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SUMMARY

Elastomer seals are widely used in the petroleum industry. Seal failure can be very
expensive, due to losses in production and high maintenance costs. Another aspect of this
problem is the difficulty in predicting the working life, of a specific elastomeric seal in a
specific application, at the design stage. The objective of the present work is to develop the
theoretical and computational seal life model to assist reliable prediction of seal life.

Seal life computer software has been developed to model fluid ingress into elastomeric
seals and the resulting long term material property changes caused by volume swell and
chemical reaction between elastomer and ingressed fluid. The approach used is to model
diffusion using a finite element method. This permits application to a wide range of seal
geometries. The mathematical model of diffusion is coupled with chemical reaction
equations of second order to model chemical ageing processes in the seal. To model the
effects of swell, volume of absorbed fluid is coupled with Young's modulus. Physical, as
opposed to chemical, stress relaxation is not incorporated since the short time scale of this
enable direct measurements to be made.

The software has been tested against experimental data for a number of elastomer /
operating condition combinations. Satisfactory agreement is obtained for ethylene
propylene diene (EPDM) and nitrile rubber aged in air or high pressure water; nitrile and
hydrogenated nitrile rubber (HNBR) aged in high temperature, high pressure hydrocarbon
liquid.

The software has also been found useful for calculating required soak time in planning rig
tests for the study of explosive decompression caused by absorbed gas in elastomers.

Pending further development of the software, long term prediction of retained sealing force
of O-rings in high temperature, high pressure water is calculated from compression set by

a semi-empirical approach. Results are compared with experimental data.
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1. INTRODUCTION
1.1 Introduction to Seal Life Project

Polymer/elastomer seals are widely used in the petroleum industry and for
other high duty applications. They are located in subsea equipment,
process valves, pumps and transportation pipelines, to seal multi-phase
hydrocarbon fluids at high temperatures and pressures. With new offshore
platforms constructed in water very much deeper than before, drilling to
greater depths in extreme environments, and the application of much more
sensitive and delicate instruments for monitoring production, high
performance seals are demanded to minimize maintenance cost and
maximize reliability. Premature seal failure can be potentially catastrophic,
while replacement of these seals is prohibitively expensive and difficult.

These seals are exposed to service fluids made up of steam, gases and
hydrocarbon fluids in a multi-phase mixture. Under normal operational
conditions, the seals are subjected to pressures up to 1000 bar and

temperatures from ambient to above 200°C. During transient blow-down
conditions, service temperature can fall to -90°C.

The present PhD work is part of a bigger project, the Seal Life Project, in
which engineers and scientists from BHR group and MERL work with the
support from the petroleum industry and seal manufacturers, to develop the
methodology required for predicting elastomer seal life. The Seal Life
Project includes four main areas :
i. Review & Definition
- a study of existing knowledge in subject areas relevant to the project.
i. Fundamental Experimental Programme
- a study in basic science of physical, chemical, diffusion and fracture
properties of elastomer materials used in seal
(carried out by the Materials Engineering Research Laboratory MERL)
iii. Computer Modelling
- a suite of computer programs developed as an aid in the prediction of
useful life of seals in service

N



iv. Seal Functional Test

- performance tests on actual seals operating in representative service
conditions to provide seal life performance data to cross-reference
fundamental material experiments and to validate the computer model.

REVIEW & DEFINITION

of reslistic fluids, temps,
pressures, seal materials

stress relaxation mechanical

tear & tensile fracture mechanics

compression set

DIFFUSION COMPUTER

PROCESSES MODELLING
permeability diffusion
solubility material properties
materials, shape distortions

stresses
PHYSICAL LIFE PREDICTION FUNCTIONAL
PROPERTIES BEHAVIOUR
explosive

strength | decompression  seal ageing jig

extrusion resistance

INTERPRETATION

chemical ageing performance tests

failure modes
extrusion
explosive decompression

DESIGN & SELECTION MANUAL

Fig 1.1  Structure of the Seal Life Project

Each of the four tasks is significant in its own right, as well as dovetailing with

other tasks, as shown in Fig 1.1. The deliverables of the project include:

i All Seal Performance Data to provide directly usable information, as well
as the basis for predictive modelling of seal life.

i A Seal Life Prediction Manual which will have the most up-to-date and
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useful information on the subject, including information derived form
literature and the results of the test programme.

ili. The Computer Software developed for predicting seal life from known
material information.

1.2 Introduction to Thesis

The present PhD work concentrates on the theoretical and computational
modelling of elastomer seal life. Chapter 2 starts with a brief description on
seal failure. Then, it explains how computer modelling can assist seal life
prediction. The approach to develop the software, the program validation
method and the computer tools used for development are also defined.

Since a complete model for predicting seal life has not been available, the
literature review in Chapter 3 looks into the existing models for individual
factors affecting seal life. The established theories for computing diffusion,
property losses and dimensional changes are then analysed, selected and
inter-related in Chapter 4. Chapter 5 details how the finite element method
can be used to solve derived theoretical equations.

The selection of numerical and computational methods for the Seal Life
Software is a balance of stability, accuracy and efficiency. User-friendly
facilities also need to be included in the software. These are reported in
Chapter 6. Chapter 7 presents the validation work that has been carried out
for the software. Results are analysed. The software is then used to
understand seal behaviours, and to predict seal life. In Chapter 8, retained
force is calculated from compression set by a semi-empirical approach.

It is always important that research projects are well managed so as to
deliver results on schedule and on budget. Chapter 9 records on how the
Seal Life Project was managed, values the performance and suggests
scope for further improvement. In Chapter 10, the procedures to predict
functional seal life in applications are summarized. The overall advance in
seal life prediction is discussed and concluded. Possible further work to
enhance seal life prediction is given in Chapter 11.



2. OBJECTIVES

The present PhD work develops a suite of computer software, the Seal Life
Software, to assist the prediction of the useful life of seals in service.

Failure of seals occurs due to a variety of different mechanisms. Possible

failure mechanisms include :

I rubber fracture in explosive decompression conditions,

ii. loss of material in extrusion,

iii.  loss in contact stress due to chemical or physical ageing, to a degree
where sealing can no longer be maintained.

The first two types of failure are mainly short term where simulation tests may
be possible. The final one is, however, long term and there is a limited
amount of quantifiable information on seal failure due to degradation of
material. The Seal Life Software developed is aimed to predict this type of
failure mode, although the diffusion module of the software can be used to
determinate the required duration for simulating explosive decompression
tests, and the computed fluid concentration distribution in seal can help to
quantify and locate cracks in explosive decompression.

Seal Life Software takes into account seal shape, the diffusion of fluids into
the seal, and the chemical reaction between rubber compounds and
ingressed fluids as shown in Fig 2.1, to model the variation of material

properties with time.

Computer modelling of material properties in elastomers with time and
temperature is an area which has just been attended by engineers and
chemists after the space shuttle (Challenger) accident in 1986. An overall
consideration of polymer seal life where diffusion, stress analysis and
material behaviour are mutually coupled is novel. Existing work has
considered some, rather than the full range of factors which could contribute
to seal life. A very important part of the present PhD project is to review a
wide spectrum of factors so as to establish a model which takes into account
all factors, and inter-relates them in an accountable manner. Then numerical
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methods are studied to solve the mathematical model, and software is
developed to apply the model to practical applications.

As part of an industrial orientated research project, the resource backup,
industrial relevance and applicability of the computer program are ensured.

LTS
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irubber property change
fluid adsorption chemicalreactions
fluid diffusion

Fig 2.1 A deformed O-ring in its housing

2.1 Software Overview

The adopted approach to the PhD project is to consider individual factors
separately, and develop 'stand alone' functional modules using common
data files for data input and output. The 'stand alone' modules are:

- Diffusion

- Material Properties

- Graphics Interface

The final seal life software will comprise of all the listed modules for
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predicting seal life, as shown in Fig 2.2. The approximate shape of the
deformed polymer seal under specified pressure and temperature will be fed
into the diffusion module for modelling the adsorption of fluids on surface of
the seal and the spreading of fluids through the seal. The obtained local fluid
concentrations will determine the local material properties of the seal,
varying with time due to physical and chemical processes. These material
properties can be fed into numerical stress-strain equations, or commercial
finite element stress-strain package, to calculate the variation of sealing
contact-stress with time.

Set seal geometry & initial material properties
Set life & failure criteria
Set initial temperature, pressure, time

Calculate surface permeation conditions - measured data

Update time

1 Update concentration distribution in seal - FE analysis
Update swell - calculated fluid concentration
1 Update rubber physical properties - measured data

-— Repeated if required

Calculate seal shape & stresses

- Repeated until 'failure’ or life-limit reached

Output results :
Time to 'failure’
Sealing contact-stress at failure
Material property distribution against time
Fluid concentration distribution against time

Fig 2.2 The overall computer program structure
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Both the diffusion coefficients and material properties of rubber change with
time, and vary spatially in service seals as fluids diffuse into the rubber.
Vulcanized rubber used in seal production has extensive cross-linked
structure to provide short-term properties and dimensional stability. However,
the seals undergo long-term property and dimensional changes when
soaked in fluids of high temperature and subjected to high stress. In the Seal
Life Software, the coefficients for property and dimensional changes will be
derived from experimental studies of seal materials in service fluids, and
stored in a common data file to be used by every module in the software.

The output of computer analysis will be verified with analytical solutions,
experimental data and seal function test results.

2.2 Facilities for Program Validation

The development of the computer software has to be based on theories
derived from research work on basic properties of rubber and sealing
technology. These theories are combined to build up a methodology for
predicting seal life. The software development is therefore carried out
alongside laboratory experiments and seal function testing. Brief
descriptions of the test facilities and the relevant test resuits from the
laboratory experiments are presented in Chapter 7 - Program Validation.
Tables of relevant seal function test results are also included in the Chapter.
Detail information on the seal function test rig facilities are provided in
Appendix 4.

2.3 Computer Tools

The Seal Life Software is written in standard FORTRAN 77 to be run on
desktop computers with large memory and hard disk capacity. Its graphics
interface is developed separately using the graphics facilities of Macintosh
desktop computer.



3. LITERATURE REVIEW

Rubber is widely used offshore by the petroleum industry. Hindmarch (1)
reviewed some of the commonest rubber products used offshore, including
hoses, coatings and insulations, seals, downhole motors with elastomeric
stator, pumpdown completion equipment and other engineering
components. Rubber possesses an unique ability of being able to stretch to
five to ten times its original length and then retract rapidly to near its original
dimensions when the stress is removed. This elastomeric behaviour makes it
most useful in application where high strength material such as metals and
ceramics become inappropriate.

Natural rubber has been known and used for over 100 years. However, it is
mainly synthetic rubbers being used in high duty offshore industry, due to
their relative higher strength, chemical inertness, lower flammability, wide
service temperature range and high electrical resistivity. MRPRA (2)
summarized in a table the strengths and weaknesses of some synthetic
rubbers in comparison with natural rubber.

A wide range of synthetic polymers has been developed for industrial,
military and aerospace applications. Allen (3) gave a retrospect to the
development of science and technology in polymers. Evans (4) reviewed the
properties and characteristics of synthetic polymers used in seals. Some
examples were : high, medium and low acrylonitrile content nitrile rubbers,
carboxylated nitrile rubbers, ethylene propylene rubbers for water and
stream, fluorosilicones for aerospace application, oil resistant fluorocarbons
etc. Application of seals using the described materials can be static, rotary or
reciprocating. Seal configurations include the widely used circular section
(O-rings), V or U sections, T sections and X rings. Seal performance
depends on material as well as design criteria such as stretch, swell and

shrinkage.

The traditional methods to assess seal life include :
i. by previous experience of similar applications,
ii. by functional seal tests - usually accelerated and extrapolated to long



term,

lii. by material property tests followed by subjective interpretation.

There is however little reliable information available to apply method (i) to
cover the wide variety of seal materials, configurations, sizes and service
conditions.

Parker and Raines (5) applied method (ii) to life prediction. They measured
compression set, stress relaxation and leakage in accelerated tests, and
then applied Arrhenius equation to ‘day to failure’, without necessarily
understanding the failure mechanism. This method may be useful in
individual applications, but does not advance the technology. Chemical
reactions occurring at higher temperatures do not necessarily happen at
lower temperatures. And as with method (i), a wide variety of seal materials,
configurations, sizes and service fluids would require extensive testing for all
the different combination of conditions.

Palmer (6) studied the representation of stress relaxation measurement to
seal performance - leakage, compared with other material properties such
as volume swell, compression set, low temperature brittle point and the
Gehman T10 value. He found differences between compression set and
compression stress relaxation. He concluded compression stress relaxation
provided the best indication of seal performance, with minor exceptions. In
fact, the two methods measure different effects or the same effectto a
different extent, degree of representation of each method depends on what
the dominating effects are. Therefore, in general, both have to be considered
to establish seal performance.

Method (iii) is controversial as there is little agreement on which material
properties to focus on. Commonly-used propetrties are tensile strength,
elongation at break, hardness, tear resistance and volume swell. These were
the measurements done by Seregely, Nagy and Pfisztner (7) to study ageing
of elastomers under simulated offshore conditions. These is however no
definition for how to interpret these material properties to represent seal

performance.
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Existing research on seal life prediction, taking account of material, diffusion
and stress analysis is still at a very early stage of development. Individual
factors aifecting seal life can have well-established technology. Works have
been performed to model O-ring deformation and contact stress with
temperature dependent material properties. The ageing of rubber in
aggressive media, however, was not considered, was incomplete, or was not
validated against actual sealing performance in service. A mathematical or
computer model that can apply to different geometries and service conditions
will be most useful to the industry. Stevenson (8) provided an overview of the
different factors required in predicting seal life.

The objective of the present PhD project is to combine the established
knowledge on relevant subjects to predict seal life. Therefore, in these
literature studies, | shall first summarize the available research to model seal
life, and explain the limitation in applying them to sealing technology and
different failure modes. Then | shall present the established science on
diffusion, elastic properties and deformation of elastomer compounds, which
will form the base of the theory for predicting seal life in Chapter 4.

3.1 Combination of Material, Diffusion and Stress Analysis to
Predict Seal Life

Traditionally, rubber components are relatively cheap and occasional
replacement is acceptable. But in the case of offshore, nuclear or space
applications, where replacement is extremely difficult, reliable prediction of
the performance of rubber materials in applications is most important.

One of the earliest elastomer seal life prediction studies was performed by
nuclear industry, in which failure can lead to high cost, and in the extreme,
safety hazards. Blakeston, Tomblin and Ward (9) carried out ageing tests on
ethylene propylene rubber seals in pressurized, high temperature water with
dissolved oxygen. They tested small size seals in laboratory to monitor
changes in weight, volume, hardness and compression set. They also
measured leakage and 'standoff' on a few of the small size O-rings.
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'Standoff' was defined as the amount by which an O-ring projected from its
groove. Then, they had long term endurance sealing tests for full-sized seals
in laboratory and in the Winfrith reactor as opportunity allowed. The
endurance tests could last for 30,900 and 24,900 hrs. Arrhenius technique
was used to predict long term compression set of elastomers satisfactorily. A
number of other types of elastomers were tested, including ethylene
propylene terpolymer, ethylene acrylic compounds, perfluoroelastomers and
specially conditioned grades of fluorocarbon compounds.

The authors did not try to understand the reason for observed behaviour,
such as hardness increase in the first 1000 hours and then decrease to less
than the original values after 2500 hour. They attempted to find the best
available material for their applications. Fluids in nuclear industry are limited
to a few types - water, air, oxygen and nitrogen. Results showed that
materials performed better as seals in service than in the smaller sizes seals
tested in laboratory. This probably was the effect of diffusion which delayed
ageing in full-sized seals. It is for the same reasons that diffusion calculation
will be included in the current PhD project.

Metcalfe, Baset, Lesco and Selander (10) modelled the behaviour of space
shuttle solid rocket booster O-rings, supported step-by-step by experimental
work. A large-displacement, incompressible, viscoelastic finite element
model was used to model squeeze during assembly of a booster case joint,
followed by relaxation, recovery and pressurization. Transient temperature
effects were also explained and quantified.

He looked into a critical period, of the order of half a second, during the
ignition transient when rapid pressurization and structural deformation could
occur. The effect of temperature was relatively insignificant for uniaxial
tension of V96 fluorocarbon O-ring in the test timescale. He used Neo-
Hookean model to represent rubber elasticity, and Prony expansion (a
summation of exponential decay terms) to represent relaxation. Correlations
of stress relaxation data with the model were good for up to 20% strain. He
used the same model for predicting viscoelastic behaviours such as uniaxial
creep, and uniaxial recovery after reduction of load. Viscoelastic behaviours
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occurred in the transition zone between glasslike and rubberlike
consistency.

"Sluggishness" occurred at low temperature. Modulus, stress relaxation
characteristic were affected, and performance of the booster O-ring at
ignition depended to some degree on its complete time-temperature-
squeeze history. A conventional 'master curve' and 'WLF log timeshift'
relationship by Ferry (11) was used for the temperature effect in relaxation.

Metcalfe aimed to model momentary behaviour of rocket booster O-rings. He
however had taken into account some very important seal life factors at low
temperatures, such as relaxation and viscoelastic behaviour, with extensive
experimental work for validation. The work did not look into ageing which
would take longer time to occur.

Wadiak, Bond, Cyr, Fields, Ferguson, Swenson (12) collaborated in
developing a finite element methodology to predict age-related mechanical
property and structural performance changes in high performance polymers.
They modelled two mechanisms in polymer ageing processes - i) diffusion,
ii) the chemical reaction of chemical species in polymers, at constant
temperature and density. They intended to predict the eventual location and
extent of the chemical contamination, but they did not study the effect of
ageing on mechanical performance. They commented that data on the
relationship between critical chemical species concentrations and
mechanical properties were required to perform structural or other modelling
to assess performance changes due to ageing. Elaborate experimental
procedures and equipment would be required to determine these
experimental data.
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3.2 Material Properties

Treloar (13) described rubber as succession of hydrocarbon units in chains.

The structure of rubber is characterized by :

I. the presence of long-chain molecules, with freely rotating links;

ii.  weak secondary forces between the molecules (as in a liquid);

iii. an interlocking of the molecules at a few places along their length to
form a three-dimensional network.

Condition (i) provides the ability of high extensibility of rubber. Weak
intermolecular forces in condition (ii) allow individual chains to take up the
variety of statistical conformations upon which the phenomenon of rubber-
like elasticity ultimately depends. The presence of cross-linkages or junction
points between chains, described in condition (iii), produces a coherent
network in which all molecules are linked together to stay as a solid. These
cross-linkages between chains are normally introduced by the process of
vulcanization.

The double bonds in these chains largely determine the chemical reactivity
of each molecule and its ability to react with sulphur or other reagents in the
vulcanization process. They are also responsible for the susceptibility of the
rubber molecule to oxidation or other degradative reactions leading to a
deterioration of physical properties (ageing).

The properties we are particularly interested in are the elastic behaviour, and
the diffusion and adsorption of fluids in rubber.

3.2.1 Elastic Behaviour

Cowie (14) summarized the elastic behaviour of rubber as below:

I the elastic modulus of an ideal rubber increases as the temperature of
the rubber increases,

i. rubber gives out heat (reversibly) when stretched,

i’ rubber held in the stretched state, under a constant load, contracts
(reversibly) on heating.
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In simple mechanistic terms, the elastic modulus is a measure of the
resistance to the uncoiling of randomly oriented, torsionally vibrating chains
in rubber under stress. Application of stress eventually tends to untangle the
chains and align them in the direction of the stress, but an increase in
temperature will increase the thermal motion of the chains and make them
harder to reorientate. This leads to a higher elastic modulus.

Observation (ii) and (iii) are called Gough-Joule effects which were first
discovered in 1806. They can be explained in thermodynamics terms, from
basic concept of kinetic theory of elasticity. These are well documented in
Treloar (13) and Flory (15).

The deformation of a rubber (at constant temperature) is associated with a
reduction of entropy, with no change in internal energy.

AW =dU -dQ ... e (3.1)
thus dW =-dQ fordU =0 at constant T

The work done by the stretching force being necessarily positive, it follows
that dQ, the heat absorbed, is negative. i.e. heat is evolved on extension.
The amount of the heat evolution is exactly equal to the work done on the
rubber by the applied force. If the heat is not emitted but is retained, it will
cause a rise in temperature -dQ/c,, where c, is the heat capacity (specific
heat) at constant length.

For a mechanism involving only change in entropy, scientists in 1930's and
1940's concluded that the tension in stretched rubber (at constant length)
should be proportional to the absolute temperature. However, thermal
expansivity of the unstrained rubber would reduce the strain or relative
extension of a constant length piece of rubber with increasing temperature,
resulting in a reduction of the applied force. Extension caiculated on
unstrained length at temperature of measurement should therefore be used
to eliminate the thermoelastic inversion effect.

Theoretically, Shear Modulus G can be estimated by Gaussian statistics,



where N is the number of network chains per unit volume,
Kk is the Boltzmann constant

Effect of temperature on Young's modulus was one of the factors analysed
after the space shuttle (Challenger) accident. Metcalfe, Baset, Lesco and
Selander (10) modelled the dynamic response of O-rings to pressurization,
relaxation and recovery, taking into account the change of Young's modulus
with temperature.

SN = PTG o 3 (S Yo B OO (3.3)

where a is the thermal expansion coefficient,

and r signifies reference temperature values.
3.2.2 Fluid Diffusion and Adsorption

Rubber subjected to high pressure fluids for any length of time will take up
fluids by adsorption. These fluids diffuse into the bulk of the material with

which they may interact chemically and physically. Fluid diffusion therefore
plays a key role in determining the seal's contact stress and sealing ability.

Van Amerongen (16) summarized the fundamentals of solubility, permeation,
and diffusion of liquids and gases in elastomers. He discussed the effect of
crosslinks, polar groups and fillers on rate of diffusion. He explained
diffusion can be a limiting factor in ageing, and the gas permeability of a
multi-layer slab depends on the permeability of its components.

Southern (17) reviewed the theory of liquid diffusion in rubber. He studied
the effect of rubber compounds and the nature of liquid in determining the
diffusion coefficient, and finally the effect of the presence of liquid on the

physical properties of the rubber.

In the determination of swelling properties, the concept of cohesive-energy
density has been widely applied to understand the role of molecular
interactions in polymer-liquid mixture, see Rodriguez (18), Bateman (19) and
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Young (20). Cohesive energy density (c.e.d.) is defined as the energy
required to separate all the molecules in a given material from one another.

For many non-polar liquid mixtures, the heat of dilution AH4 (for component
1) is expressed as

AHq =V4 (911/2-92 1/2)2 V22 (34)

in which e, and e, are respective c.e.d. values for liquid and polymers, Vo is
the volume fraction of the polymers.

According to the equation, AH4 is always positive and is at its minimum
when e = e5. A consequence of this is that swelling of a given polymeric
material in a variety of liquids is maximum when the c.e.d. of the liquid is
equal to that of the polymeric material. In the literature, the square root of the

c.e.d. is represented by the 'solubility parameter denoted by the symbol §.

Beerbower, Kaye and Pattison (21) explained how & can be used to predict

the fluid/elastomer incompatibility. Elastomers in fluids can be roughly
classified by the following categories : i) non-swell, ii) swell to between 25%
to 50%, iii) swell to between 50% to 100%, iv) swell of over 100%. The
scheme is however not accurate enough for seal life prediction when
diffused fluid can change material properties, and possibly cause chemical
reaction with polymer compounds.

Mathematical techniques have been well established to model fluid diffusion
in polymeric materials. Adkins (22) explained how a general differential
equation could be built from Fick's first and second law. Crank (23) derived
differential equations for fluid diffusion with chemical reactions. He also
solved the differential equations for simple geometries, such as sphere,
cylinder etc., using general mathematics functions. Zienkiewicz (24,25),
Hinton & Owen (26,27) detailed how to solve the differential equation using
finite element method. Conner and Brebbia (28), Burnett (29) described
different methods used for modelling time-dependent differential equation,
and commented on their stability and efficiency in implementation.

Ellis, McCauley and Mark (30) used finite element analysis to model
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concentration-dependent diffusion of water in a polymeric material -

polycarbonate. He considered variable surface concentration, using the
equation :

CUX1,Y) = Coa(1-€7PY) e (3.5)

where c_, is the equilibrium concentration, t is the time and B is a constant
The predicted concentration distribution with time was validated against
experimental data obtained using a radio-tracer method. Variable surface
concentration assumption provided significant better overall fit to the
experimental data. Ellis also modelled stress with finite element method. He
said that the next stage of his work would be to combine diffusion and
mechanical programs to model diffusion in stressed systems.

Crank and Park (31) considered temperature effect on diffusion. It is widely
accepted that diffusion coefficients of gas and liquid obey the relationship
D =Dy exp (-Eg/RT) o (3.6)

where D, and Ej are pre-exponential factor and activation energy respectively

One of the many experiments that supported the Arrhenius behaviour of
diffusion coefficient of polymers was carried out by Harper and Naeem (32).

Van Krevelen (33) mentioned the above relationship of diffusion coefficient.
In addition, he said that the solubility coefficient of gases in rubber also
depended on temperature,

S =50 €XP (FAHGYRT) oo (3.7)
where Hg, is the heat of solution in rubber.

Roy and Reddy (34) developed a finite element program to analyse plane
and axisymmetric adhesively bonded joints. Penetrant sorption was
calculated using diffusion coefficient based on the concept of free volume.
According to this theory, the diffusion coefficient D for a polymeric material
above its glass transition temperature is given by

D= Do- Texp{B] 3aT+ye )+ (e -1/BM5.0) gy woovvvrvmnrnnnsrss (3.8)
To fo fo+ 3(@T+yc™) + (e - 1/3My0)
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where My is the bulk compliance of the material, T is the temperature, fo is

the free volume fraction, B is a material constant, a is the linear coefficient of

thermal expansion, yis the linear coefficient of expansion due to moisture, N

is an exponent for the saturated state and e is the transient component of the
mechanically induced dilational strain.

This definition of diffusion coefficient is very involved. Roy and Reddy (34)
demonstrated the solution agreed very well with analytical solution, and had
good capabilities for prediction over a range of geometries, external loads
and environmental conditions. However, the validation against actual
sealing performance in service was incomplete. As a first approach, Crank
and Park (31) and Van Krevelen (33) equations are adopted in preparing
input data for the Seal Life Software to take account of the most significant
environmental factor (temperature) affecting diffusion.

Campion and Morgan (35) measured permeation rate P experimentally to
investigate permeation and diffusion of gases at high pressures (3600 psi,

6100 psi) and at temperatures between 50°C to 150°C.The equation used is:

P = DS et ettt ettt e et e reereeane (3.9)
They recorded reduction in permeation rate at high pressures. They
suggested it was due to a pressure-induced compaction of the polymers,
causing their molecular chains to pack closely together, reducing the free
volume available within the polymers for gaseous diffusion. A small
deviation from Arrhenius behaviour also occurred. They suggested the
cause was the rise of Tg affecting results from lower temperatures but not on
those at higher temperatures. As diffusion at high pressure is most common
in sealing, the diffusion properties obtained from data measured at the
exposure pressure are recommended for input into modelling seal life to
improve accuracy.
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3.3 Decay of Material Properties

The material properties of rubber will decay in service. Under strained
conditions, this decay can be divided into two componenis, physical decay
and chemical decay, as shown in Fig 3.1. The former is associated with
slippage and rearrangement of the elastomer network, and the latter is

associated with chemical changes, such as the breakage of the load-bearing
chains or crosslinks in the elastomer structure.

FLUID DIFFUSION

e 1
Environmental Effect Physical Decay Chemical Ageing
e.g. temperature change, e.g. stress relaxation e.g. chain scission,
swell crosslinking
(recoverable) (recoverable) (permanent)

|

MATERIAL PROPERTY CHANGES
Elastic Behaviour
Diffusion and Adsorption of Fluid

Fig 3.1 Material Property Decay of Rubber
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3.3.1 Physical Decay of Material Properties

Physical decay is in principle recoverable. It is relatively rapid initially, but
slows down with time. Derham (36) did some stress relaxation work at room
temperature on three general purpose elastomers, and showed that physical
stress relaxation decreased linearly with the logarithm of time.

(g - 01)/ O = AI0G (Vtg) crveeeeee s (3.10)

He commented that physical relaxation rates were high near to the glass
transition region where molecular motion was sluggish. The relaxation rates
decreased as the temperature raised and the molecules became more
mobile. In general, he found that a short duration test of a few days, was
sufficient to measure the physical stress relaxation at any temperature.

Derham (36,37) also investigated the effect of water absorption on stress
relaxation. He found that the physical stress relaxation rates of natural
rubber and general purpose elastomers were increased significantly by the
absorption of 1% or less of water, compared with those of the dry material.
However in his latest work for the Seal Life Project, he found the presence of
water in oil resistant elastomers had no significant effect in physical stress
relaxation rates. |

Another factor affecting the physical rate was the degree and type of
crosslinking. Increasing crosslink density decreased the rate of relaxation.
Derham (38) also showed that the presence of fillers introduced additional
relaxation mechanisms.
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3.3.2 Chemical Decay of Material Properties
a. Effect of Chemical Ageing on Material

Derham (36) commented that chemical relaxation would dominate over
physical relaxation at high temperatures, longer times and aggressive media
applications. The rate of chemical relaxation is normally found to be
approximately linear with time, but it slows down when oxygen cannot
diffuse fast enough into the specimen to sustain the maximum possible rate
of chemical reaction. Under these conditions the reaction is said to be
'diffusion controlled'.

Brydson (39) identified the process of some common chemical reactions

caused by the absorption of oxygen. These included :

i. chain breakdown (chain scission),

ii. cross-link breakdown (cross-link scission),

iii. cross-link formation,

iv. the development of polar groups (which affect electrical insulation
properties) and

v. the development of chromophoric (colour forming) moieties in
elastomers.

Rodriguez (18) studied some degradative effects :

i. Scission

ii. Depolymerization

iii. Cross-linking

iv. Bond changes

v. Side-group changes

and tried to establish a preliminary mathematical formulation for describing
the rate of the reactions.

Blow (40) reviewed the change of material properties of elastomers with time
and temperature due to ageing. Change of hardness, 'modulus’ (stress at a
stated elongation) and tensile strength measured at room temperature, are
all widely used to assess the degree of deterioration. Hardness and modulus
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changes are important, since softening will lead to increased deformation
and extrusion of the seal from its housing, and hardening will reduce the
ability of the seal to conform to irregular surface.

For sealing applications, the effect of prolonged heating on the elastic
properties such as creep, set and stress relaxation are probably more
significant than tensile strength deterioration.

Criteria, although arbitrary, can be adopted, such as the time to produce a
certain % loss of property at a given temperature or the temperature to
produce a certain % loss of property at a given time. These enable different
rubbers to be compared. Blow (40) commented that accelerated tests
performed at high temperature might not give true picture of the deterioration
of rubber, as some chemical reactions occurred in accelerated tests do not
operate at the lower temperature. It is desirable to carry out tests at several
temperatures and for several times.

Southern and Thomas (41) suggested that increase in degree of crosslinking
could considerably reduce the equilibrium concentration c,, of rubber. The
diffusion coefficient, however showed a relatively slight change. The variation
in their experiments was 10%.

Hermann R. (42) looked into the effects of absorbed water on the physical
properties (Young's Modulus) of stretched and compressed acrylics. He
found that Young's Modulus suffered reductions of up to 25% when the water
content was at equilibrium. The loss in Young's Modulus did not completely
recover when the water was removed by drying. The irreversible damage for
the stretched acrylic was approximately 6% whereas in compressed material
the damage lay around 8%.



23

b. Measuring Chemical Ageing

In general, many types of chemical attack are possible because of the wide
variety of chemical species and polymeric substrates. The better studied
reactions are those that cause change in molecular weight, such as chain
scission, cross-link breakdown, cross-link formation.

Brydson (39) mentioned four experimental methods to measure the oxidative
ageing of polymer networks, they were :

i. stress-relaxation measurements;

ii. use of the Mullins equation;

iii. measurement of the fraction of gel rendered soluble on ageing;

iv. radiochemical techniques.

Out of the four methods, the stress-relaxation technique is most well
established. It is an extension of the use of equilibrium modulus
measurements to measure the concentration of stress-bearing chains. In
continuous stress-relaxation experiment, new cross-links are formed under
strained position and therefore will not contribute to the stress-supporting
network of the test sample. In intermittent stress-relaxation tests, a sample is
only strained during measurement. The new cross-links are formed when the
sample is at rest, and therefore do contribute to the stress-supporting
network. The difference in results obtained in continuous and intermittent
experiments provides a measure of the extent of cross-linking during

oxidation.

Although the new cross-links formed in strained sample do not contribute to
the stress-supporting network, they can cause set - i.e. some degree of
deformation remains when the imposed strain is removed from the material,
the material cannot fully recovered to its original shape.

The stress-relaxation method gives satisfactory results for natural rubber
latex, uncross-linked natural rubber, uncross-linked gutta percha and
peroxide-cured vulcanizates. However, divergent results are obtained for

sulphur-cured vulcanizates.
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Sperling (43) used equilibrium swelling theory, the Flory-Rehner Equation, to
measure the crosslinking of rubber, and therefore predict the elastic modulus
of aged rubber. The Flory-Rehner equation may be written as :

-[In(1-v2) + Vo + %1vo2] = VAN [Vo B Vo2 oo (3.11)
where vy is the volume fraction of polymers in the swollen material,
V4 is the molar volume of the solvent,
N is the number of active network chain segments per unit volume,

X1 is the Flory-Huggins polymer-solvent dimensionless interaction
term.

The use of the Flory Equation however requires the interaction term X1 to be
known. This puts a severe restriction on the application of the method, see
Sheehan and Bisio (44). x 1 appears to be a constant independent of N with

tertiary peroxide-cured rubbers, but its value is affected by the type, level and
time of cure with sulphur-based systems.

To summarize experimental measurement of chemical ageing, different
types of rubber have different dominating degradative effect, and require
different methods of measurement. Peroxide-cured systems generally have
main-chain scission rather than cross-link scission. Stress-relaxation and
solvent swollen methods measure ageing effectively. In unaccelerated
sulphur systems, both cross-linking and chain scission occur, and ageing
measurement is very difficult. Tetramethyl thiuram disulphide systems have
good ageing properties, their ageing is normally determined by additives.
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3.4 Elastic Deformation

A rubber seal in application will be very much distorted from its original
shape. The understanding of elastic deformation in rubber, the knowledge of
contact area, stresses and strains both in initial straining and in working
conditions, and their development in time is important for determining the
effect of material property change to polymer seal life.

3.4.1 Formulation 1 : Linear Incompressible

Rubber is made up of long-chain molecules with freely rotating links, and
therefore exhibits different elasticity behaviour from metal or ceramic.
Gaussian distribution function is used to describe the elasticity of rubber
molecules in each single long-chain. Assuming one end of the chain is fixed
at a point in vulcanized rubber, its cross-links restrict the motion of the other

end to a small volume element d¢. Under such restriction, Treloar (13)
defined the entropy S of the chain as :
S =KIN{PXLY,Z) O} oo (3.12)

and the probability function per unit volume describing the statistical
properties of randomly jointed chain with n bonds (including double bonds),
bond length | is :

D(X,Y,2) = (D3/13/2) @XP (-D2r2) ....oooiieeieecerr e (3.13)
WHEIE D2 = B/2N2 oot (3.14)

Combine the two expressions yields
S = k { In (constant) - b?r® + In d¢ }

where a is an arbitrary constant that includes the constant volume element d¢

ris the distance between the ends of a chain

The work required to move one end of the chain from a distance rto a
distance r+dr with respect to the other is equal to the change in Heimoholtz
free energy

dW/dr = dA/Dr = -TAS/r = - KTD?T oo (3.16)
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and the tensile force f acting along the direction of r is
f = dW/dr = -k'Tb?r = -(3K'T/2n12)r

The tension is thus shown to be proportional to the chain end separation r,
and the molecule may be regarded as possessing an elasticity governed by
Hooke's law. This linear force-extension relation is subject to the same
limitations as the Gaussian distribution function from which it was derived. It
is therefore valid only so long as the distance between the ends of the chain
is not so large as to be comparable with its fully extended length.

Johannesson (45,46) used analytical solution to model O-ring deformation.
He calculated the pressure distribution in an O-ring contact using
experimental displacement data, based on a linear relationship between
stress and strain. The peak contact stress calculated was generally lower
than experimental results.

The general computational method adopted for stress-strain analysis,
particularly for complex shape components, is Finite Element Method. lts
application in rubber is however made difficult by the nonlinearities due to
large deformations, nonlinear behaviour of rubber material, the indeterminate

nature of the contact area and a Poisson's ratio v approaching 0.5, which

lead to numerical instability in conventional displacement finite element.

Linear finite element modelling has been applied successfully to compute
stresses accurately and reliably for some incompressible or nearly
incompressible solid. Herrmann (47) introduced a stress-displacement
mixed formulation method. It employed the theorem of minimum potential
energy and used linear analysis. The variational equation derived is :
N
8§ Y JgJJ{GI12- 215 + 20HW - v(1-2v)H? - BverH - 2 yeq] - Fjuj} dv
n=1

g2 Pili 08 =0 oo (3.18)

where G is the shear moduius,
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F; is the body force component,
P; is the applied surface forces,

v is Poisson's ratio,
K4 and o are strain invariants,

H is the pressure function and H = 36,/ 2G(140) v (3.19)

O, is the mean pressure and Om=(01 +05+03)/3 ..o, (3.20)

etis the thermal expansion and er=fT o dT" .....ccoovverre .., (3.21)
To

a is thermal expansion coefficient = 1/1 (A/AT) .......coocovvovee . (3.22)

Kikuchi (48) used selectively-reduced integration for 'unlocking' the large
bulk modulus term in linear finite element incompressible problems.

Zienkiewicz (49) documented the latest development in mixed formulation
which included stress-strain-displacement mixed form, and discussed their
stability.

Salita (50) developed a simple finite element model to approximate the
response of an axisymmetric O-ring in a rectangular joint groove. The
equilibrium deformation was determined by equating the accumulated strain
energy to the work done by pressure forces; and the resiliency (rate-
dependent) effects were simulated by introducing a dashpot term whose
coefficient was assumed to be proportional to stiffness. The resulting
stiffness equations were linear, and therefore much faster than a commercial
contact analysis package - ABAQUS. He also used 36 simple concentric
triangular elements with nodes only on the periphery and the centre - A
much simpler mesh than most adopted in the literature.

In linear elasticity, it is assumed that the ratio of the change of distance
between neighbouring points of the body resulting from the deformation to
their distance in the undeformed state may be neglected in comparison with
unity. O-rings exhibit substantially elastic behaviour with typical initial
compression of 20% when the above assumption is invalid. It is therefore
advisable to study available theory of elasticity which do not make the

assumption.
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3.4.2 Formulation 2 : Non Linear Incompressible
We shall now describe three non-linear formulations :

a. Neo-Hookean Model (Treloar 13)

Rubber elasticity ultimately depends on individual chains joined into a
network structure. A stress-strain relationship for a rubber network can be
derived from the Gaussian distribution function based on a number of
assumptions. They are :

i. the rubber is incompressible;

ii. all chains have the same molecular weight;

iii. no energy is stored in stretched, distorted or broken bonds;

iv. the rubber was cross-linked in the unstretched state;

v. the network deforms in an affine manner - i.e. the coordinates expressing

the relative average positions of network junctions must change in
proportion to the changes in macroscopic dimensions of the specimen;
vi. the distortion is small enough for Gaussian statistics;

vii. all chains are tied to the network at their ends, or some small correction is

needed to account for the free chain ends.

The resulting equation for the work of deformation is
W = -TdS

= 1/2NTK (A2 + Ap2 #1532 -3) oo (3.23)

where L1, Ao, Ag are the extension ratios.
and NTk can be identified as the Shear modulus G

thus W = 1/2G (A12 + 152 +132 -3) coorroirirrsirnenicencne s (3.24)

This is called the Neo-Hookean method.

The general stress-strain relation derived from statistical network theory
involves only a single material constant or modulus, which is related to the
degree of cross-linking or number of chains per unit volume of the network.

This stress-strain relation was verified with the actual properties of rubber by
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Treloar (13) for different types of strain, including (i) simple extension, (ii)
uniaxial compression or equi-biaxial extension, and (i) shear. In each case,
the stress-strain curve converged towards the theoretical values as the strain
was reduced. The data for equi-biaxial extension agreed very closely with
the theoretical form up to quite large values of the strain, when the extended
sides were 3 times their original length, and the compressed side was 1/9 of
its original value. On the other hand, the data for extension and shear both
deviated markedly from the theory at relatively small values of strain. The
upturn of stresses at very large strains (over 500%) greatly exceeded the
theoretical predictions. This was interpreted as the network approaching its
limiting extension where the use of Gaussian distribution for network chain
displacement is no longer applicable. It was noted that the compression data
fitted the theoretical curve over a much greater fraction of the range covered
than the data for simple extension.

b. Mooney-Rivlin Model (Eirich 51, Williams 52)

In order to obtain a more accurate mathematical formulation for the general
properties of rubber, a phenomenological method of approach can be
employed. Such a method is not based on molecular or structural concepts,
but presents the properties of the material in the most general and complete
form so as to avoid false deductions based on inadequate data.

Mooney suggested the earliest significant phenomenological theory of large

elastic deformations. His theory is based on the following assumptions:

i. the rubber is incompressible, and isotropic in the unstrained state;

ii. Hooke's law is obeyed in simple shear, or in a simple shear
superimposed on a plane transverse to prior uniaxial extension or
compression.

From considerations of symmetry, Mooney's strain-energy function is defined
as :
W =Cq (A2 + A2 +432-3) + Cp (1/A12 + 1/Ap% + 1/A3% - 3) .....(3.25)

which contains the two elastic constants C1 and Co.
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This equation is identical to the form derived from the Gaussian network
theory with C5 = 0 and 2C4 =G = NKT.

However, results from Mooney's theory deviated from simple extension
experimental data. In particular, the deviation is of the same kind, and of the
same order of magnitude as the deviation for statistical theory.

Rivlin developed a formulation based on the following assumptions :
i. the rubber is incompressible, and isotropic in the unstrained state:

ii. the strain energy is unaltered by a rotation of the body through 180°.

The simplest possible even-powered functions which satisfy these
requirements are :

11 =292 + 202 + A3% (oot (3.26)
lo = A4 2 7\,22 + 7\,22 7\.32 + A9 2 7»32 ........................................................... (3.27)
|3=K12 X227»32 ......................................................................................... (3.28)

These three expressions are termed strain invariants where I3 = 1 for
incompressibility. The strain-energy function for an incompressible isotropic
elastic material may therefore be expressed as the sum of a series of Iy and
I> terms.

W=3% Cij (11-3); (|2-3)j .............................................................................. (3.29)

The first of these terms represents the form of strain-energy function derived
from the Gaussian network theory. And the first two terms yield the Mooney-
Riviin equation with constants C4 =dW/dly Cp =dW/dlp

The principal stresses corresponding to a pure homogeneous strain of the
most general type may be derived as

= 2 { A2 (@W/dl{) = 102 ([AW/ID)} + P oo (3.30)
where p is an arbitrary hydrostatic stress. And the three principal stress
differences are

PR R P R C LU I YT Gl T 1P%) S— (3.31)



31

to-tg = 2 (Ap2-A32) {dW/dl{ + A1 2(AW/AID)} woocrvveeeerrc (3.32)
tgty = 2 (A32-112) {dW/dl{ + Ao2(AW/AID)} wovvveeeeeeeereeeeeeeeen (3.33)

Experiments of Rivlin and Saunders showed that it is reasonable to assume
dW/dl4 is a constant, while dW/dl, is a function of I independent of I4.
Therefore, the assumption of C, as a constant in Mooney's equation is not
always appropriate. Mooney's equation suits experimental data best when
the dW/dl, is small in comparison with the dW/dl4 term, i.e. when the case
studied has a high |, value correspond to a iow dW/di, value.

For an O-ring inside a housing, using a plane strain assumption, we can say
that the value of |5 is higher when the initial interference is high. That is the
accuracy of the theoretical model (Mooney-Rivlin) improves with increasing
interference. '

c. Alternative Forms of Strain-Energy Function

Other authors expanded the Riviin type of formulation to include higher order
terms in 14-3 and I»-3, to obtain a more appropriate general method of
characterizing the properties of a rubber for engineering. The attempts were
unsuccessful. Gent and Thomas put forward a more realistic formula;

W =Cq (11-3) + KIN(19-3) teoriiiiii s (3.34)
in which dW/dl{ = C4, dW/dl, = ko corresponding to a non-linear
dependence of dW/dl, on I.

3.4.3 Solution of Strain-Energy Equations

Oden (53) used finite element method to solve different expanded forms of
Rivlin's strain-energy function which include higher order terms in 14-3 and
I,-3. Newton-Raphson method is adopted for non-linear iteration. His work
was extensive and complicated.

In seal applications, Medri, Molari and Strozzi (54) applied Mooney-Rivlin
law to specify non-linear elastic material behaviour during the deformation of
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an O-ring between two plates, excluding time domain and using a plane
strain assumption. George, Strozz and Rich (55) reviewed the available
methods for O-ring stress analysis, including analytical, experimental and
computational methods. He also developed computer software using the
Neo-Hookean model, and found that it was adequate for such purposes.
Metcalfe, Baset, Lesco and Selander (10) analysed the behaviour of space
shuttle solid rocket booster O-rings using both Mooney-Rivlin and Neo-
Hookean models, with plane strain approximation. He found that a Mooney-
Rivlin model would give more discrepancy than the Neo-Hookean model.
The Neo-Hookean model was therefore selected for his work.

Green and English (56) studied the strain-energy equation. They found neo-
Hookean model is suitable for describing material behaviour of deformed O-
rings. However, numerical instabilities developed when Poisson's ratio
approached 0.5, especially when restrained O-rings were analysed. They
suggested the use of reduced integration for cases with high localized
hydrostatic stresses.

From the work of the above researchers, it seems Neo-Hookean model is
most suitable for describing the non-linear material behaviour of elastomeric
O-rings. In cases of numerical instability when Poisson's ratio approaches
0.5, reduced integration can be applied to improve solutions.
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3.5 Contact Analysis

The analysis of an elastomeric O-ring during squeeze and pressurization
also involves determination of contact boundaries.

Medri, Molari and Strozzi (54) compared contact width calculated from

various analytical models with experimental data. The analytical models
considered included :

Lindley’s semi-empirical characteristic

D _(&@.25 ¢4 50c° ))”2

d yis
where b is the actual contact width
d is the cord diameter of the O-ring
C is the fractional compression
Hertizan analysis

5 ..1/2
b_(8rasc'yY
d T
A simple, purely empirical model proposed by Lindley viz : -
b_24cC
d
An empirical model proposed by Wendt
b-15c%/3
d
A model proposed by Gorelik and Feld'man
D_2cCc+0.15 for 0.1<C <0.425
d
b =(2C+0.15)2 for 0.425 < C <0.45
d

The conclusion was that all models give very similar results below 20%
compression. Above 20% the agreement is also good except for model (ii).
The correlation of the models with the experimental values is excellent.

However, no analytical methods exist which will cope with laterally
constrained O-ring geometries.
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Medri, Molari and Strozzi (53) suggested a numerical solution using load
increments. A structure was loaded by increments to bring a new node into
contact each time, until the total amount of force was reached. The method
required a lot of computing time. He therefore proposed to split the contact
problem into two parts. The linear part proceeded by displacement
increments, contact was taken into account by putting a ‘roller’ constraint on
the contact line if the displaced node went on or beyond it. In the nonlinear
part, the load and displacement of the unilateral contact nodes were related
by 3 dimensional constants. He claimed convergence was good, but

required small compressibility assumption in dealing with incompressible
materials.

Salita (50) determined contact surface with iterative application of boundary
constraints. At least one node was initially constrained along the boundary.
Then deformation was calculated. No nodes might pass through the walls.
The worst offenders were constrained to move onto the wall, and
deformation calculation repeated until all nodes lay within the boundary.

Pascoe, Mottershead and Hellen (57) reviewed the major displacement finite
element contact methods in current use, and commented on their relative
strengths and weaknesses. He said that contact modelling using finite
element method could include a wide variety of problems. It is important to
identify the form of contact problem you have. From his guidelines, O-ring in
a housing can be classified as a 2-D sticking contact with changing
boundary. He suggested load application would be best in increments as in
standard non-linear analysis. This approach allows reasonable tracking of
the load history and is not restricted to one boundary condition change per
load step. There are predominantly three main methods of including the
contact conditions in the system of finite element equations :

i) Penalty methods
It is relatively straightforward to implement into existing finite element

schemes. However, the user has to pre-define the gap stiffness, which
cannot be too high or too low in real application.
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i) Lagrange multipliers
No gap elements are necessary. Extra rows and columns are added
representing the normal and tangential nodal displacement constraint, to
apply sticking conditions for a node. Its main disadvantages are that the
order of the system of equations increases and the banded nature of the
equations may be lost, extra coding is also necessary to monitor the
relative positions, the normals and tangents of the touching nodes.

iii) Transformation matrix method
The displacement constraint to be imposed on a system is formed into a
transformation matrix. A disadvantage is that a complete change in the
reduced stiffness matrix is necessary, for each change of contact
condition. Thus a full re-inversion is required.

Method (i) is an approximate method and as such iteration for a particular
contact stage may be necessary. Methods (ii) and (iii) can apply the
displacement constraints exactly in one stage, but not for cases involve
overlaps if method (iii) is used

Gap elements are used in method (i) to simulate contact between two
surfaces by generating restoring forces when the two surfaces approach
each other and by removing the contact forces when the two surfaces move
away form each other. This means that gap elements have two stiffness
values associated with them, a finite value when the surfaces are in contact,
and zero when the surfaces are not. The user-defined stiffness of gap
elements is a key parameter. If the stiffness value is too small, overlap
occurs. If the stiffness value is too large, no solution may be yielded because
bouncing occurs. Rizzo (58) suggested stiffness should be determined by
simple comparison of the stiffness to those of associated spar elements. If a
gap element has stiffness 100 times greater than that of one spar, then the
displacement calculated has a 1 percent error.

For long term seal life prediction, analytical method provides an approximate,
initial O-ring geometry. Finite element analysis is however required for
accurate geometry calculation in special cases.
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3.6 Finite Element Application in Rubber Industry

Finite element application in rubber industry is very common. Derby, Collins
and Moses (59) applied finite element method to analyse rubber curing. Heat
is applied to the outside of rubber during curing. In dealing with large rubber
parts, a compromise must be made between over-curing the outside and
under-curing the inside. Finite element modelling is useful in determining the
minimum press time based on avoiding porosity at the coolest point, orin
justifying the modification required for moulds at the design stage.

Nelson (60) incorporated finite element method into computer aided design
systems in automotive industry. He used finite element method to predict
how fast air would leak out of automobile tyres of various designs. He used a
commercial finite element package ABAQUS to compare the suitability of
different rubber compounds in automobile exhaust hanger service.

Morman and Pan (61) used ABAQUS to calculate nonlinear stress
distribution and static force-deflection response of a suspension bushing, and
an engine mount. They concluded that finite element analysis for automotive
engineering was far superior to closed-form equations in accuracy and in the
ability to produce detailed information for design consideration.

Competition in the automotive industry requires increasingly refined
component design, and decreasing development times. Fursdon (62)
described how Avon Automotive Components Division used ABAQUS in
design stage to predict stiffness of engine mount, cord reinforced components
and wiper blade, to study deformed shape of fluid chamber and stresses in a
diaphragm component which formed a seal and flexible piston within a brake
actuator. He said that finite element analysis allowed accurate prediction to be
made systematically for geometries beyond the scope of approximate design
formula. However, a component is specified both by the design geometry and
the appropriate material data. It is normally the collection of the material data
which poses the main difficulty. He anticipated that the use of finite element
stress analysis coupled with appropriate durability data will facilitate increased
understanding of fatigue life performance of standard rubber compounds.
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4. DEVELOPMENT OF THEORETICAL METHOD

Fluid diffusion and material ageing are closely related. As an illustration,
consider a small volume of rubber near the centre of a seal. Its chemical
reaction rate will depend on the availability of free reactant (e.g. fluid
diffusant). There are various possibilities :
i. If fluid diffuses in faster than it reacts, the ageing process is chemical
reaction rate limited.
ii. (a) If the reverse is true, then ageing is limited by the diffusion rate.
(b) The availability of fluid is also dependent on its saturated
concentration in the rubber. If this is low then a diffusion limited
situation is more likely than if it is high.

Type (ii) situations can result in considerable spatial variation in ageing
through the body of the seal. Conversely, type (i) can result in a relatively
uniform distribution ageing through the seal. For example, carbon dioxide
has a high solubility and low reaction rate compared with oxygen, so these
two gases are likely to demonstrate type (i) and (ii) behaviour respectively.
Similar considerations may be applied to the interpretation of possible
explosive decompression damage.

Specific manifestations of fluid diffusion and adsorption, property and
dimensional changes caused by physical and chemical ageing processes
will be considered in turn in this Chapter. Part of the established theory has
been previously published by Ho et al (ref. 63).
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4.1 Fluid Adsorption and Diffusion

Elastomers subjected to high pressure fluid for any length of time take up
fluid. The first stage of ingress, surface adsorption, is essentially
instantaneous for practical temperatures and purposes. This stage forms the
practical boundary conditions of the present computer modelling.

The next stage, the diffusion of fluid into the body of the sample until the fluid
equilibrium concentration in the rubber is reached, is often of considerable
duration. This is governed by differential equation ( 4.1 ) for an axisymmetric
model or ( 4.2 ) for a 3-dimensional model.

dc/ot = 0/0z [ D,(9¢/0z)] + 1/r {0/0r [Dyr(aC/Or)]} + S oo (4.1)
dc/at = 9/ox [ Dy (dc/ox) ] + d/dy [Dy(ac/ay)] + 0/0z [D,(dc/dz)] + S;.......... (4.2)

where Dy, Dy, D, Dy are the diffusion coefficients in the specified direction,
c is the concentration of fluid in its host,

dtis the time interval,

ris the radius,

z is the longitudinal length in axisymmetric model,
X, y, z are the rectangular Cartesian coordinates,
Sjis the sink term.

Each succeeding layer eventually achieves equilibrium in time, until the
whole sample is finally at its equilibrium concentration. The steady state
condition can be fully described by equation ( 4.3 ) or ( 4.4 ).

0/0z [ D,(3c/oz)] + 1/r {0/dr [Dr(0C/on]} + Sj =0 covviiiiriiiiiieicienns (4.3)
0/ox [ Dy (oc/ox) | + oldy [Dy(ac/ay)] + 0/0z [D,(0¢/0Z)] + §;=0.ccocvveninn (4.4)

The diffusion coefficients can vary spatially and temporarily, due to the
ageing of rubber caused by chemical interactions with fluids. To take into
account the change of diffusion coefficients in applying finite element
method, each element should possess its own diffusion coefficient which is

updated with time.
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Equations (4.1) to (4.4) can be derived from Fick's 1st and 2nd Law of
Diffusion as shown in Appendix 1.

4.1.1 Difference between Liquid and Gas Adsorption

Liquid and gas behave differently in the first stage of ingress - adsorption.
Liquid adsorption relies on a balance of the chemical potentials of external
contacting liquid, and liquid dissolved in the elastomer. Therefore it is largely
pressure independent. Gases, on the other hand, have to dissolve on to the
surface of elastomers, and this process is highly pressure dependent until
the densities of gases approach the liquid range.

Mass uptake measurements at ambient pressure are performed (at MERL) to
determine the equilibrium concentration of liquids in elastomers. These data
are fed into the diffusion module as the boundary conditions for rubber seals.

The gas concentration (c) on polymer surface is directly proportional to
pressure (p); this is Henry's Law

where constant s is the solubility coefficient in bar

In gas mixtures, the concentration (c;) of constituent 'i' absorbed at the
surface of the polymers is directly proportional to its partial pressure (p;).

The partial pressure (p;) is determined by Dalton's Law, being expressed in
terms of the molar fraction of constituent 'i' and the total pressure (p):
pi=p*mi/(m1+m2+m3+ ...... + My +....... ) e (4.7)

Therefore, the concentration of constituent i at the surface of polymers is
ci=s*p*mi/(m1+m2+m3+ ...... + M +....... ) e (4.8)
A solution of gas in liquid can be treated similarly.
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4.1.2 Diffusion Property Changes

The magnitude of the solubility coefficient s increases with absolute
temperature (T) according to equation (3.7) :

s = s exp ( -AHg,/RT)

where R is the Gas Constant, and the heat of solution AHg, comprises the
sum of the heat of condensation and the heat of mixing with the polymer.

Equilibrium concentration and diffusion coefficient also change with
temperature and pressure as discussed in Section 3.2.2. The current project
emphasizes on modelling ageing when seals are in a stable environment for
a long period of time. Therefore, the proposed computer model will only
handle cases with limited changes in temperature and pressure during seal
life. It is necessary to determine the service fluid pressure and temperature,
and then input the corresponding values of equilibrium concentration,
diffusion coefficient, and soak time for computer analysis. Information and
data are available from permeation experimental test report (ref 64) and
liquid uptake report (ref 65) by Campion and Morgan.

The present computer model also handles change of equilibrium
concentration and diffusion coefficient in aged rubber, caused by chemical
interactions between polymer and ingressed fluids. It allows users to enter
empirical equilibrium concentration and diffusion coefficient with respect to
crosslink density (C.L.D.). More details are discussed in Section 4.2.2.
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4.2 Property Losses

All rubbers are subjected to ageing with increasing time at high temperature.
The rate of ageing varies widely depending upon the elastomer base, the
additive recipe of the rubber compound, and the contact medium.

Ageing can be characterized as temporary (physical) and permanent
(chemical), and many appear as property losses and dimensional changes
(deformation). Material properties such as elastic modulus (E), Poisson's

ratio (v), diffusion coefficient (D), solubility coefficient (s), equilibrium liquid

concentration (c.,) change with temperature and time, while shape and
volume of rubber change due to compression set, liquid uptake and thermal
expansion.

4.2.1 Property Changes Due to Physical Effects
Property of material can change due to a number of physical effects as
summarized in Fig 4.1. These are generally recoverable when the physical

effects are removed.

, Liquid Uptake (swell in organic solvent) = strain
Physical stress relaxation =  stress

PHYSICAL Elastic modulus E = swell

Elastic modulus E = Thermal Expansion o
‘ linear to temp

Fig 4.1 Physical effects
a. Physical Stress Relaxation

When strain is applied to polymer, it can result in reorientation of the
molecular network, disengagement and rearrangement of chain
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entanglements, breaking of bonds due to secondary valence forces between
chains, between filler particles, or between chains and filler particles, and
particularly for filled elastomers, due to the previous stress history of the
material. Physical property losses can be measured by stress relaxation
experiment. This is characterized as linear stress decrease with the
logarithm of time,

based on two assumptions:

i. the physical stress relaxation rate is constant within the operational
temperature range.

ii. the change of crosslink density has insignificant effect on the physical
stress relaxation.

The first assumption is justified as long as the service temperature is well
above (30°C to 40°C) the Tg of the material. The second assumption is true

in normal service conditions. When the crosslink density becomes too high,
the material will be brittle and unsuitable for sealing.

In service at high temperatures and long soak times, chemical relaxation will
dominate over physical relaxation. Trherefore, physical relaxation need not
be included in the modelling of long term ageing. However, in data obtained
from short term experiments the physical effect must be determined and
subtracted to obtain an accurate determination of the chemical processes.

b. Equilibrium Concentration in Stressed Rubber

Equilibrium concentration (c,,) of liquid in elastomeric seals depends on
strain. The volume of liquid uptake by an elastomer can be increased by
stretching it and decreased by applying compressive strain to it.

Liquid uptake is better explained with the Gibbs free energy of the system
due to the transfer of unit quantity (1 mol) of liquid from the liquid phase to a
very large quantity of the mixed phase. In cross-linked polymers, it is
necessary to take into account the configurational entropy of the network.
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The total free energy of dilution can therefore be expressed as
AG1=AG1m+AG1e ................................................................................ (4.10)

where AG1, represents the free energy of dilution for the polymers in the
state prior to cross-linking

AGT 1y = RT {IN(1-V0) 4V + X{V0Z} errrresssssssrssssssssscssssesesserenrennee (4.11)

in which the parameter x4 includes a component x, due to entropy

and AG1,4 corresponds to the change of free energy (per mole of liquid
absorbed) due to the associated elastic expansion of the network.

AG1g =AW /kq =pRT(V1va/3) /Mg oo (4.12)
in which : k4 is the number of moles of liquid in the swollen polymers ,

p is the density of the dry rubber

V4 is the molar volume of the swelling liquid and 1/vp = 1+ kq V4
M, is the average molecular weight between crosslinks

and MC'1 is usually identified as crosslink density

From equation (4.10), the total free energy of dilution is :
AG1 = RT {In(1-vp) +vp + x1Vo2 + p(V1va1/3) / M¢ }

and for equilibrium swell :

AG1 = RT {In(1-vo) +Vp +x1Vp2 + p(Vqvo'3) /Mg } =0 e (4.13)
the normal stresses t{ =to =13 =0 i (4.14)
A A A = 1V st (4.15)

Application of tensile stress will increase the amount of swell. The
relationship between normal stresses (t1,to,t3) and swell ratio can be
expressed as :
ty = RT {In(1-vp) +Vp + X {V2? + P(V1Vor12) /Mg IV oo (4.16)
tp =tg = RT {In(1-vp) +vp + % Vo2 + p(V1) Mg PV1 =0 oo (4.17)
the quantity which determines the direction of the change of swell is the
hydrostatic pressure component of the applied stress. For a simple
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hydrostatic pressure this leads to a reduction of swell with increasing
pressure. Conversely, a tensile stress, for which the hydrostatic pressure
component is negative, is expected to lead to an increase in swell.

Also the change of liquid uptake AV/V is proportional to the square of the
torsional strain. For a good swelling agent AV/V is negative - i.e. the swelling
decreases on twisting.

For an O-ring in a housing, its boundaries are restrained by metal and high
pressure fluids, equilibrium concentration is therefore likely to be lower than
free volume swell. In this first attempt to model seal life, empirical
unconstrained volume swell data are used. Initial contact stress prediction
would therefore be higher than actual by allowing more liquid uptake, but in
the long term, predicted stress wouid be lower than actual as in reality less
chemical reaction occurs. Rubber O-rings with high initial swell are not
recommended for real application, so the model will predict shorter life in
general.

c. Young's Modulus Change Due to Swell

When rubber swells, its modulus will be reduced. This can be explained from
the statistical network theory of rubber elasticity.

Initial change of entropy dS, corresponding to linear extension ratio Ag is

dSg = ~1/2 NK(BA2 - B) corvrrrrrrereressessssssssssismmmimnmssssssassss e (4.18)

The total entropy change dS,' in passing from the unstrained unswollen
state to the strained swollen state, based on Gaussian Statistics, would be

dSgy" = -1/2 NK (A12hg2 + 202 Ap2 + 432 h0% - 3) coererrivnnsiseie (4.19)

The entropy of deformation from the swollen network is
dS' = dSy' - dSq
= -1/2Nk 252 (A2 + 1% +143° - 3)



45

= 12Nk vy 23 (42 + 2152 42132 - 3) o) (4.20)

where v, is the volume fraction of polymers in the swollen rubber.

The entropy of deformation from the unswollen network is
dS = v dS' =-1/2 Nk V21/3 (7»12 + 7\.22 + 7\,32 =3) e, (4.21)

The strain energy function for the swollen rubber in terms of the extension
ratios measured in the swollen state becomes :

W =-TdS = 1/2NKT vo® (142 +A52 +X32 -3) oo (4.22)

And Neo-Hookean Model states that for unswollen rubber

Therefore, the modulus in the swollen state G' can be expressed in terms of
the modulus in the unswollen state G :

G' = Vo3BG et (4.25)
d. Young's Modulus Change Due to Temperature

According to the Joule-Gough effect, the elastic modulus of elastomers
increases in proportion to absolute temperature. Taking into account
temperature effect, Young's modulus at evaluated temperature is

E=E 1+ (T-Tp)/Tp-30(T-Tp) ] e (4.26)
where a is the thermal expansion coefficient,

and r signifies reference temperature values.
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4.2.2 Property Changes Due to Chemical Effects

Property changes due to chemical effects (Fig 4.2) are normally irreversible,
accelerated by temperature, and predominant in long term.

- Elastic E (time, temp), ke = stress

Gas Permeation - concentration

D (time, temp, pressure),
s (temp, pressure)
r Material Prop.

Liquid Uptake - concentration
AGEING D (time, temp, strain),
L c

~ Dimensional .

Compression Set (time,temp) =  strain

Fig 4.2 Ageing effects

a.Young Modulus

Young modulus (E) of rubber depends on time and temperature. When
absorbed fluids react with polymer chains, in some cases new crosslinks are
formed (see Fig 4.3), and the Young's Modulus of the material increases. In
other cases, chain scission occurs and the Young's Modulus of the material
decreases. These chemical reactions are normally accelerated by an
increase in temperature. From basic chemistry, a chemical reaction can be

written as :

nq reactant molecules + ny potential reaction sites ------ >1 crosslink

where ny and n are integers
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Assume oxidation as a specific example,

then oxygen reaction rate is d Q(t) = Ko YO O®) e, (4.27)
dt
where Y(t) is the potential reaction sites at time t

the reaction rate coefficients k = AeCEART) . (4.28)

Eg is the activation energy,
R is the gas constant and T is absolute temperature.

R\

O o

Fig 4.3 The formation of crosslinks between polymer chains

When diffusion and chemical reaction are coupled together, the oxygen
concentration at time t, denoted by O(t) is given by the following two
equations :

dO@) =d DydO) +d DydO(t) - X kg Y(t-0t) O) oorrrvin (4.29)

dt dx dx dy dy

and

QYW = =04 Ko V(1) O) coooooveevrrerereeeresseesesessessssssesneees e (4.30)
dt no

where nq / no is the rate of fluid consumption to reaction sites consumption

Young’s modulus at time t is linearly related to crosslink density (C.L.D.):

E()=a[C.LD.(t)]-b
—a[C.LD. (1) - C.LD(0) ]+ Eg coovooerererosmeeeeemse e sseneneere (4.31)

or linearly related to the consumption of reaction sites in chain scission :

Ef)=aY(t)-b
2 A[Y(1) - Y(0) 1+ Eq oo (4.32)
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The resultant change in Young modulus will affect the contact stress of
rubber O-rings in a housing.

b. Liquid Uptake Properties

In an aged elastomer seal, liquid uptake properties such as diffusion
coefficient (D) and equilibrium concentration (c_) change with time as
crosslink formation or chain scission occurs. Temperature determines rate of
chemical reactions, and hence controls the change of liquid uptake
properties. Liquid uptake in turn modifies the strain of the seal constrained in
its housing groove.

c. Gas Permeation Properties

Gas permeation properties, such as diffusion coefficient (D) and solubility
coefficient (s) at constant temperature and pressure may also change with
time, as a result of crosslink formation or chain scission occurred in aged
rubber. In the present computer modelling, regular updated of the liquid
uptake and gas permeation properties are performed, based on laboratory
data obtained from rubber sample measurements.

S-St = CLD. (1) -C.L.D. (B1) corrrrirnicinnccs (4.33)
s(to) - s(tq) C.L.D (to) - C.L.D. (t1)

where C.L.D.(t1) and C.L.D.(t5) are measured crosslink densities of
rubber aged for different periods of time,
s(t1) and s(tp) are the corresponding solubility coefficients from
experimental results,
s is the solubility coefficients of an aged rubber with crosslink
density C.L.D. ().
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4.3 Dimensional Changes

Physical dimensional change in unconstrained rubber is normally
homogeneous. However, deformation occurs when rubber or rubber-like
material is constrained. This deformation is incompressible and non-linear.
Furthermore, chemical dimensional change is normally associated with
deformation.

4.3.1 Dimensional Changes Due to Physical Effects

a. Swelling

The phenomenon of the swelling of rubber in a typical solvent is analogous

to the mixing of two mutually soluble low molecular weight liquids which do

not interact chemically. It is a purely physical mixing or interdiffusion process
in which the two components may be regarded as chemically neutral.

For the 1st approximation, the increase in volume of swollen rubber may be
assumed equal to the volume of liquid absorbed.
V2 =Vp/(VS +Vp) ............................. e esessssecsessenacsantacennsasaresesenascussessanssasenoocne ( 434 )

where vs is the volume fraction of polymers in the swollen rubber
Vp
Vg is the volume of the liquid absorbed

is the volume of the unswollen rubber

However, because of free volume existing in rubber, the volume of the
swollen rubber is likely to be less than (Vg + Vp), as some of the absorbed
liquid occupies the free volume between rubber molecules. The amount of

free volume (o) in rubber depends on the rubber temperature relative to Tg. It
can be predicted from the following equation :

0 = (0~ 00G ) T = (AONT oot (4.35)

where oy is the thermal expansion coefficient of the rubber in leather form,

aG is the thermal expansion coefficient of the rubber in glass form.
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In real conditions, swollen volume will lie in between the extreme conditions
of (i) assuming that the volumes are additive and (i) subtracting all free
volume from condition (i). Estimations for these conditions, plus some
measurements on dimensional changes during swelling in toluene were
performed by MERL on EPDM and high ACN NBR materials. Preliminary
research showed that the actual value made a 40/60 proportion with the two
extremes, being nearer the additive limit. In the proposed computer model,
we shall use a 50/50 average between the two extremes when data are
available, or use the additive limit when free volume data are not available.

b. Thermal Expansion

Thermal expansion of rubber occurs almost instantly. It depends on the
thermal expansion coefficient (o) of the material, and the temperature of the

rubber which is equal to the temperature of its contact medium in an ageing
problem.

ATE 0 TAT et ee e ee e eees oo ee e eee e (4.36)

4.3.2 Large Strain Axisymmetric Deformation

Deformation of rubber is best described by invariants in terms of strain
components which are independent of the co-ordinate system used. The
three principle extension ratios in an axisymmetric model are

A= g = g+ 1 s (4.37)
Ap= OMONG = €4 1 oo (4.38)
Ay= 0Z/0Zy = €, + 1 oo (4.39)
where € = UM cooieiiieiei i (4.40)
Ep = OW/OT ) oottt (4.41)

€, = OW/OZ () oot (4.42)
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Assume the material is perfectly elastic, all the work done will be stored in

the form of strain energy for an isothermal deformation. The strain energy per

unit volume W may be expressed as a function of three strain invariants.
W(l4.15,l3) where the invariants are written as

= R% 4 A2 A2 e (4.44)
o= (1462 ) + (1/A2) + (1/A,2) oo (4.45)
3 =207 A2 Ay =1 e (4.46)
From Williams (51), the rubber stress-strain relationship
Po=2C1292 - 2Co/Mg2 4+ Py weeermrermrerrssssresesssessseeesee e eeeeeeeeee (4.47)
Pr=2C4Ar2 - 2 Cp/h;2 4 Py weormrermernerrrerrersseecemssmmsssssssssesssessee oo seeeoeoeneee (4.48)
Py =2C1A;2 - 2Co/h; 2 4 Py crrvemmrrerrereimmnnenessssssseeeses e (4.49)

where pg, p, p, are the principal stresses, and pg is an arbitrary hydrostatic
pressure.

pe'pr= 201?\.62 ‘202“92'2011'«2 +2Cz/)\.r2
=201 (A2 = A2 ) ettt (4.50)

And the usual equilibrium equation is satisfied at every point in the strained

state so that dp/dr + (PP /I =10 o (4.51)
dp/dr =2C; (g2 - Ap2 )M oo (452)
P=2C 1(Ag2 ~Ap2 ) AU oo (4.53)

4.3.3 Dimensional Changes Due to Chemical Effects

The formation of new crosslinks at a strained position can cause
compression set. These new crosslinks do not contribute to the original
stress-supporting network, but strengthen the test sample at the strained
position. When the applied force is removed, the newly formed crosslinks will
restrict the ability of the aged rubber to return to its original shape .
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a. Uniaxial Elongation or Compression

For an incompressible rubber :

O (4.54)
Ao = Ag = Vg oo (4.55)
Hence the work done in extension W = GAy/2 [ 142+ (2/A¢)-3]

and for Ay=1 W=G/2 [ A%+ (2 Aq)-8] cerrrrenn. (4.56)
the tension force f = dW/OAy = G (Aq - 1/A42 )eomioeioeeeeeeeeeee (4.57)
the stress t = Ay (OW/Ohq)= G (A12-1/ hy)+ Pg rmmreerreereerereseeeeeererennn, (4.58)

Consider a rubber strip compressed to a constant length | and left to age,

since rubber is incompressible, Aglg = Ag lg e, (4.59)
(A lg) = V(AZ 1) oo, (4.60)
AfAG = AgfAg i, (4.61)

where Ag is the original unstrained cross-sectional area,
A, is the unstrained cross-sectional area of the aged rubber,
lo is the original length of the rubber,
I is the unstrained length of the aged rubber,

Ao is the extension ratio for the original strip held at constant length |

A, is the extension ratio for the aged strip held at constant length |

Berry, Scanlan and Watson (66) expressed the retained force ratio (fa/fo) of
the aged rubber in terms of its set length and its original length :

fa = GaBAa(Ag:1R5%) - Garg(Ag-1A5%)= Ga(Ag®-1/hg)

fy GoAg(Mo-1Mg3)  Gghg(hg-1Mg2) Gg(Ag2-1/A)

where fa is the applied force on the original rubber
fo is the applied force on the aged rubber

The newly formed crosslinks in a strained position do not contribute to the
original stress-supporting network. For the calculation of % retained force,
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G, is assumed to be equal to Gy for hardened rubber. However, when chain
scissions occur, Ga should be the softened value.

b. Plane Strain Analogue

When the same theory is applied to seals, for simplification we first assume a
plain strain condition. That is when an elastomeric ring is cut across one
section on its circumference and straightened. By applying the
incompressible equation (4.54)

and Ao = 1Aq ettt (4.63)
A = T e (4.64)
—*=—

_‘L% Iq 21R H

where Az = A, = |

Fig 4.4 A straightened elastomeric ring
The work done in extension is W = GAG/2[Aq2+ (11A42) +1-3]
for Ao=1 in term of extension ratios W = G/2 [ 442+ (1/X4%)-2].ccvvvuenee. (4.65)
the tension force f=OW/D Ay = G (Aq-T/A13 )i (4.66)
the stress t = Ay (OW/A A1) = G (A42-1/A42) + Pg wevvvvrrmmnsenncrereecrririinninns (4.67)

Using equation (4.61), the retained force ratio (f5ff5) of the aged rubber is
expressed in term of the set length and the original length of the rubber as :

fa - Gafalla-1la®). Gahalla=1/Ag?) - Gallo®-1A5°)
GO AO(XO'1/XO3) Go }\o(lo-1/7\02) GO( l02_1/102)

fo
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c. Constant Hoop Extension Ratio

When the nominal diameter of an elastomeric ring is of the same magnitude
as its section diameter, a plain strain assumption may not give satisfactory
results. It should be treated as an axi-symmetric problem. For simplification,

A3 = Ag = R/R,, the hoop extension ratio of the O-ring.

Hence the work done in extension W = GA4/2 [ A2 +(Ry2/ R?L,2)+ R/ R,2-3]

for Ag=1, W =G/2[ A2 +(Ry2/ R2L12)+ R%/ Ry2-3] oo (4.71)
the tension force f = dW/Q Ay = G (Aq-Rg2/ R2A13 )i (4.72)
the stress t =Ly (QW/O Aq)= G (112 -Rg2/ R2A12) + Pg wereerrermmrerereraneenns (4.73)

The empirical model for entering into the computer model to calculate
contact stress with time, using measured set dimensions, is

fa = GaAa(2a:Bi2R2A,3) = Ga( Aa2-Ry2/R%A,2)
fo Ggo Ag (Ag-Ro?/R%hg3)  Gg( Ag2-Ry2/R%A42)
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5. NUMERICAL METHOD

The diffusion equation is in fact a form of generalized Poisson equation.

Equations of this type are commonly solved by either finite difference or finite

element methods. The latter is chosen based on the following reasons :

i. the finite element method is versatile in dealing with irregular seal
geometry.

ii. treatment of boundary conditions is easier with the finite element
methods

iii. higher order approximations can be relatively easier to obtain.

The main drawback of the finite element method is the difficulty in
determining the coefficients for the approximating equations. In the present
project, these coefficients will be defined from understanding the basic
science of seal material, based on experimental data obtained from material
rig tests and related material research.

Chemical reaction occurring between ingressed fluid and rubber can be
incorporated into general diffusion equations by finite element method. This
will be detailed in this chapter. The same mesh will be used for diffusion and
chemical reaction calculation. This can simplify data input and storage.
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5.1 Solution to Fluid Diffusion

It is possible to arrive mathematically at a finite element approximation
directly from the differential equations governing an engineering problem.
The advantage of such method is that:

a. The search for a 'functional' equivalent to the known differential
equation is made unnecessary.

b. The method can be extended to a range of problems for which a
‘functional’' may not exist, or has not been discovered.

Consider the problem of solving approximately a set of differential equations

which the unknown function {6} has to satisfy in the region V,
with the governing equation A({6})=0

and boundary condition C({6})= 0 to be satisfied on boundary S.

If a trial function which satisfies the boundary conditions is written in the

general form {8} = INJ{O} o (5.1)
in which [N] are prescribed functions of co-ordinates and {6} is a set of n

parameters, then in general  A({6}5)=R =0

The best solution of the unknown function will be to reduce the residual R to
a minimum at all points of V (Zienkiewicz 24,25) such that

JUWR AVE 0 ooeeiaemmemeesesssmssss s s (5.2)
where W is some function of the co-ordinates. We can write this as a set of

simultaneous equations :
JWIAINEOY) GV = 0 oo (5.3)

where Wi is the known as the weighting function which is made equal to the
global shapes function {N;} in Galerkin's method.
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5.1.1 Galerkin's Residual Method in Cartesian Coordinates

Applying the Galerkin's residual method (Zienkiewicz 24,25) to solve the 2-
dimensional steady state differential equation (see eq.4.4) :

3/dx(Dy * (36/0x)) + d/dy(Dy * (36/2y)) + Sj=0

The associated functional F which will give a least value of its residual R at
all points of A is

F=Ja{{ 9/0x(Dy " (36/2X)) + 3/3y(Dy * (36/3y)) + S} *Nj} dA...o..o... (55)

Integration by parts states that :

XLJXR udv = (uv)xg - (uv)x - xLP‘R v du

................................................ (56)
Thus I { Dy * N; * ( 9/0x(36/0x)) } dxdy
=y lYT{(D " N;* (36/0%) )xg - (Dy * N;i* (96/3%) )x, } dy
- J] {D,, * (20/3x) * (3N}/ox)} dxdy
= Jo{(Dy* Ni* ny (38/0x) Jxg + ( Dy * Ni* ny(36/3x) )x } do
- J] {D, * (36/0x) * (ON}/ax)} dxdy
= Jo{(Dy " N;* ng* (96/0x)} do- I {Dy * (90/9x) * (IN;/ox)} dxdy
............................................................................................................................... (5.7)
where n is the direction cosine between the normal and x direction
Similarly in the y direction, we can write :
fI{Dy * N; * (0/3y(36/3y)) } dxdy
= fo{(Dy " N;* ny* (20/3)} dop - T {Dy * (@6/ay) * (Ni/ay)} dxdy
And the eflux Bp on the boundary is D 06/0n - Bp =0 e (5.8)
[ Dy (30/3X)y + Dy (30/0y)Ny ] - Bp =0 vt (59)

f(p N; [Dy(96/0x)ny + Dy (96/9y)ny ] do - f(pNind(p o ST (5.10)
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The equation 5.5 becomes

F =Ja { (D" (20/0%)" 3N;/dx) + (Dy" (38/3y)* IN;/dy) + S;"N;}dA + | NiBpdo

With 0 = [N{;Nj,...] {8}8= [NKBI® e (5.11)
90/0X = [AIN/DX] {B}8 orveeeeoe oo eeeee e ee oo (5.12)
D0/001= Ni orrseeeeooeeeesessssseee s sessssoe s sssssee e sereees s (5.13)

The finite element equation to be solved is therefore

F =Ja { Dx* ((ONj/ox) *6j+ (ON;j/0x)*8j+.....) * ON;/x
+ Dy* ((3N;/0y)"0;+(@N}/dy)*8j+.....) “ ON;/dy) + S N,}dA+I NiBpdo

e o JS OO U STPPRRRR (5.14)
where i j,....are nodal points of each element

In three dimensions by identical procedure, we can write :
J{Dy* N; * (9/dy(26/0x)) } dxdydz

= Jo{(Dy* N;* ng* (96/3x)} do - I {Dy * (80/0x) * (9N;/ox)} dxdydz

Therefore the discretised finite element equation to be solved is :
F =y {Dy* ((ONj/@x)*6j+ (ON;j/dx)*0;+.....) * ONj/ox

j j

Dy* ((Nj/dy)"8+(@Nj/oy) Oj+.....) ON;/dy

+ D,* ((ON;/92)*6;+(IN;/0z)*6j+.....) * ONj/oz ) + Sy* Ni}aV + ] (pNind(p
0o (5.15)

The forced boundary conditions on domain 6 :
C{B])=18 B =0 oorsvoscrismonsinssrnssssss i (5.16)
where ep is the prescribed values of concentration

The choice of [N] in functional F should be such that N; = 0 on domain 8 (to

be shown in section 5.1.3).
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5.1.2 Galerkin's Residual Method in Axisymmetric Coordinates

Hinton and Owen (26,27) applied the Galerkin's residual method to solve the
axisymmetric steady state diffusion equation (4.3)

3/0z [ D,(96/3z)] + 1/r {3/or [Dr(30/ar)]} + S; = 0

The associated functional F which will give a least value of its residual R at
all points of V is

F =, {{ 0/02 [ D,(06/92)] + 1/r { /3r [D,r(26/0r)] }+ S; } * N; } aV

....................................................................................................................... (5.17)
and in axisymmetric problems, dV=2ardA ... (5.18)
Therefore, following a procedure similar to that in section 5.1.1 :
F =Jp {{ 0/0z [ D,r(20/02)] + 9/dr [Dr(96/3r)] + S;*r } * N; } dA
=] A {(D,* r*(06/9z)*0N;/0z) + (D,r*(d6/9r)*oNj/or)+ r"S;”"Nj}dA
+] oNiBprde
=[p { D,*r* ((9Nj/92)*6;+ (ON;/32)*6;+.....)  IN;/oz
+ D" ((oN;/or)*0;+ (aNj/ar)*9j+ ..... ) * ON;/or) +1* S; " Nj}dA
+J NiBprdo
o RS USSR OO PP SR PO TSP RPPITTI RIS (5.19)
where 0 =[N, Np ] |02 ] = [INJ{B) g cooormeiiiens (5.20)

Or
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5.1.3 Fixed Value (Dirichlet) Boundary Condition

To fit the curved irregular seal boundary with good accuracy but minimum
number of elements, six-noded quadratic triangular elements are used. One
of the elements is shown below :

e
3
~
/
S 4
1
B I S
6 n
Atnode 1 g=1, n=0
Atnode2 n=1, f=0
Atnode 6 $=0.5,1=0.5 for condition{=0,n=1-8

Fig 5.1 A six-noded quadratic triangular element in a skew
planner coordinate system (B, n, ().

Steady state equation (5.19) can be written as

[KIEOT = [F T evveeeeeeeeeeeoseseeeeeeeseme e eee e eeseeeeeeeeeeeseeeeee e (5.21)

where [K] is the stiffness matrix, [0] is the unknown,
and the functional part [F] = [{S;*N;}dV + | oNiBprdo

Expressing equation (5.21) in terms of a six-noded quadratic triangular
element gives :

(Kyy k12 ki3 Kig K15 Kig | (91\ (f1\
ko1 Koo Koz kpg kos kog | | 62 fo
k3 k3o K33 K3g Kas Kag| |63 | = L (5.22)
ka1 kao k43 ka4 ka5 Kgp 04 fq
kg1 ksp Ks3 ks Kss ks 65 f5
ke1 ke2 ke3 Kea kes Kes| | 96 |6
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If one of the boundary conditions is that 03 equals a known constant C,

equation (5.22) can be written to

(k11 k12 0 Kig k15 keg | {81 ] [t-kezC
ko1 koo O kog kog kog | | 62 fo-ko3z C
0 0 1 0 0 O Cl=|C | (5.23)
Ka1 ka2 0 kag kgs kgg | | 04 f4-ka3 C
ks1 Ksp O  ksq ksg kgg | | 65 f5-ks3 C
L Ke1 ke2 O  kgq kgs keg | (05, [fe-kg3C

and the unknown 6; can be obtained by solving the above matrix equation.

There must be at least one fixed value (Dirichlet) boundary condition known
to solve a matrix of simultaneous equations in a finite element mode!,
otherwise no unique solutions can be obtained.

5.1.4 Flux (Neumann) Boundary Condition

I(pNind(p is the amount of substance flowing through the total surface area

at a given time. It can be used to describe rubber soaking in liquid, and
taking up liquid until saturation. This is also the function representing surface
heat loss in heat conduction.

Applying partial differential equations to solve do= \/(dx2+dy2) ........... (5.24)
dx = (0x/9B)dB + (@x/an)dn + (IX/AL)AL ....covveiiiiiiiiii (5.25)
dy = (3y/0B)dB + (dy/on)dn + (Ay/AL)AT ..., (5.26)

where B,m and { are area coordinates, and they are dependent on each

other :

Since {=0 on side 162, n=1-f
ox/df} = 0/0f (Nqxq+ N2X2 + N3X3 + N4X4 + N5X5 + N6X6) ................ (5.28)



62

= (4*[3'1 )X1 + 4CX5 + 4T]X6

ox/on = (4"n-1)xo + 40x4 + 4Pxg

= (4-4*B-1)x5 + 4Bxg

= (B-4"B)X0 + ABXG oo (5.30)
ox/0C = (4*C-1)x3 + 4nx4 + 4PBxg

= -X3 + 4™'nx4 + 4Pxg

=-Xg3 + (4-4*B)X4 + 4BX5 ................................................................ ( 5.31)

and (9x/0B)dPB = [(4*B-1)X1 + (4-4B)Xg) AB  woovvceevcveeereoeeere e (5.32)
(aX/aT])dT] = [(3-4*B)X2 + 4BX6 ] “AB e (5.33)
(OX/DL)AE = 0 vt eeeeeee s ee e ee e eeene (5.34)

therefore, dx =[(4"B-1)xq+ (4-4B)xg - (3-4"B)xo - 4Bxg ] dB
= [(-X1 + 4X6- 3X2) + (4X1 -8X6+4X2)B] dB ......................... ( 5.35 )
similarly, dy =[(-yq+ 4yg- 3yp) + (4y1-8yg+4y2)BIdB ..o (5.36)

the Functional term for natural boundary conditions becomes
JNiBpde = Byt 18 Nido + By g2 Nide
= Bp1 0l0° fi(B)dB + By 0.5/ fi(B) OB vvrrreeerecninnen (5.37)
where £(B) = N V[ (-xq+ 4xg- 3xp) + (4x1-8xg+4xp)B]2

+[(y1+ 4yg- Byo) + (4y1-8yg+4yo)BI°

Consider each boundary in two halves, the new coordinate system z is
defined:
B = (z+1)/4,dp =dz/4 when z=-1, =0; z=1,3=0.5

B = (Z+3)/4, dB =dz/4 when z=-1 , B:OS, Z=1, B=1
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and using a standard 2-point Gaussian quadrature formula of the form

-111 f(Z)dz = Wif(z1) + Wol(Z0) oo (5.38)
where z4 =-0.57735, zo = 0.57735

JoNiBpde = 1/4 Bpqlw1fi((z1+1)/4) + wafi((2p+1)/4)]

+1/4 sz[W-‘ fi((Z1 +3)/4) + W2fi((22+3)/4)] ............. ( 5.39 )
with

fi((2+1)/4) = Nj V [ (-xq+ dxg- 3xp) + (4x1-8Bxg+4xp) (z +1)/4]°
+[(-y1+ 4yg- 3y2) + (4y1-8yg+4yo) (z +1)/4 ]2
= N; V [ (-x1+ 4Xg- 3Xo + X1-2Xg+ X2) + (X1-2Xg+ X2)z]?
+ [(-y1+ 4yg- 3y2 +Y1-2yg+ y2) + (yq -2yg+y0)Z)?
= Nj V [(2xg- 2x0) + ( X1-2Xg+ X0)Z]?
+(2Yg- 2Y2) + (Y1-2Y6+Y2)Z2  coovvvvrreerrriirirnr (5.40)
fi((2+3)/4) = Nj ¥ [ (-xq+ 4xg- 3xp) + (4x{-Bxg+4xp) (z+3)/4 ]2
+[(-y1+ 4ye- 3yo) + (4y4 -8y6+4y2) (z+3)/4 ]2
= N; V[ (-x1+ 4xg- 3xp + 3x1-6xg+3xp) + (X1 -2xg+%0)2]2
+[0Y1+-4Y6-3YQ-*3Y1-6Y6+3Y2)+(Y1-2Y6+YQ)2]2
= NV [ (2x1- 2xg) + (x{-2Xg+X2)Z]?

+[(2y1- 2yg) + (Y1 -2yg+Yo) Z ]2 ........................... (5.41)

The relevant shape functions N; written in terms of z, for B = (z+1)/4 are
Ny=B(2B-1) = 1/4(z+1)((z+1/2)-1) = (z+1)(z-1)/8

No = (1-B)(1-2B) = 1/4(4-z-1)(1-(z+1)/2) = (3-2)(1-2)/8

N3 =0

Ng=0

N5 =0

Ng = 4B(1 -B) = 1/4(z+1)(4-2-1) = (z+1)(3-z)/4
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and for B=(z+3)/4 are :
Nq=B(2B-1) = 1/4(z+3)((z+3/2)-1) = (z+3)(z+1)/8

Np = (1-)(1-2B) = 1/4(4-2-3)(1-(2+3)/2) = (1-z)(-1-z)/8
N3 =0
Ng=0
N5 =0

Ng = 4B(1-B) = 1/4(2+3)(4-2-3) = (z+3)(1-z)/4

Input N; and f(z) into the basic equation ( 5.39 )
I oNiBpd® = 1/4 Bpq[wyfi((21+1)/4) + wafi((2+1)/4)]

+1/4 Bpo[w1fi((z1+3)/4) + wofi((zp+3)/4)]

((zq+1)(z¢-1)8 |
(3-2¢)(1-24 )8

=1/4 Bp1{W1 0 \/ [(2X6- 2X2) + ( X1 -2X6+ X2)Z1 ]2
0 +[(2yg- 2y2) + (Y1-2Yg+Y2)Z1 12
0

+ Wy V[(2xg- 2x0) + ( x{-2xg+ x0)2o]2

0
0 +{(2yg- 2y2) + (Y1 '2Y6+Y2)7-2]2 }
0
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(21+3)(z +1)/8 |
(1-z4)(-1-z4)/8
+1/4 Bp2 {wjq v [ (2x4- 2Xg) + (X1 -2X6+X2)Z1]2

0
0 +[(2y1- 2yg) + (Y1-2yg+Y2) 21 12
0

(zo+3)(zo+1)/8
(1 -22)(-1 -22)/8
+Wo | O V [(2x1- 2xg) + (x1-2Xg+X0)Zo]?
0 +[(2y1- 2yg) + (y1-2yg+y2) 25 12}
0
\ (22+3)(1 -22)/4 ......... (5.42)

Axisymmetric problems can be solved with the same method, and the
Functional term for natural boundary conditions in equation (5.37) becomes

J NiBprde = Bp; 18 Nidg + By 62 rNide
= By of%°i(B) dB + Bpp 0.5/ fi(B) B v (5.43)
(Y1

y2
where f(B) = N; |yg | V[ (Xq+ 4xg- 3xp) + (4x1-8xg+4x0)B]2

ya|  +[(y1+4ye- 3yo) + (4y1-8yg+dyo)Bl°

y5

_Ye,
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5.1.5 Convection Boundary Condition

When gases escape from a surface into a closed volume (e.g. evaporation
from surface), the mass flow Bp through the surface is not constant, but

depends on the surface concentration 64 and the ambient concentration 6.
Bp =h (6g-6.,)
In rubber seal application, the above equation will be useful in calculation of
emission through a narrow extrusion gaps of a certain length with the
surface concentration 64 not known, similar to heat gained or lost on a

surface by convection. Derivation of h for emission in free surface will be,
however, much more complicated.

the Functional term for convection boundary conditions becomes
JNiBpdo =J,Nih 65 do -I(p Ni h 6., do

= hI(p N; [N] [6] de - hf(p N; 6., do

= (hf(p {Ni}T {N} do ) [6] - hf(p {N}T .o dP e (5.45)
When the two terms are added to the functional F. The extended functional F
becomes,
dF/06; =IV { Dy* ((dN;/0x)"6;+ (aNj/aX)*9j+ ..... ) * ON;/ox

+ Dy* ((ON;/dy)*6;+ (aNj/ay)*Gj-l- ..... ) * oN;/dy) + S; *N;}aV

+ hf 0 Ni [N] [6] do + | (pNi(Bp-h 0. )do

Therefore replacing Bp by (Bp-h 6., ) in the natural boundary equations

(5.37) and (5.43) will include the effect of ambient temperature/concentration.

[Ni(Bp-h.) do = (Bpg-h16.,) 0% (B)dB + (Bpz - h26..) 0.5/ fi(B)B

..........................
.........................................................................
-------

where fi([}) = N; v [ (-x1+ 4Xg -3x0) + (4x4- 8xg + 4x2)B]2

+[(-yq+ 4yg -3y2) + (4y1 -8y6+4y2)[3]2 for 3-dimensional cases
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or fi(B) = Nj | y3 | V[ (-Xq+ 4xg- 3xp) + (4x1-8xg+4xo)B]2

Y4 +[(-y1+ 4yg- 3yo) + (4y1 '8Y6+4Y2)[3]2

Y6 for axisymmetric cases.

The surface temperature/concentration dependent term h I(p N; [N] [6] d¢ can
be calculated as the natural boundary equations
Wi (NIT{NKdo = hy 4/® (N}T{N}do + ha 6% {N}T{N}de
= hq 02 £(B)dB + ho g 51 f(B) AB <o (5.48)
where fl(ﬁ) = {N}T{N} ‘/ [ (-X1 + 4X6- 3X2) + (4X1 -8X6+4X2)B]2

+ [(-y1+ 4yg- 3yo) + (4y '8Y6+4Y2)B]2

Using the standard 2-point Gaussian Quadrature Integration
hf(p{N}T{N}dcp = 1/4 hq[wqfi((z1+1)/4) + Wofi((zo+1)/4)]

+ 1/4 ho[w1fi((21+3)/4) + Wofi(2p+3V4)] -coccererc (5.49)
where z{ = -0.57735, z, = 0.57735

f((z+1)/4) = {N}T{N} ¥ [(2xg- 2Xp) + ( X1-2Xg+ X2)2]?

+ [(2yg- 2y2) + (¥4 -2yg+Y2)2)°
fi((z+3)/4) = (N} TIN} V [ (2x1- 2xg) + (X{-2Xg+Xp)2]2

+[(2y1- 2yp) + (y1-2vp+y2) 21°
The equation hI(p{N}T{N}dcp is written in full in Appendix 3.

The corresponding axisymmetric equation is

hf‘pr{N}T{N}dw = hy 1B {NJT{N)do + hy g2 r{N}T{N}dep

= hy o0 6(B)IB + hp o 5/ F(B) B v (5.50)
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Y1
y2
where fi(v) = {N}T{N} | y3 | V[ (-xy+ 4xg- 3xp) + (4x1-Bxg+4x5)B]2

Ya | +[(y1+4yg 3yp) + (4y;-8yg+4ys)B]2

y5
Y6

L

The complete numerical equation for steady state axisymmetric mass
transfer is

+ Dy 1* ((ONifdy)*0; + (ONjfdy)*0; +....) * INjfdy) + ;" r * Ni}dA

+ hf(p rN; [N] [6] do + f(pNir(Bp-h 0., )do

0o ee oo ee e et eee s reee (5.51)

where Ni,Nj are the shape functions as shown in appendix 1
[, {Si*r*N;JdA is the sink term

h Jj rN;[N] [8] de is the surface concentration dependent term

I(p rN;Bp do is the fixed flux boundary term

-f(p rN;ih 0, de is the natural boundary term that includes the effect of

natural concentration.

Arrange equation (5.51) in the form of  [K]{68} = {F}
then
[KIB] =/a { Dy r* ((ON;/0x)"6;+ (aNj/ax)*ej +.....) ¥ dN;/ox
+Dy* r* ((N;/dy) 6+ (aNj/ay)*ej+ ..... ) * oN;/dy } dA
+ hfq)rNi [N] [6] Ao

[Fl=-Ia{S;" r*Ni}dA-f(prNi(Bp-h 0., )do



69

5.1.6 Partial Discretization for Time Dependent Analysis

Consider fluid diffusion in the transient state, a time-dependent term

representing concentration storage b(d6/dt) has to be included in the

governing differential equations.

In matrix representation, equation (5.11) 0 = [N;.Nj....] {8}€

equation (5.12) 08 /ot = [N;.N;.....] {06/07}€
the term for axis-symmetric differential equation is
Fadg =/{b*r *06/0t* N;}dA
= [ {b r [N] {06/01}® * N;}dA
= [ {b r [N] {06/01}€ [N]T}dA

= (T P [N]T [NJ DA HOO/E ..o (5.52)

where the first term is a scalar, and we can write

S 2 e
with 8] = b [N]T [N] dV

Then the transient equation arrived at is

(KB} = [B] {90/3H} + {F}..-vveevvvvrreereereesssssssssssmmsssssssssssssess s
where
(K] =/ { Dy* r* ((ON;/0x)*6j+ (ON;/0x)*6j+.....) * INj/ox

+Dy* 1* ((ON/ay)*Bj+ (ON}/y)"6j+..... ) * ONi/dy } dA

+ hf(pr N, [N] [6] do

[Fl=-Ja {S;*r* N;} dA-I(p 'N; (Bp-h 6., ) do

[B] = fa{Nj*r"b" NjdA
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5.2 Solution to Chemical Reaction

Many types of chemical attack are possible because of the wide variety of
chemical species and polymeric substrates. We shall now consider the two

simplest types of chemical reactions : the first-order reaction and the second-
order reaction.

In both cases, the chemical reaction term can be added to the diffusion
equation as a sink term which depends on fluid concentration.

5.2.1 First Order Chemical Reaction

When a first-order reaction occurs with fluid diffusion problem, and the rate of
removal of diffusing substance is k. * ¢, where k. is a constant, then the
governing differential equation becomes

dc/ot = d/ox [ Dy (dc/ox) ] + d/dy [Dy(ac/ay)] +0/0z [D,(3c/0z)] - ks * € ......( 5.55)

The new sink term is =-Ja{ r*S;* N;} dA
=-Ja{r*ke*IN][6]* N;} dA
=-([p T kg " [N]T[NJAA) [6] .o (5.56 )

Equation (5.54) therefore is redefined as :
[KI{6} = [B] {86/0t} + {F}..veveeeeiiee i (5.57)

where

[KI8] =l { Dy* r* ((ON;j/0x)*6j+ (ONj/dx)*8;+.....) * ONj/ox

+ Dy r* ((ONi/dy)"8;+ (ONj/0y)"0+.... ) * ON;/dy
kg r* [N]T [N] [9]}dA+hI(prNi[N] (0] do
[Fl=-Ja{Si*r* Ny dA- ] N;(Bp-h 6. )do

[B)=Ja {N; " r*b " Nj} dA
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5.2.2 Second Order Chemical Reaction

The chemical reaction term from section 4.2.2, ¥ ke Y(t-0t) O(t) , can be
writtenas:  -Jao{ r*S;*N;}dA

=-Ja{r*ke* Y(t-ot) *[N][6] * N; } dA

=-(Jao r kg * Y(t3t) * IN]T [NJA ) [O] v (5.58)

where [8] represents fluid concentration O(t)

Equation (5.54) therefore is redefined as :

[KKO} = [B] {00/} 4 {F e e e, (5.59)
where
[K][0] =IA { Dy* r ™ ((oN;/ox)*6;+ (aNj/aX)*6j+ ..... ) * ON;/ox
+ Dy1|r r* ((0N;/dy)*0;+ (aNj/ay)*ej-i- ..... ) * ON;/ody

-k *r*Y(t-ot) * [N]T [N] [6] } dA
+h Icp r N; [N] [6] do

[F]=-JA{Si*r*Ni}dA-I(prNi(Bp-heoo)dcp
[B]=/a{N;*r*b*Nj}dA

In second order chemical reaction, the potential reaction sites also have to
be updated with time. The differential equation (4.30) that governs the using
up of the potential reaction sites :

dYt) =-n1 ke v(t) O(t)
dat )
can also be written in the form of

[KI{O} = [B] 08/01] crererreeereeeoeeeeeoee e eseeeeeseseeseesesseesseseses e (5.60)

where
(KIO] =la {-kc* (n1/n2) r* O * [N]T [N][6] } dA
Bl=/a{N;"r" Nj} dA

and [8] now represents potential crosslink sites, Y(t)
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5.2.3 Chemical reaction change material properties

Material propertties in seals are likely to be varying spatially as a result of
limited supply of active ingredients for chemical reactions in ageing
processes. It is therefore essential that the Seal Life Software has spatially
varying material properties.

The elastic modulus of swollen rubber can be calculated from mass uptake
using the equation:

new modulus =

( 100 * pg

) 1/3 * 5ld modulus
100 * pg + concentration * p,- 0.5 p, pg @, * 100

where % concentration = 100 x mass of solvent / mass of rubber,
Ps is the density of the solvent,

Pr is the density of the rubber,

@ is the free volume in the rubber.
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5.3 Solution to Time Dependent Equation

5.3.1 Method | : Mid-Difference Method (Trapezoidal Rule)

To solve 96/dt, assume that in each small interval of time dr, the values of
00/dt vary linearly with time,

{6}, =1{0}; g + ({0070t} __ . + {d6/dt},) *dv/ 2
or {08/dt}, =-{d6/d} 4 + ({6}, - {0} g " 20T, (5.62)

Substituting into the transient equation (5.54)
[KKB},, = [B] (- {9001} _y, + ({0}, - {B}_qp) * 2/0T) + {F),
(K1 - [B]* 2/dit) {8}, = - [B] ({8673t} 4, + {8} g, " 2/dT) +(F},
LRGSO (5.63)

Thus, {6}T can be evaluated by solving the system of simultaneous
equations provided the values of {e}t-dt and {86)/81}1__(1T are known. At the
first step only the values of {6}T —o are usually known. The value of {66/ &1}

at any time including t=0 can be determined by solving the fundamental
transient equation
[K] {6)},c = [B] {ae/afc}t + {F}T ....................................................................... (5.64)

~[B] {90/0T} ;= - [KI {8), +{Fh oo (5.65)

Therefore, the transient differential equation to be solved becomes
(K] - [B]* 2/dit) {6} = -[KI{6} _y, + {F} - [B] ({8} g * 2/dt) + {F},
(K] - [B]* 2/dt) {9},t =-([K]+[B]*2/dt) {9}1:_dT + 2*{F}T ..................... (5.66)

The mid-difference method is very popular : (Zienkiewicz 25, 67), (Conner

and Brebbia 28) and (Burnett 29). Its accuracy is O(D1:2); i.e., its asymptotic

rate of convergence is dt2. However, for typical time-step sizes the solutions
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are frequently characterized by oscillations. Although the oscillations die out
as the solution steps forward, it is not suitable for a diffusion model where the
results at each step are as important as the steady state results.

5.3.2 Method Il : Weighted Method

Considering the transient equation (5.54)

[K}{6} = [B] {06/01} + {F}
At a location in the time step denoted by a dimensionless parameter §
(Burnett 29) :

[KHOYe = [B] 9B/0t) g + {F} g (5.67)

where £= (T-tn-1 ) ATy (ATh=Tn"Tn-1)

Approximate expressions for {e}g, {ae/a»c}i, {F} &'can be obtained by

approximating {8(t)} and {F(t)} by linear polynomials over step.

(0} =(1-8) {08} 1t + E{0) v (5.68)
(Flp=(1-8) {F} ng + E{F}n e (5.69)
(90/01) £ =~ {0} -1 /ATy +{0} n /ATy = ({8}~ {6} - ) [Ty oo (5.70)

therefore, the transient equation becomes
KI(1-8) {8} .1 + (KIE{8} n=([B]{0} - [BI{O}n.1)/ATn
+(1-8{F}nq+ &{F}q
(IKI& - [B] /Aty ) {8} == ([B] /Aty + [KI (1-€)) {8} -1
+(1-E){FY poq + E{F )} p oo (5.71)

The above equation can represent three common methods
£ =0 : forward difference method
¢ = 1/2 : mid-difference method

E=1: backward difference method
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Forward difference method is explicit, and therefore computationally very
fast. However, it is potentially unstable. Very small time steps have to be
used to ensure stability. It is found to be impractical for our application. Mid-
difference method has been discussed in section 5.3.1. Backward difference
method is "well behaved" and reliable, but not always optimal from a

computational efficiency standpoint. & is therefore chosen to be 0.899 for
balancing both reliability and efficiency.
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6.0 IMPLEMENTATION OF COMPUTER SOFTWARE

The computer used in software development is Macintosh lIx with 4Mb Ram,
80Mb hard disk, Motorola 68030 microprocessor and Motorola 68882
floating-point coprocessor for performing calculations with high precision,
and a colour monitor to display colour graphics.

Software used for development are the operating system version B1-6.0.5,
finder version B1-6.1.5, and the Absoft 'Fortran’' package "MacFortran/020".

6.1 Software System Structure

The software package 'SEAL-LIFE' comprises a set of three programmes :

l. 'SPECTRE' : the main seal life program .
Language :  standard Fortran 77.
Function : models fluid diffusion, chemical reaction and change of
young modulus.

Il.  'SCALE': the mesh pre-processor.
Language : standard Fortran 77.
Function : scales a standardised finite element mesh for O-rings of
different size.

. 'SEALIFE': the post-processor.
Language : Fortran 77 plus Macintosh "Tool Box" graphics.
Function : generates colour-graphics maps and time-plots.

In the next few pages are simple flow charts (Fig 6.1, 6.2, 6.3) showing the
structure of each of the three programmes. SPECTRE is the main seal life
evaluation program, and details of the equations used have already been
included in Chapter 5. SCALE provides simple scale up and down facilities
to generate finite element mesh of different size O-ring. A standard mesh is
used in the O-ring analysis. SEALIFE allows users to have a diagrammatic
view of the results obtained from SPECTRE. This is important as the large
amount of digital data cannot be readily understood.
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