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INTRODUCTION

Recently, boundary friction conditions have been
actively studied in connection with increasing applica�
tion of nanosized systems. These conditions occur for
lubricating layer thicknesses of <10 atomic diameters
[1, 2]. Experiments show that a thin lubricating layer
demonstrates abnormal properties relative to volumet�
ric ones [3]. In particular, stick�slip motion is observed
[3, 4], which commonly characterizes dry friction.
The regime is attributed to solidification of the lubri�
cant due to its confinement between two rubbing sur�
faces and its subsequent stick�slip melting when shear
stresses exceed the yield point (“shear melting”).

In order to reduce the contribution of irregulari�
ties, atomically flat mica surfaces [5–7], quartz [8],
and sapphire [9] are commonly used in such experi�
ments. Polymer chains [10], surfactants [11, 12], pro�
tein compositions [13], and even metallic layers
deposited on mica [14] can be used as lubricants.

There are several phenomenological models that
allow one to explain in part the results observed exper�
imentally, e.g., thermodynamic [15], mechanistic
[16], and synergetic [17, 18] models. They are of
deterministic [16, 17] and stochastic [19, 20] natures.
In addition, methods of molecular dynamics are
employed in investigations [21, 22]. Lubricants are
shown to provide several kinetic regimes, between

which transitions occur that lead to stick�slip friction
[3]. These transitions are represented as first�order
phase transitions [23] between states that are not stable
thermodynamic phases but represent kinetic friction
regimes. The authors of work [19] have identified three
main regimes, namely, sliding at low shear velocities,
the regular stick�slip regime, and sliding at high shear
velocities. These data are substantiated by numerous
experiments [1, 3, 4, 8].

An approach has been developed elsewhere [17, 18]
according to which transition of the lubricant from the
solid to liquid state results from thermodynamic and
shear melting. The processes are shown to be due to
self�organization of the fields of shear stress and strain,
as well as lubricant temperature, with account of addi�
tive noise of the above values [24–27] and correlated
temperature fluctuations [28]. Hysteresis behavior
observed experimentally [29–31] is considered in works
[32–34]. In work [35], within the framework of the
above�mentioned model, the periodic stick�slip friction
regime is discussed; this regime, however, has a stochas�
tic component and can occur only in the presence of
fluctuations in the system. A disadvantage of this model
is that it does not account for the load applied to the
friction surfaces and uses approximations when deriv�
ing the basis equations [17].
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The present work proposes a model based on the
expansion of free energy by the power of the parameter
of excess volume arising from the formation of the
defect structure in a lubricant material during its melt�
ing. The liquid state is commonly interpreted as the
region of plastic flow on the loading diagram and char�
acterized by the defects present in the lubricant [15].
In this paper the authors use an approach based on the
Landau theory of phase transitions [36–39] to
describe strongly nonequilibrium processes occurring
during the sliding of two solids separated by a lubricant
layer.

BASIC EQUATIONS

Melting of a lubricating film <10 molecular layers
thick is determined by increasing volume [21] and dif�
fusion coefficient [21, 22, 40, 41]. Since of these two
values, the volume is the parameter experimentally
observed, in order to describe the lubricant state, we
will introduce a parameter f as an excess volume aris�
ing from chaotization of the solid structure in the
course of melting. With increasing f, the density of
defects in the lubricant rises and owing to their trans�
portation under the action of applied stresses, it trans�
fers to the kinetic regime of plastic flow (the liquid
phase).

We write the function of the density of free energy
Φ versus excess volume in the form of expansion in
terms of the parameter f in the form of

(1)

where Φ0, c, φ0, φ1, φ2, and φ3 are expansion constants.

We will take the dependence on the invariants of

elastic strain  and lubricant temperature into
account only at smaller expansion degrees:

(2)

The first invariant is the trace of the strain tensor

=  +  +  and the second is determined by
the following equation [42]:

(3)

According to (1), the elastic stresses arising in the
lubricant are found as
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Expression (4) can be presented in the form of the
Hooke effective law [43]

(5)

with effective elastic parameters
1

(6)

(7)

which decrease with melting and increasing excess
volume f.

It is easy to show that (see the Appendix)

(8)

(9)

where n and τ are the normal and tangential compo�
nents of the stresses acting on lubricant from the side

of rubbing surfaces.
2
 

Relationships (8) and (9) show the relation
between the tensor components and their invariants in
the linear theory of elasticity [42].

We write the equation for the nonequilibrium
parameter f in the form of the Landau–Khalatnikov
equation

(10)

where the time of relaxation τf is introduced. In its
explicit form it looks like

(11)

where the appearance of the last component is due to
the fact that invariants (8) and (9) depend on the
parameter f.

We obtain an equation that determines the relative
shear velocity of the rubbing surfaces Vij and elastic

strains  arising in the lubricant. For this purpose, we

1 At f >  it should be taken that μeff = 0 and at f >  it
should be taken that λeff = 0.
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use the Debye approximation relating the elastic and

the plastic strain  [15]:

(12)

where τε is the Maxwell time of relaxation of internal
stresses. Full strain in the layer will be found as

(13)

This strain specifies the velocity of the upper block
according to the relationship [44]

(14)

where h is the thickness of the lubricant film. The
expression for the elastic component of shear strain
can be derived from the three above�mentioned rela�
tionships

(15)

For simplicity, the present work considers a homo�
geneous system and in relationships (1) and (11), it is
taken that � ≡ 0.

THERMODYNAMIC AND SHEAR MELTING

The set of kinetic equations (11) and (15) with
account for definitions (2), (5)–(9) is closed and can
be used to study the kinetics of lubricant melting. In
this section we consider stationary friction regimes
that result from system evolution. According to
Eq. (15) the elastic component of shear strain
becomes stationary with time

(16)

In order to determine the stationary states of all val�
ues, it is necessary to solve evolution equation (11) using
(2), (5)–(9) and finding the strain value from (16).

In experiments, atomically flat mica surfaces are
often used as friction surfaces and quasispherical mol�
ecules of octamethylcyclotetrasiloxane (OMCTS) and
linear chain molecules of tetradecane or hexadecane
[3, 31], as lubricants. The above�mentioned experi�
ments are carried out under the following conditions:
thickness of the lubricant layer h ≈ 10–9 m, contact
area A ≈ 3 × 10–9 m2, load to the upper friction surface
L = (2–60) × 10–3 N, which corresponds to normal
stresses n = –L/A = –(6.67–200) × 105 Pa.

Here, the friction force is F ≈ (2–40) × 10–3 N. Within
the framework of the above�mentioned experimental
works, it has been found that the lubricant melts if the
temperature exceeds a critical value T > Tc0 ≈300 K or at
a shear velocity V > Vc0 ≈ 400 nm/s.

These values can vary depending on the lubricant
used and the experiment geometry.
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In the studied model, the following values for the
constants of the theory are chosen in line with the
experimental data:  = 20 J/m3; λ = 2 × 1011 Pa;

= 108 Pa;μ = 4.1 × 1011 Pa;  = 4 × 1011 Pa;  =

5 J/m3; φ1 = 1100 J/m3; φ2 = 2700 J/m3; φ3 = 2070 J/m3;
α = 0.45 J K–1/m3; h = 10–9 m; τf = 1 Pa s; τε = 10–8 s;
n = –7 × 105 Pa.

Note that the time of relaxation of excess volume τf
has a viscosity dimension. In fact, this means that the
time needed for the stationary regime to be set
increases with increasing efficient viscosity of the
lubricant.

At a zero shear velocity (shear stresses and strains are
zero) and a temperature below the critical value T < Tc0

the lubricant is in the solid phase and the excess vol�
ume takes a small value that increases with increasing
lubricant temperature (the dot�and�dash portion of
the curve). At the temperature T = Tc0 the excess vol�
ume increases jumpwise and the lubricant transforms
into the liquid state (the continuous portion of the
curve). With further elevation of the temperature it

solidifies at lower T =  The dependence has the
hysteresis nature, which corresponds to first�order
phase transitions. According to Fig. 1a, with increas�
ing shear velocity the lubricant is melted at a lower
temperature. At a temperature higher than its critical
value, the lubricant is always liquid (curve 4) irrespec�
tive of temperature, and its full melting occurs owing
to shear.

Figure 2a shows the dependence of the density of
free energy F on f at the parameters of curve 1 in
Fig. 1a. At low temperatures (the upper curve), one
potential minimum is implemented at small f (solid
lubricant) that corresponds to the dot�and�dash curve
in Fig. 1a. With increasing temperature (the middle
curve), an additional minimum appears, correspond�
ing to the continuous curve in Fig. 1a. However, the
system cannot transform to the proper state since it is
separated from the first minimum by an energy maxi�
mum (dashed curve in Fig. 1a). With further increase
in T, the separating maximum disappears (the lower
curve) and the lubricant transforms sharply, following
the mechanism of phase transition, to the state that
corresponds to the potential minimum at a larger
excess volume; i.e., it melts. If now the temperature
drops, then with the appearance of a minimum at
small f, the system cannot again transform sharply into
the corresponding state because of the separating

maximum. With its disappearance at T =  the
lubricant solidifies in a jumpwise manner.

If the lubricant temperature is fixed, then when the
shear velocity exceeds its critical value Vc0, the lubri�

cant melts and when Vij <  the lubricant solidifies
(Fig. 1b). Here, the situation resembles the behavior
of the system under rising temperature (Fig. 1a), yet
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the difference is that in the case of shear melting the
area restricted by hysteresis increases with increasing
temperature. The lubricant melts at lower shear veloc�
ities with increasing temperature. Figure 2b shows the
profile of free energy at the parameters of curve 1 in
Fig. 1b, which is similar to the profile of energy when
the lubricant melts under temperature elevation.

Figure 3a shows the dependence of the critical
shear velocities for lubricant melting Vc0 and solidifi�

cation  on temperature T. Thus, above the curve Vc0

the lubricant is in the liquid state and the sliding fric�
tion regime occurs (SF region). At shear velocities

below  the solid state of the lubricant occurs.
Between the curves in Fig. 3a, the hysteresis region
arises shown in Fig. 1, which corresponds to the
potential shown by the middle curve in Fig. 2. Thus,
the lubricant state is here undetermined and depends
on the initial conditions. According to Fig. 3a, both
critical regions decrease with temperature elevation
until they become zero and full thermodynamic melt�

Vc
0

Vc
0

ing occurs. Note that the lubricant melts even at zero
temperature T as the shear velocity surpasses its criti�
cal value (the boundary of the SF region on the
Y�axis). In other words, Fig. 3a is a phase diagram with
two stationary friction regimes. The distance between
the curves in the figure in the horizontal direction at a
constant velocity (segment 1) is the hysteresis width that
is implemented in Fig. 1a and the distance in the verti�
cal direction at T = const (segment 2) specifies the
width of the hysteresis in Fig. 1b. As follows from
Fig. 3a, the width of the temperature hysteresis (seg�
ment 1) remains constant with varying velocity
whereas the velocity hysteresis (segment 2) becomes
considerably wider with increasing temperature com�
pared to low temperatures. This fact is represented in
Fig. 1. Note that Fig. 3a can also be interpreted as the

dependence of critical temperatures Tc0 and  on the
shear velocity Vij.

Figure 3b demonstrates the temperature depen�
dence of the hysteresis (Fig. 1b) width. The above�
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mentioned dependence is obtained by moving seg�
ment 2 (Fig. 3a) along the T�axis. The width of the
hysteresis loop increases within almost the entire tem�
perature range. Its sharp decrease down to zero is due
to the fact that, according to Fig. 3a, critical velocity

 becomes zero at lower temperatures than Vc0 and

after this moment  should be taken as zero. There�
fore, the peak in Fig. 3b corresponds to the tempera�

ture at which the shear velocity  becomes zero. At
this temperature the lubricant cannot solidify due to
the decreasing shear velocity (according to Fig. 3a, at

 = 0 the system cannot fall within the DF region,
however, the lubricant can initially fall within the
intermediate region and be solidlike at the same time
up to the velocity Vij < Vc0). The temperature (Fig. 3b)
at which the hysteresis width becomes zero conforms
to the situation when the lubricant is liquid at any
shear velocity (according to Fig. 3a, in this case the
system is always within the SF region of sliding fric�
tion). The calculation of the dependence of hysteresis

width at ΔT = Tc0 –  on the shear velocity Vij shows
that it remains constant at all velocities and ΔT ≈
23.426 K, except for the velocities at which tempera�

ture  is zero. Here, as in the case shown in Fig. 3b,
the hysteresis width becomes zero monotonously with
increasing shear velocity (see Fig. 3a).

FRICTION FORCE

Experimental works often discuss the kinetic
dependences of the friction force at various shear
velocities, lubricant layer thicknesses, and normal
pressure [1, 3, 4, 29–31]. We analyze the influence of
the friction force on lubricant temperature, shear
velocity, and pressure.
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The full pressure arising within the lubricant layer is

determined as the sum of the elastic  and viscous

 components:

(17)

The friction force is found in a standard way:

(18)

where A is the area of the contact surfaces. Viscous
stresses can be calculated according to the empirical
formula [44]

(19)

where ηeff is the effective viscosity of the lubricant. The
boundary lubricant is a non�Newtonian liquid and
commonly has the complex dependence  By
way of example, the viscosity of polymer solutions and
melts commonly decrease with increasing strain

(pseudoplastic liquids); in the case of suspen�
sions of solid particles the viscosity increases with
increasing  (dilatants). Therefore, for qualitative
analysis we use the simple approximation [44]

(20)

allowing us to take both of the above�mentioned situ�
ations into account.

Here the proportionality coefficient k(Pa ⋅ sγ + 1) is
introduced. According to (20), in pseudoplastic liq�
uids γ < 0, in dilatants γ > 0, and in non�Newtonian
liquids γ = 0 since, in line with (20), in this case the
viscosity is independent of the strain rate.

With regard to (14) and (20) the expression for vis�
cous stresses is written as follows:

(21)

σi j
e

σi j
visc

σi j σij
e σi j

visc
.+=

Fij σi jA,=

σi j
visc ηeffVij

h
�����������,=

ηeff ε·( ).

η ε·( )

ε·

ηeff k ε· ij( )γ,=

σi j
visc k

Vij

h
����⎝ ⎠

⎛ ⎞
γ 1+

.=

1200

1000

400

200

0 250

DF

200100 T, K

Vij, nm/s
(a)

Vc0

Vc
0

SF

2

1

800

600

50 150

350

300

150

100

0 250200100 T, K

ΔV, nm/s 
(b)

250

200

50 150

50

Fig. 3. Phase diagram with the regions of sliding (SF) and dry (DF) friction (a) and hysteresis width versus lubricant temperature (b).



118

JOURNAL OF FRICTION AND WEAR  Vol. 32  No. 2  2011

LYASHENKO et al.

On substituting (17) and (21) into (18) we obtain

the final expression for the friction force
3

(22)

where  is specified by formula (5) at i � j.

Dependence (22) is shown in Fig. 4. All curves in
Fig. 4a correspond to the curve parameters (Fig. 1a)
except for curve 1.

This is due to the fact that in Fig. 1a the first curve
is constructed at zero shear velocity and during rest the
friction force is zero. All curves in Fig. 4b correspond
to the curve parameters in Fig. 1b. In line with Fig. 4a,
the friction force decreases with rising temperature.
This is due to increasing f, with which the effective

3 Here the sign function  and absolute shear velocity 

are introduced since the velocity can take negative values as well.
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shear module 2μeff (6) decreases, which results in a
lower elastic component of shear stresses (5) and, cor�
respondingly, a lower friction force (22). On the plot
one can observe a hysteresis since in the phase transi�
tion the shear module (6) varies stepwise. At the
parameters of curve 4 the lubricant is always in the liq�
uid state and the friction force decreases with temper�
ature owing to reduced shear module (lubricant dilu�
tion). Figure 4b demonstrates a somewhat different
behavior of the lubricant. Here, according to (22),
with low shear velocities, the lubricant in the solid

state, and large  dry friction occurs. An increase in
the shear velocity under dry friction leads to increasing
friction force (22). With further increase in the veloc�
ity, the lubricant is melted and the elastic shear stresses
(5) decrease considerably, leading to a sharp decrease
in the full friction force. With still further increase in
the velocity, Fij increases.

According to curve 4, with the lubricant in the liq�
uid state, the friction force (22) increases due to the
increased shear velocity. Note that the results shown in
Fig. 4b conform qualitatively to the new friction map
of the boundary conditions that was obtained in gen�
eralizing the experimental data from work [44].

Figure 5 presents the dependence Fij on the normal
external stresses, the action of which is directed at
confinement of the rubbing surfaces.

According to curve 1, at low shear velocities the
lubricant is solid over the stress range chosen, which
provides an increase in the friction force with increas�
ing pressure; however, the growth is insignificant at the
scale of the Figure. Curves 2 and 3 show that within the
intermediate range of shear velocities the lubricant is
liquid under small normal pressures and further con�
finement of the surfaces leads to lubricant solidifica�
tion and increase in the overall friction force. At large
shear velocities (curve 4) the first�order phase transi�
tion between liquid�like and solid�like lubricant struc�
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tures does not occur. Here, continuous transition (the
region of inflection of curve 4) between the above�
mentioned states takes place. A similar dependence is
discussed elsewhere [44].

STICK�SLIP REGIME

The dependences cited in the preceding sections of
the paper are obtained at a fixed shear velocity of the
upper rubbing surface. However, the dynamic charac�
teristics of any tribological system are governed by the
properties of the system as a whole. In particular,
according to the experimental data, the stick�slip
regime can occur within the region of hysteresis con�
sidered above [3, 16, 19–21, 31, 41, 44]. A typical dia�
gram of the tribological system is shown in Fig. 6.
Here, a spring with rigidity K is connected to a block
with mass M to which a supplementary normal load L
is applied. The block is located on a flat surface and is
separated from it by a lubricant layer of thickness h.
The free end of the spring is put into motion at a con�
stant velocity V0. While the block moves, the friction
force F (22) arises, providing resistance to its move�
ment. As for ultrathin lubricant layers under boundary
friction, in the general case, the velocities V of the
block and V0 of the spring do not coincide because of
the oscillating nature of force F, which leads to stick�
slip motion.

The equation for the movement of the upper block

has the following form [3, 15, 16]
4
: 

(23)

where t = t ' is the time of movement of the free end of
the spring. To calculate the time dependence of the
friction force, Eq. (23) should be solved jointly with
(11) and (15), determining F from (22). However,
owing to the thin lubricant layer, the time of strain
relaxation τε can be taken as small compared to the
time of excess volume relaxation τf. Therefore, within
the framework of τf � τε we solve two Eqs. (23) and
(11), jointly finding strain from (16). The result of the
solution of these equations is shown in Fig. 7, accord�
ing to which the friction force first increases since the

4 Here, for convenience, tensor designations are omitted since we
consider the shear in one direction.
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lubricant is in the solid state and the shear velocity V
increases.

When the velocity exceeds the critical Vc0, the
lubricant is melted, the slip velocity of the rubbing
block increases and it quickly moves a large distance.
Here, the spring tension, and correspondingly the
shear velocity, decrease. When the velocity becomes
twice as low as the value necessary to keep the lubri�
cant in the liquid state, the lubricant solidifies and the
friction force starts increasing again. The process out�
lined is repeated periodically with time. Note that the
velocity at which the lubricant solidifies does not coin�
cide with the similar velocity shown in Fig. 1. This is
related to the sharp increase in the shear velocity V
during melting and the corresponding increase in
excess volume f. According to (6) the shear module
becomes less than zero and it should be taken as zero,
which distorts the view of potential (1). In this case,
with the availability of elastic strains (16), the elastic
stresses in the lubricant according to (5) are zero,
which causes a decrease in the friction force while the
lubricant flows.

Figure 8 shows the kinetic dependences of friction,
excess volume, and elastic component of shear stresses
with increasing V0. Initially, the movement of the block
to be sheared (V0 = V01) results in increasing friction
force at small f. When the elastic shear stresses reach
their critical value, the lubricant shear melting occurs
following the mechanism of first�order phase transi�
tion. Here, the parameter f increases stepwise and the
elastic stresses become zero. After that, the lubricant
starts solidifying again since the relative shear velocity
of the friction surfaces decreases (see Fig. 7). When the

X

F M

L V

h K V0

Fig. 6. Diagram of the tribosystem (designations are given
in the text).
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Fig. 7. Friction force F, shear velocity of the rubbing block V,
and its coordinate X versus time at parameters n = –7 × 105 Pa;
M = 0.1 kg; K = 480 N/m; T = 250 K; V0 = 1200 nm/s.
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lubricant solidifies completely, elastic stresses appear
in it and their further growth again leads to f increasing
up to the critical value necessary for melting, upon
which the process is repeated again. As a result, the
periodic stick�slip regime of melting/solidification is

established. When the velocity is increased up to V0 =
V02 the frequency of the stick�slip peaks increases since
at this velocity the critical stress is reached more
quickly. Correspondingly, the lubricant is melted faster
and during the same period of time it manages to make
more melting/solidification transitions. At even larger
velocity V0 = V03, the frequency of stick�slip peaks
again decreases due to the appearance of kinetic
regions F = const on the dependence F(t). One should
note that in melting under these conditions, the excess
volume f first increases sharply owing to the fast
growth of the shear velocity V of the upper rubbing
block and the stationary kinetic region corresponds to
a lower excess volume f that is established after the ini�
tial slip of the rubbing surface due to the release of
some part of the mechanical potential energy of the
compressed spring. With further growth of V0 = V04,
the stick�slip regime disappears and the kinetic fric�
tion regime of the liquid lubricant is set. Thus, with
increasing velocity the frequency of stick�slip peaks
first increases and then decreases due to the appear�
ance of long kinetic spots; when the critical velocity V0
is exceeded, the stick�slip regime disappears. The
behavior described agrees well with the experimental
results of work [3].

The influence of external pressure applied nor�
mally to the friction surfaces on lubricant melting is
also often studied experimentally [3, 41]. These exper�
iments show that pressure has an effect on the param�
eters of the tribological system in a nontrivial way, e.g.,
in the lubricant made up of a chain molecules of hexa�
decane the critical shear velocity decreases with
increasing pressure and in the spherical molecules of
OMCTS it increases [3]. Pressure also has an effect on
the frequency and amplitude of stick�slip transitions
[3]. Within the framework of the model proposed
according to Eq. (11), an increase in the load on the
friction surface leads to decreasing excess volume,
which facilitates lubricant solidification.

The time dependence of the friction force at differ�
ent pressures which tend to confine the friction sur�
faces is shown in Fig. 9. At temperatures lower than
the critical value (the upper part of the figure), the
stick�slip regime is established, the amplitude of stick�
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Fig. 8. Time dependences of friction force F, excess vol�

ume f, and elastic component of shear stresses  at param�

eters of Fig. 7, normal stresses n = –30 × 105 Pa, and shear
rates V01 = 900 nm/s; V02 = 1600 nm/s; V03 = 2365 nm/s;
and V04 = 2370 nm/s.
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Fig. 9. Time dependence of friction force at parameters of
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Fig. 10. Time dependence of friction force at parameters of
Fig. 7, velocity V0 = 2000 nm/s and lubricant temperature
T1 = 230 K; T2 = 300 K; T3 = 438 K; T4 = 439 K.
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slip transitions increasing and their frequency decreas�
ing with increasing pressure. Under a pressure corre�
sponding to normal stresses n = n4, the stick�slip
regime is not established. However, in this case lubri�
cant solidification occurs due to wall confinement
rather than the kinetic regime conforming to lubricant
melting. Due to this, the lubricant cannot melt and a
large friction force F is established with the solid lubri�
cant since the wall confinement facilitates the occur�
rence of long�order atom alteration in the lubricant.
On the lower part of the figure one can see the depen�
dence at higher T. Here, the kinetic friction regime
corresponds to a small friction force. With further
increase in pressure one should expect transition to the
stick�slip regime and with further increase in load we
would expect full lubricant solidification, as is shown
in the upper part of the figure at n = n4. Thus, three
friction regimes have been identified: (1) the kinetic
regime within which lubricant has solid�like structure;
(2) the stick�slip regime corresponding to periodic
melting/solidification; and (3) dry friction character�
ized by a large friction force and solid structure of the
lubricant. Similar regimes are also found within the
framework of the stochastic model [19].

In line with Fig. 10, the elevation of lubricant tem�
perature results in a lower amplitude of friction force
oscillations and variations in the frequency of phase
transitions. At T = T4, the sliding regime is character�
ized by a constant kinetic friction force and shear
velocity of the rubbing block. Thus, temperature ele�
vation facilitates lubricant melting. The authors do not
have data from experiments studying the temperature
effects; therefore, the dependence obtained is predic�
tive in nature.

CONCLUSIONS

The model proposed allows description of the
effects observed upon melting of an ultrathin lubricant
film under boundary friction conditions. Thermody�
namic and shear melting have been considered. At
high lubricant temperatures, shear melting occurs at
lower shear velocities and with further temperature
elevation the lubricant is in the liquid state even at zero
shear velocity.

The phase diagram has been constructed for the
case of a constant shear velocity of the upper rubbing
block. We have also considered the dependences of the
friction force on shear velocity, temperature, and pres�
sure applied to the rubbing surfaces at a constant shear
velocity using a real tribological system as an example.
The stick�slip friction regime is described, which
arises due to the oscillating nature of the friction force.
The results obtained agree well with the experimental
findings of other researchers.

The work was supported by the State Foundation
for Basic Research of Ukraine and the Russian Foun�
dation for Basic Research (grant Ф28/443�2009).

APPENDIX: DETERMINATION 
OF STRAIN TENSOR INVARIANTS

For an isotropic body the following equality is
valid [43]:

(A.1)

We choose the main axes of strain as coordinate
axes; then the strain tensor εij has only diagonal com�
ponents. Let us consider the flat deformed state of the
lubricant in which ε22 = 0.

The diagonal components of the stress tensor in
this system of coordinates take the form

(A.2)

(A.3)

(A.4)

Along the lubricant boundary the tangential stress
operates [42]

(A.5)

and the stress being normal to the lubricant boundary
is [42]

(A.6)

Then we have from (A.5) and (A.6)

(A.7)

(A.8)

Correspondingly, first two invariants (8) and (9) of
the strain tensor will be determined as

(A.9)

(A.10)

DESIGNATIONS

f—excess volume (disorder parameter); Φ—density
of free energy; Φ0, c, φ0, φ1, φ2, φ3—parameters of expan�

sion; —tensor of elastic strains; T—lubricant tem�

perature;  λ, μ—parameters of expansion;

—squared first invariant of strain tensor;  =
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sor;    α—expansion parameters;  

—diagonal components of strain tensor; —

square of the trace of strain tensor; I2 =  +  +

—second invariant of strain tensor; —tensor
of elastic stresses; δij—Kronecker delta�symbol; μeff,
λeff—effective elastic constants (Lame constants);
n—normal component of stresses applied to friction sur�
faces; τ—tangential component of stresses; τf—time of
excess volume relaxation; Vij—tensor of shear velocities

of friction surfaces; —tensor of plastic strains; τε—
Maxwell time of stress relaxation; εij—tensor of full

strains; h—lubricant film thickness; —stationary
tensor of elastic strains; A—contact area of friction
surfaces; L—external pressure applied to friction sur�
faces; F—friction force; Tc0—critical temperature of

lubricant melting; —critical temperature of lubri�
cant solidification; Vc0—critical shear velocity at

which lubricant melts; —critical shear velocity at

which lubricant solidifies; ΔT = Tc0 – —width of

hysteresis by temperature; —tensor of viscous
stresses; σij—tensor of full stresses; Fij—tensor of friction
forces; ηeff—effective viscosity; γ—phenomenological
coefficient; K—coefficient of spring rigidity; M—mass
of upper rubbing block; V0—movement velocity of spring
end; V—movement velocity of rubbing block; X—coor�
dinate of upper rubbing block; t—time; V01, V02, V03,
V04—fixed velocities; n1, n2, n3, n4—fixed normal
stresses; T1, T2, T3, T4—fixed lubricant temperatures.
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