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The Lévy-Khintchine type operators with variable
Lipschitz continuous coeflicients generate linear or
nonlinear Markov processes and semigroups *

Vassili N. Kolokoltsov'
July 18, 2009

Abstract

Ito’s construction of Markovian solutions to stochastic equations driven by a
Lévy noise is extended to nonlinear distribution dependent integrands aiming at
the effective construction of linear and nonlinear Markov semigroups and the corre-
sponding processes with a given pseudo-differential generator. It is shown that a con-
ditionally positive integro-differential operator (of the Lévy-Khintchine type) with
variable coefficients (diffusion, drift and Lévy measure) depending Lipschitz con-
tinuously on its parameters (position and/or its distribution) generates a linear or
nonlinear Markov semigroup, where the measures are metricized by the Wasserstein-
Kantorovich metrics. This is a nontrivial but natural extension to general Markov
processes of a long known fact for ordinary diffusions.

Key words. Stochastic equations driven by Lévy noise, nonlinear integrators, Wasserstein-
Kantorovich metric, pseudo-differential generators, linear and nonlinear Markov semi-
groups.

Running Head: Lévy-Khintchine operators with Lipschitz coefficients

1 Introduction and formulation of main results

By C(R™) (respectively C(R™)) we denote the Banach space of continuous bounded
functions on R™ (respectively its subspace of functions vanishing at infinity) with the
sup-norm denoted by || - ||, and C*(R") (resp. C*(R")) denotes the Banach space of
k times continuously differentiable functions with bounded derivatives on R" (resp. its
subspace of functions with a compact support) with the norm being the sum of the sup-
norms of a function and all its partial derivative up to and including the order k).

For an f € C'(R™) the gradient will be denoted by

af  of

V= (Vifos Vaf) = (5 50)
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For a measure v and a mapping F we denote by v the push forward of v with respect
to F defined as v¥'(A) = v(F~1(A)).

Further basic notations: 1,; is the indicator function of a set M, M(R?) is the set of
finite positive Borel measures on R?, B, is the ball of radius 7 centered at the origin, and
the pairing (f, ) for f € C(R?), u € M(R?) denotes the usual integration. The bold
letters E and P will denote expectation and probability. A positive number in the square
bracket, say [z]|, will denote the integer part of it. By the small letter ¢ we shall denote
various constants indicating in brackets (when appropriate) the parameters on which they
depend.

It is well known (the Courrege theorem, see e.g. [7]) that the generator L of a
conservative (i.e. preserving constants) Feller semigroup in R? is conditionally positive
(f >0,f(x) =0 = Lf(z) > 0) and if its domain contains the space C?(R?), then it
has the following Lévy-Khintchine form with variable coefficients:

Lf(x) = %(G(ﬂﬁ)V, V)f(ﬂ«")Jr(b(ﬂ«"),Vf(fC))ﬂL/(f(ﬂff+y)—f(:L“)—(Vf(fL“),y)lB1 ()v(z, dy),
(1)

where G(r) is a symmetric non-negative matrix and v(z,.) a Borel measure on R¢ (called
Lévy measure) such that

min(1, [y|*)v(z;dy) < oo, v({0}) =0. (2)
Rn

The inverse question on whether a given operator of this form (or better to say its closure)
actually generates a Feller semigroup is nontrivial and attracted lots of attention. One can
distinguish analytic and probabilistic approaches to this problem. The existence results
obtained by analytic techniques require certain non-degeneracy condition on v, e.g. a
lower bound for the symbol of pseudo-differential operator L (see e.g. [2], [3], [7]- [12] and
references therein), and for the construction of the processes via usual stochastic calculus
one needs to have a family of transformations F, of R? preserving the origin, regularly
depending on x and pushing a certain Lévy measure v to the Lévy measures v(z,.), i.e.
v(z,.) = v (see e.g. [1], [4], [19]). Of course yet more nontrivial is the problem of
constructing the so called nonlinear Markov semigroups solving the weak equations of the
form

d

T (fom) = (Lucf o) € PRY), o = p, (3)
that should hold, say, for all f € C*(R?), where L, has form (1), but with all coefficients
additionally depending on p, i.e.

Luf () = 5(Gle, 1), 9) () + (b, 1), 91 (2)

+ [t ) = 50 = (V5@ 1m @)l o) (@)

Equations of type (3) play indispensable role in the theory of interacting particles (mean
field approximation) and exhaust all positivity preserving evolutions on measures subject
to certain mild regularity assumptions (see e.g. [13], [19]). A resolving semigroup Uy : p +—
 of the Cauchy problem for equation (3) specified a so called generalized or nonlinear



Markov process X (t), whose distribution g, at time ¢ can be determined by the formula
U;_spis from its distribution us at any previous moment s.

In the case of diffusions (when v vanishes in (1) or (4)) the theory of the corresponding
semigroups is well developed, see [17] and more recent achievements in [6]. Also well
developed is the case of pure jump processes, see e.g. the treatment of the Boltzmann
equation (spatially trivial) in [20].

The goal of the present paper is to exploit the idea of nonlinear integrators (see [5],
[16]) combined with a certain coupling of Lévy processes in order to push forward the
probabilistic construction in a way that allows the natural Lipschitz continuous depen-
dence of the coefficients G, b, v on z,u with measures equipped with their Wasserstein
metric (see the definition below). Thus obtained extension of the standard SDEs with
Lévy noise represent a probabilistic counterpart of the celebrated extension of the Monge
mass transformation problem to the generalized Kantorovich one. To streamline the ex-
position we shall use Ito’s approach (as exposed in detail in [19]) for constructing the
solutions of stochastic equations directly via Euler approximation scheme bypassing the
theory of stochastic integration itself. Roughly speaking the idea is to approximate a
process with a given (formal) generator (or pre-generator) by processes with piecewise
Lévy paths.

For a random variable X we shall denote by £(X) the distribution (probability law)
of X. Recall that the so called Wasserstein-Kantorovich metrics W),, p > 1, on the set of
probability measures P(R?) on R are defined as

1/p
Wy(v1,10) = (irylf/\yl —y2|pV(dy1dyz)) , (5)

where inf is taken over the class of probability measures v on R?? that couple v; and s,
i.e. that satisfy

[ @)+ atwwtdundue) = (01.01) + (2.0 ()
for all bounded measurable ¢, ¢o. It follows directly from the definition that
Wh(p, 1) < E[IX - X'||? (7)

whenever = £(X) and p/ = L(X').

For random variable z, z we shall write sometimes shortly W, (x, z) for W,(L(z), L(z))
(with some obvious abuse of notation).

It is well known (see e.g. [22]) that (P(R?),W,), p > 1 is a complete metric space
and that the convergence in this metric space is equivalent to the convergence in the weak
sense combined with the convergence of the pth moments. In case p = 1 the celebrated
Monge-Kantorovich theorem states that

Wi(pr, p2) = sup [(f, 1) — (f, p2)l,

fE€Lip

where Lip is the set of continuous functions f such that |f(x) — f(y)| < ||z — y]| for all
z, .



We shall need also the Wasserstein distances between the distributions in the Skorohod
space D([0,T], R?) of cadlag paths in R? defined of course as

1/p
Wy (X2, 2) = it (B sup .0~ X0 ) )

t<T

where inf is taken over all couplings of the distributions of the random paths X, Xs.
Notice that this distance is linked with the uniform (and not Skorohod) topology on the
path space.

To compare the Lévy measures, we shall need an extension of these distances to
unbounded measures. Namely, let M,(R?) denote the class of Borel measures p on
R™\ {0} (not necessarily finite) with a finite p-th moment (i.e. such that [ |y|Pu(dy) < c0).
For a pair of measures v,y from M,(R?Y) we define the distance W,(v1,v) by (5),
where inf is now taken over all v € M, (R?*®) such that (6) holds for all ¢y, ¢, satisfying
#:(.)/].|P € C(RY). 1t is easy to see that for finite measures this definition coincides with
the previous one and that if measures 14 and v, are infinite, the distance W, (14, 15) is
finite. !

Moreover, by the same argument as for finite measures (see [18] or [22]) one shows
that whenever the distance W),(v4, 1) is finite, the infimum in (5) is achieved, i.e. there
exists a measure v € M, (R?*®) such that

1/p
W) = [ I = elv(imae)) )
Theorem 1.1 Let an operator L have form (1), where

IV/G (1) = /G @) || +[b(w1) =b(2) [+ Wa(Lp, (Jv(w15.), L, (Jv(225.)) < wllwr—a2|| (10)

with a certain constant k, and

o (m o)+ |

B1

|y|2u(x,dy)> < 00. (11)

Let the family of finite measures {1ga\p,)(.)v(z;.)} be uniformly bounded, tight and de-
pend weakly continuous on x. Then L extends to the generator of a conservative Feller
Semigroup.

Remarks. 1. The boundedness condition (11) is not essential and can be dispensed
with by the usual localization arguments, see [15]. 2. Once the well posed-ness of the
equations generated by L is obtained, it implies various extensions of the results on the
corresponding boundary value problems, problems with unbounded coefficients, fractional
dynamics or Malliavin calculus (see [21], [12], [14], [4]) obtained earlier for particular cases.

For example, assumption on v is satisfied if one can decompose the Lévy measures
v(z;.) in the countable sums v(z;.) = > > v,(z;.) of probability measures so that

n=1
Wa(vi(x;.),vi(z2;.)) < ailv — 2| and the series Y a? converges. It is well known that

Let a decreasing sequence of positive numbers €. be defined by the condition that v; can be de-

composed into the sum vy = > 7, " of the probability measures v} having the support in the closed

shells {x € R? : ¢} < |2| < €. _;} (where ¢} = 00). Similarly €} and v§ are defined. Then the sum

v=>3 " v ®vy is a coupling of vy and v, with a finite [ |y1 — y2|Pv(dy1dys).

4



the optimal coupling of probability measures (Kantorovich problem) can not always be
realized via a mass transportation (a solution to the Monge problem), thus leading to the
examples when the construction of the process via standard stochastic calculus would not
work. On the other hand, no non-degeneracy is build in this example leading to serious
difficulties when trying to apply analytic techniques in these circumstances.

Another important particular situation is that of a common star shape of the measures
v(x;.), i.e. if they can be represented as

v(z;dy) = v(x,s,dryw(ds), y€ R r = lyl e Ry, s =y/r € Sa-t (12)

with a certain measure w on S¢°! and a family of measures v(z, s,dr) on R.. This allows
to reduce the general coupling problem to a much more easily handled one-dimensional
one, because evidently if v, , ((dridry) is a coupling of v(z,s,dr) and v(y,s,dr), then
Vg ys(dridra)w(ds) is a coupling of v(z;.) and v(y;.). If one-dimensional measures have
no atoms, their coupling can be naturally organized via pushing along a certain mapping.
Namely, the measure v¥ is the pushing forward of a measure v on R, by a mapping
F: R, — R, whenever

[ sEwywian) = [ )

for a sufficiently rich class of test functions f, say for the indicators of intervals. Suppose
we are looking for a family of monotone continuous bijections F; ; : Ry — R, such that
vies = v(z,s,.). Choosing f = 1ip() ) as a test function in the above definition of
pushing yields

G(x,s, Frs(2)) = v([z,00)) (13)
for G(z,s,2) = v(z,s,[z,00) = [v(z,s,dy). Clearly if all v(z,s,.) and v are un-
bounded, but bounded on any interval separated from the origin, have no atoms and do
not vanish on any open interval, then this equation defines a unique continuous monotone

bijection F, s : Ry — R, with also continuous inverse. Hence we arrive to the following
criterion.

Proposition 1.1 Suppose the Lévy measures v(x;.) can be represented in the form (12)
and v is a Lévy measure on R such that all v(z,s,.) and v are unbounded, have no
atoms and do not vanish on any open interval. Then the family v(x;.) depends Lipshitz
continuous on x in Wy whenever the unique continuous solution F 4(z) to (13) is Lipschitz
continuous in x with a constant kr(z,s) enjoying the condition

/R+ /Sd—l Kp(r, s)w(ds)v(dr) < oo. (14)

Proof. By the above discussion the solution F' specifies the coupling v, ,(dridradsidss) of
v(x;.) and v(y;.) via

/f(rl,rg,sl,Sg)umﬁy(drldrgdsldsz):/f(Fm(r),Fy,s(r),s,s)w(ds)y(dr),

so that for Lipschitz continuity of the family v(x;.) it is sufficient to have
/ / (Fps — F, o) °w(ds)v(dr) < c(z —y)?,
R4 Sd—1
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which is clearly satisfied whenever (14) holds.

The particular case of v(z,s,.) above having densities with respect to the Lebesgue
measure on R is discussed in much detail in [19].

The point to make here is that a coupling for the sum of Lévy measures can be
organized separately for each term allowing to use the above statement for star shape
components and, say, some discrete methods for discrete parts.

Theorem 1.1 is a straightforward corollary of our main theorem that we shall formulate
now. To make our exposition more transparent we shall present the main arguments in
the case of L, having the form

1
Luf(z) = 5(G(z, p)V, V) f(2)+(b(z, ), Vf(ﬂi))+/(f(l“+2)—f($)—(Vf(flf), 2)v(w, p; dz)
(15)
with v(z, u;.) € Mo(R?). Let Y, (z, 1) be a family of Lévy processes depending measur-
ably on the points z and probability measures p in R¢ and specified by their generators

Llz, p] f(z) = %(G(&M)V, V) (@) + (b(z, 1), V()

+/U@+w—f@%%vﬂ@w»W%m@) (16)

where v(z, 1) € My(R?). Under the conditions of Theorem 1.2 given below, the existence
of such a family follows from the well known randomization lemma ? (see e.g. [8], Lemma
3.22), because by Proposition A.1 the mapping from z, p to the law of the Lévy process
Y, (z, p) is continuous, hence measurable, and consequently, by this Lemma (with Z being
the complete metric space D(R.;, R%), and hence a Borel space) one can define all Y, (z, 1)
on the single standard probability space [0, 1]. Let us stress for clarity that the processes
Y, (z, ) depend on z, u only via the parameters of the generator, i.e., say, the random
variable £ = x + Y, (x, £(x)) has the characteristic function

EePt — / EeP@ Y7 (@L@) 4 (dy).

Our approach to solving (3) is via the solution to the following nonlinear distribution
dependent stochastic equation with nonlinear Lévy type integrators:

X@=X+Ade®LM@m,£@Fw, (17)

with a given initial distribution p and a random variable X independent of Y, (z, u).
We shall define the solution through the Euler type approximation scheme, i.e. by
means of the approximations X :

X, (t) = X[ (Ir) + AV (X (I7), L(XG(I7))), L(X(0)) = p, (18)

where I7 <t < (I+ 1)1, 1 = 0,1,2,..., and AY!(z, ;1) is a collection (depending on [)
of independent families of the Lévy processes Y;(x, p) introduced above. Clearly these
approximation processes are cadlag.

2Tt states that if u(x,dz) is a probability kernel from a measurable space X to a Borel space Z, then
there exists a measurable function f : X x [0,1] — Z such that if 6 is uniformly distributed on [0, 1], then
f(X,0) has distribution u(x,.) for every x € X.



For x € R we shall write shortly X7 (kt) for X7 (k7).

By the weak solution to (17) we shall mean the weak limit of X[, 7, = 27k k — oo,
in the sense of the distributions on the Skorohod space of cadlag paths (which is of
course implied by the convergence of the distributions in the sense of the distance (8)).
Alternatively one could define it as a solution to the corresponding nonlinear martingale
problem (see below the proof of the main theorem) or directly via the construction of the
corresponding stochastic integral. This issue is addressed in detail in [15], our purpose
here being the construction of a Markov process with a given generator.

The following is our main result.

Theorem 1.2 Let an operator L, have form (15). Moreover

||\/G(.T7/L)—\/G(Z,T])H—Hb(l’,/L)-b(Z,T])|+W2(V(Z‘,,U,7 ')7”(277’/; )) < ’f(|m_z|+W2<Na77))7

holds true with a constant x and

sup (\/G(:v,u) ool + | |y12u<x,u,dy>) < 0. (20)

Then
(i) for any p € P(RY) N Msy(RY) the approzimations X* converge to a process X,(t)
in the sense that
sup sup W3 (X;k([t/Tk]Tk,Xu(t)) < c(to) Tk (21)

1o tel0,to]

for any ty, and even stronger

sup W3, (X7*, X,,) < clto)m; (22)
n

(11) the distributions p, = L(X,(t)) depend 1/2-Hélder continuous on t in the metric
Wy and X ,,(t) depend Lipschitz continuously on the initial condition in the following sense:

tes[tgg]Wi(Xu(t),Xn(t)) < c(to)W5 (1, m); (23)
(i) the processes
MO = S0 = FXD) = [ (Leox,io Xu(5)) ds (24)

are martingales for any f € C*(RY); in other words, the process X,(t) solves the corre-
sponding (nonlinear) martingale problem;

(1) the distributions p, = L(X,,(t)) satisfy the weak nonlinear equation (3) (that holds
for all f € C*(RY));

(v) the resolving operators Uy : p v+ py of the Cauchy problem (3) form a nonlinear
Markov semigroup, i.e. they are continuous mappings from P(RY) N Mo(R?) (equipped
with the metric Wy ) to itself such that Uy is the identity mapping and Uy = UUs for all
s,t > 0. If L[z, p] do not depend explicitly on p the operators T, f(x) = Ef(X,(t)) form
a conservative Feller semigroup preserving the space of Lipschitz continuous functions.



This theorem is proved in the next section. In Sections 3 we obtain some regularity
criteria for the Markov semigroups constructed.
A simple meaningful example is given by the nonlinear kinetic equations

o) = (L) + [ (K@), )l (), (25)

with L being of form (1) with Lipschitz continuous coefficients and K being a bounded
Lipschitz continuous mapping R?¢ — R? which arise as the mean-field limit for potentially
interacting Feller processes.

Theorem 1.1 follows now from Theorem 1.2 by the standard perturbation theory,
since dividing the generator into two parts, where the first part is the integral term with
the Lévy measure reduced to R?\ By, one gets a sum of two generators, one of which
is bounded in C,(R?) (as follows from the assumed tightness) and the other satisfies
Theorem 1.2.

It is worth noting that in a simpler case of generators of up to the first order the
continuity of Lévy measures with respect to a more easy handled metric W is sufficient,
as shows the following result, whose proof is omitted (as being a simplified version of the
proof of Theorem 1.2).

Theorem 1.3 Let an operator L, have the form

Luf(x) = (b(z, ), V () +/(f(fﬁ+2) = fl@)v(z, wdz), vz, pm.) € Mi(R?). (26)

and
[6(, p) = b(z, )| + Wi(v(z, p;.), v(2,m;.)) < K([lz — 2| + Wailp, n)) (27)

holds true with a constant . Then for any u € P(RY) N M(R?) there exists a process
X,.(t) solving (17) (with analogously defined Y;(z, 1)) such that

sup Wi, (X7, X,1) < c(to) s, (28)
n

the distributions p, = L(X(t)) depend 1/2-Hélder continuous on t in the metric Wy and
X, (t) depend Lipschitz continuously on the initial condition in the following sense:

Wl(Xu(t)vXn(t)) < C(tD)Wl (%77)- (29)

Moreover, the processes (24) are martingales for any f € C*(R?) and the distributions
e = L(X,(t)) satisfy the weak nonlinear equation (3) (that holds for all f € C*(RY)). If
L[z, u] do not depend explicitly on p the operators T, f(x) = Ef(X,(t)) form a conservative
Feller semigroup.

In Appendix we describe a coupling of Lévy processes that is crucial for our purposes.

2 Proof of Theorem 1.2

Step 1 (uniform continuity of the approzimations with respect to initial data).



One has
W3 (21 + Ve (21, L(21)), 20 4 Yy (02, L(22))) < E(&§ — &)

for any random variable (£, &) with the projections & = x; + Y, (x4, p;), @ = 1,2. Let us
choose the coupling described by the characteristic function

Ee!(P1é1+p262) :/ e/ Tty @b2) (o doy) P (dyrdys),

R4d T1,T2,M1,42

where p; = L(x;) and p is an arbitrary coupling of the random variables z1, xo and P7 is
the coupling of the Lévy processes Y, (x;, p;) given by Proposition A.1. Consequently,

E(§ — &) = W |0 Ee€1-8)

= /4d[($1 +y1) — (2 + 1) pldardas) P, 00 (dyndys),
R

which by (44) does not exceed

/R% (21 — 29)? + c7[(1 — 29) + WEH(L(21), L(22))]) pe(daydas).

Consequently, by (7),

E(¢ — &) < /de<1 + 2¢7) (11 — x9)*p(dwrdy). (30)

Hence, taking infimum over all coupling, yields
W3 (w1 + Yo (21, L(21)), w2 + Yo (2, L(22))) < (14 2e7) W3 (L(21), L(22)). (31)
Applying this inequality inductively, yields
W3 (X5 (kT), X7 (k7)) < T2FW (1, m). (32)

Step 2 (subdivision and the existence of the limit).
We want to estimate the W5 distance between the random variables

gl =r+ Y:r(xv :u) = + AYv7'/2(7-/27xa :u)a 52 =7 + AYT/Q(T/27 2,777/)’
where
$/:$+YT/2(%M)7 Z/:Z+YT/2(’Z77])7

and p = L(z), n = L(z), 0’ = L(Z'). We shall couple & and & using sequentially
Proposition A.1. Namely, we shall define it by the equation

Ef(&1,&) = f(@+ v+ y1, 2 + va + yo)pu(dwdz) PLL? (dvldvz)P;,/j,#,nf(dyldy2)

R6d "1"7'27’1‘7’,7

for f € C(R*?), where, say, P /z?,u,n’ is the coupling of the Lévy processes Y, o(x, 1) and
Y;2(2',n') given by Proposition A.1 (note that the probability law 7’ is the function of

z,1).



Now by (44)
W3 (&1, &) < B(& — &)
<E(@@ -2 +cr[E(@ — )+ E(xr — 2)* + Wy (i, 7).
Hence, by (30) and (7) W2(&1, &) does not exceed
Wy (2, 2)(1 4 2¢7)(1 + c7) + 2c7E(z — 2)?
and consequently also
W3 (z,2)(1 + 2c7) + 4eTE(Y, j2(2,1))?
(with another constant c) so that

W2(&, &) < W2(z, 2)(1 + cr) + er?

(with yet another ¢), because the second moments of our processes Y, are bounded due
to assumption (20). Consequently

W3 (X7 (k7), X[2(k7)) < e + (14 er)WH( X ((k — 1)7), X72((k = 1)7)).  (33)
By induction one estimates the l.h.s. of this inequality by
PA+A+er)+ 0 +er)’+ .+ 14+ en)® D] <71+ en)f < efto)T.
Repeating this subdivision and using the triangle inequality for distances yields
W;(X;(kn'), X;/Qm(lm')) < c(to)T.

This implies the existence of the limit X7*([t/74|7), as k — 00, in the sense of (21).

Observe now that (32) implies (23). Moreover, the mapping T;f(z) = Ef(X,(t))
preserves the set of Lipschitz continuous functions. In fact, if f is Lipschitz with the
constant A, then

[Ef(XI([/]7)) = BAXI({t/7]7)] < hE[|XI([t/7]7) — (XI([t/7]7)]]

1/2

< h (BIX([t/7]r) — (XI({t/71D)])
for any coupling of the processes X7 and X. Hence by (32)
[Ef(XG([t/7]7)) = EF(XI([t/7]7))] < helto)Wa(a, 2).

In particular, 7; preserves constant functions. Similarly one shows (first for Lipschitz
continuous f and then for all f € C,(R?) via standard approximation) that

sup sup [Ef(X7*([t/7]7i)) — Bf (Xa(t))] = 0,k — oo, (34)

te[0,t0] =

for all f € Co(R?). Moreover, as the dynamics of averages of the approximation pro-
cesses clearly preserve the space C,(R?), the same holds for the limiting mappings 7j..
Consequently Ty f = Ef(X,(t)) is a positivity preserving family of contractions in C'(R?)
that preserve constants and the space Co(R?). Hence the mappings U; : p +— p; form a

10



(nonlinear) Markov semigroup, and if L[z, u] do not depend explicitly on pu, the operators
Tif(x) = Ef(X,(t)) form a conservative Feller semigroup. The Markov (or semigroup)
property of the solutions follows from the construction (a detailed discussion of this fact
in a similar situation is given in [19]).

From the inequality

WR(L(X (7)), LX((I-1)7)) < B [AY, (- 1)r, X~ 1)), LG - D)) < er

it follows that the curve u, depends 1/2-Hélder continuous on ¢ in Ws.
Step 3 (improving convergence and solving the martingale problem)
The processes

MT(t)Zf(XZ(t))—f(X)—/O LIXG([s/7]7), iyl F(XG(8)) ds, = L(X),  (35)

where pj = L(X]/(I7)), are martingales by Dynkin’s formula, applied to Lévy processes
Y (2, ). Our aim is to pass to the limit 7, — 0 to obtain the martingale characterization
of the limiting process. But let us first strengthen our convergence result.

Observe that the step by step inductive coupling of the trajectories X and X used
above to prove (32) actually defines the coupling between the distributions of these random
trajectories in the Skorohod space D([0,%y], R?) for any tj, i.e. a random trajectory
(X, X7) in D([0, 0], R*). One can construct the Dynkin martingales for this coupled
process in the same way as above for X . Namely, for a function f of two variables with
bounded second derivatives the process

M (t) = f(XL(1), X (1) — /0 Lof(X[(s), X (s)) ds,  pu = L(w,), n=L(xy),

is a martingale, where L, is the coupling operator (42) constructed from the Lévy processes
Y with parameters X ([t/7]7), uf; .,y and X7 ([t/7]7),n},,. Choosing f(z,y) = z —y leads
to the martingale of the form

t
M (t) = X, (t) — X (t) +/0 O(1)|X(s) — X, (s)| ds.
Using (32) in conjunction with Doob’s maximal inequality implies

E sup | M, (s)]> < c(t)WZ(u,m),

s<t

which in turn implies

Esup(X;(s) — X7 (s))” < e(t)W5 ().

s<t
This allows to improve (32) to the estimate of the distance on paths:
W (X5, X7)* < e(T)Wy(p,m). (36)

Similarly one can strengthen the estimates for subdivisions leading to the convergence of
the distributions on paths (22).
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Using the Skorohod theorem for the weak converging sequence of random trajectories
X+ (let us stress again that the convergence with respect to the distance (8) implies the
weak convergence of the distributions in the sense of the Skorohod topology), one can put
them all on a single probability space forcing the processes X ¥ to converge to X, almost
surely in the sense of the Skorohod topology.

Passing to the limit 7 = 7, — 0 in (35), using the continuity and boundedness of f
and Lf and the dominated convergence theorem allows to conclude that the martingales
M, (t) converge almost surely and in L' to the martingale

Mﬁ%=ﬂ&ﬁ»—ﬂX%iAUﬂ@@#N&@D%,

in other words that the process X, (¢) solves the corresponding (nonlinear) martingale
problem.

Step 4 (completion)

To prove (3) one writes using the martingale properties of M (t):

s—0 S

d =1i 1E X, (t X, (t) =1 1E t+sL X d
G Fog) = lim SB(F X0+ 5) = X,0) = I SB[ (Lo, /) (X,(s) ds

= (Lutfa fhe)) + ll_r)% %E[ S[(LE(XH(S))f)(Xu@)) - me(Xu(t)] ds,

implying (3) by the continuity of p;.

3 Regularity and uniqueness

Discussing regularity we reduce our attention for simplicity to Feller processes, where
uniqueness follows from the sufficient regularity. It is also known (see e.g. [13]) that from
the regularity of nonhomogeneous versions of these Feller processes one can naturally
deduce the uniqueness and regularity for the corresponding nonlinear problems.

By C},, (respectively C% ) we shall denote the subspace of functions from C*(R?) with
a Lipschitz continuous derivative of order k (respectively with all derivatives up to order
k vanishing at infinity).

We shall discuss in detail only the first derivative.

Theorem 3.1 Assume the conditions of Propositions A.4 and A.5 hold. Then the spaces

Clip and Cp,, N CL are invariant under the semigroup Ty constructed above from the
generator

Lf(x) = %(G(x)V,V)f(w)+(b($),Vf(fﬁ))Jr/(f(Hy)—f(x)—(Vf(l"%y))V(ﬂ?,dy), (37)

and for any f € C},,, ¢ € L1 N Cx(RY)

C0f.0) = (ITf,6), 120 (39)
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Proof. First let us calculate V;Eg(X] (k7)) for an arbitrary k and g € C},,(R?). One has

Eg(X] (k7)) = /g(a: + 21+ ...+ 2,) Pl (dz)...P” (dz).

Q?-‘rz f,;:ll Zm

As
V,Eg(X] (k7)) = lim = (Bg(X],, (k7)) — Bg(X](kr)))

h—0

does not depend on coupling, one can write

1
V,Eg(X; (kT)) = }ILILI(I] 7 (9(x + he; +wy + ... +wy) — gz +v1 + ... + i)

T T
Perhej &z (dwldvl ) a .PZ+h€j+an_:11 ’LUm,IE+an_:11 Um (dwkdvk)

w1, — U1 Wy — Vg,

=lim [ [(Vg(z+ v+ ... +vg), e + PR - )

1
h

T T
Px"‘h@jvx (dwldvl)"'PIJrhejJern;ll wm,x+2fn;11 Um (dwkdvk)

+O(1)=(hej + wy — vy + ... + wi — vy)?]

The term with O(1) vanishes as it can be rewritten by Proposition A.1 as

1
}llin%O(l)E /(hej +wy — v+ .o A+ Wi — Vp—1)2(1 4 c7)

T T
Px"‘h@jvl’ (dwldvl)"'PerhejJrZﬁ::Ql Win B+ pr ) Um (dwkfldkalx

and consequently, iterating this procedure as

lim %0(1)#(1 +er)F =0.

h—0

Hence
1
V,Eg(X] (kT)) = }lLir% 7 /(Vg(x + v+ . ), hej +wp — v F W — V)

T T
Pa:+hej,z(dw1dvl)'"P¢+hej+§:’;;:11 ot SEL (dwyduvy).

Assume now first that g is from the Schwartz space S(R?) so that Proposition A.5 applies
and one can write

/(Vg(x + v+ .. F ), he; Fwyp — v+ wy — Uk)PacT+hej+Z’“;11 . Um(dwkdvk)

d
- / Z Vig(x+uv + ... +uvg)(he; +wy — v + ..+ wp—y — vk,l)j’“*(éj’“ + zi’“)

Jk—1
JksJk—1=1

DIkt u(at AT, o (@200E) + O(T) (w1 — Up-1)*.
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Consequently, as the last term does not contribute to the limit h — 0, and iterating this
procedure one obtains

d
V,Eg(X](kT)) = > Vgt v+ )8, + A0 4 2. (00 + 2)
Il Jk=1
QE]’y(w) (dzldvl)QBh v(z+v1) (dZQdU2) . .Q;jk71V($+Zﬁ;1 Vm) (dedUk), (39)

which is the rigorous explicit form of the (a priori not clearly defined but intuitively
appealing) expression

EVg(r + Yy (z) + AY (7, X (7)) + ... + AY;((k — )7, X((k — 1)7))

(1 n OAY, ((k— 1)1, X((k — 1)7))) <1 N GYT(x)>
OX((k—1)7) ox '
Approximating arbitrary g by functions from the Schwartz space one can conclude that
(39) holds for all g € C},,(RY).
We want to show now that these derivatives are Lipschitz continuous. To shorten the
formulas let us do it for the case of d = 1 only. In this case

VEg(X; (k1)) = /Vg(m + o1+ o) (T4 21) (1 + 2p)

QTDV(.'L’) (le dvl)QEV(a:—i-vl) (dz?va) . Q;V(I+an:1 Vm) (ded'Uk) ) (40)

and by Proposition A.4 one can write

VEg(X_, (k7)) — VEg(X], (k7))

:/[Vg(xl+vl+...+vk)(1—|—zl)...(1+zk)—Vg(mg+171+...+17k)(1+21)...(1+2k)]

QTDV(xl,zg)(dzldgldvld'al)QTDu(ml—H}l,mg—l—ﬁl)(dZngdeQd@Q)“' ;V(xl_"_zl:n;ll Um@Q‘Fan;ll ﬁm)(dzkdékdvkd@k)
Writing
Vg(xy +vr + . +vp)(L+ 21) (14 25) — Vg(xg + 01 + oo + 0) ) (1 + 21)...(1 + Z)
= (Vg(xl +v+ ...+ Uk) - Vg(xg + 7}1 + ...+ @k))<1 + Zl)(l + Zk)
FV (s + 1 4 e+ T)[(L+ 20) (L + 2) — (L4 21).(1+ 5],

and applying the Holder inequality to estimate the integral over each of these two terms
yields the estimate

[VEg(X], (k7)) = VEg(XZ, (k7)) < K[I5(k, 21, 22) + I (k, 21, 22)]
with £ depending on the norm and the Lipschitz constant of Vg, where
12k, 21, 2) — /[ml UL — Tyt ot v — B2+ 2)2 (14 202
QBV(11712)(dzldgldvldﬁl)"'Q;V($1+an_:11 Um1T2+Z,I,€n_:11 ﬂm)(dedgkdvkd@k>.
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and
Lk, wy,m9) = /[(1 +20) (T4 2) — (14 2)..(1+ )

Qbuaran) ([d21d21d01d01) Qs (dzpdZpdogdy ).
By (52)
B(k,w1,m0) < (14 en)2(k—1,00,m9) < ... < (1 +er)¥(2) — 20)2
It remains to estimate IZ. It would be convenient here to introduce special notations for
the products: .
Now one can write
Zk — Zk = Zk_l(l + Zk) - Zk_l(l + 21€) = (1 + Zk)(Zk—l — Zk—l) + (Zk — gk)Zk—h
so that
(Zk =24 = (14 2)* (Zer — Zi1)* + (21— 20)* Ziy 201+ 21) (21— ) (Dot — 1) Zi1.
Plugging this into the expression for I? yields

Ik, wy,m0) < (1 +er)F(k — 1,00, m9) + cTI3(k — 1,21, 2) + CT/Q(Zk_l — Zn1) Zjr

QDo (ar20) (d21dZ1dV1 D). QDV(Wer a2 ﬁm)(dzk,ldék,ldvk,ldﬁk,l),
where (2 in the last integral is a function of x1, z2,v;, v; such that
Q| <c|lxy —zo+v1 — V1 + oo + Vg1 — V1|
Hence, applying to this last integral again the Holder inequality yields
Lk, xy,20) < (1 +er)I(k — 1,20, 10) + eI (k — 1,21, 29),
which taking into account the above bound for I rewrites as
Lk, x1,20) < (1 +cer)F(k — 1,21, 20) + c7(11 — 29)*
with yet another ¢ as long as ¢ = 7k remains bounded. Using this formula recursively
implies
2k, 21, 20) < em(my — 29)2(L+ (L4 er) 4+ oo + (L +en)?) < e(b7)(z1 — 29)*%
Consequently one obtains the uniform estimate
[VE(XZ, (k7)) — VEg(XZ, (k)| < re(kr)er — aa]].

Hence from the sequence of the uniformly Lipschitz continuous functions VEf(X*(s)),
k =1,2,..., one can choose a convergent subsequence the limit being clearly VE f(X,(¢)),
showing that Ef(X,(t)) € C},,. The uniform convergence implies Ef(X,(t)) € C7;,,NC5,
whenever the same holds for f.

To complete the proof of the theorem it remains equation (38). But this is easy: for
t = 0 it follows by approximating f with f,, € C?(R%) and then for arbitrary ¢ it follows
by the invariance of the class C},, under T;.

Second derivative is analyzed similarly. Namely, if the ’second derivative’ of the Lévy
measure is well defined by (56) and satisfies the continuity assumptions similar to those
of Propositions A.4 and A.5 for the first one, the invariance of the space C7,, N CJ, under
T; follows. The importance of this second order regularity lies in the well known fact that
it implies uniqueness of the semigroup (see e.g. [19] or [10]).
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A Coupling of Lévy processes

We describe here the natural coupling of Lévy processes leading in particular to the
analysis of their weak derivatives with respect to a parameter. Recall that by Cfip we
denote the subspace of functions from C*(R?) with a Lipschitz continuous derivative of
order k.

Proposition A.1 Let Y, i = 1,2, be two Lévy processes in R¢ specified by their gener-
ators

Lif (@) = 5 (G V)f(a) + (b V(@) + [ (o) = Fla) = (VHa)p)uldy) (@)

with v; € Mo(R?). Let v € Mo(R*) be a coupling of vy, v, i.e. (6) holds for all ¢y, ps
satisfying ¢;(.)/|.|> € C(R®). Then the operator

Lfwr00) = | (G191, 1) 4 (6590, V) + (VG GV, V| flan, )

+(b1, Vi f(z1,22)) + (b2, Vo f (21, 22))
+/[f($1 +y1, 2o+ y2) — f(21,22) — (Y1, Vi) + (Y2, Va)) f (21, 22) v (dyrdy2)  (42)

(where V; means the gradient with respect to ;) specifies a Lévy process Y, in R?® with
the characteristic exponent

Ny s (D1, D2) = [\/ (x1)p1 + VG (22 pz] + ib(x1)p1 + ib(x2)p2

+ /(6iy1p1+iy2p2 — 1 —i(y1p1 + yap2))v(dyrdys),

that is a coupling of Y.}, Y2 in the sense that the components of Yy have the distribution of
Y and Y2 respectively. Moreover if f(x1,29) = h(xy — x3) with a function h € C*(RY),
then

Lf $1,LL’Q \/ \/ V V .Z‘l — xz) + (bl — bg, Vh)(]?l — (L’Q)

+ /[h(xl —Ta+ Y1 — Y2) — h(T1 — T2) — (Y1 — Y2, V(21 — 22) v (dyrdys). (43)

Finally
E(5+Y1 ) (€+t(b1 - bz +t (TT \/_ \/— // N — y2 d?/ldy2)) :
(44)

Proof. Straightforward. In fact, clearly Y; couples Y}, Y2 because say 7, ..,(p1,0) is
the characteristic exponent of Y'. Equation (43) follows from (42). The second moment
(44) is found either by twice differentiating the characteristic function, or by the Dynkin
formula in conjunction with (43).

Similarly one obtains
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Proposition A.2 Let Y i=1,2, be two Lévy processes in R¢ specified by their gener-
ators

Lif(2) = (b, Vf(2)) + / (x4 y) — F(@)wldy) (45)

with v; € M(R?). Let v € M (R?) be a coupling of vy, v, i.e. (6) holds for all ¢1, ps
satisfying ¢;(.)/|.] € C(R?). Then the operator

Lf(x1,22) = (b1, Vif(21,22))+(b2, Vo f (21, $2))+/[f(1’1‘|‘y1, To+yo)— f (@1, 22)|v(dyrdys)

(46)
specifies a Lévy process Yy in R* that is a coupling of Y}, Y2 such that for all t

Elle + Y, — V2| < ¢ + (Hbl b + / / Iy —yguwdyldy?)). (47)

Proof. One approximates |y| by a smooth function, applies Dynkin’s formula and then
passes to the limit.

Next, let Y;(z) be a family of Lévy processes in RY parametrized by points z € R?
and specified by their generators

LEL (@) = 5(GE. V) @) + (a1, V) + [+ 0) = ) = (V@) g)vlzd)
(48)
where v(z;.) € M2(R?). We are interested in defining the process 2Y;(=2).

We shall describe this process via a certain derivative type operator on Lévy measures
connected with a coupling. Namely, let v, ,,(dy1dy2) be a family of Mas-couplings of
v(z1;.),v(z2;,.) (in the sense that vy, ., € Ma(R?*) and (6) holds for all ¢, ¢ such
that ¢;(.)/|.|> € C(R%)). For instance, these could be optimal couplings with respect to
the cost function (y; — y2)?, i.e. those couplings, where the infinum in the definition of
Wa(v(zy,.), v(xg,.)) is attained.

Let Th(y1,92) = ((y1 — y2)/h, y2) and the measure v, "

o on R?* be defined as the
T, (&)

push forward of v, pe, = VI (e.0) by Ty, i.e.

| [ i ey = [ [ 1 pevnne ().

is a Lévy measure with a finite second moment whenever this is the case

Clearly u _1(6 5

for vy4pe o The relevant smoothness of v will be defined now as the existence of the weak
limit

Th
Devy = hmy (e

hm// (1, y2)v, x)<dy1dy2) ://g(yljm)Dng(dyldyﬁ, g(2y1,y12) € C(R*),

h—0 i + Yo

To see the rational behind this definition observe that if v(z,.) = v'* with a given v and
a family of transformations F(.), then

Dgyx — V(57VF&C())7F$()
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is the push forward of v with respect to y — (&, VF,.(y)), F.(y) (V is the derivative with
respect to ). On the other hand, if v, , has a density, i.e. v, .(dy1dys) = V. (Y1, Y2)dy1dys.
then D¢y, has the density

flLlir(l) thz+h§,a:<y + hZa y)

If the coupling is optimal (is given by minimizers in the definition of the Ws- distance)
this derivative is connected with the derivative of W5 via the formula

[ D) = (G o Wt (e + 1)1l .>>)2.

We shall need further only the partial derivatives D'v, = D,,v, in the directions of the
co-ordinate vectors e;. The reason for introducing these derivatives lies in the observation
that its action on Lévy measures corresponds to the derivation of Lévy processes. More
precisely, the following holds.

Proposition A.3 Let Y;(2) be the family of the Lévy processes in R, z € R, specified
by their generators (48). Suppose G(z),b(z) € C*(R?) and v(x,.) is smooth in the above
sense (i.e. Div are well defined with respect to a certain coupling). (i) Then the coupled
random variables in R??

(K™ (Yy(x + he;) = Yi(2)), Yi())

in R** has a weak limit that we denote (V;Yy(z),Yi(x)) and that has the distribution

tDJ of the Lévy process at time t with the characteristic exponent

W00 = — [Viv/@@a + VG| +i(Vb(w),0) + (). p)

+ /(eiq”ipy — 1 —ipy —iqz)) D v, (dzdy). (49)

(it) Moreover, if g € C1,,(R*), then the partial derivatives VEg(x,Yy(x)) exist and

0
VBg(e i) = [ (Tiate) + (G2 Qoo () 60
(V; means the derivative with respect to the variable x).

Proof. (i) The characteristic exponent of the Lévy process Tp,(Yi(T, (e, 7)) is

W) =~ |Gt he) 4 VG~ ]+ il +hep) D)+ i), (0~ )

i iy (p— - ¢
i /(e ya/htiva(p=a/h) _ 1 _ j(y; — y2)ﬁ — Zpr))l/Thfl(ej,x)(dyldy2)7

which clearly converges to (49).
(ii) One has

- Eg( + hey, Vilo + hey)) — Bg(a, i) = 7B lg(o + hey, Yl + hey) = (o, V(@)
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where the last expectation can be taken with respect to any coupling of Y;(x + he;) and
Y;(z). Hence it can be written as

0 _
/] (ngu,w) + (o), P + O (067 + (3 - W) P e, (i),

By the property of the coupling (Proposition A.1) the term with O(1) tends to zero as
h — 0. Consequently

d
_h |h:0 Eg(ZE + hejv Yt(‘x + hej)) - /ng(x, y>P£<dy)

. -y
i [ [, P i),

implying (50) due to statement (i).

It is worth noting that statement (ii) implies that the distributions of the derivatives
actually do not depend on coupling.

So far we have got only partial derivatives. We are now interested in their continuity
which clearly is linked to the continuity of the measures Div,. It turns out that the
relevant notion of continuity is a bit finer than the Ws-continuity used above. Next two
statements reveal two 'crucial bits’ of this continuity.

Proposition A.4 Under the assumptions of Proposition A.3 assume additionally that
G(z),b(z) € C},,(R?) and that the Lévy measures Div, are Lipschilz continuous in the
following sense: for any x1, 15 € R% and j = 1, ..., d there exists a Lévy coupling DI (zy, x2)
of the Lévy measures Div,,, D’v,, such that

/ ) [(yl — )2 (1 4+ 22 4+ 22) + (2 — 22)2] DY (1, 15)(dz1dzody dys) < Kk(zy — 29)* (51)
R4

with a constant k. Let QDJ (21,2 denote the distribution at time t of the Lévy process that
couples (V;Yi(x1),Yi(21)) and (Vth(xg),Yt(xg)) according to Proposition A.1, i.e. the
Lévy process in R specified by the characteristic exponent

Ugl,xQ(Q17Q2,p1,p2 =75 [V \/—xlch +V \/—@% T \/—xlpl +VG(2) p2]2
+i(V;b(r1)q1 + Vb(22)ga + b(x1)p1 + b(22)p2)
+ /(e"y“’“J“iym“zlqlszq2 — 1 —i(y1p1 + Yap2 + 2101 + 22q2) D, 1 o (d21d20dyn dys).
Then for any & € R¢

/ [(€+y1 = 92)° (1 + 20)? + (21 = 22)°] Qi 0y ) (A21d20dyrdys) < E2ct(E7+ (1 —12)7)
RAd

(52)
with a constant ¢ uniformly for finite times, and for any g € Ciip(RQd) the function
Eg(z,Yy(x)) belongs to C1,(R?) (also uniformly for finite times).
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Proof. The moment estimates (52) are obtained directly from the derivatives of the
characteristic function as in Proposition A.1. For the second statement we write

VEg(z1, Yi(21)) — V;Eg(1, Yy (21))] < /RM Qi (21.29) (A21d22dy1dy)

0 0
X‘ng(xlayl) - ng(l’za?/Q) + (a_z(xlayl)azl) + (a—zg/($2,y2)722)\

the derivative V; with respect to x), which does not exceed
J
/4d((|~”ff1 — o] + |y1 — il (1 + |21] + |22]) + [21 = 221) QD 0y ) (d21d 22y i),
R

and which in turn does not exceed \/t|r; — 75| due to (52) and the Holder inequality.
In case v(x,.) = v for a family of transformations Fj(.) the coupling D’(x1, ) can
be obtained as

/f(Zh22,y1,yz)Dj(ﬂUl,xz)(dhdzzd%dyz)

— / F(V,F (21, 9), V3 F (20, y), a1, y), Fza,y))v(dy),

and the condition (51) is fulfilled whenever the derivatives 2 F(z,y) are bounded and
Lipschitz continuous.

By Duv, we shall denote the vector {D7v,} and by Q%) ) the vector {QDJV (@) } j =
1,...d.

Proposition A.5 Under the assumptions of Proposition A.3 assume additionally that
G(z),b(z) € C1,,(RY) and that the function

/ / ) (€ — 1)y (dyadys)

is differentiable in x around x = z with uniform estimates, more precisely that

/ / — Y2, €;) (P — 1)v, . (dy,dys)

( / / T ””—1>Vw:z<dyldyz>»x—z)+O<1+\p|><x—z>2. (53)

Then for a continuous function g represented via the inverse Fourier transform as

oy) = / i) dp, (14 pi(p) € (L'(RD),

one has the estimate

E(Y;(z) - Yi(2), 9(%(2))) = / (91— s 9(92)) P (dynde)
- / / (w0, 9(9)) (@ oo (dwvdy), z — 2) + O(t) (& — 2)? / A+ D@ . (54)
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Proof. Comparing the r.h.s of (53) with the definition of Dy, yields

/ / s ) (€ — 1) (dyadys)

- </ /(w, e;)(e¥? — 1) Du,(dwdy), z — z) +O(1+ [pl)(z — 2)%. (55)

Now one has
[ = w)emrp dpdy

.0 : . 0
= i lemo Bexp{i(Vi(z) = Yi(2))g +Vi(2)p} = =i 7 lomo exp{tie:(a,p — @)}

=t {z‘(%G(zWG(w) —VGE)PY + (b(x) = b(2)) + / (g1 — 1) (€7 — Dy (dyndys) | Be™ P

=1 <%(V(G( ) + V(2 //wj Y —1)(Dvy(dwdy), v — z) EeY P LO(t) (14 |p|) (z—2)*.
Consequently,
/(yl — Y2, g<y2))P£,z(d?/1dy2)

— 1 [ (59 ) + 90500 + [ [ - 1D, (dudy). - <) B
+0(0) [ (14 phote) dplz - 2

//U)J 1prt dwdy) aaj | _

exp{tl 5 (V VBtV H(VH(:)a+h(:)+ / / (970 1 —ipy—iqu) Du, (dwdy)}
=t (%V(G( ) + V(2 //wj Y Dl/m(dwdy)> Ee'Yt()

implying (54).

To differentiate the Lévy process for the second time, one needs of course the ’second
derivative’ of the Lévy measure defined similarly to the first one. Namely, one needs the
existence of the limit

Similarly

i [ £ P D o, ) (eadediadn) = [ (.20, 2.0) DY (dudzsdndy)

h—0 h

(56)
whenever f(w, zi, zj,y)/(w* + 27 + 2 + y°) € C(R*) with D¥ (dwdz;dzdy) belonging to
M, (R*). The following is a straightforward analog of Proposition A.3.
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Proposition A.6 Under the assumptions of Proposition A.3 assume that G(x),b(z) €
C*(R?) and the measures DX € My(R*) are well defined by (56). (i) Then for any j, k
the process

(VieV;Yi(x), ViYi(z), V;Yi(z), Yi(z))

is defined weakly in R** and has the distribution Q
with the characteristic exponent

n*(r, qr, q;,p) = —% [Vij\/G(Q?)q + VivVG(2)qr + Vi G(2)g; + \/G(az:)p}2

+i[(VeV;b(z), q) + (Vib(2), q) + (V;0(), ;) + (b(x)p)]

%J‘ku(x) of the Lévy process at time t

+ /[e"w”q’“zk“qﬂﬁiz’y — 1 —i(rw + quzr + qj2; + py)| DY (dwdzpdz;dy). (57)

(it) Moreover, if g € CF; (RY), the partial derivatives V,V;Eg(x 4 Yy(x)) exist and

ViV,;Eg(z + Yi(x)) = /Q%kjy(x)(dwdzkdzjdy)

[ Z Vi Vig(z +y) (05 + z,i”)(éé + zé) + Z Vo(z + y)uw' (58)

Im=1 =1

(V means the derivative with respect to the variable x).
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