separately because it is relatively simple and may be
helpful to outline the core idea behind the more difficult case pg € (1, 00).
By Xl we denote the first generation space (X, p, ) with construc-
tion based on 7, = n and F(n,i) = 2. Recall that u is non-doubling.
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Proposition 3. Let §~§1 be the metric measure space defined above. Then
the associated maximal operators, centered M€ and non-centered M, are
not of strong type (1,1), but are of weak type (1,1).

Proof: First we note that M€ fails to be of strong type (1,1). In-
deed, let f, = d;,, n > 1. Then | fu|i = dn and for i = 1,...,n
we have M¢f,(rn;) > (1 + 2971 > 1/2°%! and hence |MCf,|:1 >
S 2idn /20 = i fully /2. i
In the next step we show that M is of weak type (1,1). Let f € £}(X;),
f > 0, and consider A > 0 such that Ex(Mf) # 0. If A < Ax_(f),
then A|Ex(Mf)|/|Iflli < 1 follows. Therefore, from now on assume
that A > Ax_(f). With this assumption, if for some x € S,, we have
M f(z) > A, then any ball B containing = and realizing Ag(f) > A must
be a subset of S,,. Take any n € N such that Ex(Mf) NS, # 0. If

A< As, (f), then
E\x(M "
Ywes, f@H{a}

Assume that A > Ag (f) and take x € E\(Mf) N S,. Now, any
ball B containing = and realizing Ag(f) > A must be a proper sub-
set of S,,. If Ex(Mf)NS), =0, then & = x,, so we obtain f(x,) > A
and hence (2) again follows. In the opposite case, if Ex(Mf)NS), # 0,
denote j = max{i € {1,...,n} : M f(x,;) > A}. Then f(z,;) > A or
Lealfeul ttten (o] > ) Therefore, f(zn)[{za}| + f(@ns) {zns} >
A{xn;}| and combining this with the estimate |Ex (M f)NS,| < 2|{zn;}
we obtain

MEA(MA) N S| 2] () -

>owes, J@HzH T flan){zn ] + f@ng){zn; |} —

Since % < 2 for any branch S,, such that Ey(M f)NS,, #

(0, we have
NEMP] _
1£1l
and, consequently, the weak type (1,1) estimate | M f|l1,00 < 2|/ f|1 fol-
lows. O

Now fix pg € (1,00) and consider §~§p0 = (X, p, 1), with construction
based on 7, = T,(po) and F(n,i) = Fp,(n,i), defined as follows. Let

Cp = Li(nti)poJ and

1 Po
en:max{keN:2k_1Scnand21_k_p°2(1+ ) }7 n € N.
n
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Note that lim,, o e, = 00. Then, for j € {1,...,e,}, n € N, define m,;

by the equality
P P
217‘7_ 1 0 _ 1 0
1+ my,; 14+n ’

Sp; = min{k € N : km,,; > 2"7ne, }.
Observe that for j € {1,...,e,}, n € N,

and s,; by

1—j 2—j
1<mp; <n, 2 77nc, < spjmp; <277 ncy,.

Finally, denote 7, = 327" 55, n € N, and F(n,i) = mpj(na, @ =
1,...,7n, n € N, where

k
Jj(n,i) = min{k‘ e{l,...,e,}: anj > Z}
j=1

Proposition 4. Let §~§p0 be the metric measure space defined above. Then
the associated maximal operators, centered M€ and non-centered M, are
not of strong type (po, po), but are of weak type (po,po).

Proof: First we note that M€ is not of strong type (po,po). Indeed, let
fn = 0z,, n > 1. Then |fu|F° = d, and for i = 1,...,7, we have
Mefp(zni) > (1+ mnj(n’i))_l and hence

en Snj

Po S M
Mef,||Po > Apin; = dp Y ——19 1
12l ZZ(1+mm) ing = Z QR

Jj=1 k=1

€n

(& .
n 21—]nc ne e
>dy E S G " e - o
TS Ay Z: Ty = gy o

Since lim,, o, ¢, = 00 and lim,, % =1, we are done.

In the next step we show that M is of weak type (po,po). Let f €
79(X,,), f > 0, and consider A > 0 such that Ex(Mf) # 0. If A <
Ax_(f), then using the inequality || f||1 < || f]lpo|X-|"/%, where g is the
exponent conjugate to po, we obtain AP°|Ex (M f)| /|| f||7 < 1. Therefore,
from now on assume that A > Ax_(f). Take any n € N such that
Ex(Mf)NS, #0. If A < Ag, (f), then using similar argument as above
we have

3) APO|EN(Mf) N .Sy

Yves, f(@)P{z}]

<1
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Assume that A > Ag, (f). If EA(Mf)n S, = 0, then f(z,) > X and
hence (3) again follows. In the opposite case, we have |[E\(M )N S,| <
2|Ex(M f)NS]|. Assume that f(z,) < (14+mye,)A/2. fx € Ex(Mf)N
S7, then f(x) > A/2 and hence

WUV 08, 2PN E(LH) 0S5

Dwes, J@P @} = g, fl@)Pe{a}] — '
Otherwise, if f(z) > (1 + Mpe, )A/2, denote r = min{j € {1,...,¢e,} :
Flan) > (1+ma)A/2}. Let 8 = {zn; i € {1,...,5 0} sus}}-
Note that the case ST(LT) = () is possible. Assume that S,(f) # (. If
z € Ex(Mf)n S, then f(z) > A/2 and hence

MO EAMA OS] peir
Dpest F@Pe{z} —

Moreover, we have

AP EA(MS) 0 (S \ Si7)] _ ( 2 ) 150\ 5]
f(mn)pOHan T AL+ mp, |{xn}|

< ( 2 ) 20(Sw \ 55”) N 8|
- 1+mnr |{£L’n}|

2 po  Cn .
P E —J
= (1+mnr> 2]477,”0”2

1 Po
< Poti—Tpe. ()
1+ mp,

_ M < 9po+3.

— 9Po+3
(1 +mn)po

Therefore, regardless of the posibilities, Sy(f) =0 or S’,(q,r) # (), we obtain

\Po Sy .
Sy < 27070 Since N Ex(Mf)NSul/Y s, f (@) {a}| <

2p0+t3 for any branch S, such that Ex(Mf) N S, # 0, we have

AP LEN(M )N fII5 < 2P0+ and, consequently, [ M f|[B) . <2P0+2| f]|Fc.
O

3. Second generation spaces

Now we construct and study metric measure spaces called by us the
second generation spaces. The common attribute of these spaces is a sig-
nificant difference in the behavior of the associated operators M and M,
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by what we mean that M€ is of strong type (1, 1), which implies the ba-
sic property PS¢ = P¢ = [1,00], while Ps (and possibly P,) is a proper
subset of [1,00]. Let 7 = (7, )nen be a fixed sequence of positive integers.
Define

Y, ={yn:n € N} U{yni,y; i =1,...,7, n € N},

where all elements v, Yni, Yl,; are pairwise different. We define the
metric p = p, determining the distance between two different elements x
and y by the formula

1 1f{x>y}:Tnz or yne{mvy}CTn\TrIL
p(x,y) = for some n e N, i€ {1,...,7,},
2 in the other case.

By T,, we denote the branch T\, = {¥n, Un1, -+ s Ynro> Yn1s -+ > Ynr, - Ad-
ditionally, we denote T}, = {y,,1, - -, Un-, } and Tri = {Yni, Yp,; ;- Figure 2
shows a model of the space (Y., p).

/ / / / / /
Y11 Y12 Yir Yn1 Yna Ynr,

Y1 Yn

FIGURE 2.

Note that we can explicitly describe any ball: for n € N,
{yn} for 0 <r <1,
B(yn,7) = T, \ T, for1<r<2,
Y; for 2 < r,

and for i € {1,...,7,}, n € N,

{yni} for0<r<1,
B(Ynisr) = {yn} U T, for1<r <2
Y, for 2 < r,
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and
{y,;} for0<r <1,
B(pi7) =S Tni  forl<r <2,
Yr for 2 < 7.

We define the measure p = pr g by letting u({yn}) = dn, p({yni}) =
f_—:, and pu({y,,;}) = dnF(n,i), where F > 0 is a given function and
d = (dp)nen Is an appropriate sequence of strictly positive numbers
with d; = 1 and d,, chosen (uniquely!) in such a way that |T,,| =
|T—1]/2, n > 2. Note that this implies |Y;| < oo and observe that p is
non-doubling.

We are ready to describe two subtypes of the second generation spaces.

3.1. We first construct spaces for which apart from the basic property
P¢ = PS¢ = [1,00] we also have Py = P,,. In the first step, for any fixed
po € (1,00] we construct a space denoted by Ypo for which P, = P, =
[po,o0]. Then, after a slight modification, for any fixed pg € [1,00) we
get a space Y;O for which P, = P, = (po, 0.

Fix py € (1,00] and let ng be the second generation space with
T = L%J in the case py € (1,00), or 7, = 2™ when py = oo, and
F(n,i)=mn,i=1,...,7,n € N.

Proposition 5. Let Ypo be the metric measure space defined above.
Then the associated centered maximal operator M€ is of strong type (1,1),
while the non-centered M is not of weak type (p,p) for 1 < p < po, but

is of strong type (p,p) for p > po.

Proof: First we show that M¢ is of strong type (1,1). Let f € ¢! (Ypo),
f > 0. Denote G = {{y,} UT,; :n € N,i=1,...,7,} and B, =
{B(y, %), By, %), By, %)}, y € Y. We use the estimate

IMefl < >0 Ap(H{y}.
yeY,; BEB,

Note that each y € Y; belongs to at most four different balls which are
not elements of G. Thus we obtain

S5O Al < 33 F@) g < 41f).
yEY, BEB,\G B¢G yEB

Therefore

Tn

1M fll < 4lFll+ DY Ay (FHynill.

neN i=1
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It suffices to see that the last term of the above expression is estimated
by

Tn

D f @) {ynid + D> (FGna) {yni + Fn) {yni}) = 1f 111

neN neN i=1

In the next step we show that M is not of weak type (p,p) for 1 <
p < po. Indeed, fix p < po and let f, = d,,, n > 1. Then [|f,[|) = dn
and M f(yl,) > m > n%_z, i =1,...,7,. This implies that

| B 2(nt2)) (M fn)| > n7,dy, and hence we obtain
||Mf7b||£,oo . nTydy

1imsu _ > hm —_—— = OX.
nose. [fallE T n5ee (2(n+ 2))Pd,,

To complete the proof, it suffices to show that M is of strong
type (po,po) in the case py € (1,00). Let f € £P°(Y,,), f > 0. We
use the estimate

1M < > > As(HPHydl = > As(f)™IBl.

BCY, yeB BCY;

Once again note that each y € Y, belongs to at most four different balls
which are not elements of G. Combining this with Holder’s inequality,
we obtain

S AH™IBI< DY F@P < 4l f)15-

B¢g B¢G yeEB
Therefore
(4) [IMfl5s <
y" + I/Tnf(ynz) + ’I'Lf(ynz) po ,
+T§T;< 1+1/Tn+n ‘{y"’ym’yniH'

Finally, we use the inequalities

(f(yn) + 1/ f (yn

i) +n (ym))
<@3f

Yn )P+ (3 (Yni) /)" + (Bnf (i)
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and {yn, Yni, Ui} < 3{vl;}| = 3n|{yn}| to estimate the double sum
in (4) by

P (S

N Z Z FYni) /70)P° + (0 (y73))P° |{y;”}|> §3P0+1Hf||§8

e (1+1/7, 4+ n)po

Note that in the same way as it was done at the end of Subsection 2.1,

(n+i)p0 J

replacing the former 7, by 7, = | (log(n)+1) , Do € [1,00), results

in obtaining the space Y;O for which P; = P, = (po, o9].

3.2. In contrast to the former case the spaces we now construct, apart
from the basic property P¢ = PS¢ = [1, 00, satisfy Py & P,,. Namely, for
any fixed po € [1,00) we construct a space Y?,)O for which Ps; = (pg, 0]
and P, = [po, c0]. We consider the cases pyp = 1 and pg > 1 separately,
similarly as it was done in Section 2.

By ?1 we denote the second generation space (Y-, p, 1) with construc-
tion based on 7,, = n and F(n,i) = 2. Recall that x is non-doubling.

Proposition 6. Let ?1 be the metric measure space defined above. Then
the associated centered operator M€ is of strong type (1,1), while the
non-centered M is of weak type (1,1), but is not of strong type (1,1).

Proof: First note that it is easy to verify that M€ is of strong type (1,1),
by using exactly the same argument as in the proof of Proposition 5. In
the next step we show that M is not of strong type (1,1). Indeed,
let f,, = 0y,, n > 1. Then |/fn]1 = d,, and for ¢ = 1,...,n we have
Mf.(yl;) > (1+1/n+29)~1 > 1/2¢1 and hence we obtain | M f, |1 >
S 20 /27 = | ful /2

To complete the proof, it suffices to show that M is of weak type (1,1).
Let f € ¢1(Yy), f > 0, and consider A > 0 such that Ex(Mf) # 0. If
A < Ay, (f), then A|Ex(M f)|/]|f]l1 < 1 follows. Therefore, from now on
assume that A > Ay, (f). With this assumption, if for some y € T,, we
have M f(y) > A, then any ball B containing y and realizing Ag(f) > A
must be a subset of T,. Take any n € N such that Ex\(M f)NT, # 0. If
A< Arp, (f), then

Yoyer, WKy —
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Assume that A > Ap, (f) and take y € Ex(M f) NT,. Now, any ball B
containing y and realizing Ag(f) > A must be a proper subset of T),.
First, consider the case Ex(M f)NT), = 0. If y,, € Ex(M f)NT,, then we
obtain 3 . \ 7 f(¥){y}| > Al{yn} and since |[EX(M f)NT,| < 2[{yn}|,
(5) follows. Otherwise, if y,, ¢ Ex(M f)NT,, then, necessarily, f(y) > A
for every y € Ex(M f) NT, and hence (5) again follows. Finally, in the
case Ex(Mf)NT) # 0, denote j = max{i € {1,...,n} : Mf(y,,) >
A}. Therefore, 37 o f(y){y} > Al{ys;}| and combining this with
the estimate |Ex(Mf) N T,| < 2|{y,,;}|, we conclude that (5) follows.
Since A[EX(Mf) NTol/ >, er, f(y){y} < 2 for any branch T), such
that Ex(M f)NT,, # 0, we have \|Ex(M f)|/||f]l1 < 2 and, consequently,
1M fll1,00 < 2/ f]]1- O

Now, fix pg € (1,00) and consider WYPO = (Y, p, u) with construction
based on 7, = T,(po) and F(n,i) = F,,(n,1), defined in the same way
as in Subsection 2.2, by using the auxiliary sequences c,, e,, and m,;,
Snjs J€{L,...,en}, nEN.

Proposition 7. Let Y?po be the metric measure space defined above.
Then the associated centered mazimal operator M¢ is of strong type (1,1),
while the non-centered M is of weak type (po,po), but is not of strong

type (po,Po)-

Proof: First note once again that it is easy to verify that M€ is of strong
type (1,1), by using the same argument as in the proof of Proposition 5.
In the next step we show that M is not of strong type (po, po). Indeed,
let f,, = 6z,, n > 1. Then [ f,[[}° = d,, and for i = 1,...,7, we have
M fo(yhi) = (1+1/T + Mupjni) "t = (2(1 4 myjen,)) "' and hence

en Snj €n

. P
MY, > _ Gy d, _ Tty
VA5 2 DD Gt ey @+ )7

j=1k= 1 j=1
€ €
n 21 j poncn n
>d =27Pod,
- ";(1+mn]ro Z 1—|—n
_ nc
=2 Poen (1+;)p0 ||fn‘gg

Since lim,, o, €, = 00 and lim,, % =1, we are done.

To complete the proof, it suffices to show that M is of weak
type (po,po). Let f € €p0(§{'p0), f > 0, and consider A > 0 such
that Ex(Mf) # 0. If X < Ay, (f), then using the inequality [|f]1 <
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| £llpo [Y|/%, we obtain NOLEN(M )I/]I£1I5e < 1. Therefore, from now
on assume that A > Ay, (f). Take any n € N such that E\(M f)NT,, # 0.
If A< Ap (f), then using similar argument as above we have

NOENMA) N T _

©) S ol =

Consider A > A, (f). Assume that Ex(M f)NT}, = 0. If X < A, \72 (f),
then (6) again follows. Otherwise, if A > Ar, \7 (f), then we consider
two cases. If y, € Ex(Mf), then we obtain f(y,) > A and hence

WOIEM) O T, 23y}

> er ORI = S TPl =

In the other case, if y, ¢ Ex(Mf), then f(y) > X holds for every y €
E\(Mf)NT, and hence (6) follows one more time. Now assume that
Ex(Mf)NT/, # 0. See that |[Ex(M f)NT,| < 3|Ex(M f)NT)|. Consider
the case f(yn) < (1 4+ 1/7n 4+ Mne,)A/3. I yl,, € Ex(M f) NT,, for some
i€ {1,...,7}, then f(y,;) > A/3 or f(yni){yni}| = {yy}|A/3 and
hence f(y7,:)"°[{yni | + f(yni)™ Kyni}| = {yn:H(A/3)P, which implies

X[ EAMS) N Tl _ 3NP|EA(MP) O T3] gr
2oyer, SRy = Xyer, F){ydl —

Finally, in the case f(yn) > (1 + 1/7, + Mpe, )A/3, denote r = min{j €
141/ Tntmp; ) A r)_ L. r—

{1, en): flyn) > Ty ot 7= {yr e {1, Y L sagh

Note that the case T)\") = () is possible. Assume that T\" # 0. If Y. €

Ex(Mf)NT, then f(yh) {yhid| + Fwni) P {yni}] = {yhi /3P0
and hence

APO|Ex(Mf) N T
Yy ert (FumPo i+ £ (yni)P[{ymi })

< 3Po+1.
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Moreover, we have

AP0\ By (M f) 0 (T, \T<”><( 3 ) T\ TR
Falwdl = \Ttma ) T{wa)l

<< 3 >”°3|<Tn\T£”>nT,;>
T\ 1+ mpy [{yn}|

2
<(1+mm> 327102 -

< 23-rgrotlye ; "
"\ 1+ My

nen
(1 + n)ro
Therefore, regardless of the possibilities, T\ = 0 or T\") # 0, we ob-
tain )\p0|E,\(Mf)ﬁT 1/ 2 yer, fF)P{yH <4 3p°+1. Since A\|E\(M f)N

Tol/ X yer, F@)PH{y}| < 4-370*! for any branch T}, such that Ex(M f)N
T, # 0, we have No|Ex(Mf)|/|fl[ke < 4 - 3P and consequently

IMFIDS oo < 4- 371 f]15e. O

=4. 3:Do+1 <4- 3P0+1.

4. Proof of Theorem 1

All spaces discussed above were constructed in such a way as to avoid
any interactions between the different branches in the context of consid-
erations relating to the existence of the weak and strong type inequali-
ties. Therefore we can construct a new space consisting of two types of
branches, one borrowed from some first generation space and one from
some second generation space, and to ensure that the operators M€
and M inherit a particular property of a particular space. We explain
the construction of such a space in detail proving Theorem 1.

Proof of Theorem 1: We consider a few cases. If the equalities PS = P
and P = P, are supposed to hold, then the expected space may be
chosen to be a first generation space. If, in turn, we have P{ = P =
[1,00], but Ps # [1,00], then the expected space may be chosen to be
a second generation space. Finally, in other cases we can find spaces
X = (X,px,ux) and Y = (Y, py, uy), of first and second generation,
respectively, for which

o PE(X) = Py(X) = P¢ and P5(X) = P,(X) = P,

S

o PE(Y) = Pe(Y) =[1,00], Ps(Y) = Ps, and P, (Y) = P,.

S
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Using X and Y and assuming that X N'Y = () we construct the space
7 =(Z,pz,1z) as follows. Denote Z = X UY. We define the metric pz
on Z by

pz(z,y) = py(2,y) if {z,y} CY,
2 in the other case,

and the measure uz on Z by
ﬂz(E):ux(EmX)+/$y(EﬂY), ECZ

It is not hard to show that Z has the following properties

o PE(Z) = PS(X) N P{(Y) = P¢N[l,00] = P,

o P(Z)=P;(X)NP,(Y) = PN P, = P,

o P5(Z) = P5(X) N PL(Y) = P50 (L, o0] = P,

e P,(Z)=P,(X)NP,(Y) =P, NP, =P,,
and therefore it may be chosen to be the expected space. Finally, it is
not hard to see that pyz is non-doubling, since it is bounded and there
is a ball B in Z with radius r = 1 and |B| < € for any arbitrarily
small € > 0. O
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