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Abstract

In this thesis we present a theory of quotient inductive-inductive definitions,
which are inductive-inductive definitions extended with constructors for
equations. The resulting theory is an improvement over previous treat-
ments of inductive-inductive and indexed inductive definitions in that it
unifies and generalises these into a single framework. The framework can
also be seen as a first approximation towards a theory of higher inductive
types, but done in a set truncated setting.

We give the type of specifications of quotient inductive-inductive def-
initions mutually with its interpretation as categories of algebras. A cate-
gorical characterisation of the induction principle is given and is shown to
coincide with the property of being an initial object in the categories of alge-
bras. From the categorical characterisation of induction, we derive a more
type theoretic induction principle for our quotient inductive-inductive def-
initions that looks like the usual induction principles.

The existence of initial objects in the categories of algebras associated to
quotient inductive-inductive definitions is established for a class of defini-
tions. This is done by a colimit construction that can be carried out in type
theory itself in the presence of natural numbers, sum types and quotients

or equivalently, coequalisers.
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Chapter 1
Introduction

In this thesis we set out to develop a theory of quotient inductive-inductive def-
initions, which are inductive-inductive definitions [NorT3] extended with
path constructors. In this first chapter we will give some context of the
problem and discuss prior art and related concepts. The chapter is con-
cluded by an overview of the thesis and a list of contributions.

1.1 Induction in mathematics

In mathematics, induction is an important proof technique. The most com-
mon and perhaps oldest form of induction is induction on the natural num-
bers, dating back to at least Plato [[Ace(l]]. Induction on the natural num-
bers gives us a way to prove that a formula ¢(n) holds for any n € N: we
have to prove ¢(0) and prove that for any n € N, ¢(n) implies ¢(n+1). That
the natural numbers satisfy this property can be seen as one of the defining
properties of the natural numbers. This was first written down formally by
Guiseppe Peano [Pea8Y]. He defined the natural numbers to be a set N with

properties such as:
e 0N
e foranyn € N, succ(n) € N.
e N satisfies the induction principle

1



2 CHAPTER 1. INTRODUCTION

The remaining axioms describe the equality relation on the natural num-
bers and postulate the injectivity of the succ function symbol and that zero #

succn for allm € I\N.

A consequence of the induction principle for natural numbers is that
we can define functions N — X, for some set X, recursively: it suffices to
define f 0 and f (succ(n)), where we may refer to f n. We can use this to
define addition n + m on the natural numbers by recursion on the second

argument m, i.e. we define n 4 0 := n and n + succ(m) := succ(n + m).

In mathematics, the construction of new sets is often done by taking the
natural numbers as a given and building upon this and quotienting where
needed, as opposed to giving an inductive definition directly. For example,
the rational numbers can be constructed as IN x N quotiented by the relation
(a,b) ~ (c,d) if and only ad = be. Quotienting infinite sets is not always
unproblematic. The usual construction of the real numbers as a quotient
of Cauchy sequences of rational numbers requires the axiom of choice to
show that it forms a complete metric space. Direct inductive definitions
(with equations) can avoid such problems, as we will see in section B.T5.

1.2 Induction in computer science

Recursion is a central concept to computer science. Data structures are
often defined in terms of themselves: for example, a binary tree is either a
leaf or a pair of binary trees. Functional programming languages therefore
often come with a mechanism to express definitions such as these, usually
under the name of algebraic data types.

In Haskell [Jon03], one can define (linked) lists as the algebraic data
type:

data List a = nil | cons a (List a)

As opposed to having a recursion principle associated with the algebraic
data type, we have pattern matching and general recursion. For example,
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we can define a function as follows:

map : (a — b) — Lista — List b
map f nil = nil

map f (cons z xs) = cons (f x) (map f xs)

Pattern matching and general recursion are powerful enough to let us im-
plement the recursion operator associated with the inductive type. In the
case of lists, this is usually called foldr:

foldr: b — (a — b —b) — Lista — b
foldr e op nil = e

foldr e op (cons z xs) = op x (foldr e op xs)

If we care about the totality of our definitions, pattern matching and
general recursion are too powerful. First of all we have to restrict ourselves
to structurally recursive definitions: recursive calls may only be done on
subterms of the patterns on the left hand side of the pattern matching
clause. This is however not enough to ensure termination of definitions.
The inductive types themselves also have to be of the right shape: they

have to be strictly positive. If we were to have an inductive type:

data T : Type where
a:(I'=>T)—=T

then we could define:

oh: T

oh:=a (A\z.x)

uh: 7" =0

uh (a f) := uh (f oh)

where 0 denotes the empty type.
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Since f oh is structurally smaller than « f, the definition of uh is struc-
turally recursive. However, it does give us a term that does not have a
normal form, namely uh oh.

Algebraic data types allow us to specify types or a family of types parametrised
by type variables. As these are parameters, we are not allowed to vary them
in the result type of the constructors. Lifting this restriction, i.e. turning
the parameters into indices, gives us generalised algebraic data types (GADTs)
or inductive families. We can use the indices to store extra information in
the type, allowing us to encode invariants. They have been used to imple-
ment a type of well-typed abstract syntax trees [PLU4] and red-black trees
[Kah0T], among many other uses.

Inductive families are especially powerful in a dependently typed set-
ting in conjunction with dependent pattern matching [Coq92], such as it is
implemented in Agda” [Nor(07]. The information encoded in the indices
may tell us that certain cases are impossible and need not be treated, or
they may tell us that certain variables in the patterns are equal. We can de-
fine the type of length-indexed lists, also referred to as vectors as follows:

data Vec (A : Type) : N — Type where
nil : Vec A zero

cons: A — (n:N) (zs:Vec An) — Vec A (succ n)

We can define a function that returns the first element of a non-empty list
as follows:

head : (A : Type) (n: N) — Vec A (succn) — A

head An (consz .nxs) =x

By pattern matching on the argument of type Vec A (succ n), we get two
cases: the value is either constructed with constructor nil or cons. If we
unify the type of the argument with that of the constructors, we see that the

argument can never be nil, as that produces something of type Vec A zero.

! http://wiki.portal.chalmers.se/agda/pmwiki.php
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Furthermore, if we consider the cons case, we notice that the natural num-
ber argument of the constructor has to coincide with the one we already
had in our context, hence we get the non-linear pattern head An (cons xz .n xs),
where the dot indicates that it is a repeated variable.

It has been shown that under certain assumptions, i.e. if the data types
are strictly positive and the recursion is structural, along with certain as-
sumptions about the equality in the type theory, then these dependent pat-
tern matching definitions can be translated to ones using only elimination
principles [GMMIU&]. The restrictions on the type of equality used can be
relaxed in certain cases [CIDP14], giving us a form of dependent pattern
matching which is compatible with homotopy type theory [UniT3].

In Agda, apart from inductive families, we can also define inductive
types mutually with other inductive types/families or functions, giving
us inductive-inductive [Nor13] and inductive-recursive definitions [[DS99]

respectively.

1.3 Formal treatment of induction

So far we have given several examples of inductive sets and types and recur-
sive definitions, but have not given a formal definition of what an inductive

definition is. In [[Acz77], the author writes:

“Inductive definitions of sets are often informally presented by
giving some rules for generating elements of the set and then
adding that an object is to be in the set only if it has been gener-

ated according to the rules.”

In [Mar71], the author gives a scheme of the kind of rules that comprise
inductive definitions in first-order logic. In this thesis we are concerned
with inductive definitions in Martin-Lof Type Theory [Mar72], but we will
also look at category theoretic characterisations in section 32, to guide

us to appropriate generalisations.
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1.3.1 In type theory

Extending a type theory with a particular inductive definition means that

we have to extend the theory with four sets of inference rules:
e type formation rules (N is a type)
e introduction rules (zero : N, succ : N — N)

o climination rules (given P : N — Type, Myero @ P zero, meyec = (n 1 N) —
Pn — P (succn), we get N-ind P myer0 Msyee : (1 N) = P x)

o computation rules (N-ind P 1mer0 Msycc ZEFO = Myero, N-ind P Myero Miyec (succn) =

Msyce M (D\"md P Mzero msuccn))

In the case of the natural numbers, the type formation, introduction and
elimination rules are not essentially different from Peano’s rules. Missing
however are rules defining an equality relation on IN. As we will see, we
can define the equality relation as a single parametric inductive definition
uniformly for all types. Given this notion of equality and given that we
have a universe of types available, one can derive that the constructors are
disjoint and injective.

The declaration of an inductive definition involves giving rules in all
these classes. However, as observed by Backhouse et al. [Bac+89], it is
enough to give the type formation rules and introduction rules: the elimi-
nation principle along with its computation rules can be derived from them.
This fact is also reflected in how one declares inductive definitions in type
theory-based proof assistants such as Coq [BC04] and Agda by simply giv-

ing a sequence of constructors, i.e. introduction rules.

1.3.2 In category theory

Inductive definitions can be characterised in category theory as initial F-
algebras, for some endofunctor F' on an appropriately chosen category. For
example, the set of natural numbers with its operations zero and succ form
an initial algebra for the functor F.X := 1 + X. The property of being an
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initial algebra contains the same information as given by the four classes
of rules, for the appropriately chosen endofunctor.

The perspective on inductive definitions as initial algebras allows us to
generalise easily. If we associate ordinary inductive types with initial alge-
bras of endofunctors on a category C, which is a model of type theory, e.g.
Set, then inductive families correspond to initial algebras of endofunctors
on slice categories of C.

Another way to generalise is based on the observation that F-algebras
for an endofunctor F' coincide with F*-monad algebras, where F™* is the
free monad of F. (Note that /™* may not exist: ' needs to be a strictly posi-
tive functor.) Asis described in [Shul1b], we can interpret this as ordinary
inductive types being associated with free monads. Generalising these in-
ductive types would be the same as considering a larger class of monads.

As monads and monad algebras are also used to talk about algebraic
theories, such as the theory of groups, the aforementioned observation
makes clear the relationship between inductive definitions and algebraic
theories. An essential ingredient of algebraic theories is the ability to talk
about equations. This is something which is lacking in the inductive defi-

nitions we have seen so far.

1.4 Higher inductive types and homotopy type
theory

Higher inductive types are a generalisation of inductive types, stemming
from homotopy type theory, where apart from the usual constructors, called
point constructors, we may also have equations as constructors, called path
constructors.

Before we go on and give some examples, we will give a brief recap
of homotopy type theory. For a more in depth introduction, we refer the

reader to the usual book [[UniT3].

In type theory, we can define an equality relation on any type induc-
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tively, as follows: suppose A is a type, we define:

data_=4 _: A —> A — Type where

refl: (z: A) mx =42

If we have a term refl x : x =4 y for some z, y : A then this only type checks
if = is definitionally equal to y, i.e. they are the same up to 8- and n-equality

(and possibly more equalities).

The equality defined above is usually referred to as propositional equal-
ity. This name comes from the idea that equality is propositional, i.e. any
two terms of that type are equal. If we normalise a closed term of an iden-
tity type = y, it normalises to refl, hence it gives us a definitional equality
x = y. As such, one would expect that if we have two terms p,q : = = y,
then also p = ¢, i.e. we have uniqueness of identity proofs. Using dependent

pattern matching this is easy to prove:

uip : (A : Type) (zy: A) (pg:z=y) >p=g¢
uip A z .x (refl x) (refl x) = refl (refl x)

However, if we consider the induction principle for this type, called the J
rule, this is not so clear at all. What we can show with J is that given a type
A, the relation =4 is an equivalence relation. Furthermore we can show
that it forms a groupoid with transitivity as its binary operation, reflexivity
asits unitand symmetry as its inverse operation. Using ./, we can show that
these operations all satisfy the groupoid laws up to propositional equality
again, but not definitionally. Using this idea of types as groupoids, a model
of type theory has been given in the category of groupoids [HS98]. Since
there are non-trivial groupoids, the groupoid model contains types which

refute the uniqueness of identity types principle.

The story does not end with groupoids, however. Since the groupoid
laws are satisfied up to propositional equality, a type itself again, we get a
tower of groupoids: we get co-groupoids. oco-groupoids are also the object
of study in homotopy theory: they can be thought of as topological spaces
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up to homotopy. Types can therefore be thought of as co-groupoids [VGTT;
Lum(9] and therefore also as topological spaces up to homotopy. This cor-
respondence leads to a geometric intuition for type theory: types can be
seen as spaces with their identity types as their path spaces.

One important axiom that is considered in homotopy type theory, is
the univalence axiom, which roughly tells us that isomorphic types are also
propositionally equal. This axiom is inspired by and holds in the simplicial
set model of type theory [KLV12]. A univalent universe is then one exam-
ple of a type that does not satisfy uniqueness of identity proofs: we may
have different isomorphisms, giving rise to different propositional equali-
ties between types. An example of this are the identity map and the nega-
tion map on the booleans: these are two distinct isomorphisms, yielding
by univalence two distinct propositional equalities Bool = Bool. In fact, if
we have a hierarchy of univalent universes Typej : Type; : Types : ..., then
Type,+1 has a strictly more complicated higher equality structure [KST5].

Apart from univalent universes of types invalidating uniqueness of iden-
tity proofs, there are also plenty of geometric examples to take from homo-
topy theory, such as the circle and the torus. As we have seen, we define
new data types in type theory usually as an inductive type. However, ordi-
nary inductive definitions do not give us a way to create new paths between
points that were not already there. The solution is to generalise the idea of
constructor to also allow for paths to be constructed. We can then define
the circle, which is just a point with a non-trivial loop, as the following

higher inductive type:

data S* : Type where
base : S*

loop : base = base

In higher inductive types, we have the ordinary constructors, such as base
in this example. These are called point constructors, as they can be thought
of as constructing points in the space we are defining inductively. The con-

structor loop is a path constructor: it constructs a new path from base to base.
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The induction principle for the circle is as follows:

Shelim: (P :S' — Type) (mpase : P base) (Mioop * Mbase Mpase) — (x:S") = Px

_P
“loop

To show that P holds for any z : S*, we need to show that it holds for the
base point and that transporting this value along the loop is equal to the
value itself.

The induction principle for the circle can also be used to show that the
loop is in fact a non-trivial loop, i.e. loop # refl,.e.. To prove this, we need
to have a universe at hand which is univalent. This is similar to how we
cannot show that true # false, if there is no universe to eliminate into, with
the additional requirement of that universe being univalent.

Apart from allowing constructors to construct paths between points,
higher inductive types also allow for higher path constructors which con-
struct paths between paths. For example, we can describe the torus as the

following higher inductive type:

data T? : Type where
base : T2
p : base = base

g : base = base

r:prq=gq-p

The approach of using higher inductive types to define these topological
spaces (up to homotopy) has been used successfully to formalise various
results of homotopy theory in type theory, leading to the field of synthetic
homotopy theory. Formalisations include the fundamental group of circle
[CST33] and more general results on the homotopy groups of spheres [LBT3;
BriiTA], the Blakers-Massey theorem [Hou+T6] and the Mayer-Vietoris se-
quence [CavT5].

Applications aside, as of yet a general definition and theory of higher
inductive types is still lacking. There is a note on the semantics of higher
inductive types [[LS13b], i.e. a metatheoretic and semantic treatment. The
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ideas in this thesis are very much inspired by this note. In [So0j14], the
author gives an internal specification of a class of higher inductive types
called W-suspensions, i.e. the author defines an induction principle and the
category of algebras and shows that initiality in the category of algebras
coincides with satisfying the induction principle. This is all carried out

inside type theory itself, which is also a goal of this thesis.

1.5 A theory of quotient inductive-inductive def-
initions

Our goal in this thesis is to give a theory of quotient inductive-inductive
definitions, which can be seen as a stepping stone towards a theory of
higher inductive types. Quotient inductive-inductive types can either be
seen as a generalisation of inductive-inductive types or as a subclass of
higher inductive-inductive types. We extend inductive-inductive defini-
tions with path constructors, but we truncate the result to be a set: our
definitions satisfy uniqueness of identity proofs. As such, they can be seen
as a subclass of higher inductive-inductive types. Since we work with sets,
we only consider path constructors that construct paths between points, as
any higher path constructors would not add anything new.

Another goal of this thesis is to give a theory that can be expressed in-
side type theory itself. While formalising the theory is already a good idea
on its own, having an internal definition of the inductive definitions means
that anything we prove about them internally automatically holds for all
models of type theory. Furthermore, if the theory happens to be express-
ible in a small core theory and we manage to construct the inductive types
also in this core, we have an implementation of our inductive definitions
in this small type theory.

From a programming point of view, having the specification of induc-
tive definitions as a first-class citizen in your language allows for meta-
programming: we can write generic programs by recursion on the struc-
ture of the inductive definitions [BDJ03].
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Working on the theory of inductive definitions internal to type theory
is not without problems, however. When we talk about the computation
rules of type theoretic inductive definitions, we talk about definitional equal-
ities. These definitional equalities have none of the non-trivial structure
that its internal counterpart, propositional equality, may have. They are
equalities on the nose. In type theory itself, we can only talk about the
weaker notion of propositional equality. This complicates the situation al-

internally prove for W-types that initiality and the induction principle coin-
cide. Doing so requires some involved reasoning about equalities between
propositional equalities: there are so called coherence problems one needs
to solve. In this thesis we observe in appendix B that these coherence prob-
lems grow in number with the number of constructors, even if they are all
just point constructors.

Dealing with these coherences in a uniform way means that we have
to talk about (oo, 1)-categories [CamT3]. Formalising the usual notions of
(00, 1)-category in type theory requires us to work with simplicial sets in
type theory. However, we want to work with types, not simplicial sets. A
more promising approach is extending type theory with a strict equality
[AKTH; ACKTAA]. In this thesis, we will deal with the coherences by simply
working with the truncated types: we work with sets instead, i.e. types that
satisfy uniqueness of identity proofs.

1.6 Related work

The work in this thesis builds on the work on inductive-inductive types
[NorT3; Alt+11]. The framework we present extends the work in that paper
in several dimensions: as opposed to having one constructor of sort Set
and one constructor of sort Fam, our framework supports a larger class
of sorts and any number of constructors. Apart from that, our framework
also introduces support for path constructors.

The notion of path constructors comes from the concept of higher induc-
tive types, as used in [UniT3]. A first attempt at describing the semantics
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of higher inductive types has been done in [L513b], working at the level of
model categories. This approach has inspired [Cap14] and [Alt+15], which
both have led to the work presented in this thesis.

Furthermore, as the title of the thesis suggests, the work on quotients in
type theory, most notably [[LiT5] and [Hof95], is related to what we present
here. Quotientinductive-inductive definitions combine a quotienting mech-
anism with inductive types in the sense that the quotienting happens “at
the same time” as the induction. The benefit over ordinary quotients will

be discussed in chapter B.

1.7 Overview of the thesis and contributions

The thesis is organised as follows:

e In chapter B, we give the basic concepts and notation we will use in
this thesis, along with proofs of basic propositions and lemmata used

throughout the thesis.

e Chapter B presents examples of quotient inductive-inductive defini-
tions and their applications and compares them to other notions such

as quotients and coequalisers.

e Chapter contains the formal specification of quotient inductive-inductive
definitions. They are specified as being a certain kind of iterated dial-
gebras, which generalises the presentation of ordinary inductive def-

initions as algebras of functors.

e Having a formal specification of quotient inductive-inductive defini-
tions and the corresponding categories of algebras, we show in chap-
ter B that the initial algebra semantics coincides with a categorical for-
mulation of the type theoretic induction principle. From the categor-
ical formulation we derive the type theoretic formulation, showing

that induction and initiality coincide for our inductive definitions.
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e In chapter B we give some preliminary results on constructing quo-
tient inductive-inductive definitions given some reasonable assump-

tions on the type theory.

e The last chapter, chapter [, presents the conclusions of the thesis along
with a discussion of the presented results. We also point out several
avenues for future work.

e Appendix A discusses some ways to generalise containers to accom-
modate the kind of functors we need in our framework.

e Appendix Bis about what the difficulties are when moving from a set-
based setting to the untruncated case. Here we go into detail about
the coherence issues we face and how some of these can be solved in
an ad-hoc manner.

1.7.1 List of main contributions

The main contributions of this thesis are:

¢ aformal specification of quotient inductive-inductive definitions, along-
side with their categorical interpretation, given in type theory: defini-
tion B4 gives the general scheme of the specification with the details
of point constructors in definition BZ2 and definition B43 and the
details of path constructors in definition B4.5 and definition £Z4.8.

e a proof of the logical equivalence of initiality and the category theo-

retic induction principle: theorem 539.

e a derivation of the type theoretic induction principle from the cate-
gory theoretic one: section b-4.3.

e construction of initial algebras for a class of quotient inductive types:
theorem B3.T3.
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1.7.2 Declaration of authorship and previous work

This thesis would not have existed in this form if not for the fruitful dis-
cussions with Thorsten Altenkirch, Paolo Capriotti and Fredrik Nordvall
Forsberg. Our first approach to a theory of higher inductive types was pre-
sented at the TYPES workshop in 2015 [Alt+15]. My efforts to make the
details work for this dependent dialgebra approach, led me away from de-
pendent dialgebras and eventually to the approach presented in this thesis.
A preprint [Alt+16] presenting this new work was written in July 2016 by
me with editorial efforts from the coauthors. This preprint contains most
of the material presented in this thesis, except for chapter B, appendix [A
and appendix B, albeit in highly condensed form, lacking in details and

proofs.
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Chapter 2
Preliminaries

In this chapter we will introduce the type theoretic background material
for the thesis. We will not give a detailed overview of Martin-Lof Type
Theory in this chapter. For such an overview, we refer the reader to the first
chapter of [UniT3]. Instead, we introduce notation and basic propositions
and lemmata that we will use throughout the thesis. As we will be using
category theoretic approaches, the chapter is concluded with our approach

to category theory in type theory.

2.1 Basic type formers

In type theory we can form II-types, or dependent functions, given a type
A and for every a : A a type B a, we have the type:

(x:A) > Ba

Traditionally this is denoted as II(z : A).B a or [IA.B. We will use Agda’s
notation for II-types instead, along with its convention of leaving out ar-
rows in the case of nested Il-types, where convenient, e.g. we may write
(@a:A) > (b: Ba) > Cabas(a:A)(b: Ba) — C ab. The introduction
rule for Il-types is that if we have = : A in our context and a term b : B «z,

17
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then we can form the term:
Axb:(x:A)— Bux

II-types have an elimination rule, called application: if f : (x : A) - B«
and z : A, then f z : B x. Terms of II-types are subject to two classes of

definitional equalities, -equality:
(Az.e) y = e[z/y]

where e[z /y| denotes the substitution of every occurrence in e of x with y.
We use the symbol = to denote definitional equality on terms.
Furthermore we have 7-equality, for every f : (z : A) = B x:

f=lx.fx

Note that if the codomain of a II-type does not refer to elements of its do-
main, i.e. when we have a non-dependent function, we denote itas A — B.
Apart from II-types, we also have X-types, or dependent pairs/products.
The type formation rule is similar to that of II-types: if we have a type A
such that if we have a : A in our context, the term B a is a type, then we

have that the following is a type:
(a:A)x Ba

This is traditionally written as X(a : A).B a or ¥A.B, but we are using a
notation here which mirrors Agda’s notation for Il-types.
If we have a : A and B a, then we can form the term:

(a,b): (a:A)x Ba
The type (a : A) x B a comes with two projection functions:

e my:(a:A)xBa— A

oem:(zr:(a:A)x Ba)— B (mx)
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Since we are explicitly giving a name to the first element of the pair, we can
also use the following notation, where we let the scope of a range over the

whole expression after its introduction:
m:(a:A)x Ba— Ba

The projection functions have as 3-laws: for every a : Aand b : B a,
7o (a,b) = aand m (a,b) = b.

The n-law for X-types gives us the following definitional equality for
every pair z : XAB:

z = (mg 2,m 2)

2.1.1 Universes

Another basic typeis the type whose inhabitants themselves are again types,
the universe Type. Using such a universe, we can now rephrase the type

formation for II-types as having a term:
IT: (A: Type) — (B : A— Type) — Type

Such a universe may not have the property that Type : Type as that gives rise
to a paradox [Gir72; Coq86], similar to Burali-Forti paradox in set theory.
Instead, we have a hierarchy of universes:

Typeg : Type; : Typey : ...

While avoiding the paradox, this hierarchy brings a lot of complexity to our
language in terms of usability. Every time we use a universe, we have to
explicitly indicate its level, cluttering our terms.

One solution to this problem is to leave the level indices as implicit vari-
ables with constraints. One can then let the type checker attempt to solve
this system, which is the approach Coq takes.

Another problem is that we may want to give definitions that can be

instantiated to more than one level. If we want to define a function com-
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position operator, we would like that it works for functions between types
of any level. In Agda, we have the notion of universe polymorphism. We can

define terms such as:

id : (n: Level) (A: Type,) > A — A

dnAz ==z

The function id is polymorphic over all levels n. While this saves us from
having to define id for any level, universe polymorphism does introduce
some complexity of its own. Level is not a type, which means that while
(n : Level) (A : Type,) — A — Ais a valid Agda expression, it is not a type,
i.e. it is not an inhabitant of Type; for any i : Level.

In this thesis we will leave the universe levels implicit.

2.1.2 Implicit arguments

Animportant feature of Agda is that we can denote arguments of a function
as being an implicit argument. One use case is the aforementioned universe
levels. If we consider again the type and definition of id, with implicit ar-

guments, we can write:

id: {n:Level } {A:Type, } > A— A

dr:=x

The idea here is that the context in which a function is called gives informa-
tion we can use to fill in the blanks: if we call id with a certain argument, we
know the type of the argument and in turn also know the universe level of
that type. To improve readability we will oftentimes implicitly pass around
parameters, while sometimes making them explicit by adding subscripts.

2.1.3 Inductive data types

As mentioned in the introduction, an important feature to have in a type

theory is to have a way to define custom inductive data types. In Agda, one
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can define an inductive type by giving a list of constructors. For example,
the natural numbers can be defined as follows:

data N : Type where
zero : N

succ : N — N

We will often use Agda-like notation to give definitions/specifications of
inductive types.

Two trivial, yet important types we will use are the empty and the unit
types, which can be defined as inductive types:

data 0 : Type where

data 1 : Type where
tt: 1

The “smallest non-trivial” data type, Bool can also be defined inductively:

data Bool : Type where
true : Bool

false : Bool

Inductive definitions may also be parametrised. We may define the co-
product of two types as follows:

data +_ (A B : Set) : Set where
inl: A— A+B
inr: B— A+B

Inductive data type declarations in Agda do not give us elimination
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principles directly. Instead Agda has a notion of dependent pattern matching
[Coq92]: we write our functions out of inductive types by matching against
the possible constructors of said types. These function definitions may be
recursive, as long as the recursive occurrences are on a subterm of the pat-
tern. Dependent pattern matching has been shown to be equivalent to hav-
ing eliminators, assuming all types satisfy uniqueness of identity proofs
[GMMUO6]. However, with some further restrictions on pattern matching,
translations to eliminators without requiring uniqueness of identity proofs
do exist [CDDPT4]. Moreover, the translation of pattern matching definitions
into definitions with eliminators does not always preserve definitional equal-
ities [McBO#].

As opposed to adding inductive types to the theory in an ad hoc manner,
one can add W-types as a primitive and define all inductive types in terms
of this primitive. Suppose we have a type of shapes S : Type and a type
family of positions P : S — Type, then the W-type defined by S and P is:

data W S P : Type where
sup:(s:S)x(Ps—-WSP)—-WSP

We can think of the shapes as the type giving the contexts for construc-
tors. For example, for the type of lists containing natural numbers, we
choose S := 1+N: the nil constructor has no context and the cons con-
structor takes something of type IN. The positions family gives us the re-
cursive positions. For the nil constructor we have zero recursive positions
and for cons we have exactly one, so we define P with P (inl tt) := 0 and
P (inrn):=1foranyn: N.

W-types are enough to give us ordinary inductive types as well as in-
dexed inductive types [Mor(7]. In this thesis, the inductive definitions we
need to formalise the theory of quotient inductive-inductive types, can all
be written using W-types. However, for sake of convenience and presen-
tational clarity, we will use Agda notation to present these. We will also
sometimes give function definitions by pattern matching, but these can be
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trivially rewritten using just the eliminators.

2.2 Equality

So far we have mentioned definitional equality between terms. This equal-
ity is a metatheoretic notion, it is external to the type theory, i.e. v = y is
not a type nor a term. We can define a notion of equality between terms in
the type theory itself, referred to as propositional equality:

Definition 2.2.1 (Identity types). Given a type A : Type and z,y : A, we
define the type = = y : Type, inductively with constructor:

refl: (z: A) ==z

A type x = y is called an identity type.
The elimination principle for identity types is:

J:(A:Type) (P:(xy:A) — x=y— Type)
(m:(x:A) = Paxx(reflx))
—(zy:A)(p:z=y)—>Pzxyp

which satisfies the computation rule:
JAPmaxzx (reflz) =ma

Remark 2.2.2. The elimination principle for identity types is also referred
to as the path induction principle.

Remark 2.2.3. While it is called propositional equality, the type z = y need

not be propositional in general.

Lemma 2.2.4. Given a type A : Type, the identity types form an equivalence
relation on A.

Proof. We need to show that the relation - = _ : A — A — Type is reflex-

ive, symmetric and transitive. Reflexivity we immediately get from the ref|
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constructor. For symmetry we need to appeal to the elimination principle.
Letp:z =y, wedefinep!:y=ua:

pt=JAMzypy=1x) Avreflz)zyp

For transitivity, we need an operation:
I =Y S Y=2 T =2
This can be defined by path induction on any of combination of its argu-

ments. O]

Lemma 2.2.5. The identity types on a type A : Type form a groupoid with respect
to propositional equality.

Proof. The identity types on A form a groupoid with transitivity as its com-
position, its inverses given by symmetry and the unit being reflexivity. These
operations need to adhere to the following laws:

e associativity: (p:x=vy) (¢:y=2)(r:z=w) = (p*q)*r=p-(q-7)

left identity: (p:x =y) = refl,*p=p

right identity: (p:z =y) — prrefl, =p

left inverse: (p:x =y) = p ' +p =refl,

right inverse: (p:z =y) = p p ! = refl,

These can all be shown to hold by performing path induction on the paths.
O

Remark 2.2.6. The computational properties of transitivity obviously de-
pend on how it is defined: we either get the left identity or the right identity
law to hold definitionally if we perform path induction on one argument.
If it is defined by path induction on both arguments, we get neither law
“for free”. We can make a new definition of propositional equality on top
of the original one, which satisfies the category laws definitionally, as we

will see in section IZ28.
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Since identity types are types again, they themselves are also equipped
with a groupoid structure. We can always consider identity types of iden-
tity types of identity types, et cetera. Such an infinite tower of groupoids
on top of each other is called an co-groupoid. An external proof of the fact

that every type gives rise to an co-groupoid has been given [VGTT; Cum09].

2.2.1 Dependent equality

When considering type families B : A — Type over some type A, we some-
times find ourselves in the situation that we want to talk about equality of
a: Bzandb: B ywhere x = y but not necessarily z = y. In this case the
term a = b is well-typed. However, given a path x = y, inhabitants of B «
can be transported to inhabitants of B y:

Definition 2.2.7. Given A : Type and B : A — Type, we define:

transport B: (p:z=y) > Bx — By
transport Bpa:=J A(MyqBx— By) (Araa)xzypa

Using transport we can define the notion of dependent path:

Definition 2.2.8. Given A : Type, B : A — Type and a pathp : x = y for
z,y : A, the type of dependent equalities between ¢ : Bxand b : B yis
defined as:

a :f b: Type

a :f b :=transport Bpa=>

2.2.2 Functoriality of functions

The equality relation is a congruence: it is preserved by any function.

Proposition 2.2.9. Given a function f : A — B and an equality x = y, we have

Jfr=fuy.
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Proof. We can define the operation ap (action (of the function) on paths) by

path induction:

ap: (f: X=Y)mz=y—>fax=fy
apfp=JX Neypfo=[fy) Avrefly,)zyp
O

We canregard the identity type on a type as a category: we have identity
morphisms given by refl and composition given by _-_, which is associative
and satisfies the left and right unit laws. In this light, any function A — B
can be thought of as a functor from the identity types on A to the identity
types on B:

Proposition 2.2.10. For any function f : X — 'Y, ap f is functorial:
e ap frefl, = refly ,
eapf(prg)=apfprapfq
Proof. By path induction. O
ap is also functorial in its first argument:
Proposition 2.2.11. For any p : x = y, the following holds:
e apidap=p
e ap(gof)p=apyg(apfp)
Proof. By path induction. O

Apart from having an action on paths for functions, we can define a

similar operation for dependent functions:

Definition 2.2.12.
apd:(f:(x:A)—)Bx)%(p:x:y)%fx:ffy

is defined by path induction similar to ap.
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A useful property of dependent paths over families of which the fibres
are equalities is the following:

Proposition 2.2.13. Let f,g : X — Y be two functions, x,y : X and suppose

we have the following data:

ep:fu=gux
cq:fy=gy
or:x:y

then a dependent equality:

_dr.fx=gzx
r

p q

is equivalent to:
prapgr=apfreq

This proposition allows us to rewrite dependent equalities to non-dependent
ones, which are easier to manipulate and reason about.

Remark 2.2.14. When we are dealing with equalities between compositions
of paths such as in the above proposition, then it makes sense to represent
this as a commutative diagram. The above example translates to the fol-

lowing diagram:

fr——gu
ap fr apgr
fy——9vy

Paths are denoted with lines with no arrow heads, as they are invertible.
Since direction is not always relevant, we usually denote p~' as p in such a

diagram.

2.2.3 Truncation levels

If we consider the tower of identity types for a specific type 4, it is some-
times the case that after several levels the identity types vanish, i.e. they are
equivalent to the unit type. Another way of stating that a type is equivalent
to the unit type is that it is contractible:
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Definition 2.2.15. A type A is contractible if there exists a “central” point

¢ : A such that every point is connected to the centre via an equality:

is-contr : (A : Type) — Type
is-contrA :=(c: A) X ((z: A) = c= 1)

We can show that the identity types for a contractible type are again
contractible: is-contr A — (z y : A) — is-contr (x = y). The level at which
the identity types vanish is the so called truncation level or h-level of the type.
The level is indicated using natural numbers, but starting at —2 instead of
0, denoted as N_j:

Definition 2.2.16. A type has truncation level n : N_,, if we have a proof of

is-n-trunc A where is-n-trunc is defined recursively over n:

is-n-trunc : (A : Type) — Type
is—2-trunc A := is-contr A

is=n + 1-trunc A := (z y : A) — is-n-trunc (x = y)

For our purposes, there are two important truncation levels, apart from
contractibility:

Definition 2.2.17. A type is a proposition or propositional if it has truncation
level —1:

is-prop X :=is—1-trunc X

A useful characterisation of propositions is given by the following propo-

sition:

Proposition 2.2.18. If the type A satisfies (v y : A) — = =y then A is proposi-
tional.

From this characterisation, we immediately see that if A is propositional,
then it is either empty or contractible, i.e. uniquely inhabited up to proposi-
tional equality. Of course, we do not have an internal proof of (A : Type) —
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is-prop A — (A — 0) + (is-contr A), which is essentially the law of excluded
middle.

The next truncation level, level 0, are the so called sets:
Definition 2.2.19. A typeisaset ifithas truncationlevel 0,i.e. forall z,y : A,
xr = y is propositional.

is-set X := is-0-trunc X

The property of being a set is also called “uniqueness of identity proofs”.

Definition 2.2.20. We define the universe of sets as follows:

Set : Type
Set := (X : Type) X is-set X

For the sake of brevity, we will not be explicit about projecting the type
out of inhabitants of Set and will write things such as (A : Set) - A — A4,
as though it were Type.

2.24 Equivalence

We have a notion of equality on types, so far have not talked in great detail
about equality on a universe of types, i.e. equality between types.
A very weak notion of types being equal is “logical equivalence”:

Definition 2.2.21. Types A and B are logically equivalent if we have functions
A— Band B — A:

A<+ B : Type
A< B:=(A— B)x (B — A)

With logical equivalence we do not have any requirements on the two
functions between the two types, just that there exist any. There being a
logical equivalence is also not a proposition: the type Bool <+ Bool has at
least two distinct inhabitants: (idgeol, idgoo) and (not, not).
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The notion of isomorphism also requires the two functions to be each

other’s inverses:

Definition 2.2.22 (Isomorphism). Types A and B are isomorphic if they are

each other’s inverse:

A~ B :Type
A~B:=(f: A= B)x(g: B— A)
X ((z:A) =g (fa)=a)x((y:B) = flgy) =y)

The type of isomorphisms is not necessarily propositional: the exam-
ples given for logical equivalence can be shown to be distinct isomorphisms
as well.

One downside of the notion of isomorphism is that given a function
f + A — B, the “proposition” whether f is an isomorphism or not is not
propositional, i.e. the following type is not in general a proposition:

(9: B—=A)x (fog=idg) x (go f=idas)

A more well-behaved notion is the notion of equivalence:

Definition 2.2.23 (Equivalence). A function f : A — B is an equivalence if
the following type is inhabited:

is-equiv f : Type
issequiv f :=(9: B—>A)x fog=idgx(h:B— A)xho f=idy

If there exists an equivalence between types A and B, we denote this as
A= B:

A= B : Type
A= B:=(f:A— B) Xis-equiv f

Equivalences satisfy the following useful properties (for proofs we refer
the reader to [UniT3]):
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Proposition 2.2.24. Every isomorphism gives rise to an equivalence.
Proposition 2.2.25. Given a function f : A — B, is-equiv f is a proposition.

For a function to be an equivalence is a proposition, but for two types to
be equivalent is not propositional. The same example as for logical equiv-
alence and isomorphism can be used to show this.

Note that all these relations are equivalence relations. We can also show
that composing them is associative. Isomorphisms and equivalences fur-
thermore satisfy the groupoid laws.

2.2.5 Univalence

We have seen that we can formulate an appropriate notion of equality be-
tween types, but now we have two different ways of stating equality on the
universe of types: equivalence and identity types. All the things we have
proven about identity types, have to proven again for equivalences.

While identity types come with the path induction principle, equiva-
lences do not enjoy such an induction principle. Even though we lack such
a principle, we still can show that equivalences form an equivalence rela-
tion and also satisfy the groupoid laws. Once we try to show that equiva-
lence gives us a congruence relation, we get stuck. In other words: we do
not have a proof of the statement that every construction in type theory is
invariant under equivalence.

Definition 2.2.26. Every equality between types gives rise to an isomor-
phism:

id-to-equiv: (A=B) - A= B
id-to-equiv := J (AA B p.A = B)) (AA — id-equiv A)

where id-equiv is the identity equivalence A = A.

Definition 2.2.27 (Univalence). A universe of types is univalent if the func-

tion id-to-equiv is an equivalence.
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Hence univalence gives us an equality:
(A~ B)=(A=B)

As equivalence and equality between types are equal things, we will speak
about equivalences between types whilst using the symbol for equality.
Often we will give an equality between types by providing an isomor-
phism, which gives us an equivalence, which gives us an equality by virtue
of univalence.
We will assume univalence holds for our universes of types unless oth-
erwise indicated.

2.2.6 Function extensionality

In mathematics, one usually proves that two functions are equal by show-
ing that they are pointwise equal: we appeal to function extensionality. In
type theory this can be formulated as follows:

Definition 2.2.28 (Function extensionality). Suppose we have functions f, g :

(x: X) = P z, function extensionality gives us a term of type:

(z:X) = fo=ga)—=f=g

In type theory we can define a function that goes in the other direc-
tion. We have shown that the identity types form a congruence relation.
In particular, we can define the following function, given two dependent
functions f,g: (z: X) = P a:

happly fg: f=g— ((z: X) = fz=gux)
happly f g p = Az.ap (Ah.h ) p

Function extensionality is not provable in ordinary Martin-Lof Type The-
ory. However, it does follow from univalence and as we will see, it also
follows from having quotients. In fact, these imply we have strong function
extensionality:
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Proposition 2.2.29 (Strong function extensionality). For any two functions
f,9:(x:X)— P x, we have a witness of:

is-equiv (happly f g)

A proof of this statement can be found in [UniT3].

2.2.7 Equivalences of Y -types

We often work with nested ¥-types and have to provide equivalences be-
tween them. There are basic equivalences that we often use to build up our
bigger equivalences.

For the non-dependent product, we can show that it satisfies laws of a

commutative monoid using univalence (these do not hold definitionally):
e Axl=1xA=A
e Ax(Bx(C)=(AxB)xC
e AxB=BxA
We have similar properties for ¥-types:
e (a:A)xl=(x:1)xA=A
e (a:A)x((b:B)xC(a,b)=(x:(a:A)x Ba)xCx

Commutativity only makes sense when the types do not depend on each
other, so we do not have such a statement for X-types. In equational rea-
soning we will not be explicit about applying associativity or other laws
and often will neglect parentheses.

Proposition 2.2.30 (Singleton contraction). For any type A : Type and a : A,
we have the following equivalence:

(x:A)yx(r=a))=1

Proof. This follows directly from path induction. O
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The type (z : A) x (z = a) is called a singleton. This fact is very use-
ful in equational reasoning. It is comparable to high school algebra where
multiplying by ¢ for a cleverly chosen expression a, or recognising that two

factors cancel each other out, are a useful techniques.

Proposition 2.2.31 (Equality of inhabitants of ¥-types). Equality between
inhabitants of a ¥-type is equivalent to a X-type of equalities. Given a family
A:Type, B: A— Type,and x,y: A, z: B a, w: By, we have:

(z,2) = (y,w)) =(p:x=y) x(¢: 2=, w)

Proof. Using univalence, it is enough to show that there exists an equiv-
alence between the two types. The function ((z,2) = (y,w)) = (p : z =
y) % (q : z =F w) can be given by path induction on the argument. Similarly
for the function in the other direction, we can define this by applying path
induction to both elements of the pair. Showing that these two functions

are each other’s inverses is again a simple case of path induction. O

2.2.8 Alternative formulation of identity types

We have seen that the identity types form a groupoid on its underlying type.
The unit and associativity laws do not hold definitionally for this groupoid.
When reasoning about equalities between paths, it can be annoying if we
have to take associativity into account. For example, suppose we want to
provea-p-(p~!
to prove this is by applying path induction to p, which will reduce the goal

*b) = a - b, for some expressions a and b. The easiest way

to a*b = a-b. However, sometimes we are in comparable situations where
we cannot perform path induction on all of the paths involved. In such a
situation, we have to take a lot of intermediate steps invoking associativity

and the unit laws explicitly, e.g.:

arpr(p~teb)=a-((pp')d)
= a - (refl = b)
=qa-b
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Because associativity does not hold definitionally, we cannot give as
proof term (sym-inv is the witness of p* p~! = refl):

ap (Ah.a+h+b) (sym-invp):a=(pp ) b=a+b

as it has the wrong type, hence we are stuck with filling in associativity and
unit laws here and there. This is particularly frustrating when one then has

to prove things about the resulting path being equal to something else.

We can define an alternative formulation of identity types which have
different computational properties. This formulation is based on the in-
sight that functions on Type do satisfy the associativity and unit laws defi-

nitionally with respect to function composition. We define:
r=y=z2:A)—>z=r—>z2=y
Reflexivity and transitivity are then defined as follows
ref/ ;o =/, x
refl == \wp.p
trans' :x =y sy=Yz o=, 2
trans' pg = wr.quw (pwr)

Since reflexivity and transitivity are essentially given by the identity func-
tion and function composition respectively, the unit laws and associativity
are now satisfied definitionally.
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There are functions to and fro between the two formulations:

to:x=y—ax=y

top=Azqqp

from:x ="y —>x=y

from p = p x refl,

Proposition 2.2.32. Given a type A : Type with elements .,y : A, we have an
equivalence:

/

(z=4y)=(r=ay)

Proof. The functions to and from give us an isomorphism. Letp : = = y,

then we have that:

from (to p) = from (Az q.q*p) =refl=p=p
In the other direction we get for p : © =" y:

to (from p) = to (p x refl) = Az q.q = p x refl

Showing that this is equal to p can be done by employing function exten-
sionality and applying path induction on the second argument. This is
essentially showing that p is a natural transformation. O

This equivalence also maps reflexivitiy and transitivity of the original
identity types onto composition of the alternative version and vice versa.
The alternative identity types also satisfy the path induction principle.

The equivalence of x = y and = =" y can also be seen as a direct conse-

quence of the type theoretic Yoneda lemma [Kij12].
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2.3 Category theory in type theory

When defining the concept of category in type theory, we have to make sev-
eral choices. A naive way of defining a category would be as the following

Y-type:
Cat := (0bj : Type) x (hom : obj — obj — Type) x (...)

where on the place of the ellipsis one would have to fill in the category struc-
ture and laws. This definition of category gives rise to certain problems,
which we briefly mention in section "3 and in more detail in appendix B.

We will use the definition of category as in [AKSTS]. (However, what
we call “category” here is called “precategory” in that article.)

Definition 2.3.1 (Category). We define the type Cat : Type as the following
Y-type:

:= (obj : Type)

X

(
(hom : obj — obj — Type)
(hom-is-set : (X Y : obj) — is-set(hom X Y))
(¢d : (X : 0bj) — hom X X)
X (comp:{ XY Z:0bj} —>homY Z —hom XY — hom X Z)
(
(
x(

X

X

X (left-id : { XY :0bj } (f :hom X Y) = comp (idY) f = f)
X (right-id : { XY :0bj } (f : hom XY) — comp f (id X) = f)
assoc: { XY ZW :0bj } (h:hom Z W) (g:homY Z) (f:hom XY)
— comp (comp h g) f = comp h (comp g f))

The type of objects of a category C is denoted with |C|. The type of
morphisms given objects X, Y : |C| is denoted as C(X,Y).

Example 2.3.2. The universe Set of types that are sets forms a category,
denoted Set, with its morphisms defined as functions between sets.

Remark 2.3.3. The universe Type is not a category in this sense, as for arbi-
trary types X, Y, the function space X — Y will in general not be a set.
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Definition 2.3.4 (Functor). Suppose C,® : Cat, then we define the type of
functors C to @ as the following X-type:

C=9:

(obj : €] > D))

(hom:{ XY :|C|} =-C(X,Y)— C(obj X,0bj Y))
(id:{ X :|C|} — hom (ide X) =idy (obj X))

X (comp: { XY Z:1C]} (g: CY 2)) (h: C(X,Y)
— hom (g o¢ f) = hom g og hom f)

X

X

As is usual, we will use the notation X, where I : C = @ and X :
|C| for the action of F' on object X and F'f for the action on morphisms
f: C(X,Y). When defining functors, we will often only define the action
on objects and leave the rest implicit.

Definition 2.3.5. The empty category 0 is defined as the category with no
objects. The unit category 1 is defined as the category with one object and

no non-trivial automorphisms.

The categories 0 and 1 are respectively initial and terminal in the cate-

gory of categories.

Definition 2.3.6 (Natural transformation). Given two functors F,G : C =
@, we can define the type of natural transformations between them as fol-
lows:

F-G:= (a:(X:|C)— D(FX,GX))
X {XY:|Cl}(f:C(X,)Y)) = Gfoyax =ay oy Ff)
As the objects are given by a type, propositional equality gives us a
way to talk about equality between objects. When doing category theory,

we should always work with isomorphism if we want to talk about objects
being equal:

Definition 2.3.7 (Isomorphism). Let X,Y : |C| for some C : Cat, a mor-
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phism f : C(X,Y) is an isomorphism if the following is inhabited:

is-iso f : Type
is-iso f:=(g:C(Y, X)) x (gof=ide X)X (fog=ide Y)

Note that since we are working with hom-sets, the property of a mor-
phism being an isomorphism is propositional, unlike for isomorphisms on
Type.

Definition 2.3.8. The type of isomorphisms between X and Y is defined
as:

X ~Y : Type
X~Y :=(f:CX,Y)) xis-iso f

For any object X : |C|, the identity morphism ide X is an isomorphism,
denoted as id-equive X.

The univalence axiom gives us that for sets the notions of isomorphism
and propositional equality coincide. We can state a similar axiom for cate-
gories. Just as we have the function id-to-equiv that lifts any propositional
equality on types to an equivalence, we have a function, for any two objects
X.,Y,id-to-isop XY : X =Y — X ~ Y, defined by path induction.

Definition 2.3.9 (Univalent category). A category C is called univalent if for

any two objects X, Y : |C| the function id-to-isoc X Y is an equivalence.
Proposition 2.3.10. The category Set is univalent.
Proof. This follows directly from univalence for the universe Type. O

Example 2.3.11 (Category of type families). Type families form a category,
denoted Fam. Just as with Sef we restricted ourselves to those types that
satisfy uniqueness of identity proofs, we will only consider those families
X : Type, P : X — Type of which the carrier X is a set and its fibres P x are
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sets, for any x : X. We can define a type of families:

Fam : Set
Fam := (X : Set) x (P : X — Set)

A morphism between two families is a function between the underlying
types and a witness of the fact that this function “preserves the predicate”:

Fam((X,P),Y,Q) =(f: X=>Y)x(g:(x:X)—=>Pzx—Q(fx))

2.3.1 Higher categories

As mentioned before, the universe of types Type does not form a category
if we take functions as morphisms. Function spaces will in general not be
sets. However, we can define composition and identity morphisms in the
usual way. These will satisfy the category laws definitionally as well.

We can relax the definition of category to not have hom-sets but hom-
types. Composition and identity morphisms still make sense with this gen-
eralisation. We may run into issues with the category laws: in some situa-
tions it is not enough to simply have the laws, they also need to be coherent
in some sense: the interaction of the laws with each other needs to satisfy
certain laws as well. Naturally, how these coherence laws interact also has
to adhere to additional higher coherence laws, ad infinitum. In appendix B
we will describe the problems and possible solutions in greater detail.

2.4 Core type theory

The type theory we are working with in this thesis can be reduced to a type
theory containing the following primitives:

e II- and X-types
e The finite types 0 (empty type), 1 (unit type), and the booleans Bool

e a hierarchy of universes Type;, Type, Typey, . ..
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o W-types

e Identity types

e Univalence for the universes Type,, Type;, Type,, . ..

41
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Chapter 3

Quotient inductive-inductive

definitions

In this chapter we will give several examples of quotient inductive-inductive
definitions, motivating their usefulness, before we set out giving a precise
definition. We will also compare it to other notions such as higher induc-
tive types and quotient types. We will discuss the status of current (partial)
implementations of quotient and higher inductive types in various proof

assistants.

3.1 Examples

3.1.1 Interval type

The simplest (non-empty) example of an inductive type with a path con-
structor which is still a set, is the interval type: two point constructors with

a path constructor connecting them:

data |l : Type where
zero : |
one : |

S€g . Z€ro — one

43
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It should come as no surprise that this type can be shown to be equiva-
lent to the unit type. However, this does not mean it is entirely uninterest-
ing: unlike the unit type, the interval type implies function extensionality

(proposition B.1.T).

As the interval type can be shown to be contractible, it does not matter
whether we take the set truncation of it or not. As such, we will work with

untruncated types for the remainder of this example.

To define a function out of an inductive type, we need to say what each
constructor is mapped to. For the interval type, we first of all need to give
two points. Since every function in type theory is a congruence, i.e. we
have ap, these two points need to be equal to each other. The recursion

principle is therefore as follows:
l-rec : (A : Type) (azero @ A) (Gone : A) (Gseg © Azero = Gope) = | — A
which comes with the computation rules:

l-rec-Bero : -rec A ero Gone Gseg ZEMO = yero

[-rec-Bone @ -rec A @60 Gone Gseg ONE = Aone

Definitional versus propositional computation rules

For ordinary inductive types, the computation rules customarily hold def-
initionally, as they are called computation rules after all. However, inside
Martin-Lof Type Theorywe can only talk about propositional equality. As
such, our formalisation of quotient inductive-inductive types talks about

computation rules holding propositionally.

There is an avenue of research in type theory that considers adding
syntax to talk about definitional (also called strict) equalities to the theory
[Coh+15]. In such a system, we would be able to model the computation

rules of inductive definitions as definitional equalities.
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Path computation rules

The recursion principle of an inductive type comes with a computation
rule for every constructor. So far we have only given the computation rules
for the point constructors. The computation rule for the path constructor is
similar to those of the point constructors: it tells us that the action of I-rec

on the path seg gives us back the a.., we put in, that is:
ap (l-rec A uero Gone Useg) S€E = Gseq

However, the above does not type check if I-rec-f,e,, and I-rec-f3,,. are not
strict equalities. We would need to transport the left-hand side over these

point computation rules. We end up with the following square:

ap (I-rec A azero Gone @seg) Seg

l-rec A a,er0 Qone Oseg ZEFO l-rec A Gzer0 Gone Qseg ONE

I‘rec‘ﬁzero |‘rec‘ﬁone

azero aone

Aseg

A path computation rule gives us an equation between paths in the type we
are eliminating into. If that type happens to be a set, then these equations
would be trivial. Hence path computation rules for quotient inductive types
do not add anything new and will be omitted.

Induction principle

The induction principle gives us a way to show that for some predicate
P on |, we have a dependent function (z : I) — P x. We have to give a
method for each point constructor and each path constructor. The method
we need to give for the constructor seg is not a simple path as it was with the
recursion principle: m,e,, and me,. may have different types. We do know

that they can be related by transporting along seg, so we end up having to
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give a dependent path as the method for seg:

l-ind : (P : 1 — Type)
(Myero = P zero)

(Mone : P one)

(mseg * Mzero :sig mone)

= (z:)> Px
As with the recursion principle, we of course have computation rules:

l-ind P e Mone Mseg ZEM0 = Miyero

l-ind P Mzero Mone Mseg ONE = Migne

Function extensionality

Even though the interval is equivalent to the unit type, it has the surpris-
ing property that it implies function extensionality. Having an inductive
type with two inhabitants that are propositionally equal but not definition-
ally allows us to represent equalities using functions. From the recursion

principle we get the following logical equivalence for any type A:
I Ao (zy:A)x (z=y)

This is like the universal property for the interval with equivalence weak-

ened to logical equivalence.

Proposition 3.1.1 ([Hof95; ShulTal). The interval type implies function exten-

sionality.

Proof. Suppose we have types A, B with two functions f,g: A — B and a
family of equationsp : (z: A) = fx =gx. Wecandefinep: A -1 — B
as follows:

pa:=l-recB(fa)(ga)(pa)
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We can then construct the following term of type f = g:
ap (ANia.pai)seg

This assumes that the computation rules of I-rec hold definitionally and
that the type theory satisfies the n-law for functions definitionally. How-
ever, the proof can be easily modified to also work when the n-law holds
only up to propositional equality. It is however essential to this proof that
the computation laws for I|-rec hold definitionally. O

3.1.2 Quotients and colimits

Quotient types can be realised as a higher inductive type as follows: sup-
pose we have a type A : Type equipped abinary relation R : A — A — Type,
we define:

data A/R : Type where
_]:A— A/R
¢:(ry:A) = Rey—[z]=y]

The elimination principle of the quotient A/R is as follows:

A/R-ind : (P : A/R — Type)
(mpy:(a:A) = Plal)
(mg:(zy:A)(p: Raxy) = myjoz=0,,, m,y
— (x:A/R) > Px

Unlike with the interval types, whether we truncate or not does make a
difference here. One would expect A to be a set and R to be Prop-valued.
These restrictions are not enough to ensure the quotient will also be a set. If
we take A to be the unit type and quotient it by the relation that is constantly
the unit type as well, A/R will be equivalent to the circle.

It is not necessary to require R to be an equivalence relation. Since the



48 CHAPTER 3. QUOTIENT INDUCTIVE-INDUCTIVE DEFINITIONS

path constructor ¢ constructs elements of an identity type, we can apply
symmetry and other operations to the paths constructed by ¢q. We effec-

tively take the reflexive-symmetric-transitive closure of R.

In the category of sets, one can construct colimits by using quotients.
The same is true for types: we can construct coequalisers using quotient
types. In the untruncated setting, these coequalisers will be homotopy co-
equalisers. Since we already have arbitrary coproducts (3-types), we can

then go on and construct arbitrary colimits using these two building blocks.

Quotient types implement coequalisers

If we have quotient types, we use them to define colimits such as coequalis-
ers: suppose A, B : Type with f, g : A — B two functions, we can define a
relation R on B:

Rry=(z:A)x(xz=[fz)x({y=yg2)

Proposition 3.1.2 ([AALI1]). The quotient B/R is the coequaliser of f and g,
ie [_]: B— B/Rsatisfies|_|o f =[_]| o gand B/R satisfies the appropriate
universal property.

Proof. We can show that the type of ¢ is equivalentto [_| o f = [_] o g by
the following equational reasoning:

(xy:B) = (z: A)x(@z=[f2)x(y=g2)—=[z]=]y]
= { currying and singleton contraction }
(z:A) = [fz]=[gz]

= { function extensionality }

[-Jof=1[-]oyg

The universal property can be shown to follow directly from the elimina-

tion principle. O
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Coequalisers implement quotient types

We can also define coequalisers directly as a higher inductive type. Given
types A, B with functions f, g : A — B, we define:

data coeqy, : Type where

c: B — coeqy,
eq:(x:A)—=c(fx)=c(gx)

which comes with the following elimination principle:

coeq -ind : (P : coeqy,, — Type)
(me:(b: B)— P(cb))
(meq : (a : A) — M (f CL) :<I:q a Me (9 a))

— (v :coeqyy) > Px

Given a type A : Type and a relation R : A — A — Type, we can define a
type R := (zy : A) x Rz y which has two projections mo, m; : R — A. We
can then take the coequaliser of these two functions:

~ T
R—= A—"+ coeQny.m
70

Proposition 3.1.3 ([AALTT]). The coequaliser coeqr, r, is the quotient of A by
R.

3.1.3 Propositional truncation

For any type A : Type, the propositional truncation of A is defined as the
following quotient inductive type:

data ||A|| : Type where
-] A=lA]

trunc: (zy: ||A]]) =z =y
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It can be shown that we indeed have is-prop || A|| for all types A, using
proposition Z7ZT8.

With propositional truncation we can define the notion of surjective-
ness. Suppose we have a function f : X — Y, then we define:

is-surjective f :=(y:Y) = ||(z: X) x fz =1y

If we take the definition of is-surjective without the propositional truncation,
then we can retrieve the inverse of f from any proof of is-surjective f. With
the truncated version this is not possible in general.

Using this definition of surjectivity, we can now also show that the pro-
jection function of quotients ([_] : A — A/R) as defined in section
are surjections. We cannot in general show that we have inverses of the
projection functions.

Using propositional truncation, we can formulate the following form of
the axiom of choice:

Definition 3.1.4 (Axiom of choice). Every surjection has a right inverse:

axiom-of-choice := (XY : Type) (f : X = Y)
— is-surjective f = [[(¢: Y = X)X ((y:Y) = f(gy) =v)||

The above form of choice with truncation is not provable in type theory,
as opposed to the untruncated version.

Note that if A is a set, we can quotient it by the trivial relation and we
get something equivalent to || A||. However, if A is not a set, this no longer
holds. Instead, one has to repeatedly take quotients [[Dool16; KraT5].

3.1.4 Infinitely branching trees

Except for the propositional truncation, the examples we have seen so far
seem to be expressible as quotients of ordinary inductive types. Another
example where we can observe a difference, even if we restrict ourself to

the realm of sets, is with the type of infinitely branching trees modulo per-
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mutation. We define the following inductive type:

data Tree : Set where
leaf : Tree
node : (N — Tree) — Tree
perm: (f : N — Tree) (¢ : N — N) — is-equiv ¢ — node f = node (f o ¢)

The perm constructor says that two nodes f, f' : N — Tree are consid-
ered to be equal if there exists a permutation ¢ such that f = f' o ¢.

We can try and define this type as a quotient of the type without path

constructor perm:

data Treeq : Set where
leafy : Treeg

nodey : (N — Treey) — Treey
with the relation defined inductively as:

data _~ _: Treey — Treey — Set where

rel-node : (f : N — Treeg) (¢ : N — N) — is-equiv ¢ — nodey f ~ nodeg (f o ¢)

Note that the relation as defined here is not an equivalence relation. It fails
to be reflexive as we do not have a proof of leaf, ~ leaf,. However, taking
the quotient by a relation means that we quotient by the reflexive-transitive-
symmetric closure of that relation. As such the relation as defined above

is sufficient for our purposes.

If we then look at the “constructors” of the quotient Tree;/ ~, we have

the following:

[leafo] : Treeg/ ~

[_] onodeg : (N — Treeg) — Treey/ ~

The latter does not have the same type as node. With the quotient inductive
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definition, the induction is performed “simultaneously” with the quotient-
ing. This is also where Tree differs from our previous examples in which
there were no recursive occurrences in the point constructors.

Lifting the node constructor to the quotient is problematic. It seems we
need an inverse to the projection function | _| : Tree; — Tree;/ ~, which we
cannot expect to exist.

Note however that if we had finitely branching trees, we would not need
such an inverse. In the finite case, we can apply the recursion principle to
each argument and then apply the node; and | | constructors.

In the infinitely branching case we can define the lifting of node if we
have the axiom of choice at our disposal:

Proposition 3.1.5. Assuming the axiom of choice, we can define a function (N —
Treeg/ ~) — Treey/ ~.

Proof. We can show that the function | _| is a surjection, i.e. using induction

on Tree;/ ~ we can define a dependent function:
(3 : Treeo/ ~) — ||(a : Treeo) x [a] = ]
The axiom of choice gives us:
||(s: Treeg/ ~ — Treey) X ((x : Treeg/ ~) — [sx| = z)|

Since we only get this in truncated form, we have some more work to do.
We are working with sets, hence if we want to eliminate out of a proposi-
tionally truncated type, it is enough to give a function out of the untrun-
cated type and show that this is constant. In our case, we have to show that
the following construction:

nodey f := [nodey (so f) ]

is invariant under the choice of s. Now suppose we have two such functions

s, 8" : Treey/ ~ — Treey, such that for all z : Treey/ ~, [sz| = [s' 2| = z,
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then for any f : N — Tree;/ ~, we have:

(z: Treeo/ ~) = [s (f )| = [ (f )] = fa

So far we have defined ~ with just one constructor that relates nodes if
there exists a permutation on N that makes them equal. This is not enough
to show ~ is an equivalence relation, nor that it is a congruence. When look-
ing at the quotiented type, this is not a problem: we effectively quotient by
the smallest equivalence and congruence relation generated by ~. How-
ever, to complete this proof, we do in fact need that it is an equivalence
relation and congruence relation, so we will assume in the remainder of
this proof that we have added constructors to the definition of ~ such that
it is.
If ~is an equivalence relation, then Tree;/ ~ is an effective quotient [Hot95],

i.e. we have:

(xy:Treey) = [z] =[y] >z ~y

We have for any f : N — Treey/ ~and z : N that [s (fz)| =[5 (f z)]
and therefore also s (f =) ~ s’ (f z). Since ~ is a congruence relation,
we then have that node; (s o f) ~ node; (s’ o f), hence [node; (so f)] =
[nodey ("o f)]. This establishes that our definition of n/c;je/o is independent
of the particular choice of s, which means we can eliminate out of the trun-
cation |[(s : Treey/ ~ — Treey) x ((z : Treey/ ~) = [s x| = x)|| we get from
the axiom of choice. [

In the presence of choice, it seems that Tree;/ ~ and Tree are equivalent.
The axiom of choice in type theory is a constructive taboo in and of itself, it
also has the law of excluded middle as a consequence [Dia75]. Going in the
other direction, having an inverse to the quotient projection function in gen-
eral implies the axiom of choice [Hof95]. However, it is still an open prob-
lem whether n/oie/o is definable without using the axiom of choice. Having
quotient inductive types available allows us to work with definitions such

as Tree, avoiding the need for choice principles to use them.
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3.1.5 Cauchy reals

Another situation where we benefit from the ability to define an inductive
type and “at the same time” quotient it is when defining the real numbers.
If we want to define them as equivalence classes of Cauchy sequences of
rational numbers, we traditionally run into problems. To show that this
definition yields a version of the reals that is Cauchy complete, we need to
have countable choice at our disposal.

Instead of taking that approach, one can define the reals as the fol-
lowing quotient inductive-inductive definition. We define the real numbers
along with a closeness relation on it inductively and mutually:

data R : Set

data_~ _: Q" - R — R — Set

Note that Q* denotes the type of positive rationals. The rationals can
be defined as a quotient themselves or directly [AATTT]. R is inductively
defined by the following constructors:

data R where
rat: Q = R
im: (f: Q" >R) = ((6e: Q") = fdr~sic fe) =R

eq:(uv:R) = ((e:QY) s u~ev) s u=v

The first constructor rat is the inclusion of the rationals into the reals.
The second constructor “adds” all the limit points for Cauchy approxima-
tions and the third (path) constructor eq tells us that any two real numbers
are equal if they are arbitrarily close to each other via the relation we in-
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ductively define simultaneously.

data _ ~, _ where
rat-rat-eq: (¢7: Q) (e: QY) > —e<qg—r <e—ratqg~ratr
rat-limeeq s (g Q) (y: Q" = R) (€6: Q) (t: (5€: Q") =y 6 ~ppe y o)
—ratqr~e sy o
—ratg~limyt
lim-rateq: (z:Qt 2 R) (r: Q) (ed: Q") (s: (de: Q") 52 ~s51.cx€)
— X0 ~e_gsratr
—limx s~cratr
lim-lim-eq: (zy: Q" = R) (edn: Q")
(s:(0e:QY) 5w d~sicxe)
(t:(0€e: Q) = yd~sicye)
=T 0 ~esn YN

—limzx s~ limyt

The constructors of the relation tell us when rational points are close, when
a rational point is close to a limit point and when two limit points are close.
For more details, we refer the reader to [UniT3].

3.1.6 Syntax of type theory

One of the classic examples of an inductive-inductive definition [NorT3]
is the definition of the syntax of type theory in type theory itself [Dan06]
[Chal9]. We see the need of a mutual/inductive-inductive definition al-
ready popping up when formalising the notion of contexts and types in a

context:

data Con : Set
data Ty : Con — Set
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Contexts are either empty or can be extended by a type in a given context:

data Con where
e : Con

—-:(I': Con) = Ty I' — Con

Types in a context I' can be defined inductively with constructors such as
the following, i.e. we have constructors for atomic types and constructors
for type formers such as Il-types, which gives us a type for any pair type
A in context I and type B in the extended context I', A:

data Ty where
‘0:(:Con) > Tyl
‘1:(':Con) » Tyl

I1:(T':Con) (A:TyI') - Ty (INA) —» Ty T

The constructor for II-types is where we see one of the defining character-
istics of inductive-inductive definitions: ‘Il refers to a previous constructor
_,—. This sets it aside from mutual inductive definitions which only refer to
the elements of the types being defined. While the latter can be reduced to
ordinary inductive definitions, inductive-inductive definitions do not ad-

mit such a translation.

Continuing formalising the syntax of type theory, we need to have a
type of terms:

data Tm: (I': Con) = Ty I' — Set

For example, the constructors for lambda terms and the application of one
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term to another may be given as follows:

data Tm where

app: (I':Con) (A: TyI') (B: Ty (I''A)) = TmI' (‘IlAB) - Tm (I'’/A) B
lam: (I': Con) (A: TyI') (B : Ty (I';4)) = Tm (I’A)B — Tm I (‘Il A B)

One important aspect of the syntax of type theory is that it comes with
an equivalence relation on it defined by - and 7-equalities, i.e. the defi-
nitional or judgmental equality of the syntax. One way to deal with this
is to separately define the equivalence relation on the terms and quotient
by this relation. In the presence of quotient inductive-inductive definitions,
we can simply add the equations as path constructors, as is done in [Kap16]
[AKTE]. For example, we can add the following constructor to Tm as a wit-

ness of f-equality for A-terms:

G :(I':Con) (A: Ty ') (B: Ty (I'A))
— (t:Tm (I A) B) »appl’ AB (lamI" ABt) =t

3.2 Implementation

One way to “implement” a particular quotient inductive type, is by postu-
lating its constructors along with the eliminator with its computation rules.
The downside of such an approach is that as soon as we want to use it and
not just define it, we will have to manually “call” the computation rules.

A first approximation to implement quotient inductive types (or any
higher inductive type) in a more practical manner was discovered by [LicTT].
The idea is to leverage the inductive type mechanism of Agda itself and add
path constructors and their computation rules as postulates. One can then
define the eliminator by pattern matching on the inductive type, adding
the computation rule for the path constructors as postulates. Care has to
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be taken to not expose the constructors of the type in such a way that one
can circumvent the eliminator and use pattern matching directly, in a pos-

sible unsound way.

Having definitional computation rules for the point constructors is a
big improvement over everything being propositional. However, the path
computation rules still only hold propositionally.

In order to experiment with higher inductive types and cubical type
theory in Agda, rewrite rules have been introduced. We can denote any
relation as being a rewrite relation, for example if we want to rewrite ac-

cording to _ = _, we write:
{—# BUILTIN REWRITE _ = _#—}

Suppose we have a term p : x = y that we want to add as a definitional

equality, i.e. we want Agda to always rewrite « to y, then we write:

{—# REWRITE p #—1
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Using these, a type such as the interval can be “implemented” as follows:

postulate

| : Set

zero : |

one : |

seg : zero = one

l-rec : (A : Type) (Gsero : A) (Gone + A) (Gseg © Azero = Gone)
—1—=A

l-rec-faero : (A Type) (Gzero 1 A) (Gone : A) (Useg © Gzero = Uone)
— l-rec A @60 Gone Gseg ZETO = Ggero

l-rec-Bone : (A : Type) (azero : A) (aone + A) (@seq * Grero = Gone)

— l-rec A G610 Gone Qseg ONE = Gone

We can turn the -equalities for the recursion principle into definitional

ones using rewrite pragmas as follows:

{~# REWRITE I-rec-f,c0 #—}
{~# REWRITE I-rec-fone #—}

This approach has the advantage that Agda does not see | as an inductive
type and does not recognise zero and one as constructors. Therefore we
cannot accidentally pattern match on them and define functions that do
not respect seg: |-rec is our only way to write (non-trivial) functions out of
the interval.

As Agda does not perform checks on the rewrite rules, these rewrite
pragmas are not safe in any way: we can easily add rules that make the
type checker loop or that allow us to inhabit the empty type. Nonetheless
they provide a good platform for experimentation.
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3.2.1 Cubical type theory

As a way to study the computational behaviour of univalence and also
higher inductive types, the cubical set model of type theory has been in-
vestigated [BCHT4]. Turning this model back into type theory has led to
cubical type theory [Coh+15], which has an implementation cubicaltt®.

This implementation has some support for higher inductive types.

3.3 Related work

As mentioned in this chapter, quotient inductive-inductive definitions are
related to quotient types. Quotient types have been studied in several forms
in type theory [Hot95; AATTY; LiT5].

Quotient inductive-inductive definitions are furthermore an extension
of inductive-inductive definitions [ATt+1T]. The idea of path constructors
comes from the notion of higher inductive types, of which the semantics
are described in [LST3b]. As we only consider set truncated types, the def-
initions we describe are in some sense a restriction of the higher inductive
types described in that note. However, the authors do not consider the
combination of higher inductive and inductive-inductive definitions.

Inductive definitions with equalities have been studied in Miranda [Ti1r85]
under the name of “data types with laws” [Tho86] [TTho90]. In Miranda,
the “path constructors” were interpreted as rewrite rules that would en-
sure that the inhabitants of an inductive type would be of a certain nor-
mal form or satisfy a certain property. For example, the type of sorted
lists would be the usual list type along with a rewrite rule that rewrites
y:x:axstox y  xs whenever z < y. However, data types with laws in
Miranda were later abandoned as they made the usual equational reason-
ing about functions defined by pattern matching difficult. The idea was
later explored further in the context of OCaml [BHW(OZ].

With quotient inductive-inductive types we do not read the path con-

structors as rewrite rules. If we were to define a type of unordered pairs

1See https://github.com/mortberg/cubicaltt
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Px with values in some type X, having constructors pair : X — X — Px
and swap : (zy : X) — pair x y = pair y z, treating swap as a rewriting rule

would make the system loop.
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Chapter 4
Describing inductive definitions

In this chapter we will give a formal specification of quotient inductive-
inductive definitions. The specification is given mutually with the inter-
pretation of the specification as a category of algebras.

In order to specify an inductive definition, we have to give four sets of

rules:

e type formation rules: we have to specify the sorts of the definition. For
example, for the contexts and types definition we have a rule stating

that Con is a type and that for every I' : Con, Ty I' is a type.

e introduction rules: we have to have means of creating instances of the

inductive data we are defining: we need constructors.

e climination rules: we also need means to inspect the data: we need an

induction principle.

e computation rules: the elimination rules and introduction rules need

to interact in a certain way.

As soon as we have the first two sets of rules, the latter two follow from
these in a systematic way [Bac+89]. This is also reflected in how one de-
clares an inductive definition in proof assistants such as Agda and Coq: we
provide the type signature of the inductive definition (its type formation

rules) and a list of constructors (its introduction rules).

63
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There are several equivalent ways to characterise inductive definitions
formally: we can formulate a syntax of constructors and describe the elim-
ination principle by induction on terms in this syntax. This syntax is a
subset of the syntax of type theory as a whole: we need to be able to write
down a list of constructors which is just a sequence of types of a certain
form. One can take an “analytic” approach to this: take the syntax of type
theory and define a predicate on it that tells us whether a term is in the
appropriate subset. This is effectively what systems like Agda do: you can
write down a list of constructors and Agda checks whether it makes sense,
e.g. whether the result types of the constructors are correct and whether
the arguments are strictly positive. Doing this in type theory itself will be
rather involved, as formalising the syntax of type theory in type theory is
generally not something lightweight.

A more semantic approach is to start from the characterisation of in-
ductive definitions as the initial algebra given some endofunctor on an ap-
propriately chosen category. Ordinary inductive types can be explained
as initial algebras of strictly positive endofunctors on Set. These functors
can be described as containers [[AAGUO5], which can be easily formalised in
type theory. The initiality property only uses the objects and morphisms of
the category. Algebras of a container and algebra morphisms can be read-
ily stated in type theory. It has been shown in type theory that for these
inductive types, the property of being an initial algebra and that of satis-
fying the induction principle are logically equivalent [AGS1?]. In this case
this concretely means that having W-types available is the same as having
initial algebras of containers.

From the initial algebra semantics we can directly read off the intro-
duction rules along with the recursion principle and its computation rules.
Algebras package the type along with its constructors. Algebra morphisms
package the functions between the types along with a proof that the func-
tions preserve the algebra structure. This categorical setting is on the one
hand close to the syntax, but it also abstracts enough that it allows us to
generalise without having to keep track of too many moving parts.

While the recursion principle can be straightforwardly recovered from
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initiality, the induction principle is another story. Formulating the induc-
tion principle requires a bit more machinery, as does showing its logical
equivalence to initiality. This is covered in chapter B. In this chapter we
will concern ourselves with uncovering what a description of a quotient

inductive-inductive definition ought to be in a formal way.

We have seen in the examples in chapter @ that quotient inductive-inductive

definitions differ from ordinary inductive definitions in three ways:

e constructors may refer to any previous constructor

e we are not defining one type, but a collection of types and type fami-
lies

e apart from point constructors we also have path constructors

The goal of this chapter is to find a notion of algebra that supports all of
this. We start out by reviewing initial algebra semantics of ordinary induc-
tive types in section BT, as well as generalisations of this . In section £2 we
see how this approach can be generalised to support having constructors
that refer to previous constructors by considering iterated dialgebras. Sec-
tion &3 formalises the notion of dependent sorts, which deals with the type
formation rules for quotient inductive-inductive definitions. In section &4
the full formal definition of declarations of quotient inductive-inductive
definitions is given as a form of iterated dialgebras with equations. In this
formal definition, we only consider certain functors for the result type of
the constructors. In section &5 and section &6 we discuss the consequences
of working with dialgebras, both the limitations as well as the opportuni-
ties for generalising the current definitions. Finally in section &7 we discuss
related work.
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4.1 Algebraic semantics

Let us look at a list of constructors of an ordinary data type, e.g.:

data A : Set where
co:Fg A— A
C Fl A— A

. F, A— A

with every F; : Set — Set being a function that gives us the arguments
of the constructors. Note that we have to rewrite constructors with no ar-
guments to ¢ : 1 — A and have to uncurry constructors with multiple
arguments. One observation is that if we have coproducts, we can rewrite

the definition into one with just a single constructor:

data A : Set where
c:FyA+FiLA+.. ..+ F,A— A

For ordinary inductive types it is therefore sufficient to consider definitions
with a single constructor. The type formation rule for such a definition is
always the same: A is a type. The introduction rule is given by supplying
a function F': Set — Set, yielding the constructor ¢ : ' A — A.

Moving on the recursion principle, we notice that we need more struc-
ture on the function F'. The recursion principle gives us a way to define a
function A — X for some type X, given some additional structure on X.
Intuitively we need to specify for every constructor what the correspond-
ing “constructor” in the target type of the recursion is. For example, for the

natural numbers we have:
N-rec: (X : Set) (6p: A) (0, : X - X) > N—-X

with computation rules giving us equalities N-rec X 6, 6, zero = 6, and
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N-rec X 6 6, (succ n) = 6; (N-rec A 6y 6; n). These rules tell us that ap-
plying N-rec to constructors of N is the same as first applying N-rec to the
recursive arguments and then applying the “constructors” of the target of
the recursion.

In order to generalise the recursion principle and its computation rules
to any inductive type A with constructor ¢ : F' A — A, we need F to be a

functor. We can then state the recursion principle for A as:
A-rec: (X :Set) (0 FX - X)—>A— X
with as its computation rule:
A-rec X 0 (cx) =0 (F (A-rec X 0) x)

The type A along with its constructor ¢ and the X and 6 in the recursion
principle are both F-algebras, where F' is an endofunctor on Set. The no-

tion of F-algebra can be defined for any category C:

Definition 4.1.1. Given an endofunctor F' on C, an F-algebra is an object
X :|C| along with an F-algebra structure § : C(FX, X ). The object X is also
referred to as the carrier or underlying object of the algebra.

The function A-rec X 6 is a function between the carriers of the algebras
(A, c) and (X,0). Its computation rule states that it respects the algebra

structure: it is an algebra morphism:

Definition 4.1.2. Given F-algebras (X, ¢) and (Y, p) an F-algebra morphism

consists of a morphism f : C(X,Y’) such that the following commutes:

FX-%.x

o

FYy 2 .vy

Algebra morphisms can be composed and we have identity algebra mor-

phisms: algebras form a category:
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Definition 4.1.3. The category F-alg is the category with F-algebras as ob-

jects and F'-algebra morphisms as morphisms.

4.1.1 Monad algebras

Given an endofunctor F' on Set, we can consider its free monad F*, which is
defined pointwise as the carrier of the initial algebra of the functor FxY :=
X + FY. Note that the free monad need not exist: F' is required to be a
strictly positive functor for Fx to be strictly positive as well.

We can write the functor F* down as a parametrised inductive type,

with X : Set as its parameter:

data F* X : Set where
n: X —FX
c: F(F*X)— F*'X
Note that if we want to write down the abovementioned definition in Agda,

we have to make sure that F'is a strictly positive functor. We cannot have

the definition be parametric in the functor F'.
Proposition 4.1.4. F*, if it exists, is a monad on Set

Proof. We show that it is a monad by showing that F'* gives us a left adjoint
to the forgetful functor U : F-alg = Set where U(X,6) := X. We define
the left adjoint L : Set = F-alg as follows:

LX = (F"X, cx)
We then show that for any X : Set and (Y, p) : |F-alg| that
F-alg(LX, (Y,p)) = (X =)

using the equational reasoning in fig. &1,
This shows that L 4 U and since UL = F™*, that therefore I'* is a monad.
O
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X =Y
= { initiality of F*X }
(p: X = Y) x Fx-alg((F*X, cx,nx), (Y, p,p))
= { definition Fx-algebra morphism }
Pp: X=>Y)X(f:F'X =>Y)x(fo: foecx=poFf)yx(fi:fonx =p)
= { singleton contraction of p and f; }
(f:F*X =>Y)x (fo: focx =poFf)
= { definition of F-algebra morphisms and L }
F-alg(LX, (Y, p))

Figure 4.1: F* is a monad

Note that since L is a left adjoint it preserves colimits, in particular ini-
tial objects, hence L is the initial object of F-alg. The carrier of L{) is F*(),
which is the inductive type as defined by the endofunctor F.

F*is called the free monad as it is a free object with regards to the forget-
ful functor of the category of monads on §ef to endofunctors on Sef. The
free monad F* allows us to make precise what the relationship between
monads and algebras of an endofunctor is. To this end, let us first recall

the definition of monad algebras:

Definition 4.1.5. Given a monad M : C = C with n: 1o = M its unit and
w: M?* = M is multiplication, a monad algebra on M is an object X : |C]
and a morphism 6 : C(M X, X) such that it respects the monad operations,

i.e. the following commutes:

XX MX

0
N

X
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and
M2X MO arx

o]

MX9—>X

Monad algebra morphisms are defined in the same way as morphisms

of algebras of an endofunctor.

Monad algebras and monad algebra morphisms form a category, de-
noted M-Alg, also called the Eilenberg-Moore category of M.

Theorem 4.1.6 ([GKT3]). Let F' : C = C be an endofunctor on C with F* :
C = C its free monad, then F'*-Alg is equivalent to F-alg.

This theorem shows us that we can think of the class free monads be-
ing the same as the class of ordinary inductive types. This suggests that
generalising ordinary inductive types amounts to carving out a class of
monads that includes free monads. In [ShuTTh] the author proposes that
a higher inductive type should correspond to a notion of presented monad,
i.e. a monad that is defined in terms of generators and relations, or in HIT
terminology: point and path constructors. In [[LS13b], the authors give
semantics of HITs by constructing these presented monads. As these con-
structions are done in a wide class of model categories, it is a construction
external to type theory.

As opposed to constructing the monads directly, we will first define the
categories of algebras in this chapter. The reason for this is twofold. In the
case of algebras of an endofunctor we have fewer equations to work with:
they only pop up in the definition of algebra morphisms. The definition
of monads already requires us to talk about functors that satisfy certain
equalities. Monad algebras also come with equations. Generalising from
the endofunctor situation, we hope that we also do not have to introduce
equations, which might lead to more coherence issues.

The other reason why we chose to do it this way is that it allows us to talk
about algebras (the “syntax”) separately from their existence (“semantics”).
In this chapter we give a definition of the algebras and in chapter B we
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show how one can construct initial algebras and left adjoints to the forgetful
functors of categories of algebras.

4.2 Set-sorted inductive-inductive definitions

We have mentioned that one of the defining features of the inductive defini-
tions we want to be able to handle, is any constructor may refer to any of its
previous constructors. Some examples we have seen of this phenomenon

are:

e the constructor seg : zero = one of the interval type, |, which refers to

both its previous constructors,

e the constructor ‘Il : (I : Con) (A : Ty ') — Ty (I';4) — Ty I', which

refers to the previous constructor _,_: (I' : Con) — Ty I' — Con.

Describing inductive definitions with such constructors is not some-
thing we can do with a single endofunctor on an appropriately chosen cate-
gory. Instead of having one functor, we need a functor for every constructor.
The domain of the n-th functor will then be the “category of algebras of all

previous constructors”.

Example 4.2.1. To illustrate this idea, we consider the following example
(which we can easily show to be equivalent to the booleans):

data T : Set where
a:1—=1T
b:(t:T)xatt=t—>T

The first constructor a can be described as being an Fy-algebra structure
on 7', with Fj, : Set = Set being defined as Fy X := 1. The arguments of b
are described by the functor F; : Fy-alg = Set with:

Fi(X,a)=(x:X)xatt=x
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Since F; is not an endofunctor, b cannot be described as an F}-algebra struc-
ture. However, Fi-alg comes with a forgetful functor U, : Fj-alg = Set
which gives us the carrier of the algebra. We therefore have thatt : (7, a) —
Uo(T,a),ie. bisan (Fy,Uy)-dialgebra [Hag87] structure on (7', a) : Fy-alg.

Definition 4.2.2. Let F,G : C — © be functors. The category (F, G)-dialg
has as objects pairs (X, ) where X : |C| and § : FX — GX. A morphism
from (X, 0) to (Y, p) is a morphism f : X — Y in C such that the following
commutes:

FX—'~GX

F fl LG f

FYy 2. Gy
Remark 4.2.3. Any dialgebra category (F, G)-dialg comes with a forgetful
functor V' : (F, G)-dialg — C which projects out the carrier of the algebra.

Recall the example 7" with constructors a and 0, where we have given
functors Fy : Set = Set and Fy : Fy-alg = Set. We have a forgetful func-
tor V; : (F,Up)-dialg — Fp-alg which we can compose with the forgetful
functor U, : Fy-alg = Set, which we will denote as U;. If we were to
add a third and a fourth constructor, we would have to define functors
Fy : (F1,Up)-dialg = Set and F3 : (Fy, Uy)-dialg = Set to describe their
arguments. The objects we are interested in are iterated dialgebras. For the

situation described above we have:

Uo 1%

Set Fy-alg (Fy, Up)-dialg <2— (Fy, Uy )-dialg <—— (F3, Us)-dialg

Fol Fll le Fgl

Set Set Set Set

Note that we build the category of dialgebras over another category of
dialgebras, i.e. we are working with iterated dialgebras. A constructor has
arguments described by a functor out of the category of algebras contain-
ing all the previous constructors. We can formalise the concept Sef-sorted
inductive-inductive definitions as a inductive-recursive type, defining the
specification and the interpretation of the specification as a category of al-

gebras simultaneously:
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Definition 4.2.4. The type Spec of specifications of a Sef-sorted inductive-
inductive definition and its category of algebras (Alg) and underlying car-

rier functor (U) is given by the following inductive-recursive definition of

data Spec : Set
Alg : Spec — Cat
U: (s:Spec) — Algs = Set

where Spec is inductively generated by

data Spec where
nil : Spec
snoc : (s : Spec) — (F': Algs = Set) — Spec

and Alg and U are defined by

Algn” = Set
A|g(snoc s F) = (F7 US)-diaIg

Unil = id
U(snoc s F) ‘= Us oV

where V is the forgetful functor that gives the underlying object of a dial-
gebra.

As Spec is essentially a list type, we will use list notation for its values,
e.g. we denote snoc (snoc nil Fy) Fy as [Fy, F1].

Example 4.2.5. The data type given in example B2 can be represented by
the specification [Fj, F}| where Fj, and F; are the same functors as before,
as we have that Set = Alg, Fo-alg = Algg,) and (F1, Ujg,))-dialg = Algz, 7]

Example 4.2.6. The natural numbers can be represented in the usual way

with one endofunctor 'X := 1 + X. In our framework, however, we can
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treat the constructors separately, staying a bit closer to the syntax. We de-

fine:

oy : Set = Set

F()X =1
Fi: AIg[FO] = Set
F1 (X,eo) =X

Unfolding definitions, we have Algr, ) = (F1, U[g,))-dialg and Algz,) =
(Fo,id)-dialg = Fpy-alg. The objects of Algz, ) are then:

Alg[Fo,Fl] = (X : |A|g[Fo]|) X (9 : FlX — U[FO}X)
=(X:Set) x (6p:1 = X)x(0;: X - X)

For the morphisms of Alg(z, 1}, we have for algebras (X, 0y, 601), (Y, po, p1):

Alg[Fo,Fﬂ((X: o, 91)7 (Y7 Po, p1))
= (f : Alg(r ((X,60), (Y, po))) x (f1: Uy f o b = p1o Fif)
=(f: X=Y)x(fo: foby=po) x(fi:fobr=piof)

4.2.1 Avoiding induction-recursion

The type of specifications in definition 74 is given inductive-recursively.
However, we want our framework to be implementable in a small core type
theory. In such a setting, one would not expect to have induction-recursion
available. A class of inductive-recursive definitions can be translated into
definitions making use of indexed inductive definitions instead [Mal+12].
In this section we will use a different translation, which does not need in-
dexed inductive definitions.

Intuitively the type is just a snoc-list of functors. The induction-recursion
allows us to succinctly make sure that the domain of the functors is always
a category of algebras. We can avoid induction-recursion by separately
defining the snoc-list of functors and a predicate on that list that ensures
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the domain of the functors is correct:

Definition 4.2.7.

data Spec’ : Set where
nil : Spec’
snoc : Spec’ — (C : Cat) (C = Set) — Spec’

On this type, we define a predicate mutually with its interpretation func-
tion Alg’ with forgetful functor U’

is-correct : Spec’ — Set
Alg’ : (s : Spec’) x (is-correct s) — Cat

U': (s:Spec’) x (p: is-correct s) — Alg’(; ) = Set
where

is-correct nil := 1

is-correct (snoc s C F') := (p : is-correct s) x (C = Alg’(s))

The definitions of Alg’ and U’ are similar to the previous definitions: we
can pattern match on the equality proofs we get from is-correct and then
use the previous definitions.

Remark 4.2.8. The mutual definition of is-correct, Alg’ and U’ can be avoided
by combining all three definitions into one function with all its arguments
and result types combined in a big X-type.

Proposition 4.2.9. The types Spec and (s : Spec’) X is-correct s are equivalent.

Proof. This is a straightforward proof by induction on the types involved
and applying singleton contraction where needed. O
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4.3 Dependent sorts

In the last section we saw how we can deal with referring to previous con-
structors. In this section we will tackle the issue of generalising the form of
the type formation rules, which were hitherto just of the form “A is a set”.
We want to generalise this to arbitrary lists of types and type families. Such
a list is referred to as the dependent sorts of the inductive definition. Exam-
ples can be something simple like A : Set, B : A — Set, which we have seen
in the example of contexts and type in a context in section BT, or some-
thing more involved like: A: N — N — Set, B : (x : N) = Ann — Set.
Describing how a sort depends on the previous sorts can be done by
providing a functor of the previous category of sorts into Sef. A com-
plete description is then a snoc-list of functors, which can be formalised
inductive-recursively together with the function that interprets the list as

a category.
Definition 4.3.1. The specification of sorts and their interpretation as a cat-

egory is given by the following inductive-recursive definition

data Sorts : Set
[-]: Sorts — Cat

where Sorts is inductively generated by

data Sorts where
nil : Sorts

snoc: (8 : Sorts) = (R: [ 8] = Set) — Sorts

with [ nil | defined as the terminal category 1, and given & : Sorts and
R:[ 8] = Set, the category [ snoc & R | has:

e objects: (X : [[S]]) x (RX — Set),

e morphisms (X, Z) — (Y, W) consist of

— amorphism f: [§ [(X,Y)
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— adependent functiong: (z: RX) = Zx — W (R f z).

Remark 4.3.2. The use of induction-recursion can be avoided here as well,
using the same techniques as in section E2.T

Example 4.3.3. The sort of an ordinary inductive definition can be repre-
sented by the list [R] (i.e. snoc nil Ry) where Ry : 1 = Set is defined as
the constant functor R, = := 1. The resulting category [ R, ] has objects
(tt: 1) x (A: 1 — Set) and a morphism (x, A) — (y, B) is given by, since
trivially z = y = tt, a trivial morphism 1 — 1 together with a function
fx: Az — Buaforevery z : 1. In other words, this category is equivalent

to the category Set.

In the above example it may seem superfluous to have the empty list
interpreted as the terminal category and not as Sef. However, this choice
allows us to have the first sort be indexed by some other type, e.g. N. Hence
a definition of the vectors would have as sort specification the list [R,] with
Roz :=N.

Example 4.3.4. The sort of the context and types example (Con, Ty) can be
represented by the list (R, R;] with

e Ry:1 = Set, Ryx:=1
e Ri:[Ry] = Set, Ry(z,A) :=Ax

The category | Ry, Ry | has objects (z : 1) x (A: 1 — Set) x (B : Ax — Set).
We see that this category is equivalent to the category Fam of families of
sets.

Example 4.3.5. Similarly, the category Rel can be represented by the list
[R(], Rl] with

e Ry:1= Set, Rgx:=1
o Ri:[Ry] = Set, Ri(z,A) =Ax x Ax

We see that | Ry, R, | is equivalent to the category with objects (X : Set, R :
X — X — Set) and morphisms (X, R) — (Y,5) givenby f : X — Y
together withg: (v y: X) = Rzxy — S (fz) (fy).
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4.3.1 Sort membership

When we have multiple sorts, we need a way to select a particular sort from
this collection. When defining a constructor, we first have to say what its
sort is. To this end we define in this section a sort membership relation.

Given a specification & : Sorts and a functor R : | § | = Set, we can
define a forgetful functor ¢ : [snoc s R] = [ & | which maps an object
(X, P):[snocs R]toX. A specification § = [Ry, ..., R,] : Sorts therefore
defines a chain of categories:

to t1

to tn

1 So S, Sy,

where n is the number of functors in the list and S; = [ Ry, ..., R; | is the
category of sorts truncated to the first i elements. Every ¢; is the forgetful
functor into the previous category.

Example 4.3.6. In the case of Rel, we get the sequence

to t1

1 Set Rel

We define a membership relation
- € _:Cat — Sorts — Set

where C € § means that C is one of the S; in the chain Sy < ... + S,,. Wedo
not want 1 € §, as adding a constructor of that sort does not add anything
to the inductive definition.

Definition 4.3.7 (Sort membership). We formalise the membership relation
as the following inductive type:

data _ € _: Cat — Sorts — Set where
here : (8 : Sorts) (R: [ 8] = Set) — [snoc S R] €snoc S R
there: (8 : Sorts) (R:[S] = Set) (C:Cat) = C eS8 - CesnocS R
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Example 4.3.8. Consider the specification of Rel (example B335). If we
want to say that [ [Ro] | € [Ro, R1] (recall that [ [Ro] ] is equivalent to Set),
then we can do so by giving the following term:

there [Ro] Ry [[R(]]] (here nil Ro) : [[ [Ro] ]] S [R(), Rl}

Suppose we have a chain of sorts Sy < S} + ... < S, and a functor U :
C = 5, then naturally we can extend this functor to u:c= S; for any S;
in the chain by composing with the forgetful functors. We can implement
this operation with our inductive definition of sort membership:

Definition 4.3.9 (Extending functors along sort membership). For every

specification & : Sorts with a functor U : C = [ & ], we define the function:

~

U(SzCat)—>SZ€S—>G:>SI

This function is defined by induction over the proof of S; € §.
For the action of U on objects and morphisms we will usually leave the
membership proof argument implicit, e.g. we just write UX and Uy.

4.3.2 Makkai’s dependent sorts

As mentioned before, giving an inductive definition is similar to defining
an equational theory: we specify the type formation rules, or the sorts, we
specify the point constructors, or the function symbols and we specify the
path constructors, or the equations. The inductive types themselves are the
term models of the theory described by the constructors. One important
aspect of our inductive definitions is that our type formation rules do not
just give us a collection of types, but also type families: we do have dependent
sorts.

In Makkai’s FOLDS (first-order logic with dependent sorts) [Mak95],
these dependent sorts are represented as presheaves over certain categories.
Observe that the category of families 7 am can either be defined as having
objects (X : Set) x (P : X — Set) or as having as objects (X Y : Set) x (p:
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Y — X). The latter category can be explained as the presheaf category
Set!, where [ is the arrow category - — -.

Example 4.3.10. Suppose we have an inductive definition of a category,
which has sorts

e O: Set
e A:0O — O — Set (a family of arrows)
o I:(xyz:0)—>Axy—> Ayz— Az z— Set(afamily of triangles)

The corresponding category of sorts can be represented as presheaves over

the category:

In Makkai, they consider dependent sorts to be specified by presheaves
on a direct category.

Definition 4.3.11 (Direct category). A category C is direct if C contains no

infinite descending chain of non-identity morphisms.

Intuitively this means that all the arrows go in the “same direction” and
that there are no non-trivial automorphisms.

If a category C is such that C°? is direct, then C is an inverse category.
Considering presheaves on a direct category is the same as considering
functors of an inverse category into Set.

There is also no finiteness restriction on direct categories, so one could
also talk about presheaves from the simplex category, without the degen-
eracies, A™:

_

. >, . >
_— s .

_

Our definition of sorts does not support infinitely many sorts, however one
could take a coinductive interpretation of the Sorts type.

Some sorts do not translate easily to the presheaf approach. Take for
example the sorts:

o A: Set
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e B :List A— Set

With the Sorts datatype, we are allowed to use arbitrary functors, so this
readily translates to that setting. In the presheaf setting, there is no such a
straightforward translation possible.

We have chosen our specific definition of sorts in this way as it follows
our syntax closely. Most importantly, the sort membership relation can be
defined easily and used in a straightforward manner.

4.3.3 Sort categories via comma categories

Another perspective on sort categories is seeing them as comma categories.
Recall that the category Fam can be seen as the arrow category Set!. Set!
is a presheaf category having as objects functors I = Set. Alternatively,
this arrow category is the comma category Set | Set. By considering other
functors into Set on the right of this comma category instead of just the
identity functor, we arrive at our sort categories. For example, suppose we
have the following sequence of sort categories:

to t1 to

1 So Si

e v |

Set Set Set

S2

where R, are the defining functors of the sorts. We have that Sy = Set | Ry,
Sl = Set \l, R1 and SQ = Set i RQ.

4.4 Categories of algebras

Now that we have a way of specifying the type formation rules of an in-
ductive definition, we can talk about the introduction rules. We have also
seen how to deal with constructors referring to previous constructors in a
Set-sorted setting. We move on to the final two pieces of the puzzle: con-
structors of arbitrary sort and path constructors.
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4.4.1 A Rel-sorted quotient inductive-inductive type

As a warm-up we will give an example of how the specification and the cat-
egories of algebras look like for the following quotient inductive-inductive

definition:

data A : Set
dataB: A — A — Set

data A where

data B where
co:N—= B¢y

cz:(m:N)=>cn=c((n+1)

In this section we will show step by step, i.e. constructor by constructor,
how the category of algebras of the above inductive definition is built up.

We will get a chain of categories:

Vo 1 Vo

Alg, Algs <2 Alg,

Algl A|g2

where Alg; is the category that “contains” the first i constructors. The func-
tors V; are the forgetful functors. Alg, is the category we are ultimately
interested in: this is the category of algebras that is associated with the full

inductive definition.

Sorts: (A : Set) x (B: A — A — Set)

The category of sorts is the category Rel of (proof-relevant) relations. In
example B35 we saw how this can be represented as a list of functors. This
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category is also the first category of algebras, i.e. the algebras with no con-
structors, and will as such also be referred to as Algy. It is important to note
that we have the forgetful functor ¢, : Rel’' = Set, giving us the underlying

set of a relation.

First constructor: ¢, : A

The first constructor ¢, has no arguments and is of sort A : Set. Its argu-
ments can be described by the functor Fj : Rel = Set with Fy (X, R) =
1. The category of algebras for the first constructor is then (£}, ¢;)-dialg,
where t; : Rel = Set is the forgetful functor. Strictly speaking, an (Fp, t;)-
dialgebra structure on a relation (X, R) is a function 1 — X, but for this
example we will work with the equivalent definition: the category Alg;
has:

e objects: (X : Set) x (R: X — X — Set) x (6p : X).
e morphisms (X, R, 6y) — (Y, S, po) consist of:

- afunction f: X - Y
— adependent functiong: (zy: X) > Rxy — S (fx) (fy)

— anequality fy : f 6y = po

We see that we get a morphism ( f, g) in Rel along with a computation rule
fo that tells us that the morphism in Rel preserves the (Fy,t;)-dialgebra
structure. Note that Fj is a functor from Rel to Set and is not an endofunc-
tor on Set: the constructor may refer to elements of fibres of the relation
X — X — Set being defined. The category Alg; also comes with a forget-
ful functor V; : Alg; = Alg, defined by Vi ((X, R),6y) := (X, R) — in fact,
every category of algebras Alg;;; has a similarly defined forgetful functor
Vit1 + Alg;41 = Alg;. Chaining all these together until we get to Rel, we get
functors U; : Alg;;1 = Rel.
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Second constructor: ¢; : A

For the second constructor ¢, the specification is largely similar: it is given
by the functor F; : Alg; = Set defined by Fy (X, R,6,) := 1. Alg, has the
same objects as Alg;, but extended with an extra point: |Algs| = ((X, R, 0)) :
|Alg1]) x (61 : X). Equivalently, Alg, can be thought of as being the dialgebra
category (F1,t; o Uy)-dialg.

Third constructor: ¢; : N — B ¢y ¢4

The third constructor ¢, maps into a different sort which is not Set, hence
its definition will be slightly different. We want the resulting category Alg;
of algebras for constructors ¢, ¢, ¢, to have as objects:

((X, R, 60,91) : ‘Alggl) X (92 N — R90 91)

The morphisms is where it gets a bit hairy: we want morphisms ((X, R), 6y, 01, 02) —

((Y7 S>7 P05 P1, 102) to consist of (f7 9, an fl) : Ang(((Xu R)7 907 91)7 ((Y7 S)? Po; pl))
together with an equality

g2 :(n:N) = g6y (f2n) :quo,ﬁ) pam

Note how we have to use the equalities fy : f 6y = poand fi : f 61 = p1

to reconcile the types of

g 01 02 (92 TL) . S (f 90) (f 91>
and
p2 S po pi1-

Realising the above as a dialgebra category is a bit tricky. We now have
to deal with dependent functions and dependent equalities. The situation
can be simplified however. Observe that if we have the following type

(x:A) = P(ex)
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for some P : B — Setand e : A — B, we can rewrite it to the equivalent

type:
(x:A)(b:B)—>b=ex—Pb

By singleton contraction, we can show that the two types are indeed equiv-
alent. The latter version is sometimes referred to as the “Henry Ford”-style
type (you can have any b : B you want, as long as it is e z). Along these
lines, we can rewrite the type of 6, to the equivalent:

~

Oy :(zy:X)—= ((z=00) x(y=0,) xN)—=>Rzxy

and define the functor F; : Algy = Rel by F5((X,Y),00,01) := (X, Az y.(x =
f0) % (y = 61) x N) in order to see that 6, is a (F, Us)-dialgebra. The objects
in this category give us “too much”: such a dialgebra gives us a morphism
F((X,Y),00,01) — (X,Y) in Rel, so we also get a function X — X. We
can solve this problem by adding an equation that the function X — X
need be the identity. Algs is therefore not a category of dialgebras, but a
subcategory of one, as we will elucidate later on in section E43.

Fourth constructor: c; : (n: N) = con=cy (n+1)

The fourth constructor c; is a path constructor, hence we not only need to
supply a functor F; : Algs = Alg, to specify the arguments, but we also
need to specify the endpoints of the path. Just as for c,, we will first need
to rewrite the type of the constructor. We denote again by 0, the Henry
Ford-version of #;. We then have that the type (n : N) = 6y n = 65 (n+ 1)
is equivalent to the type

(zy: X)—= ((p:x=100) x(¢:y="0)x (n:N))
—byxypgn=">0ozypq(n+1)

The endpoints can then be specified as natural transformations ¢, : I —=
Us, where F3 : Algs = Rel is defined in a way similar to F5. Given an al-
gebra A : Algs, {4 and r4 both define a morphism in Rel. {(x g g,0, 0,) and
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- . l - 1
T(X,R.00.01,0,) are defined as (idy, €(X7R790791702)) and (idy, T(X7R790,91792)) respec-

tively, with

K%X:Rﬂoﬂl,@z) ab (pa q, n) =020 bp gn
T(lX,Rﬂo,é’l,@g) ab(p,q,n):=0abpq(n+1)

By function extensionality, we can then say the category of algebras Alg, has
objects (X : |Algy|) x (03 : £x = rx), which can be described as an equaliser
category. The morphisms are just morphisms in Algs with no extra struc-
ture. For higher inductive types, one usually expects a path computation
rule for any path constructor, but as we are working with sets, equalities

between paths are trivial.

4.4.2 Specification of a quotient inductive-inductive defini-

tion

So far we have seen how to specify dependent sorts, deal with construc-
tors referring to previous ones and have worked out how the category of
algebras for a specific example, exhibiting point and path constructors of ar-
bitrary sort, can be built up. In this section we will put everything together,
arriving at our formal definition of a specification of a quotient inductive-

inductive definition.

A quotient inductive-inductive definition is given by a specification of
its sorts & : Sorts plus a list of constructors, which may be point or path
constructors, each of which has a sort 4 € & and builds upon the category
of algebras of the previous constructors. We can formalise this as follows:

Definition 4.4.1 (Specification of quotient inductive-inductive definitions).
The specification of a quotient inductive-inductive definition with sorts & :

Sorts, along with its category of algebras and underlying carrier functor is
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given by the following inductive-recursive definition of

data Spec : Set

Constr : (s : Spec) (A : Cat) - A € & — Set
Alg : Spec — Cat

U: (s:Spec) = Algs =[]

with

data Spec where
nil : Spec
snoc : (s : Spec) (A : Cat) (p: A € 8) — Constr s A p — Spec

where Constr s A p is defined as:
Constr s A p := Constrygint S A p + Constrpah s A p

The functions Constryeint, Constrpaen, Alg and U will be defined in the remain-
der of this section, treating point constructors in section B43 and path con-
structors in section £4.4.

Let us compare this definition to the previous descriptions of Sez-sorted
definitions (definition BE24). It looks largely similar in that we mutually
define the type of specifications with the definition of its categories of al-
gebras and forgetful functors. There is the addition of the function Constr,
snoc constructor has a different type, as does the forgetful functor U.

In the constructor snoc, instead of having as argument a functor from a
category of algebras into Set, we have:

snoc : (s : Spec) (A : Cat) (p: A €8) — Constr s A p — Spec

The arguments A : Cat, p : A € & define the sort of this particular con-

structor, where the type Constr s A p contains the further data needed to
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specify the constructor. What this data is, i.e. the definition of Constryint
and Constrp,n, Will be given in section and section 44,

The forgetful functors U now do not map into Set, but into the category
of sorts [ S ].

4.4.3 Point constructors

In this section we will define three things:
e what the data for a point constructor is, i.e. we will define Constrgint,
e what, given these data, the category of algebras is,

e what the forgetful functor from this new category of algebras into the
category of sorts is.

Suppose we have S; € & and s : Spec, and we have already constructed
o Alg, : Cat,
o U, : Alg, = [ & ] its forgetful functor, and
e the extension 05 : Algs = S; of Uy, which we get from S; € §.

From the proof that S; € &, we get some information about the category S;.
We know that we get a functor ¢, : S; = S;_; for some category S;_; and
that the objects of S; are of the form (X : |S;_1|) x (R;X — Set) for some
functor R; : S;_1 = Set.

To make this more concrete: suppose & contains n sorts and s describes
m constructors, then an object in X : Alg, is a tuple (Xo, ..., Xy, 00,...,0m).

The functor U, gives us back all underlying carriers, i.e. Us(Xo, . .., X,, b0, . - .

(Xo, ..., X,) and the functor GS further projects down to the i first carriers
X(), . ,Xi, with (Xo, . 7Xi—1) . ‘Si—ll and

X;: Ri(X07 . aXi—l) — Set .

Recall that R, : S;_1 = Set is the functor that describes how the family X;
depends on the previous sorts Xy, ..., X;_1. A point constructor structure
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on X is of the form

0:(x:Ri(Xo,...,Xi1)) = F' (Xo,..., X0, 00,...,00) 0 — X; o
where

F':(Xoy .o, Xy 00, .., 0m) ¢ |Algs]) — Ri(Xo, ..., Xi_1) — Set

Note that the functor U, can be decomposed into two parts: we have T
Alg, — S;_1 and 01 (X Algs) = R; (00 X) — Set. 00 can also be written
ast;o GS, where ¢; : S; — S;_ is the forgetful functor of S;. In order for the
point constructor specified by F'! to be well-defined, i.e. to make sense of its
computation rule, we need F'.X := (00 X, F' X) to be a functor Alg, = S;.

This leads us to the definition of a point constructor specification:

Definition 4.4.2 (Data for a point constructor). Given a specification s :
Spec, a point constructor of sort S; € & is specified by giving a functor F :
Algs = S; such that the following commutes:

Alg, ——~ 3,

ti
S’i — Si—l

In other words, we have
Constrpgint s S; p = (F : Algg = S;) x (p:tioF =t;0 05) .

The fact that F' must satisfy the commutativity condition intuitively
means that F' leaves the sorts (X, ..., X; 1) “untouched”. We can think
of F' as describing a family of functors, fibred over the sorts (X, ..., X;_1).

We now explain how to construct the category Alg, of algebras for a
specification with an additional point constructor. Suppose the specifica-
tion s’ has been obtained as the extension of a specification s by a point
constructor given by a functor F' : Alg, — S;, which decomposes as F' =
(UO, F'). The previous characterisation of a point constructor algebra struc-
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ture on an object X : |Alg,| can be summarised as having a dependent

function of morphisms
9:(x:Ri(UOX))—>F1Xx—>01Xx

A morphism (X, 0) — (Y, p) consists of a morphism f : Alg,(X,Y’) along

with a “computation rule”:

fo:r(z: R (0 X)) (y: F' X a) >
U fa@ry) =p R0 fa)(F fay)

This category of algebras look similar to (F), U, )-dialg. However, as we have
seen previously, the category of dialgebras contains too much: morphisms
there also come with a superfluous endomorphism in S;_;. We want this
morphism to be an identity morphism, which we can achieve by taking an
equaliser. The category (F, U, )-dialg comes with two forgetful functors: V/
that gives us the carrier of the algebra and V7 that gives us algebra structure
on the carrier, which is a morphism in S; or equivalently, an object in the
arrow category S/. The definition of the new category of algebras is as
follows:

Definition 4.4.3 (Category of algebras for a point constructor). Let s’ : Spec
be the specification s extended with a point constructor of sort .S; given by
a functor F': Alg, — S, satisfying t, 0 F' =t; o U,. The category of algebras
Algy is as the following equaliser in Cat:

Algy —<~ (F,U,)-dialg —~ Alg, —=~ S,

SI d SI

where e is the projection map of the equaliser, ¢! is the functor ¢; lifted to a
functor between the respective arrow categories and id is the functor that
assigns to each object the identity morphism of that object.
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The forgetful functor Uy : Alg, — [ & | is defined as the composite:

Algy —<~ (F,U,)-dialg —~ Alg, —== [ S |

Note that usually the construction of equalisers in the category Cat is
evil as it uses equality on objects. Since we are working with univalent
categories, equality of objects coincides with isomorphism of objects, hence

this is not an issue in our setting.

Remark 4.4.4. To explicate the phenomenon of a category of dialgebras con-
taining “too much”, we will look at how the category of algebras of the
following inductive-inductive definitions is built up:

data A : Set
data B : A — Set

data A where

co: A

data B where
ci:(z:A)—->0— Bz

We can see that A is equivalent to 1. The second constructor ¢; does not
add anything to any B z: B is the constantly empty family.

The constructor ¢, can be described by the functor:

Fy:Fam = Set
F(X,P):=1

The category of algebras containing only the first constructoris (F;, V')-dialg
where V : Fam = Set is the forgetful functor. The second constructor ¢;,
which does not add anything to the inductive type, can be described by the
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functor:

Fy : (Fy,V)-dialg = Fam
Fi((X,P),0) := (X, \z.0)

It is clear that this functor satisfies the condition that V o /', = V o U, where
Up : (Fy, V)-dialg = Fam is the forgetful functor.

If we then unfold the definition of (F}, Uj)-dialg, we see that it has ob-
jects:

|(Fy, Up)-dialg| = (X : Set) x (P : X — Set)
X (0p:1— X)
X0 X —=>X)x(ly:(r:X)—=>0— P (6 2))
= (X :Set) x (P: X — Set) X (6p: X) x (6h: X = X)

As mentioned before: we see that we get a superfluous X — X function.
For the inductive definition on its own, we are just interested in the initial
object of the category of algebras. Here we see that the initial object of the
dialgebra category is the natural numbers with a constantly empty family
over it, which is different from what we want: a unit type with a constantly
empty family over it.

4.4.4 Path constructors

Specifying the arguments for a path constructor is done in exactly the same
way as for a point constructor, while the endpoints of the path are given by
natural transformations. Suppose s : Spec, then a path constructor struc-
ture of sort S; € & on an object (X, ..., Xy, 6, ..., 60,) : |Alg| is of the form:

0:(x: Ri(Xo,...,Xiz1))
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where

o FU: (X :|Alg|) — Ri(U'X) — Set, such that FX := (U X, F'X)isa
functor Alg, = S;, and

o il (X 2 1O]) (z: Ry(U' X)) (y: F' X 2) — U X x such that
€X =
F—°>US.

(idgo, ¢') and rx := (idgo,r') are natural transformations

Algebra morphisms (X, ) — (Y, p) are simply morphisms X — Y in Alg;.
As we are working with sets, we do not need computation rules for the
paths: any equation between paths is trivial.

Summarising the above, we get to the following definition of path con-

structor specification:

Definition 4.4.5 (Data for a path constructor). Given a specification s : Spec,
a path constructor of sort S; € & is specified by a functor F' : Alg, = S;
satisfying t;0 F' = tioUS and two natural transformations ¢, r : F' = GS, such
that when whiskered” with ¢; they are the identity natural transformation,
i.e. they satisty t; { = ¢, r = id, 5.:

Constrpah s Sip = (F : Algs = S;) x (p:tioF =t;0 GS)
<(0:F = Uy) % (gt 0 =id, g
X (r: F - Gs) X (qr:tir = idtioos) )

()

The restriction on the natural transformations ¢ and r is the same kind
of restriction as the restriction on F': the natural transformations must leave
the sorts below S; untouched.

Note that by function extensionality, the type of 6 is equivalent to ¢} =
rk. Sincet; {x = t;rx = id, ;5. theequality (% = r of dependent functions
in Set is equivalent to the equality /x = rx of morphisms in S;. We also

-~

observe that a natural transformation a : F = U, gives rise to a functor

!Whiskering a natural transformation o : F = G, with F,G : ¢ = @ with a functor
H : D = & yields a natural transformation Ha : HF' - HG by applying H on every
component of c.
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& : Algs = SI, mapping X : |Alg,| to ay : Si(F X, U, X). Functoriality of
this functor comes from the naturality of «. This leads us to the definition

of the category of algebras for a path constructor:

Definition 4.4.6 (Category of algebras for a path constructor). Let s’ : Spec
be the specification s extended with a path constructor of sort S; given by a
functor F': Algs — S; satisfying t;0 F' = t; 0 Gs and natural transformations
Lr:F—U, satisfying ¢; | = ¢; r = id, . The category of algebras Alg, is
defined as the following equaliser in Cat:

0
Algy —— Alg, —= 5]

T

where e is the projection map of the equaliser.

The forgetful functor Uy : Alg, — [ & ] is defined as the composite

Algy —~ Alg, —~[S ]

4.4.5 Worked example

In this section we will work out the description of the (Con, Ty) type family
of contexts and types in a context as described in section B-TA. First of all,
notice that it is a Fam-sorted definition. In example B34, we have seen

that these can be described with the following functors:
o Reon i 1= Set, Reon z =1
o Ry : [ Reon | = Set, Ryy(z,A) = Ax

This gives us the sorts category [ Ry, R; | with:
e objects: (z:1) x (A:1— Set) x (B: Az — Set)

e morphisms (z,A,B) — (y,C,D): (f: 1= 1)x(g:(z:1) > Az —
C(fz))x(h:(a:Ax) > Ba— D (gxa))

To not clutter things too much with terms of type 1, we will leave these out

of the sorts part of the definition. The inductive-inductive definition we are
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trying to fit into the framework we just presented is as follows, massaged
a bit to see more directly how it fits in the framework:

data Con : 1 — Set
data Ty : Con tt — Set

data Con where
€:1— Contt
—:(I':Contt) x (r:TyI') = Con tt

data Ty where
0:(T:Contt) =1 —TyT
‘1:(I':Contt) =1 —TyT
AL: (I':Contt) » (A:Ty) x Ty (IA) - Ty T

The specification s(con,1y) : Spec is a list of five elements, all containing
a point constructor. Of the point constructors, the first two are of the first
sort, 1 — Set, and the last three of sort Con tt — Set. The following functors
describe the point constructors:

F.(A,B) := (A1)

F_((A,B),0.):=(\.(I': Att) x (7: BI))

o Fy((A,B),0.,0.) = (A1)

Fy ((A,B),0.,0._,0¢) = (A A1)

Fu (A, B),0.,0._,04,0) = (A,A\l.(X : BT) x B (0__ (T, X)))
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The algebras we end up with, after singleton contraction, look as follows:

A:1— Set) x (B: Att — Set)
1 — Att)

(
x (0.
x (0 _:(I':Att) x BT — Att)
X (0o:(T:Att) > 1— BT
X (0q:(T:Att) > 1— BTI)
X (@ :(C:Att) > (X:BI)xB(#_(I''X))— BTI)

If we squint our eyes a bit, we see that the algebras indeed coincide with

the constructors we wanted to give a specification of.

The pieces of the specification we have left out here for notational clarity,
are the sort membership proofs. An example of these proofs has been given
in example 378, also for the same sorts specification as the one we use here.

4.5 Other forms of constructors

We have characterised quotient inductive-inductive definitions as (subcat-
egories of) iterated dialgebras. For the dialgebras we have looked at, we
only had the freedom to choose the left functor, i.e. if we look at the point
constructors we have seen so far, they all are of the shape:

c:S{(FX,UX)

where s : Specand F, U : Alg, = S; for some sort category S;. We have only
considered the case where U is a forgetful functor. This begs the question
if we generalise this to a larger class of dialgebras. For example, can we

have constructors such as:

c:A— List A
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It turns out that this particular example does not work out. To see this, let

us define the following inductive definition:

data A : Set where
Co - A
c;: A— List A

Proposition 4.5.1. A does not exist, i.e. the category of algebras that corresponds
to the above inductive definition does not have an initial algebra.

Proof. Suppose (X, z,0) is an initial algebra, i.e. a pointed set (X, x) with a
function ¢ : X — List X. By pattern matching, we know that 0 x is either
nil or cons a as for some a : X and as : List A.

If # x = nil, then we can define an algebra (1, tt, \z.[tt]). We observe
that there are no algebra morphisms from (X, z, #) into (1, tt, Az.[tt]): for f :
X — 1, which obviously satisfies f x = tt, we have that nil = List f (0 x) #
[tt].

In the case that § x = cons a as, we can do something similar: instead of
having a singleton list as the algebra on (1, tt), we have the empty list. We
can then observe that there are no algebra morphisms from (X, z, 6) into
(1, tt, Az.nil). O

There are examples of constructors that do make sense. If we want to

truncate our inductive type to be propositional, we can add a constructor:
¢ :is-prop A

This works out in this case, as is-prop A is equivalentto (x y : A) —» z = y.
Other examples that are allowed, are constructors of the form B —
A x A, as this is equivalent to have two constructors with type B — A. Gen-
eralising this, the result type may be given by any representable functor.
One notable example of such a representable functor is the stream functor,

e.g. we can have a constructor, with B : Set:

c: B — Stream A
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as this is equivalent to B — N — A.

4.5.1 Dependent dialgebras

As an earlier attempt to unifying the treatment of point and path construc-
tors, we have considered dependent dialgebras [Alt+15], i.e. given F' : C =
Setand G : [, F' = Set a dependent dialgebra is an object X : |C| along
with:

0:(x: FX)— G(X, )

The category |, I is the category of elements or the Grothendieck construction
of the functor F'. It is defined as having;:

e objects: (X : |C|) x FX
e morphisms (X, z) = (Y,y): (f: C(X,Y)) x (F fz=1y)

In other words: the category of elements has as objects objects in X along
with a point in F'X. Morphisms are morphisms in C that preserve the
points.

One nice feature of this approach is that it gives us a unified framework
to talk about both path constructors as well as point constructors of various
sorts.

However, formalising the category structure of dependent dialgebras
turns out to be rather involved. In particular, when defining what mor-
phisms between these algebras should be, we need to lift a morphism in C
to one in [, F. There is a canonical way of doing so, given an z : FX for
some X : |C]: given [ : C(X,Y) with z : F X, we define:

i, / F((X,2), (Y. F [ 2))
fx = (f, refl)

This operation is not functorial in the untruncated setting: we do not have

g/o\fw and §py, o f, are equal. In fact, they have different types:

o gof.: [oF(X,2),(Z,F (go f) )
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o gfoOfo : f@F((X7I>7(Z7Fg<Ff‘r)))

While we do have a proof that F' (go f) x = F g (F f x), we do not have
in general that this equation holds definitionally. Writing down the cate-
gory structure therefore involves lots of transporting across the proofs of
functoriality of /' and reasoning about these transports.

In the approach taken in this thesis, we build up the category of alge-
bras using easier to define building blocks, i.e. equaliser categories and cat-
egories of (ordinary) dialgebras. While this approach still has its share of
having to deal with transporting terms across proofs of functoriality, these
can be solved in a more abstract setting with fewer moving parts.

Another reason why this thesis does not use dependent dialgebras is
that they are too general for our purposes. If we try to prove properties
about them, e.g. the existence of limits and initial objects, it is not immedi-
ately clear what restrictions to put on the target functor G to make things
work. In this thesis we use a more bottom up approach, starting from the
inductive definitions we know and what functors show up when defining
them.

4.5.2 Currying

When a constructor has multiple arguments, we often write things down in
its curried form, e.g. suppose we have K, L : Set and define the following
constructor for type A:

c:K—(L—A)

In our presentation, we consider dialgebras where the functor describing
the target of the constructor is usually a forgetful functor. As such, we are
forced to have all our constructors in uncurried form, e.g. the above case
would be K x L — A. To describe the curried constructor ¢, we can see it
as a (F, G)-dialgebra with F'.X := K and GX := (L — X). This approach

does not always work, if we were to consider instead the constructor:

c: K — (A= A)
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We cannot define GX := (X — X) asitis not functorial. So it seems that at
this level of syntax, dialgebras are not the appropriate concept to describe

what is going on.

4.6 Positivity

Not all expressions of the type Set — Set are functorial: the arguments
may only be in positive positions in the result. As we have mentioned in
chapter I, A\X.(X — X) is problematic. Whilst problematic, such negative
occurrences can be useful. One example of is the higher order abstract
syntax embedding of untyped lambda calculus:

data Tm : Set where
app: Tm—=Tm — Tm

lam: (Tm — Tm) — Tm

In the constructor lam, there is a recursive occurrence in both negative as
well as a positive position. The map AX.(X — X) is therefore not functo-
rial: it is neither contravariant nor covariant.

This is problematic with pattern matching semantics. Having an induc-
tive type such as Tm along with pattern matching (even when recursion
is restricted to structurally smaller subterms), is unsound and allows us to
write diverging terms.

Another example of this phenomenon is if we write down an inductive

definition with as constructors the axioms of a field:

data Field : Set where
0 : Field

inv: (x : Field) = ((x = 0) — 0) — Field
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The category of algebras of this specification should be equivalent to the
category of fields. If the datatype Field were to exist, it then would be the
initial object in this category. However, the category of fields does not have
an initial object. The problem with the datatype is that the constructor inv
has a recursive occurrence in a negative position: the constructor 0 occurs

in a negative position.

4,7 Related work

4,71 Inductive-inductive definitions

The approach we have taken in our framework builds heavily on the work
on inductive-inductive types [ATt+1T]. In the article, the authors describe
the categorical interpretation of an inductive-inductive definition with one
Set-sorted point constructor, followed by one Fam-sorted point construc-
tor. We have slightly altered their idea of using an equaliser category for
the # am-sorted constructor to allow us to iterate the construction more eas-
ily. Furthermore, we have extended the framework to support a larger class

of sorts rather than Fam and have added support for path constructors.

4.7.2 Inductive definitions in Agda

Our framework allows us to specify most of the inductive definitions we
can write down in Agda. The notable exception is that we do not support
induction-recursion. However, some forms of induction-recursion can be
simulated, using the methods described in [Han+T3].

Apart from the absence of induction-recursion, there is another funda-
mental difference between our framework and that of Agda. In Agda we
have to group all the constructors per sort, i.e. we cannot write down a
definition with sorts A : Set, B : A — Set and constructors:

.C()ZA

e ¢, : By
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e i =c — A

We cannot alternate between the sorts in Agda, which prevents us from
defining types as the one given above. Our framework has no such restric-
tion.

Furthermore, Agda allows for certain negative inductive definitions. Its
positivity checker only checks whether the recursive occurrences referring
to the type being defined are in strictly positive positions. It does not check
whether references to previous constructors are in strictly positive positions.

For example, the following definition is accepted:

data A : Set where
o A
c1:((co=cp) > A) = A

The operation A\(X, 6).(# = ) — A is not functorial, so we cannot represent
this example in our framework. As of yet, it is unclear whether this is a bug
in Agda’s positivity checker, i.e. we have not found a way yet to use this to
prove falsity.

Similarly, Agda allows for sorts which are not positive. For example,

Agda accepts the following definition:

data A : Set
data B: (A — A) — Set

data A where

co: A

data B where

¢ B (A\x.x)

We cannot formalise definitions of this shape in our framework, as the oper-
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ation AX.(X — X) is not functorial, hence we cannot define its dependent
sorts. As with the previous example, it is as of yet unclear to us whether

definitions of this form may lead to inconsistencies.

4.7.3 Higher inductive types

Our quotient inductive-inductive definitions are a first approximation to a
theory of higher inductive types. The presentation here has been inspired
by work on the semantics of higher inductive types [LSI3H] via monads
in model categories. Furthermore, [Cap14] and [Alt+15], which also build
upon that note, have influenced the design choices of this framework.
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Chapter 5
Induction versus initiality

In the previous chapter we have seen how we can specify a quotient inductive-
inductive definition by giving a list of sorts and a list of constructors: we
have to give the type formation and introduction rules. From these rules,
we can then derive the category of algebras. The notion of algebra mor-
phism looks a lot like the recursion principle for the inductive definition.
In fact, saying that an algebra is weakly initial is precisely the statement that
the algebra satisfies the recursion principle. The link between full initiality
and the induction principle is a bit more involved. Initiality talks about the
morphism we get from the recursion principle being unique: its statement
involves equality of morphisms. The induction principle is something that
allows us to produce dependent functions into families over our inductive

definitions.

Initial algebra semantics is a very attractive way of “explaining” induc-
tive definitions: stating the property of being initial only requires us to
have defined the objects and morphisms:

Definition 5.0.1 (Initiality). An object X of a category C is initial if for every
Y :|C| the set C(X,Y) is contractible.

From this definition it is also immediate that being initial is proposi-

tional.

105
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5.1 Categorical characterisation of induction

The induction principle of an inductive type 7" gives us a way to construct
dependent functions for families defined on 7. The family P which we are
eliminating into is also called the motive of the induction. By providing
methods for every constructor for this motive, the induction principle gives
us a function (z : 7') — P z. Recall that in the case of the natural numbers,

the methods we have to supply have the following types:
® Myero & P zero,
® Moy : (n:N) — Pn— P (succn),

Given all this, the induction principle yields a dependent function s : (z :
N) — P x satisfying certain computation rules.
We can think of the triple (P, m,eo, Msucc) as a family of algebras defined

over the algebra (N, zero, succ):

Definition 5.1.1. We define a type of algebra families for this particular

category of algebras as Famayg, . « : |Algax.1+x| — Set with:

Famaig, x . x (X, 00,01) := (P : X — Set)
X (mo - P 00)
X (my:(x:X)— Pxz— P(0 1))

In order to see that this type does correspond to a notion of family, recall
that families on a type can also be represented as functions into said type,
i.e. as a fibration:

Proposition 5.1.2. Given X : Set, there is an equivalence:
(X — Set) = (Y :Set) x (p: Y = X)

Proof. Let P : X — Set be a family on X, we can map this to the pair
((z : X)x Px,m),ie. the family’s total space along with its projection map
into its base space. In the other direction we map (Y, p) to the preimage
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family Az.(y : V) x (py = z). Checking that these two maps are each other’s
inverses can be done by using function extensionality and univalence. [

For the aforementioned algebra families, we have a similar equivalence:

Proposition 5.1.3. Given X : Algyx 14 x, there is an equivalence:

FamAIg)\X.lJrX X = (Y : |A|g>\X.1+X|> X (]9 : Alg)\X.1+X(Y7X))

Proof. The proof follows the same structure as the Set case. Given an alge-

bra family (P, mg, m;), we can define its “total algebra” as follows:
total (P, mg,mq) := ((x : X) x Pz, (6o, m0), (ANx,p).(01 2,mq x p)))

The projection function 7 : ( : X) x P x — X turns out to be an algebra

morphism total (P, mg, m1) — (X, 6y, 61): it satisfies the computation rules

definitionally. Let us denote this morphism as proj (P, mg, m1). The map-

ping from left to right maps (P, mg, m1) to the pair (total (P, mg, m1), proj (P, mg, my)).
For the other direction we need to generalise the preimage family to

algebras: given (Y, po, p1) with (p,po, p1) : Algax.1+x((Y, po, p1), (X, 00, 01)),
we define the following family:

(M.(y:Y)xpy=x :X — Set
, (po, o) (YY) xpy =t
, Az(y,2).(p1 y, w) (2 X) = (y:Y)x(py=2) =@ :Y)x(py =01 )

)

where w is defined as the following path:

p1 ap 01 z

911‘

p(p1y) 01 (py)
0

Given a family P : X — Set, a dependent function (z : X) — Pz
corresponds to a section of the projection function my : (z : X) x P x —
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X. As it turns out, the corresponding notion of dependent function for an
algebra family is a dependent function along with computation rules, i.e.

everything we get from the induction principle:

Definition 5.1.4. Given an algebra family (P, m,eo, Msucc), @ dependent alge-
bra morphism is a dependent function s : (z : X) = P x equipped with the

computation rules:
® Szero - S ZEIO = Mizero
® Squect (n:IN) = s (succn) = mgyec 1 (sn)

As the definitions of function into X and section only refer to the cat-
egory structure, this generalises to any category. The induction princi-
ple that gives us a dependent morphism for any family can therefore be
phrased abstractly as follows:

Definition 5.1.5. The section principle for an object X in a category C says
that for every Y : |C| and p : C(Y, X), there exists s : C(X,Y’) and a proof
of po s =idy, i.e. that there is a term of type:

Y:|e)x(p:CY,X)) = (s:C(X,Y)) x (pos=idx)

5.2 The section principle is logically equivalent
to initiality

Now we have a category theoretic characterisation of the induction princi-
ple, we have to show that it is logically equivalent to initiality. Assuming a
bit more structure of the categories we are working with, namely that finite
limits exist, we can show that an object satisfies the section principle if and
only if it is an initial object.

To see that finite limits are exactly what we need, we will first sketch
what the proof of the logical equivalence looks like for the natural numbers.
Showing that initiality implies the induction principle means that we are
given X : Set with §, : X and 6, : X — X, forming an initial algebra.



5.2. SECTION PRINCIPLE LOGICALLY EQUIVALENT TO INITIALITY109

Given P : X — Set withmg : POyand m; : (z: X) - Px — P (0, z), we
have to define a dependent function s : (z : X)) — P x. Using the function
total we get an algebra and hence a unique algebra morphism (X, 6y, 6;) —
total (P, mg, my). This algebra morphism gives us a function s : X — (x :
X) x P x and using uniqueness of the algebra morphism, we get that myos =
idx, hence we get a dependent function (z : X) — P x. We furthermore
have that this dependent function satisfies the computation rules, which

follow from the computation rules satisfied by the algebra morphism.

To establish that the induction principle gives us initiality, we will pro-
duce an algebra morphism and then show it is in fact unique. Suppose
X : Set with 6y : X and 0, : X — X satisfies the induction principle, then
we have for any other algebra (Y, py, p1) the algebra family (Az.Y, po, Az.p1).
This family is the family that is “constantly (Y, pg, p1)”. In the categori-
cal proof, this corresponds to constructing the product of (X, 6, 6,) with
(Y, po, p1). We then geta function f : X — Y, whichis an algebra morphism
thanks to the computation rules we get from the induction principle. We
have to show that this function is unique: for any other g : X — Y whichis
an algebra morphism, we need to show that f = g. By employing function
extensionality, this is equivalent to showing (z : X) — f 2 = g z, which
means we can use the induction principle to prove this. The motive of the
induction is the family Az . f x = g  with the methods being of the types
fOo=gbpand (z: X) - fex=gx — f (6L x) =g (6 x). These methods
can be defined using the computation rules of f and g. In the categori-
cal proof, constructing this algebra family corresponds to constructing the
equaliser of the two algebra morphisms f and g, which gives us a proof of

f=g

Lemma 5.2.1. Let C : Cat. If X : |C| is initial, then X satisfies the section
principle.

Proof. Assume X is initial. Given a morphism p : ¥ — X, we need to
produce a morphism s : X — Y such that pos = idx. Since X is initial, we
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get a unique arrow s : X — Y such that:

X9 x

N

The composite has to be equal to the identity morphism on X, as that by

hS]

Y

initiality is the only endomorphism on X. O

Lemma 5.2.2. Let C : Cat and assume C has finite limits. If X : |C| satisfies the
section principle, then X is initial.

Proof. GivenY : |C|, we need to provide a unique arrow X — Y. Consider
the projection 7y : X xY — X, which is an arrow into X and therefore has

asection s : X — X x Y. Our candidate arrow is then the composite:
X—>XxY>—=Y

which we have to show is unique. Using equalisers, we can show that any
two arrows f, g out of X to some other object Y are equal:

i g
F——X—Y

A

X

Let E be the equaliser of f and g, then we get a projection map 7 : £ — X.
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By the section principle, this map has a section s : X — E, hence we have:

f=idyof

Stating that an object is initial only requires us to define the type of ob-
jects and type of morphisms of the category. This makes it an attractive
notion to internalise and work with, as defining it will not give us any co-
herence issues. The section principle however, needs a bit more structure:
we need composition and identity morphisms. In order to show that ini-
tiality and the section principle coincide, we need even more structure: we

need the identity laws and associativity and the existence of certain limits.

5.3 Limits in categories of algebras

In this section we will show that the categories of algebras we are work-
ing with have products and equalisers, and hence satisfy the assumption
of lemma BEZ2. This is done by induction on the specification of the in-
ductive definition, i.e. by induction on its number of constructors. We will
see that we also need that the forgetful functors into the category of sorts
preserve these limits, which we can prove simultaneously with the con-

struction of the limits.
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5.3.1 Sort categories

For the empty specification, an inductive definition with no constructors,
the resulting category of algebras is the category of sorts. We will show
that this category has the required limits:

Lemma 5.3.1. For each sort § : Sorts, the category [ § | has binary products.

Proof. We proceed by induction on the specification of sorts & : Sorts. If

8 =nil, then [ & | = 1, which trivially satisfies our criteria.

In the induction step case, we have [ & | = S; for a category S; which
is built out of the previous category of sorts S;,_; : Cat with R; : S;_; =
Set. By the induction hypothesis S;_; has products and equalisers. We
can then define products in S; as follows: suppose (X, P), (Y, Q) : |Si|, i.e.
X, Y 1 |Si_1]and P : R;X — Set, Q : R;Y — Set, since S;_; has products,
we can define:

(X,P)x (V,Q) =(X xY,PxQ)

where P x Q) : R;(X xY) — Set is defined pointwise as:
(PXxQ)x:=P(R;mox)x Q(R; m 7)

This definition satisfies the universal property of products, which can be
shown by appealing to the universal properties of products in S;_; and Set:
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let (Z,T) : |S;|, then we have:

S((Z.T), (X x Y, P x Q))

= { definition of products in S; }
(f :Sim1(Z, X xY))
X(g:(x:RZ)—=>Tx— (PxQ)(R; fx))

= { universal property of X x Y in S;_; and functoriality of R; }
(fo: Sim1(Z, X)) x (f1: 5i-1(Z,Y))
X(g:(x:RZ)—>Tx—P(R; fz)xQ(R;gx))

= { universal property of P (R; f ) x Q (R; g «) in Set }
(fo: Sic1(Z, X)) x (f1: 8i-1(Z,Y))
X (go:(v:RZ)—>Tux— P(R; fx))
X(gr:(x:RZ)—>Tzx—Q (R gx))

= { definition of products in S; }
Si((2,7), (X, P)) x 5i((2,T),(Y,Q))

]

Equalisers are constructed in similar way to products, however it in-
volves equalities between morphisms, which we can simplify using the fol-

1owing proposition:
Proposition 5.3.2. Suppose (f, f'),(g,9’) : Si((X,Y),(Z,W)), then:
(£, f)=1(9,9))=:f=9g)
X (@ (w:X)(y:Ya)= fley=5,.92y)

where we denote the action of R; on a proof of equality p : f = gby R, p = :
Rifx=R;gx. Since f'fzy: W (R; fx)and g xy : W (R; g =), we have to
transport the left hand side of the equation along the equality R; p x.

Proof. This holds by function extensionality and using that an equality of
pairs is equivalent a pair of equalities. O
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Lemma 5.3.3. For each sort § : Sorts, the category [ S | has equalisers.

Proof. As before, we proceed by induction on the specification of sorts & :
Sorts. If & = nil, then [ & | = 1, which trivially satisfies our criteria.

Given (f, f'),(g,¢') : Si((X,Y),(Z,W)), by the induction hypothesis we
get an equaliser £ : |S;,_1| with a projection map e : S;_;(E,X). This
equaliser comes equipped with a proof p : foe = goe. The equaliser
is then defined as (F, F') with:

Fr=(@y:Y (Riex))

x (f (Riex)y=n ,.9 (Riex)y)

with (e, €) : S;((E, F'), (X,Y)) the projection morphism where
dx(yp =y

Showing that (f, f') o (e,€') = (g,¢') o (e, €) is then straightforward. The
universal property can be shown similarly to that of the product: we have

to appeal to the universal properties of equalisers in S;_; and Set. O

Remark 5.3.4. Let 1 < Sy <~ S < ... + S, be a chain of sort categories.
All the forgetful functors ¢, : S; — S;_; (with S_; := 1) preserve products
and equalisers. This follows directly from the definition of the limits.

5.3.2 Categories of algebras

For the categories of algebras, we will perform induction on the number
of constructors. We also need to simultaneously show that the forgetful
functors into the category of sorts preserve the limits.

The assumptions for the following lemmata are:
e & : Sorts is the definition of the sorts
e s : Specy is the specification of the previous constructors, hence

e Alg, will have products and equalisers
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o U, :Alg; = [ & ] preserves these
e S; € §is the sort of the constructor we are adding

The forgetful functor U, extends to US : Alg, = S, since S; € §. By
remark 634 U, also preserves products and equalisers.
Note that S; # 1, as this is prevented by the assumption that S; € [ § ].

Products

Lemma 5.3.5 (Products of point constructors). Let s’ : Specy be s extended

with a point constructor of sort S; as specified by:
o F: Alg, = S, satisfying:
[ ] tz o F = tz (©] 05

If Alg, has products and U, preserves them, then the category Algy has products
and its forgetful functor Uy preserves them.

Proof. Suppose we have two algebras in Alg,, i.e. we have:
o XY :|Alg,
e 0:S(FX,U,X), p:S:(FY,U,Y)
o tifl =id, g,x) tir = dy 0,y)

We will proceed by showing that X x Y : Alg, has an algebra structure.
Let us define for X,Y the morphism ¢g_: Si(Uy(X x V), U, X x U,X) as
b5, = <US7T0, 037n>. Per assumption ¢ has an inverse <;561 We can then
define the algebra structure ¢ on X x Y as follows:

—1

~ ~ [
FIX x V)2 FX x FY 22 0,X x U,y —2- U (X x Y)

where ¢p := (Fmg, F'my).
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For this to be an algebra structure, we need to establish that ¢;( = id 10 (X xY))"

This holds as t; preserves products definitionally. We have:

ti(0 x p) =t;(0 o, pomy)
= (t;(0 omp), t;(pom))
= <7T077T1>

= IdtI(GS(XXY))

and

tiop = ti(Fmo, F'my)
= <tiF7T0, tiFﬂ'1>
= <tiOs7TO>tiGs7T1>

= tidy,
Putting it all together, we get:

ti¢ =ti(¢, 08 x po¢p)
=t;¢," o t;(0 X p) o tir
1 -
=ti¢g, °id, G, (xxv)) ©tifg,

= idti(Us(XxY))

We furthermore have to check whether 7 : S;(X xY, X)and 7 : S;(X x
Y,Y') are algebra morphisms. To this end, let us consider the following
diagram:

—1

~ ~ o=~
FX xY) -2 FX x FY 220X x UY -~ U(X x Y)

FX - U.X

The triangle on the left holds by definition of ¢r. The square (trapezoid)
in the middle holds by definition of § x p. The triangle on the right can be
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established as follows: we have:

o © (2505 = Usmo

— Usﬂ'o (o] ¢6: (o] ¢Gs

Since ¢ is an isomorphism it is in particular a monomorphism, hence
from this equation we get that 7, = Gsﬂ'g o ¢g.~ 1. This shows that m is an
algebra morphism ¢ — 6. The proof that m; is an algebra morphism ( — p
goes along the same lines.

Finally we have to show that the universal property is satisfied. Sup-
pose we have an algebra (A, a) : |Algy | with f : Alg,(A, X)and g : Algs(A,Y)
both algebra morphisms. We get a unique arrow (f, g) : Algs(A4, X xY'). We
then have to ascertain that this is an algebra morphism o — ¢, i.e. we have

to show that the following commutes:

FA B

U.A

Ff,F U, 1,0 .
F(f,g>‘ N < y/ LUSU,Q)
Us(X x V)

F(XXY)?FXXFYWGSXXUSY?

Us

The left triangle holds by definition. The middle trapezoid holds as f and
g are algebra morphisms o« — ¢ and o — p respectively. The right triangle
can be shown to hold by the following equational reasoning;:

(b[]s % Gs<f7 g> = <Gsf7 ng>
= g, © 5" © (Usf, Usg)

Since ¢g_is an isomorphism, it is also an epimorphism, which means we

get Us(f, g) = ¢51 o (U, f, Usg).

~

Note that by construction, Uy preserves products definitionally. O

Lemma 5.3.6 (Products of path constructors). Let s’ : Specg be s extended
with a point constructor of sort S; as specified by:

o F':Alg, = 8, satisfyingt,o F' =t 0 US
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e [r:F— 08 satisfying t; | =t; r = id, 5.

If Alg, has products and U, preserves them, then the category Algy has products
and its forgetful functor Uy preserves them.

Proof. Suppose we have objects X,Y : |Alg,| with algebra structures 6 :
{x =ryxand p : ¢y = ry. We will proceed by constructing an algebra on
the object X x Y.

Note that by naturality of ¢, the following commutes:

FIX xY)—222FX x FY

fXxYl l@x X by

Uy(X x Y) U, X x U X

U

Postcomposing with ¢ !, we get the equation:
Uxxy = ¢51 olx X ly o pp

Since we have /x = rx and ¢y = ry, we also have /xyy = rxx«y.

Now the category of algebras Alg, is a full subcategory of Alg,, hence
we get automatically that the projections are algebra morphisms and that
the universal property is satisfied.

By construction of the products, the forgetful functor U, preserves prod-
ucts definitionally. O

Equalisers

To talk about equalisers in a category of algebras, we need to know what
equality of algebra morphisms is. An algebra morphism is a pair of a mor-
phism in the underlying category and an equality stating that this mor-
phism preserves the algebra structure. If we have two pairs, since equal-
ity of pairs is a pair of equalities, an equality between them consists of an
equality between the morphisms and an equality between the proofs that
they preserve the algebra structure. Since we are working with types that
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satisfy uniqueness of identity proofs, we can ignore the latter part, hence
an equality between two algebra morphisms is just an equality of the two
underlying morphisms. This reasoning applies to both point constructor

algebra morphisms as well as path constructor algebra morphisms.

Lemma 5.3.7 (Equalisers of point constructors). Let s’ : Specg be s extended
with a point constructor of sort S; as specified by:

o F:Alg, = S, satisfying:
e tiol =10 US

If Alg, has equalisers and U, preserves them, then the category Algy has equalis-
ers and its forgetful functor Uy preserves them.

Proof. Suppose we have two algebras in Algy, i.e. we have:
o XY :|Alg,|
o 0:5;(FX,UX),p: S(FY,U,Y)
o 10 =1d, g ) tip=1d, gy,
along with morphisms f, g : Alg,(X,Y) satisfying:
e Ufol=poFf
e UygoO=poFyg

i.e. they are algebra morphisms 6 — p.

Define £ : Alg, to be the equaliser of f and g withinclusione : Alg,(E, X)
which satisfies f o e = g o e. We need to show that £ has an algebra struc-
ture and e is an algebra morphism of this structure into §. The following
diagram commutes by virtue of £ being an equaliser and f and g being

algebra morphisms:

Fe Fg
FE——FX_—<FY

ok

o~ Use o~ Usg ~
U — U, X —zZ U X
Usf
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Since Gs preserves equalisers, GSE is an equaliser, hence we get a unique
arrow € : S;(FE, GSE) We need to check that we have t;e = idti(ﬁsE . We
know that the following commutes:

)

t,(FE) Sy (r x)

tie t;6
t;Usg ~

£:(0,B) 24, (0,X) =% 1,(0,X)
tiUsf

Furthermore, ¢,0 = idti(Us x) and t;(Fe) = ti(GSe), and since t; preserves
equalisers, we necessarily have that ¢, = id 10, )-

We still have to establish that the universal property is satisfied. Sup-
pose we have (4, ) : |Algy| along with a an algebra morphism o — 6, by
the universal property of £, we get a unique arrow h : Alg,(A, E), satisfy-
ing a = e o h. We have to establish whether this is an algebra morphism

a — €. Consider the following diagram:

~ Us —~
U,A——>U,F——>U0,X —=0,X
Ush Use U.f
Usa

We have yet to establish whether the left square commutes, the other subdi-
agrams have already been shown to commute. Observe that we have two
cones (FA,0 o Fa) and (FA, Usa o «) for the fork U.f,U,g. Since a is an
algebra morphism, these two cones are actually the same. Both e o F'/h and
U,h o o are then cone morphisms from this cone into (U,E, Ue), which by
the universal property of GSE means that Gshoa = eoI'h, which establishes
the commutativity of the left square and thereby the universal property of
equalisers in Alg,. O

Lemma 5.3.8 (Equalisers of path constructors). Let s’ : Specy be s extended
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with a path constructor of sort S; as specified by:
o F:Algs = S, satisfying t;o F =t; 0 Us
o Ir:F = U, satisfying t; | = t;r =id, g .

If Alg, has equalisers and U, preserves them, then the category Algy has equalis-
ers and its forgetful functor Uy preserves them.

Proof. Suppose we have objects X,Y : |Alg,| with algebra structures 6 :
lx =rx and p : fy = ry and morphisms f, g : Alg,(X,Y). We claim that
the equaliser £ : Alg, of f and g has an algebra structure, i.e. we can show
that (p = 5.
Since /x = rx and the naturality of [ and r, we have that the following
commutes:
FE-fe FXx
wf ol
0,224 0,x =% 0,x
Usf
We observe that (F'E, (x o Fe) is a cone for the fork Gsf, ng. By (x =rx,
(FE,rx o Fe) is the same fork. We then have that by naturality, both /5 and
rp are cone morphisms from (F'E, £ x o F'e) into the terminal cone (GSE , Use),
hence by universality we get that /g = rg.
Since Algy is a full subcategory of Alg,, E' with its proof ¢ : {p = 1
inherits its universal property directly from Alg;. ]

Together with lemma 6771 and lemma 5777, this immediately gives the
main theorem of this section:

Theorem 5.3.9. For each sort § : Sorts and specification s : Spec, let X be an
object in the category of algebras Algs. Then X is initial if and only if X satisfies
the section principle. O

In particular, this means that when implementing or formalising quo-
tient inductive-inductive types, one can restrict attention to the conceptu-
ally simpler notion of initial algebra.
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5.4 Deriving the induction principle

If we unfold the section principle for our categories of algebras, we will not
end up with a very natural induction principle. One of the key features of
type theory is that we have special machinery for dealing with type fam-
ilies/fibrations. If we want to define a predicate on a type X, the most
natural way to do it is usually to define a family X — Set, not to define
another type Y with a function Y — X.

Since our categories of sorts and algebras are built out of types, we can
try and derive a notion of families in these categories. In Sef, we have the
equivalence, for any X : Set:

(X — Set) = (Y :Set) x (p: Y — X)

where the function left to right is defined as AP.((z : X) x P z,7), i.e. we
map the family to its “total space” and its projection function. The inverse
operation is the preimage family: (Y, p) is mappedto Az.(y : V) x (py = x).

Apart from having the machinery to deal with type families, we also
have the machinery to deal with dependent functions, or equivalently, sec-
tions of fibrations. We have:

(x:X)—>Pr=(s: X — (r: X)X Px)x(mgos=idy)

where the map from left to right is the map that gives the “graph” of the
function: a dependent function s is mapped to the non-dependent func-
tion A\z.(z, s ). The map in the other direction is the second projection 7,
which is well-typed due to s being a section.

We will start out with using this observation to make precise the deriva-
tion of algebra families and dependent algebra morphisms in F-alg for an
endofunctor F' : Set = Set in section BZT. We will then give a general
framework containing the ingredients for derivations of the induction prin-
ciple in section B472. Finally, in section B43, we give some examples of
induction principles of some quotient inductive-inductive definitions and

then employ the general framework to derive the induction principle for
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arbitrary quotient inductive-inductive definitions in its full generality.

5.4.1 Induction for F-algebras

If we want to derive the notion of families of F-algebras for some endofunc-
tor I : Set = Set, then we proceed as follows: let (X, 0) : |F-alg|, we want
to solve the equivalence for the type 7:

(P:X — Set) x (m:7)
= ((Y, p) : | F-alg|) x ((p, po) : F-alg((Y, p), (X, 0)))

The idea here is that we want to determine the hypotheses needed to prove
(z : X) = P z. The type 7 that we will derive below, is the type of hypothe-

ses.

Weset Y to (z : X) x Pz and p to mp. We then have to simplify the type
(p: F((z:X)x Px))x(py:m op==0oF m), which leads us to:

m:(x:F((x:X)x Pzx))— P (F mx)

This can be simplified even further if we define the operation Op : (X —
Set) - FX — Set, i.e. the action of F' on type families, which has the
defining equation F'((z : X) x P z) = (z : FX) x O P z. Rewriting the

type of m using this notation gives us:
m:(z: FX)xOp Px— P (0)

Intuitively the type Op P x is the induction hypothesis. We can also read
it as the modality “all”: O P z holds if P holds for all values of type X

“contained” in z.

Now that we know what the algebra families are, we want to go on
and derive the dependent algebra morphisms. Let (X, 0) : |F-alg| with an
algebra family P : X — Set,m : (x: FX) x Op Px — P (6 x). Our goal is
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to find a type 7 such that the following equivalence holds:
((s:(x:X)— Pax)x71)=(f:F-alg((X,0),(XX.P,m))) x (is-section f)

where (X.X.P,m) is the total space of the family of algebras (P, m), where

m is given as the composite:

(fomo,m)

YX.P

F(EX.P)—2 = S(FX)Op P

where ¢ is the map given by the defining equivalence of Up.

As O gives the functorial action of F' on families, we need a similar
functorial actions on dependent functions, namely F : ((z : X) — P x) —
(z: FX) — Op P 2. F has the defining property:

graph (F s) = ¢ o F(graph s)

where graph s = \z.(z, s ).
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Using this, we can derive dependent morphisms for F-alg as follows:

(f : F-alg((X,0), ((x : X) x Px,m))) x (is-sectionp_ag (7o, refl) f)
= { definition of F-alg and is-sectionp .5 }
(f: X = (x:X)xPx)x(fol=moFf)x (mo f=idx)
= { dependent morphism structure on Sef }
(s:(x:X)— Px)x(so:graph so6f =mo F(graph s))
= { equality of pairs is pair of equalities }
(s:(x:X)— Px)
X (s8¢ : m o graph s o 8 = my o1 o F(graph s))
X (s :m ograph sof = m omo F(graph s))
= { mp is an algebra morphism m — 6 and 7 o graph s = idy }
(s:(x:X)— Px)x(so:0=10)x (s1:m ographso® =m omo F(graph s))
= { unfold definition m, § = 0 is trivial by uniqueness of identity proofs }
(s:(x:X)— Px)X(s1:m ographsof =m o(fom,m)o¢o F(graph s))
= { computation rule of (# o 7y, m), 7 o graph s = s, defining property of F }
(s:(r:X)— Px)x(s1:5060=mograph(F s))

If we n-expand and -reduce the definitions, we see that a dependent
algebra morphism on an algebra family (P, m) on an algebra (X, #) consists
of a dependent function s : (z : X)) — P x with computation rule s (6 ) =

x (F s ).

5.4.2 General framework

To derive notions of families and dependent morphism in the categories of
algebras, we will introduce some notation, making precise what we have
to generalise. We want to define a type of families over an object that is
equivalent to the type of morphisms into that same object. We will call
such a structure the family structure on that category. This definition on

its own is not very useful: we can always trivially satisfy the definition by
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letting the type of families exactly be the type of morphisms into an object.
However, our categories are not completely arbitrary: they are always in
some way built out of objects and morphisms in Set. We can therefore use
the notion of families in §et for those parts and see how the remaining

parts simplify.

Definition 5.4.1 (Family structure on a category). The operations we need

from a category C to talk about families are as follows:
e Fame : |C| — Set
e total : {X :|C|} — Fame X — |C|
e proj: {X :|C|} (P : Fame X) — C(total P, X)
e preimage: {X : |C|]} (Y :|C|) (p: C(Y, X)) = Fame X

The operations should also satisfy the following correctness conditions, for
any X : |C[:

e for any family P : Fame X,

preimage X (total P) (proj P) = P

e for any object Y : |C| with p: C(Y, X),

(total X (preimage Y p), proj X (preimage Y p))
= (Y,p)

A family structure as defined above gives us an equivalence Fame X =
(Y :|e]) x (p: C(Y, X)). We will sometimes explicitly define the operations
total, proj and preimage, but sometimes only some of them and will give the
definition of Fame along with the equivalence reasoning that lead up to that
definition. From this equivalence proof, we can reconstruct the operations.

To define these operations for the sort and algebra categories, we can
perform induction on the specification and apply the same techniques as

we did to derive the notion of families in F-alg.
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Given these operations, we can generalise the [J operator to any functor
F:C= 9.

Definition 5.4.2 (Functorial action on families). Given family structures
Fame and Famg, and X : |C]and P : Fame X, Op : (X : |C]) — Fame —

Famg is defined as:
O P := preimagey (F (totale P), F' (proje P))

Proposition 5.4.3. Given family structures Fame and Famg, and X : |C| and
P : Fame X, we have

F(totale P) = totaly (OF P)

Proof. This follows directly from the correctness condition of the family

structure on @:

F(totale P)
= { correctness condition of Famg, }

totaly (preimagey (F'(totale P), F'(proje P)))
= { definition of Oy }

totaly, (Of P)

[]

Corollary 5.4.4. Applying proposition to endofunctors on Set, we get, given
F:Set = Set, X : Set, P: X — Set:

F(z:X)x Pr)=(x: FX)xUOpPx

Having defined families, we can then go on to generalise the notion of
dependent functions. In Set, given a family P : X — Set, a dependent
function (z : X) — P x corresponds to a function s : X — (z : X) x
P z along with s, : mp 0 s = idx. The function from left to right sends

a dependent function s to its graph Az.(z, s ), which is trivially a section.
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The other direction composes the section s with 71, but we have to transport
along the proof given by s, to make it typecheck.

Definition 5.4.5. The type of sections in a category C is defined as:

Secte : {X :|C|} (Y :|C]) (p: C(Y, X)) — Set
Secte Y p:=(s:C(X,Y)) x (sp:pos=idy)

A dependent morphism structure on a category with a family structure

is something that allows us to perform the same construction as in Set:

Definition 5.4.6 (Dependent morphism structure). To generalise depen-
dent morphisms to a category C, we need a family DepHome : {X : |C|} (P :
Fame X)) — Set along with the following operations, given an object X : |C|
and a family P : Fame X:

e graph : DepHom P — Sect (total P, proj P)
e snd : Sect (total P, proj P) — DepHome X P
The correctness conditions are:

e for any f : DepHome P,

snd P s (graph P f) = f

e for any s : Sect (total P, proj P),
graph P (snd P s) = s
Note that the correctness conditions give us an equivalence
DepHome P = Secte X (proje P)

Similar to the action of a functor F' on families, we can use this structure

to define the action of functors on dependent morphisms. Given a functor
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F : C = D, we can define:
F: (X :|C]) (P:Fame X) — DepHome P — DepHome FX (Of P)
If F happens to be an endofunctor on Set, this simplifies to:
F:(X:Set) (P: X —=Set) = ((:X) = Pa)— (v: FX)—UOp Px
Before we define F, observe that we can easily define a function:
Secte (s, p) — Secty, (F's, Fp)

F can then be defined as the composite:

DepHome P
graph

Secte (totale P, proje P)

Secty, (F(totale P), F' (proje P))
¢
Secty, (totaly (OF P), projp (OF P))

snd

DepHomg, (Of P)

The map ¢ we get from the equivalence given in proposition bB43.

5.4.3 Induction for quotient inductive-inductive definitions

The family structure on Sef is the usual one. We can derive definitions
of the family structure on categories of algebras by induction. Since they
are defined “on top of” §ef, we can use the specification and the family
structure on Set to derive appropriate definitions. We will start out by
considering the induction principles for the contexts and types example
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and the interval type.

Induction principle for (Con, Ty)

The induction principle consists of four parts:

e the motive, which is intuitively the property that we are trying to
prove holds for every element of the inductive definition

o the methods: we show for every constructor that the motive holds for
that constructor, given the assumption that the motive holds for the

recursive arguments

e given the motive and methods, we get a dependent morphism from the
inductive type into the motive

e this dependent morphism comes with computation rules, telling us
how this dependent morphism behaves in conjunction with the con-
structors.

Consider the inductive definition of the syntax of type theory, restrict-
ing ourselves to contexts and types in a context, i.e. we have sorts Con : Set
and Ty : Con — Set with constructors:

e : Con
—-:(I': Con) = Ty I' — Con
T:(T:Con) (A:TyI)(B: Ty (I'JA)) = Ty T

The motives for this definition are:

P : Con — Set
Q:(':Con) - PI' - Ty ' — Set

P is a family over Con and () is a family over both P and Ty. In the motive
for Ty we are allowed to refer to results of the induction principle applied
to the context at hand.
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The methods are as follows:

m.: Pe
m__:(I': Con) (x: PT)
(A:TyD) (y: QT z A)
— P (T',A)
mep : (T : Con) (z: PT)
(A:TyD)(y: QL x A)
(B:Ty(INA) (2: Q (I'JA) (m__T'x Ay) B)
QT (1T AB)

The method for the constructor ¢ is unsurprising. For _,_ we see that
its method, just like the constructor itself, refers to the motive of Ty. The
method for ‘Il refers to a previous method, reflecting the reference to the
corresponding previous constructor.

Given these motives and methods, the induction principle gives us the
following dependent functions:

Con-ind: (I': Con) - PT
Ty-ind : (T': Con) (A: TyT') - QT (Con-indT') A

with computation rules:

Con-ind ¢ = m,
Con-ind (I'’A) =m__T" (Con-indI') A (Ty-ind " A)
Ty-ind I (‘11T A B) = muy; I (Con-ind I') A (Ty-ind I' A) B (Ty-ind (I'.A) B)

Reading these equations as a recursive definition of the morphisms, we
see that it is a mutual definition. Another thing to note is that the last equa-
tion, for the constructor ‘11, has repeating variables on the left hand side, so
we cannot read it strictly as a pattern matching definition, but instead itis a

definition given by dependent pattern matching. Unifying the type of the
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constructor ‘II with the signature of Ty-ind, we see that the two variables of

type Con have to be the same.

Induction principle for the interval type
Let us recall the inductive definition of the interval | with constructors:

zero : |
one : |

seg : zero = one

Since it is just a Set-sorted inductive definition, a motive for induction

on | is a family P : | — Set. The methods are:

Myero . P z€ro
Mone - P One

. _P
mseg * Mzero seg Mone

which gives us a dependent function I-ind : (x : I) = P = with compu-

tation rules:

I-ind zero = Myer0

I-ind one = Mmgpe

The induction principle for | is not very different from its recursion prin-
ciple. The most interesting difference is that the method for seg is a depen-
dent equality, as m,e,, and m,,. have definitionally different types.

Since we are working with sets, we do not need to add a computation
rule for the path constructor seg, as that would introduce a path between

equalities, i.e. it would not introduce anything new.
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Family and dependent morphism structure on Fam

Before we move on to sort categories and categories of algebras, let us first
consider the families and dependent morphisms in the category Fam. Re-
call that Fam is the sort category for the inductive-inductive type (Con, Ty)
of contexts and types in a context. We will use the intuition of the induc-
tion principle of that inductive-inductive definition to make sense of what
is going on here.

Our first goal is to derive a family Famgy,, : |Fam| — Set that satisfies,
for any X : |Fam]:

Famg., X = (Y : |[Fam|) x Fam(Y, X)

We derive the definition by taking the right hand side of the above equation

and performing the following equational reasoning:

(Y o |Fam|) x Fam(Y, X)

= { definition of objects and morphisms in Fam }
(Y :Set) x (Q:Y —Set) X (p: Y — X)
x(q:(y:Y)=>Qy—P(py))

= { combining Y and P using the family structure on Set }
(V:X —Set) x (Q: (z:X)xVx— Set)
x(q:(y:(z: X)x V)= Qy— P(my))

= { currying }
(V:X —Set) x (Q:(x:X)—Va— Set)
X(q:(z:X)=>(y:Vz)=»Qry— Pux)

= { combining @ and ¢ using family structure on Set }
(V:X =Set)x (W:(z:X)—=Va— Px— Set)

What we ended up with does match with what a motive for (Con, Ty) is,
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namely:
(P:Con—Set) x (Q:(I':Con) » PI' » Ty I' — Set)

A motive consists of a motive on Con, which is just a family on it, along
with a family on Ty, for every I' : Con. Since we may also refer to results

we get from doing induction on I', we also have a P I in there.

We then give the following definitions:

Famga, (X, P):=(V: X = Set) x (W :(z:X)— Pz —V x— Set)
totalg,, {X, P} (VW) :=((z: X) xVa, (AMx,2).(y: Px) x Wzxyz))
VW) = (
(p,q) = (

projgam {X, P} ( Az, y).z, Az, y) (z,w) = 2)
preimages.., {X, P} ((C, D), a.(c:C)xpe=a ey(z,2).(w:Dz)x (qgzw=",

Now we have a family structure on Fam, we need to define what depen-
dent morphisms of these families are. Returning to the (Con, Ty) example,
given a motive P : Con — Set, @ : (I' : Con) — P Con — Ty I' — Set and
the appropriate methods, the induction principle gives us two functions:

Con-ind : (I': Con) — P T
Ty-ind : (I': Con) (7: TyI') - QT (Con-ind I") 7

The function Ty-ind refers to Con-ind in its type as well: the results we get

from Con-ind may be used in the motive of Ty.
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We can derive this formulation by the following equational reasoning;:

(s : Famgan ((X, P), (totalyan (X, P) (V,W))))
X (S0 : projgam (X, P) (V,W) 0gam 8 = idgam (X, P))

= { definition of morphisms in Fam, equality of pairs is pair of equalities }
(s: X = (z:X)x V)
X(t:(x:X)=>Px— (y:Plmy(sx))) x (W (m (sx))y (m (s x))))
X (sg:mgos=lidg, X)X (to: A\xz.my (tx 2) = A\vz.2)

= { combining s and s, using the dependent morphism structure on Set }
(s:(z: X)=Va)yx({t:(z:X)>Pax—(y:Pax)xWuazy(sx))
X (to: Axz.mp (tx 2) = A\xz.2)

= { combining ¢ and t, using the dependent morphism structure on Sef }

(s:(x: X)=>Va)x(t:(z:X)(y: Pr) > Wazy(sx))
The dependent morphism structure on Fam is then:

DepHomg ., {X, P} (VW) :=(f: (z: X) = V)
X(g:(x:X)=>(y:Px)=>Wazxy(fz))

Sort categories

The family structure on a sort category can be given by induction on the
specification. In the case of an empty specification, we define Fam; X :=1
for any X : |1|. The other definitions are equally trivial.

In the induction step case, we get a family structure on S;_; and have to
provide one on the category S; which is built out of S;_; with the functor
R; : Si_1 = Set. Our goal is to find, given X : |S;_;| and P : R, X — Set, a
set Famg, (X, P) such that:

Famg, (X, P) = (Y, Q) : [Si]) x (p: Si((Y, @), (X, P)))

We can perform the following equational reasoning on the right hand side
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of the equation above:

(V£ 18) % (p: Si(Y, (X, P))
= { definition of S, }

(Y |Sicq]) x (Q: RY — Set) x (p: S;i1(V, X)) x(q: (z:RY)—> Qx— P(R;px))
= { combining Y and p using family structure on S;_; }

(V :Famg, , X) x (@ : R;(totalg, , X V) — Set)

X (q:(x: Ry(totalg,_, X V)) = Qx — P (Ri(projs,_, X V) z))
= { rewrite R;(totalg,_, X V) with Og, }

(V:Famg, , X) x (Q: (z: R;X) x Og, X V x — Set)

X(q:(z:RX)x(y:0Op XVz)—>Q(x,y) > Pux))
= { combining @ and ¢ using family structure on Set }

(V:Famg,_ X)) x (W:(z: R;X)x0Og, X V2o — Pz — Set)

The family structure on S; is then:
Famg, (X, P) :=(V : Famg,_  X)x (W : (z: Ry X)x0Og, X Vo — Px — Set)
with

totalg, {X, P} (V,W) := (totalg,_, X V, \z.(y : P (R; (projs,_, X V) z)) x (W(p x) y))
projs, {X, P} (V,W) := (projs,_, X V, \z(y, 2).y)

where ¢ : (z : R, X) x Og, X Vo — R; (totalg, , X V) is the isomorphism

we get from the definition of L.

The dependent morphism structure on S; can be derived in a similar

way that of DepHomy,,,, arriving at:

DepHomg, {X, P} (V,W) := (f : DepHomg, , X V)
x(g:(x: R X)(y:Pa) =W (z,R; fz)y)
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Point constructors

Just as the sort and algebra categories are defined inductively as having
objects from the previous sort/algebra categories along with some extra
structures, the family structures on these categories reflect this pattern. We
have seen this happen in the previous section when describing the family
structure on sort categories.

Before we move on to the full generality of point constructors of arbi-
trary sort, we will consider Sef-sorted point constructors. Let Alg, be a cat-
egory of algebras of some specification s : Spec. A Set-sorted constructor
on Alg;, is given by a functor F' : Alg, = Sef and the new category of alge-
bras is (F, U)-dialg with U, : Algs = Set the forgetful functor. Following a
similar derivation to that of the family structure on F-alg for endofunctors
F on Set, we arrive at:

Fam(EUS)_dia|g (X, 6‘) = (P : FamA|gS X)x(m : (.CE : FX)XDFPQL" — DUS P(Q.CE))

We can recover Famp_,; from this if Alg, = Sef and U; is the identity functor,
as Ui, P = P.

Moving on to the fully general point constructor case, we have the fol-
lowing data:

e & : Sorts with s : Specy
e S;:Catwithp: S5, €8
o F':Alg, = S;suchthatt;o F =t OUS

We start out by investigating what Uz and Uy look like. Recall that
we can split the functor F' : Alg, = S; into two operations, which are both
functorial:

e V:|C| — |S;_1], which we know to be equal to GS

o ' (X:|C|) = (z: Ry(F°X)) - F' X x — Set
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Knowing what the family structure on S, is, we know that for P : Fampg, X
O P has the following type:

Op P:(V:Famg, , FOX)x(W : (z: Ri(F°X)) — O, Vo — F' X 2 — Set)

Splitting this into its constituents will turn out to be useful, just as we have
done with the functors itself. Let us call the first and second projections of

this Upo and O respectively:

Opo P : Famg, | (F° X)
Op P (2 : Ry(F°X)) x Og, (Opo P)z — F' X 7 — Set

Since the O operation is functorial, we will use [y, ro instead of the nested
variant. Also since F° = 02, we will use J Rio0°"

Define s’ := snoc s (S5;, p, F') : Spec to be thés new specification, which is
s extended with the point constructor given by the data above. We can now
derive the family structure on this category Alg, (see fig. B) and arrive at

the following:

Famaig, (X,0) := (P : Famag, X)
~0

x (m:(z: Bi(U X)) x (2" : 0, o Pa)

" T R;oU,
= (y: F' X 2)x (y : O P (2,2') y)
— Dﬁi P (z,2") (0 zy))

What we get out as the definition of algebra families for point construc-
tors looks a bit daunting at first glance. However, we can also see how it is
a generalisation of the original situation in F-alg for endofunctors on Set.

) ~0
The first part, (z : R;(U, X)) x (2 : O,
potheses for all the sorts “below” the sort of the current constructors. The

00 P ), gives us the induction hy-

second part, (y : F' X z) x (y' : Op1 P (x,2') y), gives us the induction hy-
pothesis for the recursive arguments, which looks very similar to the F-alg
case. Finally, the result type is Uy P (2, 2') (6 z y), which is the dialgebra
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(Y : |Algs])
X (AlgS’((Y7 p)’ (Xv 0))
= { unfold definition of Algy }
(Y [Alga) % (o Si(FY.U.Y)) x (tip = id, 5.
x (p: Algy(Y, X)) x (po: Uspo p =00 Fp)
= { combine Y and p using Fam structure on Alg, }
(P : Famai, X) x (p: S;(F(total P),U,(total P))) x (tip = id, g (cocal py))
X (po : Gs(proj P)op=0o F(proj P))
= { unfold definition S; and expand p, }
(P: FamNgS X)
x (p: (z: R-(Go(total P))) — Fl(total P) z — U, (total P) z)
X (po: (x: Ry (U (total P))) (y : F'(total P) )
. ~0 . .
— U, (proj P) x(p ) = 0 (R: (0, (proj P)x) (F* (proj P) z 1)
= { rewriting using [J notation }
(Pi Fammgs X)

x(p:(x:R(UX)) (2 O, UoPm)
= (y: F' X ) x (y :Op P (2,2") y)
= (210, X 2) x Ogs P (,2') 2)

X (po: (z: Ri(USX)) x (a2 O, o0 P x)
= (y:F'X2)x (y :On P (x,2") y)

= mo (p (z,2) (y,4)) = 0w y)
= { singleton contraction }
(PI FamNgS X)

w (m: (2 : Ri(00X)) x (' : Ot P )
= (y: F' X 2)x (y : Op P (2,2") y)
— Og P (x,2") (0 xy))

Figure 5.1: Derivation of the family structure for point constructors
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counterpart of what we had before.

For dependent morphisms, the §ez-sorted case again follows the F-alg
for endofunctors F' on Set in a straightforward way. Suppose we have F' :
Alg, = Set, along with (X, 8) : |(F, Uy)-dialg| and (P, m) : Fam(gu,)-dialg (X, 8),

we have:
DepHom(ru.)dialg (P, m) := (s : DepHomajg, P)x (39 : (z: FX) = Uss () = mz (Fax))

Generalising to the arbitrarily sorted point constructors follows the same
steps as we took to derive the notion of algebra family for point construc-
tors. We have to find out, given P : Famp,, X and X : |Alg,|, what F .
DepHomag, P — DepHomg, (O P) gives us for a functor F' : Alg, = S;. We

can split F' into two parts:

7 DepHomg, , (Opo P)
T (s : DepHomayg, P) — (z: Ri(F°X)) (y: F' X 2) = Op (v, R;s2) y

The dependent morphism structure on Alg, is then, given (X, 0) : |Algy|
and (P,m) : Fampe, (X, 0):

DepHomayg,, (P,m) :=
(s : DepHomag, P)
x (30 (x: Ry(U-X)) (y : F' X 2)

%Uiox(&xy):m(x,Rioﬁzdx) (y,?lowy))

Path constructors

Let us first consider Set-sorted path constructors. Suppose we have Alg, for
some specification s : Spec and F' : Alg, = Set describing the arguments
and ¢,r : F = U, the end points of the path constructor. Let s’ : Spec
be s extend with the path constructor described by these data. Since Algy
is a full subcategory of Alg,, we have that Fam,,, (X, 0) for X : Alg, and
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0 : {x = rx is simply:
(P : Famayg,) X (p : liotal P = Ttotal P)

We can simplify this a bit further. We can define ¢p : (z : FX) xOp P2 —
(y : UsX) x Oy, Py as loral p with the defining equivalences of O and [J,,
plugged in at the right places. We furthermore will use the notation ¢}, and
(} to indicate first and second projections of these functions respectively.
Note that by naturality (%, = (x and ), = rx. An equality {p = 7p is then
an equality of functions mapping into a X-type, we can then perform the
following equational reasoning to simplify the expression:

(gtotal P = Ttotal P)

= { definition of {p and rp }
(lp=r1p)

= { equality of pairs is a pair of equalities }

(po o0 lp = TP) % (p1 cmolp :2\{-(:5:FX)><DFPJ:—>DUSP(fx) 70 TP)

= { by definition and naturality of {p and rp }

(po:lx =7x) % (py: 7 0lp :25-(I:FX)><EIFPIHDUSP(fx) ™ oTp)

= { by uniqueness of identity proofs, we can multiply by (py = 0) }

M.(@:FX)xOp Pe—=0y, P(fa)
p

(po: bx =7x) X (po=10) x (p1: m 0lp =) 1o07p)

= { singleton contraction }

_ A (x:FX)xOp Pe—0y, P(fx)
PO

(ﬂ'loﬁp 7T10Tp)

= { function extensionality }

(z:FX)x (y:0p Px) = 1p (2,9) :(,D;JSP rp (7, y)

In the general case, we have the following data describing a path con-
structor:

e & : Sorts with s : Specy

L] SZCatW1thpSZ€cS’
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° F:Algs:>SisuchthattioF:tioas
° l,r:F—'>05 such that ¢;l = t,r = id

Define s’ := snoc s (.5;, p, F') : Spec to be the new specification, which is
s extended with the path constructor given by the data above. Let (X, 0) :
|Algy, i.e.:
9:(x:Ri(USX))—>(y:F1Xx)—>€§(xy:r}(xy
Deriving the family structure Alg, follows both our Sef-sorted situation

described above as well as the derivation for arbitrarily sorted point con-

structors. The family structure on Alg, is then:

Fammgs, (X, 9) = (P FamNgS X)

(m: (x: RZ»(OSX)) X (a: DRioUS P x)

= (y: F' X 2)x (y : Op P (2,2') y)

Solpean 1

— E}D (ZL’, x/) (y? y/) 0z Y 'p (l’, I,) (y7 y,))
Since Algy is a full subcategory of Alg,, the dependent morphisms are sim-

ply inherited from Alg,:

DepHomayg, (P, m) := DepHomag, P

5.4.4 Putting it all together

In the last subsection, we have seen what the induction principles of quo-
tient inductive-inductive definitions look like. Given a specification s :
Spec with sorts & : Sorts, we can construct the family and dependent mor-
phism structure on Alg, by induction on s. We have seen that for Sef-sorted
definitions it is a rather straightforward generalisation of the situation for
F-algebras with I’ an endofunctor on Sef. The fully general case where we
may have arbitrary sorts is a bit more involved, but if we squint our eyes we
can still see that the induction principle is of the same form as the principle
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for Set-sorted definitions.

5.5 Related work

The treatment of induction for ordinary inductive types presented here is
loosely based on the approach given in [GJF10].

In [NorT3], the induction principle for inductive-inductive definitions
is constructed by first considering the induction principle for ordinary in-
ductive types and using the categories with families [Dyb95] framework to
generalise this construction to inductive-inductive definitions. In this chap-
ter, we do not make use of the categories with families framework, but the

constructions are quite similar nonetheless.



144 CHAPTER 5. INDUCTION VERSUS INITIALITY



Chapter 6

Constructing quotient

inductive-inductive definitions

We have given a formal definition of what constitutes a quotient inductive-
inductive definition in terms of algebraic semantics. We have shown that
the resulting categories of algebras are sensible in the sense that an algebra
is initial if and only if it satisfies the induction principle. We have therefore
shown that the initial algebras are well-behaved in this regard. To justify
adding quotient inductive-inductive types to the theory, we still need to
establish their existence in the usual models. After all, these results are
all uninteresting if these models do not have quotient inductive-inductive

types, which would make our results vacuously true.

To start out we will address the issue of strict positivity in inductive
definitions, showing that our previous specification of quotient inductive-
inductive definitions includes definitions of which the category of algebras
does not have an initial object.

For definitions with no constructors, the category of algebras is the cat-
egory of sorts. We show that the categories of sorts always have an initial
object (theorem B23).

We discuss in section b3 the usual construction of initial algebras for an
endofunctor as a sequential colimit. We explore how this approach can be
both internalised as well as adapted to construct initial algebras for certain

145
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classes of quotient inductive-inductive definitions. The key is here to not
only construct an initial object but establish that there is a left adjoint to
the forgetful functor Alg,,.; = Alg,, which allows us to do the construction
by induction on the length of the specification. We end up with a chain of
adjunctions:

Lo Ly Lo L

Set _T Algg _T Algy T S.7_7 Alg,

UO U1 U2 Un
Since left adjoints preserve colimits, in particular initial objects, and Set
has an initial object 0, (L,, o .. .0 Ly) 0 gives us the initial algebra in Alg,, we
are after.

6.1 Strict positivity

For ordinary inductive types we have to have several syntactic restrictions
on the point constructors in order for the inductive types to actually exist.
We have seen in section &8 that the recursive positions may only occur in
positive positions in order for the arguments to describe a covariant functor.
This is not enough to guarantee the existence of an initial algebra. If we
look at §et and consider the double powerset functor P : Set = Set:

P X := (X — Bool) — Bool

This defines a covariant functor on §et, yet P-alg does not have an initial al-
gebra. By Lambek’s lemma, having an initial algebra (X, ) : | P-alg| would
imply that X ~ P X. By Cantor’s theorem, we know that there is no set X

which is isomorphic to its powerset, hence we arrive at a contradiction.

6.2 Initial objects in sort categories

If we have an inductive specification with no constructors, the category of

algebras is the category of sorts. Constructing the initial object in these
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categories is similar to the construction in #am. We will construct the left
adjoint to the forgetful functors of sort categories, similar to that of Fam.
The forgetful functor Fam = Set has a left adjoint: the truth functor that
maps a set X to the family Az.1 : X — Set. This generalises to any functor
in the abovementioned chain of sort categories: suppose we have a sort

specification & : Sorts giving rise to the following chain of sort categories:

to t1

to tn

1 So S, Sh,

Proposition 6.2.1. Every forgetful functor t; : S;11 = S; has a left adjoint
Proof. We define the functor u; : S; = ;41 as follows:

e on objects: v; X := (X, A\z.1)

e on morphisms: u;f := (f, A\a z.x)

We then have to check whether we have for any X : |S;| and (Y, Q) : |Si11]
that
Sita(ui X, (Y, Q)) = Si(X,Y)

which we can show by simple equational reasoning;:

Si—l-l(ui X, (Y7 Q)) - Si+1<<X7 )\I.l), (}/7 Q))
=(f:S(X,Y)x(g:(a: R X)—=1—1)
= S5;(X,Y)

Proposition 6.2.2. There exists an adjunction between Sy and Set

Proof. Note that Sy is equivalent to a category with objects A — Set for
some A : Set and morphisms between P,() : A — Set being dependent
functions (z : A) - Pz — @ z. Usually A = 1, so we have a trivial adjunc-
tion between S, and Sef. Whatever the choice of A is, we can construct the
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following pair of adjoint functors between Sef and Sy:

II:S5)= Set
NP:=(x:A) —Px

K : Set = 5
K X = (\z.X)

We then have for any X : Set and P : A — Set the following equality

So(LX,P)=(z:A) - X = Px
=X —>(r:A)—Px
=X—>IIP

Therefore we have that K - II. O]

We therefore get the following chain of adjunctions:

K u u2 Uy,
(S(’I/:T\SO/?$51 /"_I'\/?&Sn
~— ~— ~— ~—
11 t1 to tn
Theorem 6.2.3. Given a sorts specification § : Sorts, every sort category S; € [ S |
has an initial object.

Proof. Since Set has an initial object, we get the initial object of any sort
category S; by following the chain of left adjoints constructed in proposi-
tion B2 and proposition 22 O

6.3 Initial objects via sequential colimits

Initial algebras of endofunctors can be constructed via sequential colimits,
given some reasonable assumptions on the endofunctor. In this section we
will review this result due to Addmek [[AK7Y9] and see how we can use it to
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construct initial dialgebras. We will also discuss how these proofs can be
performed inside type theory itself.

Definition 6.3.1 (w-cochain). An w-cochain in a category C consists of:
e X :IN—|C|
e x:(n:N)— C(X,, Xyi1)

i.e., we have the following diagram:

Definition 6.3.2 (Sequential colimit). Given an w-cochain (X, x), the colimit
of (X, z) consists of:

e An object X,, : |C|
e c:(n:N)— C(X,,X,) its constructors
e g:(n:N) = ¢, =chr10,

with satisfies the universal property that for any other cocone (Y, d, h) we
get:

e aunique [ : C(X,,Y)
e with computation rule f oc, =d,

Theorem 6.3.3 (Adamek). Let C : Cat be a category with an endofunctor F :
C = C. The category of algebras F-alg has an initial object if C has sequential
colimits and an initial object and F" preserves these colimits.

Proof. Define X, as the colimit of the cochain:

)—>p Lo g Ppig o

We get the following;:

e ¢, :C(F"), X,)



150 CHAPTER 6. CONSTRUCTING QIIDS

® g,:C,=Cpiq0F™

along with the universal property giving us a recursion principle. Similarly
for F'X,: since F preserves sequential colimits, we have that F'.X,, is the
colimit of the cochain formed by applying F' to the one given above, hence

we have:
o Fc,:C(F"™(, FX,)
e Fg,:c, = Fc,oF"!

We can define the algebra structure on X, by employing the recursion prin-
ciple of F'X,,. We define 6 to be the morphism with computation rule, for
any n : N:

0o Fc, =cpi1

Now that we have an algebra, we need to show that it is initial. Suppose
(Y, p) is an F-algebra, then we first show that we get an algebra morphism
(X.,0) = (Y,p). Y comes equipped with a cocone by virtue of its algebra
structure, defined as follows:

! F@ F! F2® F2 Fd@ F3)

T N

Y FYy F3Y «— ...
Fp F?p F3p

We have the cocone (Y, y,,) where y, is defined recursively:

y:(n:N)—C(F"D,Y)
y0:=!
y(n+1):=poFy,

It is immediate from this definition that we have vy, = y,.1 o F"!, hence
(Y, y,) is indeed a cocone.
We can now define [ : C(X,,,Y) by recursion, satisfying the computa-

tion rule:

focn=1yn
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Now we need to establish whether f o § = p o F'f. Both the left hand and
right hand side are cocone morphisms (FX,,, F¢,) = (Y, y,):

fOQOFCn:fOCn_H

= Yn+1
and

polFfoFc,=pol(foc,)
=poFy,

= Yn+1

By the universal property of F'X,, they are indeed equal. The same line
of reasoning can be used to establish that if we have another algebra mor-
phism f": (X,,0) — (Y, p), then f = f’, which shows initiality of (X,,0).

O

6.3.1 Internal sequential colimits

The definition of sequential colimits is presented in such a way that we can
straightforwardly formalise it in type theory. The same goes for Adamek’s
theorem. We can also show internally that Set has sequential colimits, if

we have an internal version of coequalisers at hand.

Proposition 6.3.4. We can construct sequential colimits in Set from the natural

numbers and coequalisers.

Proof. Suppose we have X : N — Set withz : (n : N) - X, — X,11.

Define the function f:

f:in:N)yx X, — (n:N)x X,
f(n,a):=n+1xz,a)
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We define X, to be the coequaliser:
(s N) X X === (12 N) X X, —5> X,,
f

We therefore get for any (n,a) : (n: N) x X,
c¢(n,a)=c(n+1,z,a)

Hence we get a cocone for the w-cochain. Its universal property follows

directly from the universal property of the coequaliser. O

We can generalise the result to arbitrary categories easily, but this does
not help us much as constructing coproducts in categories of algebras is

rather involved, and already involves sequential colimits themselves.

Moving beyond w

In section B3T3, we hinted at the possibility of constructing quotient induc-
tive types where the recursive positions are in some sense finitary. In this
situation it seems we can construct the ordinary inductive part first and
then quotient it once and get what we want. When we have an inductive
definition with infinitary recursive occurrences, such as the example of the
infinitely branching trees given in section BT4, then this construction does
not work. In that situation it is essential that the quotienting happens at
the same time as the construction of the ordinary inductive parts.

In this chapter we consider such a construction with sequential colimits.
However, everything we present in this chapter is about sequential colimits
of length w and with all the functors involved preserving w-colimits. This
means that the functors are finitary, which would then imply that there ex-
ists a construction where we only need to quotient once. However, the con-
structions given here do not make essential use of the fact that the cochains
are of length w and therefore should carry over to cochains of arbitrary
length. Making this precise is not a trivial matter however, as we would

tirst have to come up with an appropriate formalisation of ordinals, which
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we defer to future work.

6.3.2 Constructing Sef-sorted quotient inductive-inductive

definitions

In this section we will look at the simplified setting of Sef-sorted quotient
inductive-inductive definitions. Our ultimate goal is to show that for any
Set-sorted s : Spec, where all the functors preserve sequential colimits, we
have a left adjoint to the forgetful functor U : Alg, = Sef. We can do this by
induction on the specification s. To construct this left adjoint for a category
Alg, extended with a point or path constructor, we need to have sequential
colimits, coequalisers and binary coproducts in Alg;.

Set satisfies all these conditions, so the base case of the induction holds.
In the next two sections we will do the inductive step for point and path
constructors respectively.

Point constructors

If we have Alg, with an adjunction L + U : Alg, = Set and a functor
F : Alg; = Set, then the category of (F, U)-dialgebras is equivalent to the
category of (L o F')-algebras. As such, we can focus our attention on the
properties of categories of algebras of endofunctors. Also note that since L
is a left adjoint, it preserves colimits, hence L o F' also preserves sequential
colimits.

It suffices to show that if a category C has sequential colimits, binary
coproducts and coequalisers and F' is an endofunctor on C preserving col-
imits, then F-alg also has sequential colimits, binary coproducts and co-
equalisers and furthermore a left adjoint from C to the forgetful functor.

In the following we will assume that C is a category with sequential
colimits, binary coproducts and coequalisers and that /" is an endofunctor

on C preserving sequential colimits.

Proposition 6.3.5. The category F-alg has sequential colimits.
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Proof. Suppose we have the following cochain in F-alg:
<X0790) (leel) (X2701) (X3791) (X4791)

This means we have the following diagram in C:

Fzxq Fxq Fxo Fzxs

FXO FXl FX2 FX3—>FX4—>
e S |
Xo X X X3 X4

Zo Z1 x2 z3

To be precise, we have:
e X :N — |C|withalgebras 0 : (n: N) — C(FX,,X,)
o z:(n:N)— C(X,,X,1) satisfying z,, 0 6,, = 0,41 o Fz,

We can take the colimit of the cochain (X, z) in C and we get X, : |C|
with ¢ : (n: N) = C(X,, X,,) satisfying ¢, = c¢,41 o z,, satisfying the uni-
versal property of sequential colimits. Similarly, as F’ preserves sequential
colimits, we get that X, with Fc¢: (n: N) — C(FX,, FX,) is a colimit of
the cochain (F'X, Fz). This allows us to construct an algebra structure on
X., which is the map 6., defined by the computation property:

0,0 Fec, =c,00,

For this to work, we have to make sure that ¢, 00,, does in fact form a cocone,
i.e. we need to check whether ¢, 0 6,, = ¢, ;1 06,,1 o Fx,,. This follows from
the fact that X, is a colimit of (X, z), giving us ¢, = ¢,,+1 © x,,. Every z,, is
an algebra morphism: z,, 0 6,, = 6,,41 o F'z,,, so we are done.

By definition of §,,, every c, is an algebra morphism.

Finally we have to check whether (X, 6,,) satisfies the universal prop-

erty. This follows from the universal property of X,,. O
Proposition 6.3.6. The category F-alg has binary coproducts.

Proof. Let (X,0),(Y,p) : |F-alg|. Observe that by assumption we have the
coproduct X+Y in C, but there is no evidence that this will carry an algebra
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structure, let alone one such that the inclusions X — X+Y andY — X+Y
will preserve this structure.

Instead, we will create a sequence of objects A4,, in C, which have an
approximate algebra structure (a map o, : F'A,, — A,+1). For every A, we
also haveinl, : X — A, and inr, : Y — A, such thatinl,;; 0 6 = o, o Finl,,
and similarly for inr, and p. In other words: the inclusions preserve the
approximate algebra structure.

We define the objects A,, inductively:
e Ay := X+Y withinly := inl and inr,,0 := inr
e A, +1:=pushout (Finl,, Finr,) (60 4+ p) with (inl,,1,inr, 1) : X+Y —

A, and o, : F'A, — A, 41 being its two inclusion maps. (We have

pushouts in C as it has binary coproducts and coequalisers.)

The corresponding pushout diagram for A, is the following:

FX+FY 22 x4y
<Fin|n,Finrn)l L(inln_,_l,inrn_,_l)
FAn an An+1

The morphisms a,, : A, — A, are also defined inductively:

e qj := (inly,inry), which satisfies by definition q o inly = inl; and a( o

infg = inry.
® a,. is defined using the universal property of A, ;:

0+p

FX+FY X+Y ———=X+Y
l(Finln,Finrn) l(inln+1,inrn+1>
(Finlyy1,Finr1) | FA, - At (inly42,infn o)
jFun R
PAu Anis

Note that we can assume that the left “triangle” commutes by induction
hypothesis. As we have seen, it holds for n = 0. We then have to show that
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for the a,, 11 we define here, it again holds. By the computation rules of a,,
we have a,,11 o (inl,.1,inr, 1) = (inl,4o,inr,40).

If we take the colimit of the cochain (A4, a), we get an object A, in C with
constructors ¢, : A, — A, satisfying ¢, = ¢,+1 o a,, such that it satisfies
the universal property of sequential colimits. Similarly, since F' preserves
sequential colimits, we also have that F'A, with Fc, forms a colimiting

cocone of the cochain (FA, Fa).

We now have to construct and check for several things on A,;:
e an algebra structure F'A, — A,

e inclusions inl, : X — A, and inr,, such that they are algebra mor-
phisms 6 — «,, and p — «, respectively

e (A, o) should have the universal property of being a coproduct of
(X,0) and (Y, p)

To construct the algebra structure on A,,, we define a cocone with carrier
A, on the cochain (F'A, Fa) with a family of morphisms d,, : F'A, — A,
defined as the composite:

(o7 Cn+1
FA, — An+1 — A,

In order for this to be a cocone, we have to check whether d,, = d,, .1 o Fa,,.

For n = 0, we have that it follows from the computation rule of a; and
from the fact that ¢; and ¢, are constructors of the colimit A,:

CloCkU:CQOaloQo:CQOChOFCLO

From this we get a unique morphism o, : F'A, — A, with computation
rules a,, o F'c,, = ¢,,41 © iy,

The inclusions maps inl,, inr, from X and Y respectively into A, are
defined as composing inly and inry with ¢;. We then have to establish that
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these maps are in fact algebra morphisms. We will show this here for inl.:

inl,00 =cyoinlgof
=cyoapof
=coinl; 06
=c1 0ago Finly
= q,, o Fcg o Finly
= o, 0 F(¢poinly)

= q,, o Flinl,

By the same reasoning inr,, is an algebra morphism p — a,.

Finally we have to show that given an algebra (Z, ¢) with algebra mor-
phisms f : § — (and g : p — (, we get a unique algebra morphism
h:a, — (satisfying hoinl, = fand hoinr, = g.

Observe that Z comes with a cocone for the cochain (A, a) with z, :
A,, — Z defined inductively:

e 2p: Ay — Z defined as (f, g), as Ay := X+Y.

® 2, is defined using the universal property of A, ::

FX4+FY 2o X4y — X4Y

(Finln,Finrn>j l(i”|n+1»imn+1>
FAn an An+1 <f’g>
RN
Zn+1
A : 7

In order for the definition of z,, ; to make sense, we have to check whether
outer square commutes. For n = 0, it commutes as f and g are algebra mor-
phisms. For the inductive step, it follows from the computation rule of 2,
and the fact that f and g are algebra morphisms. As for the inductive step,
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we consider the following diagram:

FXAFY — 0 o X4V ———— XY ——— X4V
(Finly, Finry,) l(in|n+1,inrn+1)
(Finlyy1,Finry1) (| A, o Aniq (inlnga,infnyo)
Fay, e (f.9)
FA, — Apio
Fzni1 M
FZ : Z

The triangle on the left commutes as before. This means that the outer
square is the cocone on Z that defines z,.;. By the universal property of
A, 41 we then get that 2, and 2,49 0 a,+1 are equal.

We therefore get a unique morphism z,, : A, — Z satisfying z,0c¢, = z,.
Showing that this is an algebra morphism «,, — ¢ can be done by showing
that we have a cocone of the cochain (F'A, Fa) with carrier Z and that both
¢ o Fz, and z, o o, are cocone morphisms from F'A, into Z, hence by the
universal property of F'A, they are equal.

The cocone on Z is defined with morphisms ¢ o F'z, : FA, - Z. We
have (o F'z, = (o Fz,,10Fa,,as z, itself is a cocone on (A, a). The fact that
¢ o F'z, follows directly from the computation rules for z,. Showing that
Zp41 © vy, is @ cocone morphism also follows directly from the computation
rules of z, and ay,.

Lastly, we have to check whether composing z,, with the inclusions from
X and Y into Z gives us back f and g respectively. We can show this by
performing the following computation:

Zyoinl, =z, 0cyoinly
= zg oinly
= (f,g)oinl
=f
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Showing that z,, o inr, = g can be done analogously. [l
Proposition 6.3.7. The category F'-alg has coequalisers.

Proof. Let (X,0),(Y,p) : |F-alg| with f,g : § — p algebra morphisms. The
coequaliser of f and g can be defined using a construction similar to that
of coproducts in proposition 636. We again use the idea of constructing
a sequence of approximations to the coequaliser, using pushouts to ensure
that the inclusion maps are algebra morphisms.

We define the objects A,, inductively:

o Ay :=coeqy,

o A, 1 := pushout (FB, 0 (Fing,)) (ins, 0 p)

i.e. the following is a pushout diagram:

<inf gop>

coeqpyfpg — > CO€Qy4
(F mf,g>l
F(coeqy,,) Br+1
Fﬁnl
FA, Anit

Qn

where ing, 1 Y — coeqy,, is the constructor of coeqy , and 5y := idcoeq,, -
We can define the morphisms a,, : A, — A, in the same way as before,
using the universal property of pushouts. We can then proceed to define
an algebra o, : FA, — A, on the colimit of (A, a). This algebra has an
inclusion from (Y, p), which coequalises f and ¢ and satisfies the universal
property of coequalisers in F-alg. The details for these constructions are all
analogous to the proof of proposition bB38.
O

Proposition 6.3.8. The forgetful functor U : F-alg = C has a left adjoint.

Proof. This is a straightforward generalisation of proposition BT4. Since F'
preserves sequential colimits, so does F for any X : |C|, hence the initial
algebra F*X exists. O
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Path constructors

Suppose we have a category C : Cat with an adjunction L 4 U : C = Set.
To describe a path constructor on C, we need the following data:

e F': C = Set, describing the arguments of the constructor
o (,r: F = U,giving the end points of the equations

In the following we will assume that C is a category with sequential
colimits, binary coproducts and coequalisers and that " is an endofunctor

on C preserving sequential colimits.

Let us define the category C’ as the full subcategory of C with objects
X :|C| satisfying (x = rx.

Proposition 6.3.9. C’ has an initial object.

Proof. Since we have L 4 U, we have isomorphisms
dxy : C(LX,Y) = (X = UY)
¢ is natural in both X and Y, hence we have natural transformations:
pol,por:LolF —=ide

It suffices to show that we have an initial object in the subcategory of C of
objects X : |C| satisfying ¢p o {x = pory.

We define X, to be the colimit of the following cochain in C:

LFX, LFX, LFX, LFX; LFX,

¢OTX01L¢O€XO qﬁOTXllj(ﬁoexl ¢OT‘X2L1¢O;€X2 (borXSllQSOZXS ¢OTX4lL¢O£X4
@ = XO Xl X2 X3 X4

zo 1 2 z3 T4



6.3. INITIAL OBJECTS VIA SEQUENTIAL COLIMITS 161
That is, the w-cochain (X, ) is defined as:

X:(n:N)—|C]|
X0:=0

X (n+1) := coedgory, gory,

with z,, the constructor of corresponding coequaliser.

We need to show that for X, ¢ o {x, = ¢ o rx,. This we will achieve
by showing that X, has a cocone structure for the cochain (LF'X,,, LFx,,).
Both ¢ o lx, and ¢ ory, are cocone morphisms LF X, — X, which means
that by the universal property of LF X, they must be equal.

For X, we have:
e constructors d,, : C(X,,, X,)
e satisfying d,, = d,11 0 7,

F preserves sequential colimits and L preserves all colimits as it is a
left adjoint, hence L o F preserves sequential colimits. We then have that
LF X, is the colimit of the w-cochain (LF'X,,, z,,) and therefore have:

e constructors LFd, : C(LFX,, LFX,)
e satistying LF'd, = LFd,, o LFx,

We define the (LFX,,, LFz,)-cocone on X, with z, as the composite:

LFX, %" X, -2 X,
Note that it does not matter whether we use [ or r here, as d,, = z,, 0 d,, 1
and z,, is the coequaliser map, hence precomposing with ¢ o £ or ¢ o r is
going to yield the same result.
We have to check that z, = z,,; o LFx,, which holds as we have the
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following commutative diagram:

LFX, 2" . x, X,

LFx"L j%/
n—+1

LFXn+1 Ve XnJrl

¢oln 1

The left square holds by naturality of ¢ o ¢, the right square holds as X, is
a colimit with d,, its constructors.

Now we have constructed a (LF X,,, LFz,)-cocone structure on X, we
need to check whether ¢ o /x_ and ¢ o rx, are indeed cocone morphisms.
This amounts to checking whether the following commutes:

LEX, X% 1 px,

(bofxn l l(ﬁoﬁxw
Xn Xo

mn

This square commutes by naturality of ¢ o . By the same reasoning
¢ory, is a cocone morphism, hence by the universal property of LF X, we
getthat polx, = gporx,. ]

Proposition 6.3.10. The inclusion/forgetful functor U’ : C' = C has a left ad-
joint.

Proof. We can take the proof of initiality and replace the object X, with any
X :|C|. We define the left adjoint L' : C = ¢’ with L'X being the colimit
of this sequence. O

Proposition 6.3.11. C’ has coproducts and coequalisers.

Proof. We claim that the left adjoint L’ to the inclusion functor of the sub-

category C’ into C gives us coproducts and coequalisers.
Let X,Y : |C|with 6 : {x = px and p : ¢y = py. By assumption, C has
coproducts. The object L'(X+Y) is the coproduct of (X, 6) and (Y, p), as
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we have for any (Z, () : |C']:

C(L(X+Y),(Z,¢)=C(X+Y,2)
=C(X,2) x C(Y, Z)
=C'((X,0),(Z,0) x C'((Y,p),(Z,())

Similarly for coequalisers, suppose that we again have (X, 6), (Y,p) :
|C'| with f,g : C'((X,6),(Y,p)), so we really just have f,g : C(X,Y), then

taking the coequaliser to be L'(coeqy ,), we can calculate for any (Z, () : |C'|:
C'(L'(coeqyy), (Z,C)) = C(coeqysy, Z) = (h: C(Y,Z)) x (ho f =hoyg)

which again by €’ being a full subcategory means that L'(coeq; ) is indeed
a coequaliser in C’ of f and g. O

Proposition 6.3.12. C’ has sequential colimits.

Proof. Suppose we have a cochain in €', i.e. we have:
e X:N—|C|
e 0:(n:N)—/tx, =rx,
e z:(n:N)— C(X,, Xyni1)

By the assumptions on C, we the colimit of the cochain (X, z) in C: we
have:

e X, :|C|
e c:(n:N)—C(X,,X,)
® §giCp=Cpy10Tp

Similarly, as F' preserves sequential colimits F'X,, with F'c is a colimiting
cocone of the cochain (F X, Fx).

Note that the natural transformation ¢ gives rise to the following cocone
of the cochain (F X, Fx):
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o UX, :|C|
e d:C(FX,,UX,) defined as Uc,, o Uy,
e h:d,=d, 0Fuzx,

The equality h holds by the considering the following diagram:

lx,,

FX, Ux, e ux,

Fxn Uxn
Ucn+1

FXi1 i~ UXyia
Xn+1

The left square holds by naturality of ¢ and the right triangle commutes
due to the fact that X, is the colimit of the cochain (X, z).

We claim that both [y, and rx, are cocone morphisms from colimiting
FX, with Fcinto UX,, with Uc, as we have Uc, o lx, = (x,_ o Fc, by natu-
rality. Since (x, = rx, for every n : N, Iy, and rx_ are cocone morphisms
from the same cocone, hence Iy, = rx,. This gives us that X,, is in the
subcategory C’. Since it is a full subcategory, we also get the universality
from C. [

6.3.3 Putting it all together

We can now put all the results together and show that we have initial alge-
bras for Set-sorted quotient inductive-inductive definitions where all the

arguments functors preserve sequential colimits.

Theorem 6.3.13. Let s : Spec be a specification of a S et-sorted quotient inductive-
inductive definition. If all the arquments functors contained in the specification s
preserve sequential colimits, then the category Alg, has an initial object.

Proof. Using the results from the previous section, we can create a left ad-
joint L : Set = Alg; to the forgetful functor U : Alg, = Set by induction on
s. Since left adjoints preserve colimits, L () is the initial object of Alg,. [
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Making the theorem work for arbitrary quotient inductive-inductive
definitions means generalising in two dimensions. We have to be able to
deal with:

e arbitrary sorts: the constructions given in this chapter only work for

Set-sorted definitions

e cochains of arbitrary length: our construction works with colimits of
length w. In general we will need longer cochains, e.g. for infinitely
branching trees, we need to consider the colimit of a cochain of length

w + w.

6.4 Related work

A well-known result from category theory on constructing left adjoints is
Freyd’s adjoint functor theorem. This theorem gives us a left adjoint for
a functor, given that its domain is complete, that the functor is continu-
ous and that the solution set condition is satisfied. In section B3, we have
basically shown that the categories we are working with are finitely com-
plete and that the forgetful functors are continuous. (We have not explicitly
shown that the categories have a terminal object, but this is easy to show.)
Extending this to completeness means that we have to show that they have
terminal objects and generalise binary products to arbitrary ones. More
difficult would be to show that the solution set condition is satisfied. This
seems to be as difficult as constructing the left adjoint itself in our case.

As for showing cocompleteness of categories of monad algebras, there
are several treatments of colimits of monad algebras [[Lin6Y; BWS5]. The
main result in [[inAY] is that, given that C is cocomplete, the category of
monad algebras M-Alg for a monad M : C = C is cocomplete if and only
if it has reflexive coequalisers. M-Alg has reflexive coequalisers if M pre-
serves them.

In [LST3bH], the authors use sequential colimits to construct the mon-
ads corresponding to the higher inductive types, using techniques from
[KeI80]. Evaluating these monads at the initial object yields the carrier of
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the initial algebra for the higher inductive type. The construction given
by the authors is therefore not hugely dissimilar from ours. An important
difference is that our construction is carried out in type theory itself.

The construction of the initial object for path constructors can also be
seen as a generalisation of the construction of propositional truncation as
a sequential colimit [DooTA]. Our construction is performed in a set trun-
cated setting. However, seeing as the technique is very similar to the one
used to construct propositional truncation, it seems that our result can be

generalised to the untruncated setting.



Chapter 7
Concluding remarks

In this thesis we have given a formal specification of quotient inductive-
inductive definitions, intended as a stepping stone towards a theory of
higher inductive(-inductive) types. This theory has been presented in such
a way that formalising it in type theory is straightforward.

After the first two introductory and preliminary chapters, chapter @ was
devoted to giving examples and intuition for quotient inductive-inductive
types, before diving into the formal definition. We argued that even only
considering higher inductive(-inductive) types truncated to sets is already
a useful extension over ordinary inductive types. The set truncation also
entails that we have to consider only the point and first path constructors,
as anything higher will be trivial.

In the examples of chapter B, we uncovered that quotient inductive-
inductive definitions set themselves apart from ordinary inductive defini-
tions in the following regards:

e instead of defining a single type, we may have a collection of depen-
dent sorts

e any constructor may refer to any previous constructor

e the result type of a constructor may be an equation in any of the sorts,
i.e. we allow for path constructors

167
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Both inductive-inductive definitions as well as higher inductive types have
the property of allowing for references to previous constructors, which
prompted our investigations into a uniform treatment of both classes of
inductive definitions.

In chapter @ we give the formal specification of quotient inductive- in-
ductive definitions, which is given simultaneously with its interpretation
as categories of algebras: we characterise quotient inductive-inductive def-
initions roughly as iterated dialgebras (definition EZ4T)). Dealing with de-
pendent sorts means that ordinary dialgebras do not suffice: the categories
of dialgebras are fibred over all sorts below the sort of the current con-
structor. Dealing with this means we define the category of algebras as
an equaliser category of a category of dialgebras. The category of algebras
for a path constructor is simply the category of algebras of the previous
constructors extended with an equation on those algebras given by natural
transformations.

Since we have not focussed on our specifications of inductive definitions
being sound in the sense of the categories of algebras having initial objects,
the system can also be used to work with equational theories in type theory.
While there are plenty of equational theories that are nicely behaved in the
sense that the corresponding category of models has an initial object, this is
not always the case. A notable example of this phenomenon is the category
of fields, which can be described with our framework, but does not have
an initial object.

As we have given a specification of quotient inductive-inductive defini-
tions, we ought to prove properties about them. In this thesis we investi-
gate several properties: the logical equivalence of initiality and induction
and the construction of initial algebras via sequential colimits.

Chapter B is devoted to the correspondence between initiality and in-
duction in the context of quotient inductive-inductive definitions (theo-
rem B39). We first give a categorical characterisation of the induction prin-
ciple as the section principle: every algebra fibration has a section. We then
go on to show that in the presence of binary products and equalisers this
principle is logically equivalent to initiality. This proof follows what one
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would intuitively do in type theory if one shows that some induction princi-
ple implies initiality: you first show that weak initiality holds for which we
need to produce a constant algebra family (this is the construction of prod-
ucts). Establishing that the resulting morphism is unique can be done by
employing the induction principle again with the motive being the point-
wise equivalence of the two morphisms. Giving the methods then amounts
to giving the equaliser of the two morphisms. Since we already know the
categorical structure of the algebras, proving that the section principle and
initiality coincide then amounts to giving constructions of products and
equalisers. This approach saves us from first having to come up with an
induction principle.

Interesting to note is that while initiality is a property of an object that
requires us only to have the objects and morphisms of the category at hand,
the section principle requires the full categorical structure, i.e. we need
composition, identity morphisms and laws and associativity. Initiality is
an attractive property in the light of working in an untruncated setting,
i.e. working with hom-types as opposed to hom-sets, as we do not have
to bother with the category laws and hence do not have to deal with any
further coherence laws. However, comparing it to the section principle re-
quires us to use more category structure and laws.

The second part of chapter B gives a derivation of the induction princi-
ple for quotient inductive-inductive definitions. Since we know what dis-
play maps and sections amount to in Sef in a type theoretic sense, i.e. they
are type families and dependent functions, and given that all our categories
are in some way built upon §ef, we can use this information to derive the
type theoretic induction principle for our quotient inductive-inductive def-
initions.

In chapter B we consider the existence of inductive definitions, i.e. the
existence of initial objects in the categories of algebras. The way we set
things up in chapter @ allows us to give inductive definitions of which the
corresponding category of algebras does not necessarily have an initial ob-
ject. As our quotient inductive-inductive definitions subsume ordinary in-

ductive types in the sense of providing an endofunctor on §et, we can con-
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sider the double powerset functor which does not have an initial algebra.
We therefore need to make sure that our definitions are strictly positive.

We give constructions of initial algebras for a class of Set-sorted quo-
tient inductive-inductive definitions where the functors are w-cocontinuous
(theorem B3T3). These constructions can be performed inside the type the-
ory, which gives us the result that having natural numbers and coequalis-
ers/quotients is enough to be able to construct a wide range of quotient

inductive-inductive definitions.

In appendix [A we present some preliminary work on characterising
strictly positive functors for quotient inductive-inductive definitions, by
generalising containers. We give a generalisation of these to functors from
any category into Sef, which allows us to express the data needed for a
Set-sorted quotient inductive definition. We also present a generalisation
of this to situations where the category of sorts is a presheaf category over
Set.

In appendix B we try to lift the restriction to sets: instead of considering
hom-sets in our categories of sorts and algebras, we broaden this to hom-
types. This would turn our theory of quotient inductive-inductive types
into one of higher inductive-inductive types with point constructors and
path constructors that construct paths between points, i.e. no higher path
constructors. As opposed to moving to (oo, 1)-categories straight away, we
move from hom-sets to hom-types and go through all the constructions to
see where we run into coherence issues. Somewhat surprisingly issues al-
ready show up when considering only point constructors for 7 ype-sorted
definitions. The category of F'-algebras for an endofunctor on 7 ype is no
longer a category that satisfies the category laws strictly, unlike 7 ype it-
self. Even if F' happens to be a strict functor, we still do not end up with
a strict (0o, 1)-category. If we add a point constructor to this category of
algebras, we increase the level of coherence needed. Therefore the number
of coherence problems we have to deal with increases with the number of
constructors, whether they are point constructors of path constructors.
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7.1 Future work

7.1.1 Metaprogramming and generic programming

Given that our definition of quotient inductive-inductive types can be for-
mulated inside type theory, one avenue for future work would be applying
this definition to generic programming ideas. Having these definitions as
the basis of the implementation of inductive definitions in your theory is
useful when one wants to use metaprogramming techniques to define pro-
grams abstracting over data types. One aspect of our approach is that we
stay with the idea of an inductive definition being given as a list of con-
structors, as opposed to simplifying the situation to being a code of a sin-
gle endofunctor. Staying with the list of constructors idea also means that
we could build a system for writing attribute grammars internally without

needing any external tools, allowing for aspect oriented programming.

7.1.2 Invariance of descriptions under equivalence of con-

structors

An important property that should hold is that the definitions should be
invariant under equivalence of constructors. If we have two specifications
s, s’ : Spec with the same dependent sorts, such that if |Algs| = |Algy|, i.e.
all the constructors combined of s are equivalent to those of s’, then the
initial object of Alg, should have an isomorphic carrier to that of Alg,. This
is an important property that is used often to reason about equivalence
of inductive definitions. For example, it implies that the definitions are

invariant under reordering of constructors.

7.1.3 Generalised containers

We have given the definition of generalised containers as a means of de-
scribing functors into et and presheaf categories. For descriptions of quo-
tient inductive-inductive definitions we need to be able to handle functors
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into sort categories. Generalising the containers to support this is an av-
enue of future work.

Along with this one should also establish that the usual properties of or-
dinary containers hold, i.e. container morphisms completely describe nat-
ural transformations between extensions of containers.

We have noted that we can use quotient inductive types to define func-
tors on et which are not representable as an ordinary container, namely
propositional truncation. It would be interesting to see whether we can

adjust the definition of container to subsume such functors.

7.1.4 Constructing initial algebras

We have given constructions of initial algebras for Set-sorted definitions
where the arguments functors were w-cocontinuous/finitary. Future work
would be to generalise this to other ordinals as well and make the construc-
tion work for arbitrarily sorted definitions.

One possible approach would be to have internally to the type theory a
syntax for (strictly positive) quotient inductive-inductive definitions with
ordinal annotations, so one could compute at what ordinal the colimits

stabilise.

7.1.5 Generalising to higher inductive types

The ultimate goal of this project is to have a theory of higher inductive
types. In appendix B we have shown what the kind of issues are we run into
when trying to move our results from the category theoretic setting, where
we work only with sets, to a higher category theoretic setting without any
truncation. In the chapter we also argue that the naive approach gets un-
workable very quickly. To adequately describe a theory of higher induc-
tive types, one has to turn to (oo, 1)-categories. Defining (oo, 1)-categories
in type theory is ongoing work and seems to require extending the type
theory with an internal notion of strict equality, which allows us to talk
about definitional equalities in the type theory itself, as well as proposi-
tional equality [[ACKT6H; ACKT6al.
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Containers for quotient

inductive-inductive definitions

The inductive definitions therefore need to be strictly positive: positivity
alone does not suffice. There are different ways to formally specify strictly
positive functors. We can use a syntactic way to describe them as the class
of functors that contains all constant functor, closed under sums and prod-
ucts of strictly positive functors, exponentiation with a constant on the
left of the arrow, and taking fixpoints [Mor()7]. A more compact way to
characterise strictly positive functors on Sef in type theory is as containers
[AAGOS]:

Definition A.0.1. A container on Set consists of:
e S : Set, a type of shapes
e P :S — Set, a family of position, indexed by the shapes.

The container with shapes S and positions P is denoted as S <1 P
The corresponding functor is called the extension of the container:

Definition A.0.2. Given a container S < P, its extension is the functor [S <
P] : Set = Set with its action on objects defined as, for every X : Set:

[S<P] X :=(s:8) x (Ps— X)

173
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and its action on functions f : X — Y:

[S<P]f:=As,t).(s,fot)

A.1 Containers for Set-sorted definitions

To give the data for a quotient inductive-inductive definition, we often need
more than just endofunctors on §Sef. We are generally working with func-
tors Alg, = S; where s : Spec describes the previous constructors and S; is
sort category describing the sort of the constructor we are defining. Con-
tainers have a generalisation to indexed containers which describe functors
between slice categories of Sef. This concept is again an instance of the
more general notion of polynomial functor [KocTT], which describes strictly
positive functors between slice categories of a locally cartesian closed cate-
gory. We cannot expect Alg, to be locally cartesian closed in general: if we
take s to be the specification corresponding to setoids, then Alg; is equiva-
lent to the category setoids, which is not locally cartesian closed [AKT2].
If we look at containers a bit more closely, we see that they are coprod-
uct of a family of representable functors. This observation leads us to gen-
eralised containers, also known as familially representable functors [CJ95]:

Definition A.1.1. A generalised container on a category C consists of:

e 5 : Set, a type of shapes,

e P:S — |C|, afamily of representing objects, indexed by the shapes.
The extension generalises straightforwardly:

Definition A.1.2. Given a container S < P on a category C, its extension
is the functor [S <1 P] : C = Set with its action on objects defined as, for
every X : |C]|:

[S<P]X:=(s:5)xC(Ps,X)

and its action on functions f : X — Y:

[S<P]f:=As,t).(s,fot)
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To describe the end points of path constructors, we use natural trans-
formations. Container morphisms are used to represent natural transforma-

tions between containers. For generalised containers they are as follows:

Definition A.1.3. Given C-containers S <1 P and T < (), a container mor-

phism consists of:
o f:5—>T
e g:(s:5)—=>0C(Q(fs),Ps)

with its extension being the natural transformation:

If,9] : (X :|C) = [S<P]|X =[T<Q] X
[/, 9] X (s,t) :=(fs,t0(g5))

Naturality follows from the associativity law of C.

A.2 Containers for arbitrarily sorted definitions

We have given a way to describe strictly positive functors and natural trans-
formations needed to describe Set-sorted quotient inductive-inductive def-
initions. However, the functors we work with are not generally functors
into Set, but may also be into any sort category.

In this section we will show how this can be done for the special case
Fam. Suppose we have a category C, which we can think of as being a
category of Fam-sorted algebras. It is therefore equipped with a forget-
ful functor U : ¢ = Fam. Describing the arguments of a Fam-sorted
constructor over C requires us to give a functor F' : C = Fam such that
tio F'=1t,0U,wheret, : Fam = Set is its forgetful functor.

Note that we have Fam = Set!, therefore by the cartesian-closedness
of Cat, we have C = Set! = Cx I = Set. To give a functor F' : C = Famis
to give two functors F°, F!' : C = Set along with a natural transformation
a: F' = FY.
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Furthermore, we have the requirement that FO = ¢, o U. If we assume
that we have an adjunction L 4 U : C = Fam, t; o U will also have a
left adjoint (as ¢; also has a left adjoint). If ¢; o U has a left adjoint, it is a

representible functor, which means it is also a container.

A.3 Limitations of containers

While in the traditional setting, containers (on §ef) seem to be an adequate
way to characterise strictly positive functors, it has its limitations. Let us
consider the propositional truncation operation on Set: ||_|| : Set — Set.
Let S < P be its container representation, then the following holds:

1= =(s:S)x (Ps—=1) =S

Therefore we know that that the shapes S = 1, hence ||_|| has to be a repre-
sentable functor. Let P : Set be its representing object. P has to either be
empty or inhabited. If it is empty, then we have 0 = ||0|| =0 = 0 =1, a
contradiction. If it is inhabited, we have 1 = ||Bool|| = P — Bool, however
P — Bool has at least two distinct inhabitants: Az.true and Axz.false, also a
contradiction. Hence ||_|| is not a container.

Now this fact is not necessarily bad for the expressiveness of our system.
If we wanted to express a constructor of a type A such as ¢ : |[A|| — A4,
we could simply incorporate propositional truncation into our inductive
definition, i.e. add another sort B : Set which has a constructor d : A — B
and a constructor of type (z y : B) =z =y.
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Moving to an untruncated setting

In the previous chapters, we have mostly worked with sets. In this chapter
we show what kind of issues one encounters if we work in an untruncated
setting instead, motivating why we went with the choice to work in the set
truncated setting in the first place. If we want to generalise the theory to
higher inductive types, we have to lift this restriction and somehow deal
with these issues.

The place where we had to ensure that certain types were sets, was in
the definition of category: we worked with sets of morphisms. This means
that the category laws are propositions and saves us from having to worry
too much about reasoning about equality of morphisms: any two such
proofs will be equal.

If we have categories with hom-types, then we have no guarantees that
the category laws interact nicely. For example, if we have four composable

morphisms:

Xty 4oy iy

If we want to show that the following equation holds:

((ioh)og)of=io(ho(gof))

then we have a choice in what order we apply the category laws. There is
a priori no guarantee that these choices yield equal proofs: we need to add

177
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this assumption as an extra coherence condition. In the case of associativity
interacting with itself, it is as follows:

Definition B.0.1 (Coherence condition for associativity). The witness of

associativity
assoc : (h: C(Z,W)) (9: C(Y, 2)) (f : C(X.Y)) = ((hog)of) = (ho(go f))

is coherent if for any composable arrows i, , g, f the following commutes:

(io(hog))of
(assw W)Jc
((ioh)og)o f io((hog)of)

assoc (i o h) g f ioassoc hg f

(ioh)o(go f) io(h o (g o f))

assoc i h (g o f)

We can formulate similar conditions for the interactions between the
identity laws and associativity. The story does not end there however:
there is no reason to assume that the equality between equalities of mor-
phism is propositional. The coherence condition of associativity needs to
behave nicely in harmony with the other category laws and coherence con-
ditions: the coherence conditions themselves require further coherence
conditions. This phenomenon does not stop: we get an infinite tower of
coherence conditions.

Sometimes we are lucky with the concrete categories we are working
with, in that the category laws hold up to definitional equality: they are
satisfied strictly. Examples of such categories are Type and Fam. In these
cases, as the category laws themselves are satisfied trivially, any higher co-
herence law will also be satisfied trivially.

For categories of algebras, this is not the case. Even if we consider F-
algebras with F' a strict endofunctor on Type, F-alg will not satisfy the cat-

essentially that we cannot find a definition of the category of pointed types
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that satisfies the category laws strictly. Since pointed types are a special
case of F-algebras, we therefore cannot hope to find a nice definition of
F-alg that is strict.

The way to deal with coherences is by considering (oo, 1)-categories
[CamT3]. The usual definitions/models of (oo, 1)-categories are given by
using simplicial sets. This is not a practical approach for our purposes,
as we cannot easily move between simplicial sets and types. Another ap-
proach is to consider simplicial types, which is as of yet an open problem in
homotopy type theory. One attempt to solve this and give a definition of
(00, 1)-categories is by extending the type theory with an internal notion of
strict equality [ACKT6b; ACKT6a].

However, as we are only concerned with a finite amount of categorical
structure: we are really only interested in the category of algebras satisfy-
ing the identity and associativity laws, we will in this chapter see how far
we get by taking a lazy approach. We will only add those coherence condi-
tions we actually need to show that the categorical laws are satistied in all

the categories of algebras.

B.1 Coherence laws for functors

Talking about the category laws in an untruncated setting also means that
we now have to worry about what it means for a functor to preserve them.
If we take for example the left identity law, we notice that there are multi-
ple ways to produce an equality F(idY o f) = F'f. we can either use the
left identity law of the domain of F' or the one of its codomain, by first ap-
pealing to the fact that F' preserves composition and identity morphisms.
The functor F preserves the left identity law if these two approaches yield

the same equality:

Definition B.1.1. A functor F' : C = @ satisfies the coherence law for the
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left identity law of C if the following commutes for any f : C(X,Y):

F(ideY op f) — 2 efvide ) Ff
F-o (ide Y) f left-idy F f
F(ideY) op [ ——mgy o7 1o (FY) o5 f

where F-id and F-o are the witnesses of the functoriality of F.

The coherence law for the right identity law is defined similarly.

Definition B.1.2. A functor I : C = O satisfies the coherence law for the
associativity law of C if, given three composable arrows:
f

X1y 4oz row

the following commutes

F (assoce h g f)

F((hog)of) F(ho(gof))

F-O(hog)f‘ F-oh(gof)
F(hog)oFf FhoF(go f)
F—ohgoFf‘ ‘FhoF-ogf

(Fho Fg)o Ff

Fho(Fgo Ff)

assocy Fh Fg Ff

B.1.1 Generalised containers

Although we are not able to internally define the type of strict functors,
there is a definable class of functors that happen to be strict: containers on
Type (see definition [ATT). As the functorial action of containers are de-
fined in terms of composition of functions in Type, the functor laws reduce
to the identity and associativity laws of Type, which are satisfied strictly.
As such, containers on Type form a class of strict functors.

For generalised containers (definition A1), the functors again inherit
the functor laws from the category laws of the domain of the functor. If the

generalised container maps out of a strict category, then it defines a strict
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functor. However, in practice, these categories will not be strict as they will
be categories of algebras.

B.2 Sort categories

The categories Type and Fam satisfy the category laws and their (higher)
coherences definitionally. Whether a sorts category [ & | given by a §
Sortsis strict, depends on the functors in the list §. Looking at the definition
of the sorts categories, if all the functors involved satisfy the functor laws
definitionally then the resulting categories will be strict as well. This means
that if we give all the functors in & as generalised containers, we end up

with strict sort categories, which is quite a reasonable assumption to make.

B.3 Categories of dialgebras

So far we have not given a precise definition of (F, G)-dialg for some func-
tors F,G : C — ©: we have not formally defined composition and so
on. In definition B27, we have defined the category its objects and mor-
phisms. The objects are defined in terms of objects from € and morphisms
from . Morphisms are defined in terms of morphisms in € and @ along
with equalities between them. If we are only interested in objects and mor-
phisms of (F, G)-dialg, we need to know what the objects and morphisms
of C and @ are and the actions of F' and G on those. Once we go beyond
morphisms, we run into trouble.

To illustrate these issues, we will look at the definition of the (F, G)-dialg
in detail.

B.3.1 Identity morphisms

Given an object (X, §) : |(F, G)-dialg|, we define the identity morphism as

id(£,G)-dialg (X, 0) = (ide X, ido)
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with idy defined as:

Gide o) —% 9o Fide

G-id o 0 9 o F-id
id@ of 0o Idg)
Ief% Aid@

0

Unsurprisingly, the construction of identity morphisms relies on the
functor F' and G preserving identity morphisms. Perhaps more surprising
is that the construction also relies on the identity laws of the category @, i.e.
a category structure “one level up” from identity morphisms.

In our cases, the codomain of functors F' and G is always Type or some
other category of sorts: it does not change with the number of constructors.

B.3.2 Composition

Suppose we are given algebras (X, 0), (Y, p)(Z,() : |(F, G)-dialg| and mor-
phisms (g, 90) = (Y,p) = (Z,¢) and (f, fo) : (X,0) = (Y, p). If we want to
compose the two morphisms, we need a way to glue the squares g, and f;

together, i.e. we need an operation:

FX%.0x FY 2. qy FX%.Gx
Ffj fo le—>Fgl 90 LGQ—>'F(g°f)L 90°0 fo lG(gof)
FY —=GY FZ——GZ FZ——GZ
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The (vertical) composition of the squares g,y fy is defined as the composite:

Glgof)od 22 ¢coF(gof)

G-ogfob (oF-ogf
(GgoG f)ob Co(FgoF f)
Ggo(G fob) ((oFg)oF f
Ggo fo goo F f

Ggo(pol f)zws (Ggop)oF f

Composition of dialgebra morphisms is then:

(9,90) o (f, fo) = (g f,90°0 fo)

As with identity morphisms, we notice that we need to appeal to the func-
tors preserving the same kind of structure we are defining here: they need
to preserve composition. We also need categorical structure one level up

from composition from the category ©, namely associativity.

Looking at this definition of composition, we notice that even when C
and D are strict categories, with F' and G being strict functors, e.g. when
we consider F-algebras on Type with I given as a container, composition

will not be strictly associative.

B.3.3 Category laws
If we want to talk about the identity laws in a category of dialgebras, we

need to know what equality between dialgebra morphisms looks like. We

can characterise it as follows:

Proposition B.3.1. Let (f, fo), (9. 90) be two dialgebra morphisms (X,0) —
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(Y, p) in (F, G)-dialg, then we have the following equivalence of equalities:

((fs fo) =(9,90) =(p: f=29)
x(po: Gfob—LpoFf )

Gpob

poFp

Ggol—p—poFy

Proof. Using the fact that an equality of dependent pairs is a dependent
pair of equalities, we get that

((f: fo) =(9:90)) = (p: [ =9) X (po : fo :zh'Ghogpotho

Having a path p, over a family of equalities is equivalent to the square by
the usual reasoning. O

To give a witness for the left identity law, we need to show given:
e objects (X, 0), (¥, p) : |(F, G)-dialg]
e with a morphism (f, fy) : (X,0) — (Y, p)

that id(r.q)-dialg (Y, p) o(rc)-diatg (f, fo) = (f, fo). Unfolding definitions this
reduces to having to show that:

(ide Y oe f,idg p oo fo) = (f, fo)

Applying proposition B3 this is the same as giving a proof p : ide Yo f =
f along with a square:

G(id@Yof)OGMpoF(id@Yof)
Gpob poFp

G fob poF f

fo

We will work this out in detail, assuming the category @ is strict. This
assumption is reasonable as per the reasons given in appendix B2.
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For p we can fill in left-ide f. Furthermore we know that, assuming the
functors F' and G preserve the left identity laws:

F(left-ide f) = F-o (ide Y) f+F-idY o Ff

and similarly for G. The diagram we end up with is the one shown in
tig. B, where the double lines indicate a refl path. The non-trivial part of
the diagram is the following square:

G(ideY) o Gf 00D Giid oy Y o po Ff
G-dY oG fo#f G-dY opo Ff

Gfob poFf

fo

Since we have f, = id, GY o f, the above square follows from the naturality
property enjoyed by homotopies.

As we see, even when we simplify the situation by assuming that @ is
strict, we end up with a rather involved calculation. Working out the asso-
ciativity law in detail is even more strenuous. It seems that we can show
that the category (F), G)-dialg has all the category laws that are preserved
by the functors F' and G.

B.4 Untruncated 7 ype-sorted inductive-inductive
definitions

In the previous section we have sketched how the category laws can be es-
tablished in the untruncated dialgebra categories, assuming the codomain
of the functors is a strict category. This means that it explains what we need
from of a 7 ype-sorted inductive-inductive definition to be able to show that
the resulting category of algebras does in fact satisfy the category laws: all
the arguments functors have to preserve the category laws.

While it seems that the coherence data is constant in the amount of con-
structors, in practice we see that this is not the case. To show that a functor
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G-idY o Gf o0 G-o(ide Y) fo#
Gfof G(ideY)oGfof G(ideY o f)of

G-o (ide Y) fo@

/

G(ideY)oGfof

G (ide Y) o fo

G(ideY)opo Ff

fo G-idY opo Ff

poFf

poF-idY o Ff

po F(ideY)o Ff

p o F-o (id@ Y) f

\

poF'f po F(ide)o Ff po F(ideY o f)

po F-idY o Ff poF-o(ideY) f

Figure B.1: Establishing the left identity law
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preserves category laws, we may need more structure from the domain cat-
egory. For generalised containers, we see that to show it preserves identity
morphisms, we need to have identity laws in the domain category, i.e. we
need coherence “one level up”. To show that it preserves the identity laws,
we need the higher coherence condition for identity laws from the domain
category. This means that the amount of coherence levels needed stacks

up every time we add a constructor to the definition.

What is somewhat surprising about this, is that we have not even con-
sidered path constructors yet. The coherence issues grow in the number of
constructors no matter whether they are point or path constructors.

B.5 Path constructors and their computation rules

In the set truncated setting we could ignore the computation rules for path
constructors, as all paths between equalities were trivial. In the untrun-
cated setting they need to be accounted for. Suppose we have a category
of algebras C with forgetful functor U : C = Jype. A path constructor
defined on this category is given by a functor F' : C = Jype along with
two natural transformations [,r : F' = U. Let X, Y : |C|, with 0 : {x = rx
and p : {y = ry. Amorphism f : X — Y preserves the algebra structures ¢
and p, if “applying” the equality 0 first and then the morphism yields the
same equality as first applying the morphism and then the equality p. We
would like to say:
Ufof=polFf

but this does not type check as we have Uf o : Uf o {x = Uf orx and
poFf :lyoFf =ryolFf. Wehave to appeal to naturality in order for
this equation to make sense. Let us denote for the witnesses of naturality
asl;: Uf olx =y o Ff. For f tobe an algebra morphism requires us to
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have a witness of the following;:

Ufob

UfOKX
¢y

gyOFf

UfOTX
Ty

ry o F'f

poFf



Bibliography

[AAGO5]

[AAL11]

[Ace00]

[ACK16a]

[ACK16b]

[Acz77]

[AGS12]

Michael Abbott, Thorsten Altenkirch, and Neil Ghani. ‘Con-
tainers: constructing strictly positive types’. In: Theoretical Com-
puter Science 342.1 (2005), pp. 3-27 (cit. on pp. b4, [Z3).

Thorsten Altenkirch, Thomas Anberrée, and Nuo Li. ‘Defin-
able quotients in type theory’. In: Draft paper (2011) (cit. on
pp- 48, B9, b4, B0).

Fabio Acerbi. ‘Plato: Parmenides 149a7-c3. a proof by complete
induction?” In: Archive for History of Exact Sciences 55.1 (2000),
pp- 57-76 (cit. on p. ).

Thorsten Altenkirch, Paolo Capriotti, and Nicolai Kraus. ‘Ex-
tending Homotopy Type Theory with Strict Equality’. In: CSL.
2016 (cit. on pp. [2, T72, I79).

Thorsten Altenkirch, Paolo Capriotti, and Nicolai Kraus. ‘Higher
Categories in Homotopy Type Theory’. In: TYPES preproceed-
ings. 2016 (cit. on pp. [72, T79).

Peter Aczel. “An introduction to inductive definitions’. In: Stud-
ies in Logic and the Foundations of Mathematics 90 (1977), pp. 739-
782 (cit. on p. B).

Steve Awodey, Nicola Gambino, and Kristina Sojakova. ‘Induc-
tive types in homotopy type theory’. In: Proceedings of the 2012
27th Annual IEEE/ACM Symposium on Logic in Computer Science.
IEEE Computer Society. 2012, pp. 95-104 (cit. on pp. 12, B4).

189



190

[AK12]

[AK16]

[AK79]

[AKS15]

[Alt+11]

[Alt+15]

[Alt+16]

[Bac+89]

[BCO4]

BIBLIOGRAPHY

Thorsten Altenkirch and Nicolai Kraus. Setoids are not an LCCC.
http://www.cs.nott.ac.uk/~psznk/docs/setoids.pdf. 2012
(cit. on p. [74).

Thorsten Altenkirch and Ambrus Kaposi. “Type theory in type
theory using quotient inductive types’. In: ACM SIGPLAN No-
tices 51.1 (2016), pp. 18-29 (cit. on pp. [2, 7).

Ji Addmek and Véaclav Koubek. ‘Least fixed point of a functor’.
In: Journal of Computer and System Sciences 19.2 (1979), pp. 163—
178 (cit. on p. [48).

Benedikt Ahrens, Krzysztof Kapulkin, and Michael Shulman.
‘Univalent categories and the Rezk completion’. In: Mathemat-
ical Structures in Computer Science 25.05 (2015), pp. 1010-1039
(cit. on p. B7Z).

Thorsten Altenkirch, Peter Morris, Fredrik Nordvall Forsberg,
and Anton Setzer. ‘A categorical semantics for inductive-inductive
definitions’. In: CALCO 2011. Ed. by Andrea Corradini, Bartek
Klin, and Corina Cirstea. Vol. 6859. Lecture Notes in Computer
Science. Springer, Heidelberg, 2011, pp. 70-84 (cit. on pp. [2,
B0, TOT).

Thorsten Altenkirch, Paolo Capriotti, Gabe Dijkstra, and Fredrik

Nordvall Forsberg. “Towards a theory of higher inductive types’.
In: Presentation at TYPES 15 (2015) (cit. on pp. [3, [5, B8, [03).

Thorsten Altenkirch, Paolo Capriotti, Gabe Dijkstra, and Fredrik
Nordvall Forsberg. ‘Quotient inductive-inductive types’. In: arXiv
preprint arXiv:1612.02346 (2016) (cit. on p. [H).

Roland Backhouse, Paul Chisholm, Grant Malcolm, and Erik
Saaman. ‘Do-it-yourself type theory’. In: Formal Aspects of Com-
puting 1.1 (1989), pp. 19-84 (cit. on pp. B, B3).

Yves Bertot and Pierre Castéran. Interactive Theorem Proving and
Program Development: CoqArt: The Calculus of Inductive Construc-
tions. Springer Science & Business Media, 2004 (cit. on p. B).


http://www.cs.nott.ac.uk/~psznk/docs/setoids.pdf

BIBLIOGRAPHY 191

[BCH14] Marc Bezem, Thierry Coquand, and Simon Huber. ‘A model
of type theory in cubical sets’. In: 19th International Conference
on Types for Proofs and Programs (TYPES 2013). Vol. 26. 2014,
pp- 107-128 (cit. on p. B0).

[BDJO3] Marcin Benke, Peter Dybjer, and Patrik Jansson. ‘Universes for
generic programs and proofs in dependent type theory’. In:
Nord. ]. Comput. 10.4 (2003), pp. 265-289 (cit. on p. [T).

[BHWO07] Frédéric Blanqui, Thérese Hardin, and Pierre Weis. ‘On the im-
plementation of construction functions for non-free concrete
data types’. In: European Symposium on Programming. Springer.
2007, pp- 95-109 (cit. on p. BO).

[Brul6] Guillaume Brunerie. ‘On the homotopy groups of spheres in
homotopy type theory’. PhD thesis. Université de Nice Sophia
Antipolis, 2016 (cit. on p. [0).

[BWS85] Michael Barr and Charles Wells. Toposes, triples and theories. Springer-
Verlag New York, 1985 (cit. on p. [65).

[Cam13] Omar Antoln Camarena. A whirlwind tour of the world of (, 1)-
categories. 2013 (cit. on pp. 2, T79).

[Capl4]  Paolo Capriotti. Mutual and Higher Inductive Types in Homotopy
Type Theory. 2014. urL: http://cs.nott.ac.uk/~pvc/away-
day-2014/mhit.pdf (cit. on pp. I3, I03).

[Cav15] Evan Cavallo. ‘Synthetic cohomology in homotopy type the-
ory’. MA thesis. Carnegie Mellon University, 2015 (cit. on p. ).

[CDP14]  Jesper Cockx, Dominique Devriese, and Frank Piessens. ‘Pat-
tern matching without K’. In: International Conference on Func-
tional Programming (ICFP 2014). 2014 (cit. on pp. B, 22).

[Cha09]  James Chapman. ‘“Type theory should eat itself’. In: Electronic
Notes in Theoretical Computer Science 228 (2009), pp. 21-36 (cit.
on p. bS).


http://cs.nott.ac.uk/~pvc/away-day-2014/mhit.pdf
http://cs.nott.ac.uk/~pvc/away-day-2014/mhit.pdf

192 BIBLIOGRAPHY

[CJ95] Aurelio Carboni and Peter Johnstone. ‘Connected limits, famil-
ial representability and Artin glueing’. In: Mathematical Struc-
tures in Computer Science 5.04 (1995), pp. 441-459 (cit. on p.[Z3).

[Coh+15] Cyril Cohen, Thierry Coquand, Simon Huber, and Anders Mort-
berg. ‘Cubical type theory: a constructive interpretation of the
univalence axiom’. In: Preprint, December (2015) (cit. on pp. B4,
A).

[Coq86] T Coquand. ‘An analysis of Girard’s paradox’. In: (1986) (cit.
on p. M9).

[Coq92]  Thierry Coquand. ‘Pattern matching with dependent types’.
In: Informal proceedings of Logical Frameworks. Vol. 92. 1992, pp. 66—
79 (cit. on pp. &, I2).

[Cral3] James Cranch. ‘Concrete categories in homotopy type theory’.
In: arXiv preprint arXiv:1311.1852 (2013) (cit. on p. [Z8).

[Dan06]  Nils Anders Danielsson. ‘A formalisation of a dependently typed
language as an inductive-recursive family’. In: International Work-
shop on Types for Proofs and Programs. Springer. 2006, pp. 93-109
(cit. on p. BS).

[Dia75] Radu Diaconescu. ‘Axiom of choice and complementation’. In:
Proceedings of the American Mathematical Society 51.1 (1975), pp. 176—
178 (cit. on p. B3).

[Dool6]  Floris van Doorn. ‘Constructing the propositional truncation
using non-recursive HITs’. In: Proceedings of the 5th ACM SIG-
PLAN Conference on Certified Programs and Proofs. ACM. 2016,
pp- 122-129 (cit. on pp. B0, [&A).

[DS99] Peter Dybjer and Anton Setzer. ‘A finite axiomatization of inductive-
recursive definitions’. In: Typed Lambda Calculi and Applications.
Springer, 1999, pp. 129-146 (cit. on p. B).

[Dyb95]  Peter Dybjer. ‘Internal type theory’. In: International Workshop
on Types for Proofs and Programs. Springer. 1995, pp. 120-134 (cit.
on p. T43).



BIBLIOGRAPHY 193

[Gir72] Jean-Yves Girard. ‘Interprétation fonctionelle et élimination des
coupures de larithmétique dordre supérieur’. PhD thesis. PhD
thesis, Université Paris VII, 1972 (cit. on p. [9).

[GJF10] Neil Ghani, Patricia Johann, and Clément Fumex. ‘Fibrational
induction rules for initial algebras’. In: Computer Science Logic.
Springer. 2010, pp. 336-350 (cit. on p. [43).

[GK13] Nicola Gambino and Joachim Kock. ‘Polynomial functors and
polynomial monads’. In: Mathematical Proceedings of the Cam-
bridge Philosophical Society. Vol. 154. 01. Cambridge Univ Press.
2013, pp. 153-192 (cit. on p. [Z0).

[GMMO06] Healfdene Goguen, Conor McBride, and James McKinna. ‘Elim-
inating dependent pattern matching’. In: Algebra, Meaning, and
Computation. Springer, 2006, pp. 521-540 (cit. on pp. B, 22).

[Hag87]  Tatsuya Hagino. ‘Category theoretic approach to data types’.
PhD thesis. University of Edinburgh, 1987 (cit. on p. [72).

[Han+13] Peter Hancock, Conor McBride, Neil Ghani, Lorenzo Malat-
esta, and Thorsten Altenkirch. ‘Small induction recursion’. In:
Typed Lambda Calculi and Applications. Springer, 2013, pp. 156—
172 (cit. on p. [).

[Hof95] Martin Hofmann. ‘Extensional concepts in intensional type the-
ory’. PhD thesis. University of Edinburgh, 1995 (cit. on pp. I3,
24, B3, B0).

[Hou+16] Kuen-Bang Hou (Favonia), Eric Finster, Dan Licata, and Peter
LeFanu Lumsdaine. ‘A mechanization of the Blakers-Massey
connectivity theorem in Homotopy Type Theory’. In: arXiv preprint
arXiv:1605.03227 (2016) (cit. on p. 00).

[HS98] Martin Hofmann and Thomas Streicher. ‘“The groupoid inter-
pretation of type theory’. In: Twenty-five years of constructive type
theory (Venice, 1995) 36 (1998), pp. 83-111 (cit. on p. B).

[JonO3] Simon Peyton Jones. Haskell 98 language and libraries: the revised
report. Cambridge University Press, 2003 (cit. on p. D).



194 BIBLIOGRAPHY

[KahO1]  Stefan Kahrs. ‘Red-black trees with types’. In: Journal of func-
tional programming 11.04 (2001), pp. 425-432 (cit. on p. B).

[Kapl6]  Ambrus Kaposi. “Type theory in a type theory with quotient
inductive types’. PhD thesis. University of Nottingham, 2016
(cit. on p. B7).

[Kel80] G Max Kelly. ‘A unified treatment of transfinite constructions
for free algebras, free monoids, colimits, associated sheaves,
and so on’. In: Bulletin of the Australian Mathematical Society 22.01
(1980), pp. 1-83 (cit. on p. I65).

[KLV12]  Chris Kapulkin, Peter LeFanu Lumsdaine, and Vladimir Vo-
evodsky. “The simplicial model of univalent foundations’. In:
arXiv preprint arXiv:1211.2851 (2012) (cit. on p. ).

[Kocl1] Joachim Kock. ‘Polynomial functors and trees’. In: International
Mathematics Research Notices 2011.3 (2011), pp. 609-673 (cit. on
p- [74).

[Kral5] Nicolai Kraus. “Truncation levels in homotopy type theory’. PhD
thesis. University of Nottingham, 2015 (cit. on p. B0).

[KS15] Nicolai Kraus and Christian Sattler. ‘Higher homotopies in a
hierarchy of univalent universes’. In: ACM Transactions on Com-
putational Logic (TOCL) 16.2 (2015), p. 18 (cit. on p. B).

[LB13] Daniel R Licata and Guillaume Brunerie. ‘7 n (S n) in Homo-
topy Type Theory’. In: International Conference on Certified Pro-
grams and Proofs. Springer. 2013, pp. 1-16 (cit. on p. [M).

[Li15] Nuo Li. ‘Quotient types in type theory’. PhD thesis. University
of Nottingham, 2015 (cit. on pp. [3, B0).

[Lic11] Daniel R Licata. Running Circles Around (In) Your Proof Assistant;
ot, Quotients that Compute. Apr.2011. urL: https://homotopytypetheory.
org/2011/04/23/running-circles-around-in-your-proof-

assistant/ (cit. on p. BZ).


https://homotopytypetheory.org/2011/04/23/running-circles-around-in-your-proof-assistant/
https://homotopytypetheory.org/2011/04/23/running-circles-around-in-your-proof-assistant/
https://homotopytypetheory.org/2011/04/23/running-circles-around-in-your-proof-assistant/

BIBLIOGRAPHY 195

[Lin69]

[LS13a]

[LS13b]

[Lum09]

[Mak95]

[Mal+12]

[Mar71]

[Mar72]
[McB06]

[Mor07]

Fred EJ Linton. ‘Coequalizers in categories of algebras’. In: Sem-
inar on triples and categorical homology theory. Springer. 1969, pp. 75—
90 (cit. on p. [BH).

Daniel R Licata and Michael Shulman. ‘Calculating the funda-
mental group of the circle in homotopy type theory’. In: Pro-
ceedings of the 2013 28th Annual ACM/IEEE Symposium on Logic
in Computer Science. IEEE Computer Society. 2013, pp. 223-232
(cit. on p. ).

Peter LeFanu Lumsdaine and Michael Shulman. Semantics of
higher inductive types. https:/ /uf-ias-2012.wikispaces.com/file/detail /semantics.pdf.
2013 (cit. on pp. 00, I3, &0, 0, 103, 165).

Peter LeFanu Lumsdaine. “Weak w-categories from intensional
type theory’. In: International Conference on Typed Lambda Calculi
and Applications. Springer. 2009, pp. 172-187 (cit. on pp. B, 5).

Michael Makkai. ‘First order logic with dependent sorts, with
applications to category theory’. http://www.math.mcgill.
ca/makkai/folds/. 1995 (cit. on p. [79).

Lorenzo Malatesta, Thorsten Altenkirch, Neil Ghani, Peter Han-
cock, and Conor McBride. ‘Small induction recursion, indexed

containers and dependent polynomials are equivalent’. In: Sub-
mitted for publication 35 (2012) (cit. on p. [74).

Per Martin-Lof. ‘Hauptsatz for the intuitionistic theory of iter-
ated inductive definitions’. In: Studies in Logic and the Founda-
tions of Mathematics 63 (1971), pp. 179-216 (cit. on p. B).

Per Martin-Lof. An intuitionistic theory of types. 1972 (cit. on p. B).
Conor McBride. On Berry’s Majority Function. June 2006. URL:

https://www.mail-archive.com/epigram@durham. ac.uk/

Peter Morris. ‘Constructing universes for generic programming’.
In: PhD thesis, The University of Nottingham (2007) (cit. on pp. 2,
r73).


http://www.math.mcgill.ca/makkai/folds/
http://www.math.mcgill.ca/makkai/folds/
https://www.mail-archive.com/epigram@durham.ac.uk/msg00229.html
https://www.mail-archive.com/epigram@durham.ac.uk/msg00229.html

196 BIBLIOGRAPHY

[Nor07]  Ulf Norell. Towards a practical programming language based on de-
pendent type theory. Vol. 32. Citeseer, 2007 (cit. on p. B).

[Nor13] Fredrik Nordvall Forsberg. ‘Inductive-inductive definitions’. PhD
thesis. Swansea University, 2013 (cit. on pp. [, B, [2, b5, T43).

[Pea89] Guiseppe Peano. ‘Arithmetices Principia nova methodo exposita,
Aug’. In: Taurinorum (D Opere scelte, a cura dellUnione Matemat-
ica Italiana 2: 20-55) (1889) (cit. on p. ).

[PLO4] Emir Paali and Nathan Linger. ‘Meta-programming with typed
object-language representations’. In: International Conference on
Generative Programming and Component Engineering. Springer.
2004, pp. 136-167 (cit. on p. B).

[Rij12] Egbert Rijke. A type theoretical Yoneda lemma. May 2012. uUrL:
https ://homotopytypetheory . org/2012/05/02/a-type -
theoretical-yoneda-lemma/ (cit. on p. B6).

[Shulla] Michael Shulman. An Interval Type Implies Function Extensional-
ity. Apr. 2011. urL: https://homotopytypetheory.org/2011/
04/04/an-interval-type-implies—-function-extensionality/

(cit. on p. B8).

[Shullb] Michael Shulman. Re: Homotopy Type Theory, VI. Apr. 2011. URL:

https://golem.ph.utexas.edu/category/2011/04/homotopy_
type_theory_vi.html#c041358 (cit. on pp. [, Z0).

[Soj14] K. Sojakova. ‘Higher Inductive Types as Homotopy-Initial Al-
gebras’. In: ArXiv e-prints (Feb. 2014) (cit. on p. [T).

[Tho86] Simon Thompson. ‘Laws in miranda’. In: Proceedings of the 1986
ACM conference on LISP and functional programming. ACM. 1986,
pp- 1-12 (cit. on p. BO).

[Tho90]  Simon Thompson. ‘Lawful functions and program verification
in Miranda’. In: Science of Computer Programming 13.2 (1990),
pp- 181-218 (cit. on p. BO).


https://homotopytypetheory.org/2012/05/02/a-type-theoretical-yoneda-lemma/
https://homotopytypetheory.org/2012/05/02/a-type-theoretical-yoneda-lemma/
https://homotopytypetheory.org/2011/04/04/an-interval-type-implies-function-extensionality/
https://homotopytypetheory.org/2011/04/04/an-interval-type-implies-function-extensionality/
https://golem.ph.utexas.edu/category/2011/04/homotopy_type_theory_vi.html#c041358
https://golem.ph.utexas.edu/category/2011/04/homotopy_type_theory_vi.html#c041358

BIBLIOGRAPHY 197

[Tur85]

[Unil3]

[VG11]

David A Turner. ‘Miranda: A non-strict functional language
with polymorphic types’. In: Conference on Functional Program-
ming Languages and Computer Architecture. Springer. 1985, pp. 1-
16 (cit. on p. B0).

The Univalent Foundations Program. Homotopy Type Theory:
Univalent Foundations of Mathematics. Institute for Advanced Study:
http://homotopytypetheory.org/book, 2013 (cit. on pp. B, [4,
2, 7, B0, B3, BS).

Benno Van Den Berg and Richard Garner. “Types are weak w-
groupoids’. In: Proceedings of the London Mathematical Society
102.2 (2011), pp. 370-394 (cit. on pp. 8, 5).


http://homotopytypetheory.org/book

	Introduction
	Induction in mathematics
	Induction in computer science
	Formal treatment of induction
	In type theory
	In category theory

	Higher inductive types and homotopy type theory
	A theory of quotient inductive-inductive definitions
	Related work
	Overview of the thesis and contributions
	List of main contributions
	Declaration of authorship and previous work


	Preliminaries
	Basic type formers
	Universes
	Implicit arguments
	Inductive data types

	Equality
	Dependent equality
	Functoriality of functions
	Truncation levels
	Equivalence
	Univalence
	Function extensionality
	Equivalences of -types
	Alternative formulation of identity types

	Category theory in type theory
	Higher categories

	Core type theory

	Quotient inductive-inductive definitions
	Examples
	Interval type
	Quotients and colimits
	Propositional truncation
	Infinitely branching trees
	Cauchy reals
	Syntax of type theory

	Implementation
	Cubical type theory

	Related work

	Describing inductive definitions
	Algebraic semantics
	Monad algebras

	Set-sorted inductive-inductive definitions
	Avoiding induction-recursion

	Dependent sorts
	Sort membership
	Makkai's dependent sorts
	Sort categories via comma categories

	Categories of algebras
	A Rel-sorted quotient inductive-inductive type
	Specification of a quotient inductive-inductive definition
	Point constructors
	Path constructors
	Worked example

	Other forms of constructors
	Dependent dialgebras
	Currying

	Positivity
	Related work
	Inductive-inductive definitions
	Inductive definitions in Agda
	Higher inductive types


	Induction versus initiality
	Categorical characterisation of induction
	The section principle is logically equivalent to initiality
	Limits in categories of algebras
	Sort categories
	Categories of algebras

	Deriving the induction principle
	Induction for F-algebras
	General framework
	Induction for quotient inductive-inductive definitions
	Putting it all together

	Related work

	Constructing quotient inductive-inductive definitions
	Strict positivity
	Initial objects in sort categories
	Initial objects via sequential colimits
	Internal sequential colimits
	Constructing Set-sorted quotient inductive-inductive definitions
	Putting it all together

	Related work

	Concluding remarks
	Future work
	Metaprogramming and generic programming
	Invariance of descriptions under equivalence of constructors
	Generalised containers
	Constructing initial algebras
	Generalising to higher inductive types


	Containers for quotient inductive-inductive definitions
	Containers for Set-sorted definitions
	Containers for arbitrarily sorted definitions
	Limitations of containers

	Moving to an untruncated setting
	Coherence laws for functors
	Generalised containers

	Sort categories
	Categories of dialgebras
	Identity morphisms
	Composition
	Category laws

	Untruncated Type-sorted inductive-inductive definitions
	Path constructors and their computation rules


