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Aggregation and capital allocation

formulas for bivariate distributions
by

Saralees Nadarajah, Jeffrey Chu and Xiao Jiang
University of Manchester, Manchester M13 9PL, UK,
email: mbbsssn2@manchester.ac.uk

Abstract: Cossette, Marceau and Perreault [Insurance: Mathematics and Economics, 64, 2015,
214-224] derived formulas for aggregation and capital allocation based on risks following two bivari-
ate exponential distributions. Here, we derive formulas for aggregation and capital allocation for
thirty six mostly commonly known families of bivariate distributions. This collection of formulas
could be a useful reference for financial risk management.
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1 Introduction

Results related to the sum of dependent risks are of interest in the calculation of the overall capital
charge for a portfolio of risks, the evaluation and analysis of risk measures for decision making,
and strategic planning require the knowledge of the cumulative distribution function of the sum of
dependent random variables (Cossette et al., 2015). Risk measures like Value at Risk and Tail-Value
at Risk can be used for these purposes.

In recent years, several closed form expressions for the distribution of aggregate risks, its TVaR
and TVaR based allocations have been developed, based on an allocation method due to Tasche
(1999). These expressions are based on a given joint distribution between the components of a
portfolio. The joint distributions considered so far are the: multivariate normal distribution (Panjer,
2002); multivariate elliptical distributions (Landsman and Valdez, 2003; Dhaene et al., 2008);
multivariate gamma distribution (Furman and Landsman, 2005); multivariate Tweedie distribution
(Furman and Landsman, 2008); multivariate Pareto distribution (Chiragiev and Landsman, 2007);
Farlie-Gumbel-Morgenstern copula (Barges et al., 2009); Farlie-Gumbel-Morgenstern copula with
mixed Erlang marginals (Cossette et al., 2013); multivariate compound distributions (Cossette et
al., 2012); bivariate exponential and bivariate mixed Erlang distributions (Cossette et al., 2015).

The aim of this note is to derive expressions for the distribution of aggregate risks, its TVaR and
TVaR based allocations for a comprehensive collection of bivariate distributions. We consider thirty
six families of bivariate distributions each defined on (0,00) x (0,00) or (8,00) x (5, 00) for some
B > 0. They include mixtures of independent exponential distributions, Mirhosseini et al. (2015)’s
bivariate exponential distribution, Crovelli (1973)’s bivariate exponential distribution, Gumbel’s
bivariate exponential distribution, Lawrance and Lewis’ (1980) bivariate exponential distribution,
Block and Basu (1976)’s bivariate exponential distribution, Arnold and Strauss (1991)’s bivariate
exponential distribution, beta exponential distribution in equation (8.41) of Balakrishnan and Cai
(2009), mixtures of independent gamma distributions with integer shape parameters, mixtures of
independent gamma distributions with real shape parameters, Nadarajah and Gupta (2006)’s bi-



variate gamma distribution with equal scale parameters, Nadarajah and Gupta (2006)’s bivariate
gamma distribution with unequal scale parameters, Nagar and Sepulveda-Murillo (2011)’s bivari-
ate confluent hypergeometric distribution, Becker and Roux (1981)’s bivariate gamma distribution,
Mohsin et al. (2013)’s bivariate gamma distribution, Cheriyan (1941)’s bivariate gamma distribu-
tion, Dussauchoy and Berland (1975)’s bivariate gamma distribution, mixtures of independent two
piece gamma distributions, beta Stacey distribution in equation (5.38) of Balakrishnan and Cai
(2009), Mardia (1970)’s bivariate distributions, bivariate Liouville distributions, bivariate equilib-
rium distributions due to Unnikrishnan Nair and Sankaran (2014), Chacko and Thomas (2007)’s
bivariate Pareto distribution, bivariate Pareto distribution in equation (10.68) of Balakrishnan and
Cai (2009), bivariate Pareto distribution with equal scale parameters, bivariate Pareto distribution
with unequal scale parameters, mixtures of independent Pareto distributions, mixtures of bivariate
Pareto distributions with equal scale parameters, mixtures of bivariate Pareto distributions with
unequal scale parameters, generalized bivariate Pareto distribution, Lee and Cha (2014)’s bivariate
distribution and truncated bivariate normal distribution. We have not considered the bivariate nor-
mal or other distributions defined over (—o0, ) X (—00, 00), as they have already been considered
by others.

2 Mathematical notation

Let (X,Y) be non-negative continuous risks with joint probability density function f(z,y). Let
S = X 4+Y denote the aggregated risk. We are interested in: the probability density function of S
given by

fs(s) = /OS fly,s —y)dy; (1)
the cumulative distribution function of S given by
Pus) = [ fsto)as )
the truncated expectation of S given by
B[Stison] = [ sfs()ds 3
the contribution of each risk to the aggregated risk given by
E [ X1gopy]| = /boo 9x,5(s)ds, (4)
where
s
oxs(e) = [ af(e.s ) o)

We derive expressions for (1)-(5) for thirty six bivariate distributions.

The derived expressions given in Section 3 involve several special functions, including the gamma
function defined by

I'(a) = /000 L exp(—t)dt;
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the incomplete gamma function defined by

’y(a,x):/ t7 L exp(—t)dt;
0

the complementary incomplete gamma function defined by

F(a,w):/ 7L exp(—t)dt;

the error function defined by

erf(z / exp t2 dt;
\/>

the beta function defined by

1
Bla,b) = / 11 — ),
0

the incomplete beta function defined by

Bx(a,b):/ (1 — )P tdt;
0

the standard normal distribution function defined by

B(z) = \/12? /; exp (—t;) dt;

the confluent hypergeometric function defined by

11 \a;0;x) =

' Y
2 (o),
the Tricomi confluent hypergeometric function defined by
ro-1 ,., IO
b,r) = ——= Fia—b+1;2—b; ——— 1 (a;b;2) ;
U(a7 7:1:) F(CL) z 1 1((1 + 1 7x)+1—\(a_b+1)1 1(&, 7:6)7
the Gauss hypergeometric function defined by
o0 ok
Fy (a; b ;
2F} (a;b; 7) Z (), kl ’
k=0

the Appell hypergeometric function of the first kind of two variables defined by

Rabeday) =3 3 WralnlOny”,
m n

m=0n=0

and the degenerate hypergeometric series of two variables defined by

m, n
j :2 : m+n nx )
‘pl(CLJ)’C,xy [P )
m—l—nmn

m=0n=0

where (e)r =e(e+1)---(e+ k — 1) denotes the ascending factorial.

In-built routines for computing these special functions are available in packages like Matlab,
Maple and Mathematica. For example, Erf[x], Gammala, x|, Betala, b], Beta[x, a, b], Hypergeomet-
riclF1[a, b, x], Hypergeometric2F1[a, b, ¢, x] and AppellF1[a, b, ¢, d, %, y] in Mathematica compute
the error, complementary incomplete gamma, beta, incomplete beta, confluent hypergeometric,
Gauss hypergeometric and Appell hypergeometric functions. Mathematica allows for arbitrary
precision, so the accuracy of computations is not an issue.



3 The collection

Here, we give expressions for (1)-(5) for thirty six bivariate distributions. Their derivations are
routine and are not presented. The detailed derivations can be obtained from the corresponding
author.

Mixtures of independent exponential distributions:

m
Z K exp (—axz — Bry)

=1

fs(s) = g Bkc—kak lexp (—ugs) — exp (—Bes)]

Fo(s) = é Bkc_kak {1 - exzi—aks) 11— exrﬁ)k(—ﬁks)} |

E [S1sap] = é ﬁkc—kak [(bak + 1);?) (=bax) (b6 + 1);;@ (—bﬁk)] |
9x,5(5) = gck R
e e

for ap >0, B >0,z >0 and y > 0.

Mirhosseini et al. (2015)’s bivariate exponential distribution:
f(x,y) = Naexp (=Az — Ay) [1 — acexp (= z — \y)] [1 — exp (= Az — \y)]* 2,
Fs(s) = Aasexp (—As) [1 — acexp (—As)] [1 — exp (—As)]* 72,

= [a—2\ (-1
Fs(s) _akzo< L >W[1—(1+(k:+1)/\s)exp(—(k+1))\s)]

2 > (a—2> (_1) [1— (14 (k+2)As)exp (—(k+2)As)],
0

P (k+2)2
o o — 21272
E [Slisspy] = QA < 2) (-1 (1 +(k+1)Ab+ W) exp (—(k + 1)Ab)
27 a—2\ (1) (k +2)22%p? e
S )( i (1+<k+2>kb+2 ) oot + 20,
gx,5(s) =27 I\2qs2 exp( )[1— aexp( As)| [1 — exp (—)\s)]O‘_Q,
a— 21272
E [X1gon] = < 2) k+1 <1+(k+1)>\b+ (’”12)“)) exp (—(k + 1)Ab)

a? a— 21272
AZ( k2> (15:+1)2)3( “””AHW) exp (—(k + 2)Ab)

fora>0,A>0,z>0andy>0.



Crovelli (1973)’s bivariate exponential distribution:

fla,y) = { aBexp(=fy)[1 — exp(~a)], if0 < oz < fy,
'Y afexp(—pz)[1 —exp(—py)], if0< Py < ax,

aps Oé2 2
fs(S)Z(a+ﬁ)exp<— B )+ exp(—Bs) — D exp(—as),

a+f a—pf a—pf
_ (a+ B)? afBs a?
s = 7 [ oo (<005 + g - e e
2
_a(ﬁﬁ— ) [1—exp(—as)],
~ (a+ B)3 aBb aBb a?
E [51{5>b}] = (@h)? exp <_a+5> [1 + a—l—ﬂ} + (o —B) exp(—pb)
2
Oé(OéB— 6) eXp(*Oéb),
5 §(20 - 8 (0~ 2
gx,5(s) = - ﬁsexp(—as) + OW exp(—as) + OW exp(—ps)
afBs —a* 4203 + g — 2033 afs
s exp <_a+,8>+ aBla— p)2 P <_a+ﬁ>’
2 2 _
E [X1{5>b}] = 042(5—6)(1 + ab) exp (—ab) + W exp (—ab)
o?(a —23) (a + B)? af3b af3b
Faata = g o0+ G (1 25 e (- 75)
N (a+B) (—at + 203 + g — 208°) o <_ af3b >
(af)?(a — B)? a+p

fora>0,8>0,x>0andy>0.

Gumbel’s bivariate exponential distribution:
f(@,9) = [(1+ 0)(1 + 0y) — 6] exp (—z — y = Oy),
2 .
fs(s) = —i0%2/rs% exp <—5 - 02) et <1208>
2 .
—ivélrsexp <—5 — 98) erf (105>
4 2
+i or exp | —s — 9—82 f ﬂ
9 p 1 er 5 S
2 .
*i\/7W52 exp <5 - 92) erf (1205> — gs exp (—s),
_iym/b 4 052 ive
= - )t (2
VO e (s = 0 et [ VO
2 p 4 T 2 S




-|-i Hﬂse s 05 erf i\/@s
v «p [ —5 — —— A
g 7P 1 2
i/ 05> v 0
——5 Sexp (—s - 4) erf <2s> — ySexp (—s)

for0< <1, z>0andy >0, wherei=+/—1.

Lawrance and Lewis’ (1980) bivariate exponential distribution:

I, y)—I{By<x<y/ﬁ}1+1B p(“y> +1exp<m;y),
(s

T (2 53
Fs(s) = =2 [<1+6>2 1+ B e (-

(1 +5)?

B

() sl )]
~BA+B+Y) <_ b
118 P

E [Slissny] = L >
1— B2) 2 2
9x,5(s) = Q(Hﬂﬁ);e"p< 1+ : 5) +;BeXp< ;) ’
(s>b}] = 1+8 " 2(1+p8)2 P 1+p
2 b? b
+ <B +bﬂ+2> exp <—5>

for0< <1, 2>0andy>0.

Block and Basu (1976)’s bivariate exponential distribution:

_f Cexp(—ax—Py), ifz>y,

fs(s) = 5 Ca {exp(—aé’) — exp <—(a+26)3>] - (S_DV [exp(—58) — exp (—W)] ,

=5 [ 2 (o (252

Al (e 05) ]

Y Y

B [S1gay] = BC'Q [(ba—i— 1)a62xp(—ba) B (afﬂ)Q (ba—gﬁ L 1) exp <_ba;—ﬁ)}
lme )
exp(—03s) — exp( sexp(—as

g - T

o D [exp( ((53) —(;xpf(y) (0 +7)s/2) _586XP (2?5(5_‘;’)7)5/2)}



_c |exp(=Bs) —exp (=5 — (v —9)s/2) _ sexp(=Fs — (v~ 5)5/2)} ’

I (6 —7)? 2(0 =)
(ba+ 1) exp(—ba)  exp(—bp)  exp(—ba)
U] =C | = =G0 =8 T Ha-p2  afa- 6)2]
D [exp(=bd)  2exp(—(6+7)b/2) (24 (6 +7)b)exp (—(d + 7)()/2)]
66 =) (6= +7) (0 +7)2(6 =)
o[ ewicti- oo
1B =72 (—=7*B+(v—19)/2)

(2 +2bB + b(y —6)) exp (=bB — (v — §)b/2)
(6 =) 28+~ —4)*

fora>0,8>0,v>0,0>0,x>0andy>0.

+C

Arnold and Strauss (1991)’s bivariate exponential distribution:

f(z,y) = Cexp (—yzx — oy — Oxy) ,
2

fs(s) = Cyvap % exp (—(53 + Zp) [<I> (\/%3 — (2p)_1/2q> - (—(2p)_1/2q)} ,
gx,s(s) =27 Cy/ap~*Pgexp <_58 " ZZ) [q) (\/%s — (2p)Y 2Q) - @ (—(2p)*1/ 29)}

2
—2710p~texp <—58 + Z) [exp (—ps2 + qs) — 1]
P
for —oco < v < 00, —00 < § <00, —00 < @ <oo,r>0andy >0, where p=—0 and g =6 — 0s.
Beta exponential distribution in equation (8.41) of Balakrishnan and Cai (2009):

fla,y) = CaP~Hy — 2)" " exp(—ay),
fs(s) = C277B(p.q) exp(—as)s" " Fy (pip+ ¢ 5 ) -

2
(p)ra®y (p + q + k, as)
(p+ q)kk!Qkap+q+k

(p)kakf (p+q+k+1,ab)
(p + q)kk!2kap+q+k+1 )

as
9x,5(s) = C27P7'B(p + 1,q) exp(—as)s’ ™11 Fy (p +Lip+qg+1; 5) ,

(p+ Dpa"T (p+ q + k + 2, ab)
(p+ q + 1)pk12FarTathsl

)

Fs(s) = C27"B(p,q) Y

k=0

E [S1gg=py| = C27PB(p, q)

E [X1(sspy] = C277'B(p + 1,9)

fora>0,p>0,qg>0,and y >z > 0.

Mixtures of independent gamma distributions with integer shape parameters:
o0
fla,y) =Y Coa™ 'y exp (—yea — Gry)
k=0

fs(s) = CrB (ak, Br) exp (—6ks) 1 Fy (e o + B (66 — ) 5)
k=0



oo Br—1 ; ;
(g + 11— 1)y (B — 14, 0p5)

= § : o —1 AL

= ( > ) (yk = GR) g

_i D) 10k< 1><—1)i(ak+i—1>!<7k—5k>j7<5k—i+jv5k3>
1

(Y — Op) kT e

oo Br—1 ‘ -
E [Slgg-py]| = Z Z Cy, <5’“ ) 1)i(04k +i—1IT (/35 —it 1, 01b)

(yk — 0p) ke gt

9

)

(Y — 8) T jlope it

g+ )P 1 exp (—6s)
6k)ak+7,+l

0 ,Bk—l ap+i—1 (5k B 1) - (g +i— D) (9 — 61)? v (Be — i+ j + 1, 6b)
)

(v —

[e's) —1 g+ .
EEAY )l
_ z : Cy Bk - (_1)1 (a]:; Z)l_‘ _,

oo Br— . .
-1 . T _ ,(5 b
it £ E oottt o

- iﬁkl ap+i <6k — 1) (_1)1' (Ctk + i)!F (5]@ —1 +j75kb)

i (’}/k - 5k)ak+i—j+1 j'bﬂk—l-l-j

for ap >0, B > 0, 7% >0, 0 > 0, x > 0 and y > 0, provided that aj and §j are integers.

Mixtures of independent gamma distributions with real shape parameters:

oo
fla,y) = Cra™ 'y exp (—yx — Gry)
k=0

Z Ci.B (a, Br) exp (—0xs) 111 (g ok + Bis (O — k) 8)

k=0
o (ck); (O — )"y (i + o + B, 45)
Fs(s) = CiB (o, Br) — - - ,
k=0 ; (e + Br); 5kk+ﬁk+
o (o); (66 — ) T (i + o + B + 1, 6xb)
E|Slissp| = CrB (ag, Br) ! = - ,
[S1s>01] l;)zo (o + ﬁk)i(skkJrﬁkJr T1

(g +1); (6 — yg)" 8" TP exp (—0y.s)
(1+ ag + B); !

gX’S(s) = Z Z CyB (Ozk +1, ﬁk)

9

e (o +1); (O, — )" T (i + o + Br + 1, 6¢b)
E|X1ssp ] = CyB (o, + 1, B) : -

for ap >0, B >0, 7% > 0,0 >0,z >0 and y > 0.

Nadarajah and Gupta (2006)’s bivariate gamma distribution with equal scale param-



eters:

[o¢]
Fla,y) = Cra™ 1y @ + y) ™ exp (—prr — pry) ,
k=0

fo(s) = CpB (a, Bg) s™ 0% exp (—pys)
k=0

ZCkB (ks Br) P ™~y (a + B + Yoo PeS)

9x,5(s ZCkB ag + 1, Br) s TP exp (—pys)
k=0

E [S1is>0}] ZCkB (s Br) P ™I (g + Br + vk + 1, pib)

E [X1{s51)] ZCkB ar + 1, 8:) pp R (g + B+ + 1, pab)
k=0

for ap, >0, B > 0,7 >0, pr >0,z >0andy > 0.

Nadarajah and Gupta (2006)’s bivariate gamma distribution with unequal scale pa-
rameters:

o
fla,y) = Coa™ P! (pra + qry) ™ exp (—prz — qry)
k=0

0 i
ZCk’qk eXp qks) Z (P);k> <Zq): _ 1> B (Z + Oék,ﬁk) Sak—i-ﬁk-i—'yk_l
=0

-1F1 (i + oyt 4+ ag + Bes — (Pe — qi) 9) 5
00 7
Yk Pk .
Cra* exp (—qis (><—1> B (i + ag, Bk
Z 0 ); i) e ( )
(4 ) (=1 (pr — q)' s tBrtuti

jzo (+ar+ B0t an+Be+m+i

© i
k Pk .
gXS Z quk eXp QkS) Z <’); > (qk — 1> B (’L +ap +1, ﬁk) Sak‘i‘ﬁk-‘r’yk

=0
‘1F1(Z+ak+171+04k+5k+1§_(pk_%)3)

for ap >0, B >0, v >0, pr >0, g, >0, x>0and y > 0.

Nagar and Sepulveda-Murillo (2011)’s bivariate confluent hypergeometric distribution:

flz,y) = CaP~ YT Fy (a; B;—2 — ),
fs(s) = CB(p,q)s" " 11 Fy (a; B; —s),,
S (a)k(—l)k Sp+q+k

Fs(s) = CB(P;Q);) B)rk! p+q+k’

gx,s(s) = CB(p+1,q)s" T4 Fy (o 8; —3)




forp>0,¢g>0,a>0,8>0,z>0andy>0.

Becker and Roux (1981)’s bivariate gamma distribution:

fany) = Cz (x4 py)P~texp(—vyz — dy), ifz <y,
T Cat @+ qy)t exp(—ex — fy), ifz <y,

fs(s) = 92— 1ogxth-1 exp(—9s)®Py <a, 1-8,14+a,(0 — 'y)g, _12—pp>

—1
+¢ et Ds exp(— f5) Dy (c, 1—d,1+¢(f —e)s, a )
q

-1
27" D" exp(— f5) @) (c, 1—d,1+c(f - e>;, q2> ,
q

gx,s(s) = 27T (@ + 1) 7' Cs**F exp(—05) 1 (04 +1,1-6,24a,(0 - ’Y)%v _12_1)p>

-1
+¢7 1 4 ¢) 1 Ds  exp(—f5) Py <1 +c,1—d,24¢ (f —e)s, a )
q

-1
—2 17 Dt exp(—f5)®y (1 +e,1—d,2+4c¢(f - e)%, q2>
q

fora>0,8>0v>0,0>0,¢>0,d>0,¢e>0,f>0,p>0,¢>0,2>0andy > 0.

Mohsin et al. (2013)’s bivariate gamma distribution:

) 3
f(x7y) = F(i)l—"z’y) xaivily’y*l exp <_/Bx - j) 9
a X A\k
() = o 3 S 0 Gy —a ),
k=1 ’
ag > Mk
gx,5(s) = ?(a; Z ( If;) sTRU(8,7,7 —a — k)

k=1
fora>0,8>0,v>0,0>0,x>0andy>0.

Cheriyan (1941)’s bivariate gamma distribution in equation (8.31) of Balakrishnan and
Cai (2009):

min(z,y)
f(z,y) = Cexp(—z —y) / (z — 2)" (y — 2)2 712" exp(2)dz,
0

fs(s) = CB (01 + 1,05) exp(—s)

s/2
/ 1’61+63(S — :E)02_1(1)1 (03, 1—05,00+65+1,x, 1$$> dx
0 _

+CB (02, 03) exp(—s)

1 —
/ lﬁl (S - x)02+63_1q)1 <93a _917 92 + 037 §—x, ° x) dIL‘,
s/2 x

gx.5(s) = CB (01 + 1,602) exp(—s)

s/2
/ $61+93+1(S — 55)92_1(1)1 (03, 1— 92, 91 + 93 + 1, Z, 1%‘) dx
0 — X

+CB (09, 03) exp(—s)
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1 _
/ x91+1(s - x)92+93_1<1>1 <93, —01,09 + 03,5 — x, 5 x) dx
s/2 Z

for /1 > 0,60 > 0,03 >0, x>0 and y > 0.

Dussauchoy and Berland (1975)’s bivariate gamma distribution:

chx% Ny — Ba)* exp [ — bk (y — )

C’kse’“_1 exp (—0xs) ( Vi 1>
= @ ) 1- 9 ) 1 7(5 T a4y ]
fs(s) g:o ar (14 B)% 1| Ok ky 1+ Qg O 1+3s

2 Cps%Lexp (—0s) e 1
=> i) +1,1— 0, 14 ay, 6 — —2—, =
9x.5(5) prrd (o +1) (1 + gyt L F V> Ok 1+8"s

for ap >0, 8> 0, >0, 6 >0 and y > Bz > 0.

Mixtures of independent two piece gamma distributions:

o
> Gy exp (—ype — Gy), if @ <y,

fla,y)=1{ <!
ZDkacp’“_lyq’“_l exp (—rgr —tpy), ifz >y,
k=
> — 1\ (=1) —1)! ,
= Z Z Ci < >( Ll +of i ) s =1L exp (—0ys)
k=1 i=0 (6 — )"

Br—1 ap+i—1
kz ’“Z Ck(ﬁk ) Jlar i =D g i (_%8%8

o0
; =0 j=0 fyk)akJrl J2J.]‘ 2 2
oo qr—1pr+i—1
4k — )" (pr, +1i — 1)! -1 TES  tks
+ Dk( ) (Ik ] exp| —— — —
kzl =0 ]z% th — ) ]233. 2 2
00 qr— lpk i—1
G~ pr+i—1 —itj—
—Z Dy, ) ) Py )'qu I exp (—rgs),
k=1 4 ] tk — ’f‘k) 7]

oo Br—1 i ) )
Fo(s)= Y Ck</8k:_1> (=1)" (o +1 = Dy (B — i, 5ys)

k=1 i=0 ¢ (0 — %)akﬂ 516%_1

oo Bu—1apti-1 <5k B 1) (=1 (cg + i — 1)128k—ny <5k it M)

— C
Z Z Z k (5k—7 )akﬂ J (’7k+5k) k—i+]

k=1 i=0 ;=0

R P | <qk ) (=1 (pg + i — 1)120—iny ( gk — i+ 7, M)

+Z Z Z Dy (tk _ m)?k—ki-j (tk + Tk)q;g H—Jj!

i

k=1 i=0 j=0

i . , L
i%Z pki: Dy, <qk a 1) (=1)" (pe + i — Dy (qk — i+ j, k)
k=1 i=0 j=0 ‘ (tx — )P

oo PBr—1 ; . .
— 1\ (1) (ag +i— DT (B, — i + 1, 1)
Sl E C - -
{S>b} p e k( ) (6k _ ’7k)ak+l 5£k_2+1
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Br—1 aj+i— 10 <Bk > (ak+z_1)|2/8k: 11—‘ (ﬂ Z_{_]_'_l’(')/k‘;‘sk)b)
k
q

(o +9)! 5 i1
akﬂﬂs F T exp (—0kS)

—1 =0 jzo (8 = )™ (e - 8) T
o gelpidicl g )i (o i = 11207 (g — i+ j + 1, Gt
+; Z; Z Dk( ) (b — )" (b - )T
53%:w§i{D<m: ) @m+z—QF(k—§ji+me7
(t — )P T
)ia-

k
1
oo Br— _
gX,S(S) _ Z Ck; <Bk 1

r—1 ag+i
Y G (ﬁk L (0 + 0! g1 o (ﬂks _ 5k8>

=0

=1
o0
; i=0 j=0 5k - k) a’““ It 95 41 2 2
oo qr—1pr+i
qr — 1 pk + 7/) qr—i+j—1 TES tkS
+; 22 Dk( > tk _ Tk pk-l—z j+1 23318 exp 7 — ?
oo qr—1pr+i
qr — 1 C(pr +14)! o
_Z Dk( ) — PRI ‘qu I exp (—rps)
k=1 i=0 j=0 (tk — 1) J!
co PBr—1
Br — 1 (o 4+ )T (B — i, 01b)
£l = kz z% Ck< (5k — ) O 6/8k i
—1 i=

50 ﬁk—lakJrzC <5k 1) —1)" (o, + 0)1206 7T (ﬁk i+j,(VL25k)b)
‘ (0 — akﬂ J-‘rl] (,yk+5k)ﬂk—z+3

Vi (pie + )1295~ 21“( Z'+j’w)

0o qr—1pg+i 1 -1
Yy o™ )
Lo L s

1 ) ]
XRNRE g — 1\ (<L) (o + )T (g1 — i + g, rad)
-y D
* (b — )P T

tk — 7 pk+z J+1 (tk + 7 )Qk H‘J][

7!

for ap, >0, B >0, v > 0,0 >0, pr >0, g >0, 7, >0, tx >0, z>0and y > 0, provided that
ak, Br, pr and g are integers.

Beta Stacey distribution in equation (5.38) of Balakrishnan and Cai (2009):

fr.y) = Ca? 7y — o) lyfexp(—ayﬁ),

(o]
1
e . . 2| Bktptgtr—1
fs(s) =C27PB(p,q) go 7 2F1< r /J’k,p,erq,Q)S 7

. (—a)* ( 1) B
Fs(s) = C27PB(p, Fi | —r—Bk,p;p+q; = | sPFPHatr,
s(s) (p,q k§zok!(5k+p+q+r2 1 Bk, pip + ¢ 5
o (—a)f 1
gx.5(s) = C27 1 B(p+1,9) Y | 2 F (—r—ﬁk,p+ Lp+q+1; 2) soktpratr
k=0

forp>0,¢g>0,r>0,a>0,8>0and y >z >0.
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Mardia (1970)’s bivariate distribution in equation (5.77) of Balakrishnan and Cai
(2009):

flz,y)=C(ax+1)P (Bx+ 1) (v + oy +1)",

- ELEE (0wt

+1 ]+m+1) l+j+l€+1’
k

()6 () ()

giHitk+2
i+j+k+2

=S T () () ()

i=0 j=0 k=0 m=0

q T

Fs(s)=C>_

i=0 j=0 k=0m=

B(i+k—m+1,j+m+1)

B(i+k—m+2,j+m+1)sHitkt2

fora>0,6>0,v>0,d>0,p>0,¢g>0,r>0,z>0andy >0, provided that p, ¢ and r are
integers.
Mardia (1970)’s bivariate distribution in equation (5.78) of Balakrishnan and Cai
(2009):
fla,y) = CaPyl(y —x — 1),
-1
fs(s) = C2P T B+ Lr 4 Ds(s — PR (—q,p+ tptrt2 ! ) ,
s

()P + D
2k(p+ 1+ 2)ik!

o0
Fs(s) =C27P " 'Blp+1Lr+1)) By s (pt+r+2+k—q—p—1-2),

k=0

r— kP + Dk
E[Sl{s>b}] Cc27P~ 1B(p+1 r—i—l)z2]£(pi_§a+2))k'31/b(—p—q—3,p+7‘+2+k),

-1
%w@)=CT%+JB@+ZT+Dﬂ®—4W“+BH(—%p+2p+r+&8%;>,

k(P + 2)k

2 +r+3 k'Bl/b(—p—q—4,p+r+3+k)

E[Xlggopy] =C27P " 'B(p+2,r+1) Z
k=0

forp>0,¢>0,r>0,z>0and y >x+1.
Mardia (1970)’s bivariate gamma distribution in equation (5.81) of Balakrishnan and
Cai (2009):

vy + 1)% exp(—ry),

.
CZZ D)) (7576 -t st

—Cii (f)( > (B =) (=) (i + )l ™71+ ys) 7 exp(—rs),
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a\(t+i\(a—7\ . Jamg vk k1 S ITRmAL
— —1)"K!
(j><k><m>a(5 WAL R itj—k+m+1

)
V(D) (777 )i (8 = 7)™ (=1 (64 )2 (m 4 1,7s)
6)C)

J m
1=0 j=0 m=0
p q i1t) .
axs(s)=CY )" (f)(‘j)(”‘;“) H(8 = ) (~ )bkl h LR (1 )
i=0 j=0 k=0

fora>0,8>0~v>0,p>0,¢>0,r>0,x>0andy >0, provided that p and ¢ are integers.

Mardia (1970)’s bivariate distribution in equation (5.79) of Balakrishnan and Cai
(2009):

f(xay) = pryq(m - Y- 1)Ta
fs(s) =C2 7" 1B(g+1,r+1)s”

—~

—1
5—1>q+r+12F1< D,q+1; Q+7“+2 >>

2s
(=p)k(g + Dk
02k(q+r+2) k!

—gq—r—1 — (—p)r(g+ D
E[Slisopy] = C27° B(Q+1’T+1)kzzk(q+r+2)kk!
=0

Mg

FS(S) :C2iqirilB(q—|—17T+1) Blfl/s (q+T+2+k¢7—q—p—T_2)a

i

Bip(-p—q—=3,g+r+2+k),
1
gx.5(s) = C2 9" B(g + 2,7 + 1)sP(s — )7L ( Pt B 2> ’

k(g +2)k
2k ( —i—r—i—?) kk!

o0
E[X1sspy] =C277 " 'B(g+2,r+1 Z Bip(—p—q—4,q+7r+3+k)
k=0

forp>0,¢>0,r>0,z>0and z >y-+1.
Bivariate Liouville distribution on page 202 of Balakrishnan and Cai (2009):

fla,y) = Ca* 1y lg(z +y),
fs(s) = CB(a, B)s*P71g(s),

Fs(s) = CB(a, ) / g () du,

0
E [S1is-1)] = CB(a, B) /b Py (u)du,
gx.5(s) = CB(a+1,8)s* P g(s),

B [X1gson] = CBa+1.8) [ u™gu)du

fora>0,8>0,x>0andy>0.
Bivariate Liouville distribution in equation (9.46) of Balakrishnan and Cai (2009):

flz,y) = Cx* P (@ +y) Tg(z + ),
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fs(s) = CB(a, B)s™+5"1(s)
Fis) = OB(a.B) [ w1 g(u)du,

E [Slggoyy] = CB(a,B)/b u P g(u)du,

g9x,s(s) = CB(a + 1,8)sHF7g(s),

E [X1{gspy] = CB(a+ 1,6)/ u*t T g(u)du
b

fora>0,8>0,vy>0,z>0andy > 0.
Bivariate equilibrium distributions due to Unnikrishnan Nair and Sankaran (2014):

fly)=p"g@+y),

fs(s) =n""sg(s),
s)=pu! ug (u) du

Fs(s) = /0 g (u) du,

E[Slssny] = ulfb 5% (s) ds,

gx.5(s) =271 u s (s),

E [X1(gopy] =27 /b 2 (s) ds,

where ¢(-) is the probability density function of a univariate random variable X say and p = E(X).
Chacko and Thomas (2007)’s bivariate Pareto distribution:
flz,y) = Clz+y)™°,
fs(s) = Cs™%(s — 2),
C 2—a 2—« 250 l—a l1-a
Fs(s) = _a[s —(2p) ]—m[s - (28)°],

Ch>—  2BCH*~@
E[Sl{s>b}] T a-3 a-2
gx.s5(s) =27 Cs (s — 2p),
ObS—a BCbQ_a
B X son] = 20a—3) a-2

2

)

fora>0,z>p>0andy > >0.
Bivariate Pareto distribution in equation (10.68) of Balakrishnan and Cai (2009):

flwy) =Cla+az+y) 7,
fs(s)=Cs(a+s)",

@+ ala+s)t P P o> P
FS(S)_C[ 2-8  1-§ _2—6+1—ﬁ]’

+0)3F  2a(a+b)*F  a*(a+b)P

E[Sl{s>b}]zc[(aﬁ_)3 T a(z_ﬂ) a(aﬁ_i }’
gx.s(s) =2710s% (a+ )7,
a+b)3 " 2a(a+b)?>"  a*(a+0b)F
5-3 T 2.3 T -1 ]

E[X1lgspy] =27'C [
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fora>0,8>0,x>0andy>0.

Bivariate Pareto distribution with equal scale parameters:

fa,y) = Cx® 1P~ 1 (1 + pz + py) 7,
fs(s) = CB(a, B)s* P11 + ps) 77,

Fs(s) = Cmsawﬂ’l (v,a+ Ba+ B+ 1;—ps),

E [Slgsap] = CB(a, B)p~* " 'Byjapn (Y —a—B—1La+ B +1),
9x,5(s) = CB(a+ 1,B)sa+5(1 + ps) 7,
E[X1{sspy] =CB(a+1,8)p > P 'Bijgip (Y —a—B—1,a+B8+1)

fora>0,8>0,p>0,v>0,2>0andy > 0.

Bivariate Pareto distribution with unequal scale parameters:
fla,y) = Ca® 'y (1 + pz + qy) 7,
_ a+B-1 - . (g—p)s
fs(s) = CB(a, B)s (L+gs) 2P (v, 50+ 6 ,

1+gs
atB (@)k(g —p)*s
Fs(s) = CB(e, f)s Z a+ﬁkk'(k:+a+ﬁ)
'2F1(k‘+%k+a+ﬁ,/€+a+5+1'— s),
E[S1issy] = CB(a, *“512 a+ﬁzk'p)

“B1j(14qv) (7 —a—ﬂ—l,k+a+ﬁ+1),

gx,5(s) = CB(a+1,8)s* (1 +gs) 72 Fy <7, at Loty _p)s> :

1+4gs
e Jk(a +1)k(g —p)*
B X¥sn0] = OB 1,905 O nta oy
“Biyqr) (v — —ﬁ—l,k‘+0¢+ﬁ+1)

fora>0,8>0~v>0,p>0,¢>0,x>0andy>0.
Mixtures of independent Pareto distributions (Lee, 1981):

i Ckl'ak lyﬁk 1
(1 + prx)™ (1 + qx)’*’

o0
Cr B (ag, i) s+ —1 qrs
Z Fy ( oy Yo Ok, o + Br; — ks, T ,
- 1+ qs)% qrs
CiB (o + 1, By;) s+ 5k qrs
9x,s(s Z (;)k Fy | o+ 1,7k, Ok, i + Bre + 15 —pges, 1
P (1+ ggs) + ks

for ap >0, B >0, 7% > 0,0, >0, pr >0,g, >0,z >0and y > 0.

Mixtures of bivariate Pareto distributions with equal scale parameters (Jones, 2002;
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El-Bassiouny and Jones, 2009; Nagar et al., 2009):

o
Fla,y) = Coa™ 'y (14 ppa + pry) ™,
k=0

fs(s) = CrB (ag, Br) s™ 071 (1 + pps) T,
k=0

CyB
Fs(s) = Z ka(ikﬂ’ﬂk) s 0o By (e, o + Bri o + B + L —pies)
— art b

E [Slis=py] = Z CrB (o, Br) P~ By 1y (

YV — o — B — Lo+ B+ 1),

9x,s(s ZCkB a + 1, Br) s* 0 (1 4 pps) 7%,
k=0

E [X1{gspy] = Z CiB (o + 1, B) 0™ P By 1y pety (b — ok — Be — 1, + B, + 1)
k=0

for ap >0, B >0, p >0, v >0, z >0 and y > 0.

Mixtures of bivariate Pareto distributions with unequal scale parameters (Jones, 2002
El-Bassiouny and Jones, 2009; Nagar et al., 2009):

o
fla,y) = Cra™ P (14 prx + qry) %,
k=0

- - S
=) CkB (o, Br) s (14 qos) ™ o Fy <Wc, ag; g + Bi; M) :
k=0

F — C.B ak+0Bk (’yk’) ( ) (Qk_pk‘)z s'
s(5) = 2, CuB (o, ) ™2 ) 0 B T a4 50
'2F1(’i+’)’k,i+0&k+6k;i+ak+ﬁk+l'

—qkS)
7
E[S1 Cy.B (cu, Bi) qp (), — Pk)
[S1{s=p1] Z k ks Br) q Z ak+5k) i
‘Bl/(lJqub) (ke — ok — B — Li + ay + Br+1),
9x,5(8 ZCkB ap +1,8) s (1 4 gps) 7 o Py <’Vk,04k+1 ap+ B+ 1 W)
k=0
(ax + 1), (a5 — pr)’
E[X1 CiB (ay + 1, B) g 21
[X1(s50)] ;) kB (ar +1,581) q Z ak+ﬁk+1) i

“Bijatqun) (% — o — B — 1i +ap + @c +1)
for a, >0, B, >0, 7 >0, pp >0, g >0, x >0 and y > 0.
Generalized bivariate Pareto distribution:
Cxaflyﬂfl

flx,y) = :
(1+ pz +qy + my)5
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fs(s) = OB, B)(=r) " (u) *s™ 0V Fy (0,6,6,004 ;).

g9x,s(s) =CB(a+1, B)(—r)_é(uv)_‘sso‘J“ﬁFl (a +1,6,0,a+ 8+ 1; 2, %)

foroz>0,5>0,7>0,5>0,p>0,q>0,T>0,a:>0andy>0,whereu:%m_i_
_ 2 B — -
\/1-l;qs+(p Z:‘QTS) and v =12 ngS_\/thS+(p Z:?TS)'

Lee and Cha (2014)’s bivariate distribution:

_ [ Cla+a)y+p), ifz<y,
flz,y) = { D(z+t)"(y +u)¥, ifx >y,

fs(s) =371Ca7s™ (s + B)° I (1, 7, =8,2% — 5, 2(a5+5)>

-1 _1/(S v/Ss w S S
D (7 t) (7 ) F ]-7_ y 72;_777 )
o Ds gt (g tu) A{b e e i e

_ a1l 14y -1 (1. 21—~ — 2,_i;
gX,S(S) 37 Ca $ (8+5) 1< 3 7> 67 ) 20[72(Q+,8)

T P EE . | Spo (1 —y —5.9: -5 s
37 Ca S (S+B) 1<7 e 5a7 20672(0é+,3)

1 -1 /(S Hv rs w S S
D <7 t) (7 ) AL 10 w2
+3 s 2+ 2+u 1 v, —W SOl s 2u

v S w S S
371 pgs ! (f t) (f ) A1 -, —w2——> 5
s g™ SR A G A v g v

fora>0,>0,t>0,u>0,0<0,v<0,z>0andy>0.

Truncated bivariate normal distribution:
f(z,y) = Cexp (—04562 - By2 —yxr — 0y — ny) ,

fs(s) = Cv/ap™ 2 exp (—ﬁﬁ — 35+ j}j) (@ (V2ps — 20)71%q) — @ (—(2p) 7).

2
—9— -3/ _Be2 _ T _ =172, _ @ (—(2p)"1/2
g9x,5(s) =271 CV/mp™? 2lep( Bs? —bs + 4p> {‘1’ (\/@8 (2p) Q> ‘1>< (2p) q)}
2
—271Cp~texp <—652 — s+ Zp) [exp (—p52 + qs) — 1]

fora>0,6>0—co<y<o00,—00<d<00,—00<l<oo,z>0andy >0, wherep=a+5—0
and ¢ =28s — v+ — 0Os.
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