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In nanotechnology research, allotropes of carbon like Graphene, Fullerene (Buckyball) 

and Carbon nanotubes are widely used due to their remarkable properties. Electrical 

and mechanical properties of those allotropes vary with their molecular geometry. This 

paper is specially based on modeling and simulation of graphene in order to calculate 

energy band structure in k space with varying the C-C bond length and C-C transfer 

energy. Significant changes have been observed in the energy band structure of 

graphene due to variation in C-C bond length and C-C transfer energy. In particular, 

this paper focuses over the electronic structure of graphene within the frame work of 

tight binding approximation. It has been reported that conduction and valence states 

in graphene only meet at two points in k-space and that dispersion around these 

special points is conical.  
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1. INTRODUCTION 
 

Recently, graphene has been proved as a novel material in the new era of 
science and technology. Experimental results from transport measurements 
have shown that graphene has a remarkably high electron mobility at room 
temperature, with reported values in excess of 15,000 cm2V– 1s– 1 [1]. 
Additionally, the symmetry of the experimentally measured conductance 
indicates that the mobilities for holes and electrons should be nearly the 
same [2]. The mobility is nearly independent of temperature between 10 K and 
100 K, which implies that the dominant scattering mechanism is defect 
scattering [3-5]. Due to its two-dimensional property, charge fractionalization 
is thought to occur in graphene. It may therefore be a suitable material for 
the construction of quantum computers using anyonic circuits [6].  
 Graphene's unique electronic properties produce an unexpectedly high 
opacity for an atomic monolayer, with a startlingly simple value: it absorbs 

  2.3 % of white light, where  is the fine-structure constant [7]. This is 
a consequence of the unusual low-energy electronic structure of monolayer 
graphene that features electron and hole conical bands meeting each other at 
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the Dirac point, which is qualitatively different from more common 
quadratic massive bands [8]. Recently it has been demonstrated that the 
band gap of graphene can be tuned from 0 to 0.25 eV (about 5 micrometer 
wavelength) by applying voltage to a dual-gate bilayer graphene field-effect 
transistor (FET) at room temperature [9]. The optical response of graphene 
nano ribbons has also been shown to be tunable into the terahertz regime by 
an applied magnetic field [10]. It has been shown that graphene/graphene 
oxide system exhibits electrochromic behavior, allowing tuning of both 
linear and ultrafast optical properties [11].  

P. Shemella et al. [12] have studied the finite size effects on the 
electronic structure of graphene ribbons using first principles density 
functional techniques. The energy gap dependence for finite width and 
length has been computed for both armchair and zigzag ribbons. The results 
suggest, in addition to quantum confinement along the width of the ribbon, 
an additional finite size effect emerges along the length of ribbons only for 
metallic armchair ribbons. The finite size zigzag graphene ribbons, however, 
do not show any length dependence since the states near the Fermi energy 
are mostly derived from states located along the widths of ribbons. Such 
properties will be essential in designing future electronic devices. For 
example, for interconnect applications, where one needs metallic ribbons, 
zigzag ribbons will be of great interest. In contrast, for transistor 
applications, one would consider armchair ribbons with controlled band 
gaps. One possibility is to control the band gaps in finite size armchair 
ribbons is through functionalization.  

Son et al. [13] calculated the energy band structure of graphene nano-
ribbons and made estimations for the corresponding energy gap as a 
function of the width of nano-ribbons. They showed that the non-ribbons 
with both zig-zag and arm-chair boundaries would exhibit energy gap. Ohta 
et al. [14] have conducted a significant experimental study on the electronic 
band structure of a bi-layer graphene and observed that an electronic band 
gap at the Dirac point can be induced and controlled using an externally 
applied Coulomb potential. Pisani et al. [15] have studied the strong 
dependence of electronic structure of nano-ribbons on a magnetic field, and 
concluded the possible application of nano-ribbons of graphene in the 
controlled transport of spin and spintronics.  
 In the following sections of the paper, we have studied the energy band 
structure of the graphene with different geometry and modified C-C bond 
length and transfer energy between the C-C atoms. These parameters are, 
therefore, very important to control the energy band structure of the 
graphene, hence electrical and mechanical properties.  
 
2. THEORETICAL AND SIMULATION DETAIL 
 

Understanding the electronic structure of graphene is very important to 
describe the electronic states of a carbon nanotube because the cylindrical 
nanotube is formed from graphene – a honey-comb lattice of covalently bonded 
carbon atoms [16]. The graphene lattice has unique electronic properties. In 
Figure 1, the real space geometry of the graphene lattice is shown. Each unit 
cell has two carbon atoms, labeled A and B. The bonds between carbon atoms 
form a hexagonal lattice, with each A atom connected to three B atoms and 

vice versa. The bonds are directed along the vectors 1 , 2 , and 3 . 

http://en.wikipedia.org/wiki/Graphene#Electronic_properties
http://en.wikipedia.org/w/index.php?title=Quadratic_massive_band&action=edit&redlink=1
http://en.wikipedia.org/wiki/Band_gap
http://en.wikipedia.org/wiki/Field-effect_transistor
http://en.wikipedia.org/wiki/Field-effect_transistor
http://en.wikipedia.org/wiki/Graphene_nanoribbons
http://en.wikipedia.org/wiki/Graphene_nanoribbons
http://en.wikipedia.org/wiki/Terahertz
http://en.wikipedia.org/wiki/Graphene#Electrochromic_devices


 
 
 
44 P.A. ALVI, S.Z. HASHMI, S. DALELA, F. RAHMAN  

 Each carbon atom has four valence electrons. Three of these electrons 
participate in the C-C sigma bonding. The fourth electron occupies a pz 

orbital. The pz states mix together forming delocalized electron states with a 

range of energies that includes the Fermi energy. These states are 
responsible for the electrical conductivity of graphene.  
 To proceed with a tight-binding calculation we build linear combinations 
of pz orbitals that satisfy the symmetry of the graphene lattice. An electron 

wave function in a periodic lattice must satisfy the Bloch condition,  
 

  
 

Fig. 1 – Geometry of the graphene lattice. The unit cell, indicated by a dashed line, 

contains two carbon atoms labeled A (black) and B (white). The three bond vectors 

are labeled 1 , 2 , and 3 . The x axis is parallel to 1  

 

 
( ) exp( . ) ( ),k r ik r u r

 
(1) 

 

where ( )u r  has the periodicity of the crystal lattice [17]. In the case of 

graphene, the function ( )u r  can be approximated using ( )X r , the pz atomic 

orbital of an isolated carbon atom. Positioning the function ( )X r  at every 

lattice site gives  
 

 

( ) exp( . ) ( ) exp( . ) ( ),k A A B B
A B

r ik R X r R ik R X r R

 

(2) 

 

where RA and RB are the positions of atoms A and B. The phase difference 

between two atoms in the same unit cell is 1exp( . ),ik  where 1  is the bond 

vector connecting two atoms in the unit cell. Equation (2) satisfies the 

Bloch's theorem (1) i.e. k can be written in the form exp( . ) ( )ik r u r . 

 Here first of all, we find out the eigen energies Ek of the wave states k. 

To approximate Ek  k H k  we start with an expression for k H k  that 

neglects the overlap integrals between the atoms A (each atom A is 
surrounded by atoms B); 
 

 *
1

exp( . ) ( ) exp( . ) ( )k o A A B B
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E E ik R X r R H ik R X r R dr
N
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where Eo is the energy of the bare pz orbital, N is the number of carbon 

atoms in the lattice and H is the Hamiltonian describing the lattice. 

Equation (3) is further simplified by removing the remaining non-nearest 
neighbor terms;  
 

 exp( . ),k o i i
i

E E t ik   (4) 

with 

 *
,( ) ( ) ,i A B it X r R HX r R dr  (5) 

 

where the index i  1, 2 or 3 refers to three B atoms neighboring each atom A. 

 The last step in determining Ek is finding the phase factor . From 

variational principles  is a complex number of norm unity   1  which 
makes equation (4) real valued [18]. 
 Results obtained from [2], we have  
 

 

exp( . ) ,k o i i
i

E E t ik  (6) 

where   are associated with different values of .  
 

 There are two eigenvalues for every k in equation (6) due to the two 

possible values of  at each point in k space. For example, at k  0 the 

high energy state has   1 while the low energy state has   – 1. The two 

wavefunctions 1
0k  and 1

0k  are shown in Figure 2. The phase of the 

wavefunction at each lattice site is designated by + or – signs.  
 

 

Fig. 2 – Bonding and anti-bonding wavefunctions in graphene: when k  0,   1 all 
orbitals have the same phase and add constructively to from a bonding state (a), 

when k  0,   – 1 neighboring wavefunctions have opposite phase and antibonding 
state is formed (b) 
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3. RESULTS AND DISCUSSION 
 

The dispersion relation described by equation (6) is plotted for a graphene 

considered (of size 12.78 Å  7.38 Å and zigzag in nature refer to figure 3) 
and shown in figure 4, 5 and 6. The modeled graphene under consideration 

(ref. Fig. 3) has its C-C bond length of 1.42 Å and C-C transfer energy as  
3.0 eV with the setting of overlap integral as 0.129. In Figure 4 and 5, the 
energy of conduction and valence states for the zigzag graphene has been 
plotted separately as a function of wavevector k, while in Figure 6 the 
energy of conduction and valence states for the zigzag graphene has been 
plotted simultaneously in order to show its exact energy band structure. 
From Figure 6, we see that the conduction and valence bands meet at certain 
points in k-space. These special points, where conduction and valance states 
are degenerate, are called “K points”. Figure 7 shows a contour plot of the 
energy of valence band states. The circular contours around the K points 
reflect the conical shape of the dispersion relation near the K points. 
Electronic states near the Fermi level of graphene are located on dispersion 
cones. Therefore, the shape and position of these cones is critical for 
describing graphene (and nanotube) electronic properties. The two points K1 

and K2 in Figure 7 are positioned at (kx, Ky) a – 1(0,  4 /3), where a is the 
magnitude of lattice vectors of graphene lattice. The slope of the cone 

is 3 2 ot a . The slope of the cones determines the Fermi velocity of graphene. 
 

 
 

Fig. 3 – Graphene view: zigzag in nature and having size 12.78 Å  7.38 Å 
 

 
 

Fig. 4 – The energy of conduction states in graphene plotted as a function of 

wavevector k 
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Fig. 5 – The energy of valence states in graphene plotted as a function of wavevector k 

 
 An important feature of Figure 6 is the vanishing energy difference 
between conduction and valence states at special points in k-space (the “K 
points”). The vanishing energy difference between conduction and valence 
states confirms metallic character of the zigzag graphene. By considering 
the symmetries of graphene we can gain a deeper understanding of this K 
point degeneracy. Symmetry arguments also show that there are only two 
inequivalent K points in graphene, and that this pair of points (K1 and K2) 

must satisfy the relationship K1  – K2. 
 

Fig. 6 – The energy of conduction and valence states in graphene plotted as a 

function of wavevector k. Dispersion around these points is conical 
 

 K point degeneracy can be understood by considering states associated 

with the wave vector K1  (0, 4 /3). With the help of this wave vector, a 

pair of wavefunctions (using two different values of ) can be constructed 
which demonstrate the physical basis for this degeneracy. The pair of 
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wavefunctions k1 with   exp(2 i/3) and   exp(4 i/3) are shown in 

Figure 8. The phase of the wavefunction is indicated at each carbon atom. 

The wave functions map onto each other by a 120  rotation. Because the 
graphene lattice also has a 120˚  rotational symmetry, the two wavefunctions 

must be degenerate. Valence and conduction states with K1  (0, 4 /3) are 

built from these degenerate   exp(2 i/3) and   exp(4 i/3) states. 

Therefore, valence and conduction states at the K1 point are the  
 

 
 

Fig. 7 – A contour plot of the valence state energies The hexagon formed by the six K 

points defines the graphene unit cell in k-space, beyond this unit cell the dispersion 

relation repeats itself. Arrows point to the two inequivalent K points, K1 and K2 
 

degenerate. There are two further symmetries of graphene which are 
important for our analysis. The first is between k and – k states. If the 
conduction and valence states meet at K1, they must also meet at -K1. 

Therefore, the degeneracy we found at the K1 point also occurs at K2  – K1. 
 The impact of C-C bond length and C-C transfer energy on energy band 
structure can be understood with the help of dispersion relation. For the 

zigzag graphenes having C-C bond length of 1.00, 2.00 Å and C-C energy as 
1.00, 2.00 eV while the overlap integral remaining unchanged, the change in 
energy band structures can be seen in figures 8 and 9 respectively. Although 
there is no change in the energy band gap between conduction band and 
valence band on changing the bond length and C-C transfer energy, but by 
carefully observing the scale of energy axis in the figures 8 and 9, it can be 
noted that the energy range of conduction states is increased due to which 
the curvature of conduction band is increased.  
 Hence, from Figure 8 and 9, it is clear that C-C bond length and C-C 
transfer energy have significant impact over the energy band structure of 
the graphene. Since, electrical and mechanical properties of graphene have 
already been reported to vary with their molecular geometry. The 
geometrical parameters of graphene are, therefore, very important to 
control the energy band structure of the graphene, hence electrical and 
mechanical properties. Graphene's modifiable chemistry, large surface area, 
atomic thickness and molecularly-gatable structure make antibody-
functionalized graphene sheets excellent candidates for mammalian and 
microbial detection and diagnosis devices [19]. 

K1 

K2 

kya
K1 

kxa
K1 
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Fig. 8 – The energy band structure for a graphene of C-C length 1.00 Å and C-C 

energy as 1.00 eV 
 

 
 

Fig. 9 – The energy band structure for a graphene of C-C length 2.00 Å and C-C 

energy as 2.00 eV 

 
4. CONCLUSION 
 

We have studied electronic structure of graphene within the frame work of 
tight binding approximation via modeling and simulation. Pronounced 
variations have been observed in the energy band structure of graphene due 
to variation in C-C bond length and C-C transfer energy. These parameters 
are, therefore, very important to control the energy band structure of the 
graphene, hence electrical and mechanical properties. Moreover, it has been 
observed that conduction and valence states in graphene only meet at two 
points in k-space and that dispersion around these special points is conical.  
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