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Abstract

This paper considers ergodicity properties of certain adaptive Markov chain Monte Carlo
(MCMC) algorithms for multidimensional target distributions, in particular Adaptive Metropo-
lis and Adaptive Metropolis-within-Gibbs. It was previously shown (Roberts and Rosenthal [21])
that Diminishing Adaptation and Containment imply ergodicity of adaptive MCMC. We de-
rive various sufficient conditions to ensure Containment, and connect the convergence rates of
algorithms with the tail properties of the corresponding target distributions. An example is
given to show that Diminishing Adaptation alone does not imply ergodicity. We also present a
Summable Adaptive Condition which, when satisfied, proves ergodicity more easily.

1 Introduction

Markov chain Monte Carlo algorithms are widely used for approximately sampling from com-
plicated probability distributions. However, it is often necessary to tune the scaling and other
parameters before the algorithm will converge efficiently. Adaptive MCMC algorithms modify their
transitions on the fly, in an effort to automatically tune the parameters and improve convergence.

Some adaptive MCMC methods use regeneration times and other somewhat complicated con-
structions, see [10] and [5]. However, Haario et al. [11] proposed an adaptive Metropolis algorithm
attempting to optimise the proposal distribution, and proved that a particular version of this al-
gorithm correctly converges strongly to the target distribution. The algorithm can be viewed as a
version of the Robbins-Monro stochastic control algorithm, see [2] and [16]. The results were then
generalized proving convergence of more general adaptive MCMC algorithms, see [3] and [1].

It was proved by Roberts and Rosenthal (RR) [21] that Diminishing Adaptation and Con-
tainment imply that adaptive MCMC converges to the target distribution. When designing the
algorithm, it is not difficult to ensure that Diminishing Adaptation holds. However, Containment
may be more challenging, which raises two questions. First, is Containment really necessary. Sec-
ond, how can Containment be verified in specific examples. RR prove that an adaptive MCMC
satisfying Diminishing Adaptation satisfies Containment if the family {P“Y}'yey is simultaneously
strongly aperiodically geometrically ergodic, but this may be difficult to check in practice. In this
paper, we give some simpler criteria related to proposals to check Containment, more easily.
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After introducing our notation and terminology in Section 2, we present a counter example in
Section 3, which demonstrates that Diminishing Adaptation alone is not sufficient for the ergodicity
of adaptive MCMC. However, we show in Section 4 that a stronger version of the Diminishing
Adaptation alone implies ergodicity of adaptive algorithm. We then give some results which ensure
ergodicity for certain adaptive Metropolis algorithms in Section 5 and adaptive Metropolis-within-
Gibbs algorithms in Section 6.

2 Preliminaries

We let 7(+) be a fixed ‘target’ probability distribution. on a state space X with o-field F. The
goal of MCMC is to approximately sample from 7 (-) through the use of Markov chains, particularly
when 7(+) is too complicated and multidimensional to facilitate more direct sampling,.

We let {P,}, .y, be a family of Markov chain kernels on X', each of which has 7(-) as the unique
stationary distribution, i.e. 7Py (-) = w(-) for all v € V.

Assuming that P, is ¢-irreducible and aperiodic, this implies that P, is ergodic for w(-), i.e.
limy, 0 HP,;‘() —7()|| = 0, for all , where [|u(-) —v(-)|| = supacr|u(A) — v(A)| is the total
variation norm. So, if 7 is fixed, we know that P, will eventually converge to 7(-).

However, some choices of v may lead to far less efficient algorithms than others, and it may be
difficult to know in advance which choices of v are preferable. To deal with this, adaptive MCMC
proposes that at each time n we let the choice of v be given by a Y-valued random variable I';,,
updated according to specified rules.

Formally, for n = 0,1,2,..., we have an Y-valued random variable I';,, representing the choice
of transition kernel to be used when updating from X, to X,,+1. We let

gn = O'(Xo,...,Xn,Fo,...,Fn)
be the filtration generated by {(X,,I',)}. Thus,
P[X,1 € BIX,, =, =7,G,-1] = Py(z, B), reX,ye),BeF, (1)

while the conditional distribution of I', 1 given G, is to be specified by the particular adaptive
algorithm being used. We let

A™((z,~),B) =P[X, € B|Xg=x,Tg=1], BeF,

record the conditional probabilities for X,, for the adaptive algorithm, given the initial conditions
Xo=xand I'yg = . We let

T(w,7m) = [A(@.7).) = ()

denote the total variation distance between the distribution of our adaptive algorithm at time n
and the target distribution 7(-). We call the adaptive algorithm ergodic if lim, o T'(x,v,n) = 0
for all x € X and v € Y.

Containment and Diminishing Adaptation ensure ergodicity and weak law of large number of
adaptive MCMC, see [21].

Definition 2.1 (Containment). for all € > 0, the sequence {Mc(X,,T'y)}," is bounded in proba-
bility conditioned on Xg = x. and T'g = ., where

M(z,v) = irﬁf {n>1: HP,?(.CI?, D) =w()|| <€}

is the “e-convergence function”.
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Definition 2.2 (Diminishing Adaptation). lim,,_,o, D,, = 0 in probability, where

D,, = sup HPan(x, ) — Pr, (z, )H
TEX
is a Gp+1 measurable random variable representing the amount of adapting done between iterations
n andn—+ 1.

Theorem 2.1 (RR [21]). Consider an adaptive MCMC' algorithm on a state space X, with adap-
tation index ), so m(-) is stationary for each kernel Py for v € Y. Assuming Containment and
Diminishing Adaption, the adaptive algorithm is ergodic.

Following standard results about geometric ergodicity and polynomial ergodicity, RR also con-
sidered certain “simultaneous” ergodicity conditions, as follows, see [22], [12], [6], [13], [9], [8],

[1].

Definition 2.3 (simultaneously strongly aperiodically geometrically ergodic). Suppose that there
isCeF,V:X—[l,00),0 >0,A<1, and b < 0o, such that suppV =v < o0, and

(i) 3 a probability measure v(-) on C with P(x,-) > év(-) for all x € C; and

(ii) PV < A\V +blc.

Theorem 2.2 (RR [21]). Consider an adaptive MCMC' algorithm with Diminishing Adaptation,
such that the family {P'Y}'yey 1s simultaneously strongly aperiodically geometrically ergodic. Then
the adaptive algorithm is ergodic.

Results involving geometric convergence are well established, see [15], [14], [22], [12], [9]. The
main method in these papers is to utilise Foster-Liapounov drift condition. From Theorem 2.1, we
have the following:

Proposition 2.3. Consider {P‘Y}wey a family of Markov chains on X. Suppose that all compact
sets are small for Py, v € Y and there exists a function V with V > 1 and sup,ec ey Py V() < 00
for all compact sets C':

PV
lim sup sup — (z)

|z| =00 YEY V(CC) <t (2)

Then for any adaptive strategy using only {P’Y}wey’ Containment holds.

Proof: From Equation (2), letting A = limsupj,|_, Sup,cy Pq/‘(/g) < 1, there exists some

positive constant K such that sup. .y PV % for || > K. By V > 1, P,V(z) < AV (z) for

V(x)
|z| > K. Since sup,cc ey PyV(z) < oo for all compact sets, for any v € ), there exists a positive
constant b > 0 such that P,V (z) < 2V (z) + blc for v € Y. O

Convergence with sub-geometric rates is studied using a sequence of drift conditions in [24]. It
was shown by Jarner and Roberts in [13] that if there exist a test function V' > 1, positive constants
c and b, a petite set C' and 0 < a < 1 such that

PV <V — eV + blg, (3)

then Markov chain converges to stationary distribution with a polynomial rate.
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Proposition 2.4. Consider an adaptive MCMC algorithm on o state space X. Suppose that there
is a set C C X with m(C) > 0, some integer m € NT, some constant 6 > 0, and some probability
measure vy(-) on X such that P (x,-) > é1c(z)vy(-) for v € V. Suppose that there are some
constants o € (0,1), g € (0,1], b > 0, ¢ > 0, and some measurable function V(z) : X — [1,00)
with ¢V (x) > b on C¢, sup,ee V(z) < 0o and ©(VP) < oo such that

P,V <V —cV® +blg, Yy € V. (4)
Then for any adaptive strategy using {Pv}yey Containment holds.

Proof: see [4]. O

3 Counter Example

In this section, we introduce an example which shows that Diminishing Adaptation alone does
not ensure ergodicity of adaptive MCMC. In fact, the example has |Y| = 2, i.e. there are only
finitely many different kernels P, .

Example 3.1. Consider the Metropolis-Hastings algorithm with state space X = (0,00) and adap-

tive parameter space Y = {—1,1}, with the target density m(x) o 11(?8). Let {Z,} be i.i.d.

standard normal. The proposal values are given by YnF"_l = XF" Y+ Z,, de if Tpop =1

then Y, = X,_1+ Z,, while if I'y_1 = —1 then Y, = m The adaption is deﬁned by

T, =T, 1(X,"" < 1) + D (X0t > 1), i.e. we change T from 1 to —1 when X < 1/n,
and change I' from —1 to 1 when X > n, otherwise we do not change I.

Proposition 3.2. The adaptive algorithm of Example 3.1 is not ergodic, i.e. X,, does not converge
to the target distribution w.

Proof: Assume that X,, converges to 7. Define the hitting times:

mf{I‘ #Th_1} andak—lnf{n>ak 1:0p #Tpa};
T 1nf{n>01 X, € (1/c c)} Aoy and Tk—lnf{n>0k Xn € /e, )} A ogga-

Clearly, o < 7% < Op41.

First, we want to show that for any k, P[0}, < oo] = 1 implied by E[Y 2, 1(I'; # I';_1)] = oo.
Assume that there is some m > 0 such that P [, < 00] <e < 1. So, P[> 72, 1(I'; # ;1) > m] <
€. By induction we have that

i 1 #Tim1) > m(k +1)

[e.o]

Z 1 #Tim1) >m

i=1

= / P[X, € dy] P,
[Cn#Tn1]N[0 ) 1(Ti#T 1 )=mk]

IN

eP
i=1
6kJrl )

IN
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Hence,

o0 o [o¢]
E Zl(rﬁéri—l)] = > r 1Ly #Tie1) ]
i=1 n=1 i=1
o o
< m)_ P 1(T; #F11>km]
k=1 i=1
m
< .
- 1l—c¢

On the other hand, by assumption, as n is large enough, P [X,, € A] ~ 7w(A) for any A € F with
m(A) > 0. So,

Pln#Tn] = /P o # Ty | Xno1 = 2] P[Xp1 € da]
+oo pl/n—1/x 9
/ /l/x G ™
2 1
~ 5/0 P13 e = O (E)

Hence, E[> 72, 1(I'; # I';_1)] = oo. Therefore, for any k, P [0}, < o0] = 1.
Second, we con81der the ratio of hitting the interval (1/¢, ¢) between o and oj1:

E [zgkt;k 1(Xn € (1/¢c, ©)) | ak] E o1 — 7 | o%]

Eoky1 — ok | o))

%

Elog41 — ok | o]

Eloky1 — ok | o) — E |1 — o) | 0k
Elog41 — ok | o]

Eloky1 — ok | o) — E |1 — o) | 0k

<

E [, — ok | ok]

Because the acceptance rate a(z,y) > 1 if 0 < y < x under the adaptation v = 1; a(z,y) > 1 if
z < y under the adaptation v = —1, the average time between oy and oy is less than the average
time that one random-walk process hits to zero from above. So,

E[opy1 — 0% | 0% < 02

Taking enough large ¢, we can view the process X, as random walk during the period n € (oy, %),
because a(z,y) ~ 1 when ¢ is quite large. So,

Em — o | on] = (o — ¢)2.

Hence,
B30 H(X, € (e, 0) | ok B 02— (on — )2 2oy —
Elokt1 — oy | o] T (k=0 (k-0
Finally, as k goes to oo, o} and o1 — o) go to 0o, because n — 1/n is increasing. So, the ratio of
hitting (1/¢, ¢) between o} and oj11 should approximate to 7(1/¢,c). However, %g‘}:’“ )C tends to
zero. Contradiction. O

Remark 3.1. From the proof, Diminishing Adaptation is satisfied. The algorithm is not ergodic so
that Containment is not satisfied.

Remark 3.2. If the probability P [0 = oco] > 0 for some k, the time that adaptation stays in one
state is equal to infinity which leads the ergodicity of the algorithm, see the next section.

CRiSM Paper No. 09-15, www.warwick.ac.uk/go/crism



4 Summable Adaptive Condition

From the previous section, we know that Diminishing Adaptation is not sufficient for ergodicity.
It was proved by Yang [25] that Adaptive MCMC is ergodic (and WLLN) assuming the conditions
of Simultaneous Uniform Ergodicity and Summable Adaptive condition. Here, we will prove that a
single Summable Diminishing Adaptation implies ergodicity of adaptive MCMC (without assuming
Simultaneous Uniform Ergodicity). We also will present a modification of Example 3.1 which is
ergodic.

Lemma 4.1. Assume that Y is finite, and each P is ergodic for w(-), and > >° | P(T'y # I'p_1) <
o0o. Then the adaptive algorithm is ergodic (i.e., converges to ).

Proof: Fix xy € X, 79 € Y. By the Borel-Cantelli Lemma, Ve > 0, INy(e) = Ny > 0 such that
Vn > Np,
PIT,=Thy1=-)>1—¢/2. (5)

Let pe := Py, Pr, -+ Pry, (xg,-). Since Y is finite, IN;j(e) = Ny, such that Vy € Y, Vn > Ny,
H,u6 (zo,") — ()| < €/2 (6)

Taking N = Ng + N1, Vn > N, we have that

1£(X0a) =7l < supacr |E |pePryg sy - Pro_y (@0, A) = pePr (20, A) | Xo = x0,To = ’Yo} ‘ +
SUP AcF E ,uEP" (xo,A)—TF(A) ’X():xo,r():’y()”.

Since n — Ny > N; and Equation (5),
(B [Py o+ Pras (w0, 4) = e PR (0, A) | Xo = 0, To = 0] | < /242 = €.

By Equation (6),
| [P Yo (o, A) = m(4) | Xo = w0, To = 0] | < /2

Therefore, [|£(X,,) — 7| < 3¢/2. O

Remark 4.1. The ergodicity assumption in Lemma 4.1 is not assumed to be uniformly bounded
over choice of v € ).

Example 4.2. Consider again the Metropolis-Hastings algorithm of Ezample 3.1, with X = (0, 00)

and Y = {—1,1}, and 7(z) x ll(iig), and is Y, "' = anfil + Z, where {Z,} are i.i.d. stan-
dard normal. Assume now that the adaptive parameters {I'y,} are updated according to T,
—I‘n_ll(X};"’l < #) + I‘n_ll(X > 1+T) for some r > 0, so the case r =0 corresponds to

Ezample 3.1 (which was shown to be non- ergodzc} while the case r > 0 is new.

Proposition 4.3. Ifr > 0, then the adaptive algorithm of Example 4.2 is ergodic, i.e. X, converges
to .

Proof From the calculation in Example 3.1, we have that P(I',, # T'h—1 | Xp—1 = 2) =

1

fn1+r 3z exp(——)dz =O0(= —L>). Therefore, 3°° | P[I',, # I'y—1] < 0o. So with oy, in Example

3. 1 we have P o), = oo] > 0 for some k. Hence, from Lemma 4.1, the adaptive algorithm is ergodic
to 7. U
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Corollary 4.4. Assume that each P, is ergodic for 7(-), and that Y is compact in some topology
with respect to which the mappings (1, ,Y) — || Py Py, - Py, (z,-) — w()|| are all continuous
for any fized x € X and y,...,v € Y. If Y07 P(Ty # 1) < oo then adaptive algorithm is
ergodic to .

Proof: We again follow the proof of Lemma 4.1. The only place where we used that ) was
finite was to find N; such that Equation (6) holds for all n > Nj. But under the conditions of this
corollary, we can use compactness to again find such Nj. U

5 Adaptive Metropolis Algorithms

The target density 7(-) is defined on the state space X C R

Assumption 5.1 (Target’s Regularity). The target distribution is absolutely continuous w.r.t.
Lebesgue measure g with a density m bounded away from zero and infinity on compact sets.

In what follows, we shall write (-, -) for the usual scalar product on R, |-| for the Euclidean and
the operator norm, n(z) := z/|z|, and V for the usual differential (gradient) operator.

Assumption 5.2 (Target’s Strong Decrease). The target density m has continuous first derivatives
and satisfies
limsup (n(z),m(x)) <0, (7)
|z|—o0

where m(z) := Vr(x)/ |Vr(zx)]|.
Say adaptive MCMC is adaptive Metropolis-Hastings algorithm if for each v € ),

Py(z,dy) = a(z,y)Q~(z, dy) + [1 — a(z,y)] 6. (dy) (8)

represents a Hastings algorithm with proposal measure Q- (x, dy) = ¢ (z,y)pq(dy), where a(z,y) :=

7(¥) gy (y,)
m(z)gy (2,y)’
Hastings algorithms are aperiodic and every compact set C' with pug(C) > 0 is small if target

densities and the proposal densities are positive and continuous at very point, see [14]. This result
was extend by Roberts and Tweedie in [22] that the Hastings Chain with proposal density ¢,(x,y)
is pg-irreducible and aperiodic, and every nonempty compact is small if the proposal density g, is

and pg is Lebesgue measure.

locally positive.

Assumption 5.3 (Proposal’s Local Positivity). There exist 0, > 0 and ey > 0 such that
Q'y(x) Ze'y; for |$| §5'ya forye . (9)

Assumption 5.4 (Proposal’s Symmetry). FEach proposal density in the proposal family has the
form
0(2,y) = ay(x —y) = gy (y —x), fory €. (10)
Say adaptive Metropolis-Hastings algorithm is adaptive Metropolis algorithm under Assump-
tion 5.4. For each = in X, define the acceptance region to be

A(x) ={y € X|r(y) = 7(x)}, (11)
and the potential rejection region to be
R(z) ={y € X|x(y) <7(x)}. (12)
7
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5.1 Target densities with light tails

For non-adaptive random-walk Metropolis algorithms, much is known about the connection between
the tail behavior of the target density, and ergodicity properties of the algorithm. On R, geometric
convergence occurs essentially if and only if target density has geometric tails, see [14]. Some
curvature conditions can be utilized to prove geometric ergodicity for a general class of target
densities on R? with tails at least as light as multivariate Gaussian, see [22]. Geometric ergodicity is
equivalent to the acceptance probability being uniformly bounded away from zero, and if the target
density is lighter-than-exponentially tailed and satisfies Assumption 5.2, then any random-walk-
based Metropolis algorithm is geometrically ergodic, see [12]. In this section, we shall next consider
how the tail property of target density affects Containment for adaptive Metropolis algorithms.
We begin by considering target densities lighter-than-exponentially tailed. This class includes all
multi-variate normal distributions. We begin with a definition.

Definition 5.1 (Lighter-than-exponential tail). The density f(-) on RY is lighter-than-exponentially
tailed if it is positive and has continuous first derivatives such that

limsup (n(z), Vlog f(z)) = —o0. (13)

|z|—o0
Remark 5.1. The definition implies that for any r > 0, there exists R > 0 such that

m(x 4+ an(z)) — 7(x)
m(x)

< —ar, for |z| > R,a > 0.

It means that 7(x) is exponentially decaying along any ray, but with the rate r tending to infinity
as x goes to infinity.

Remark 5.2. The normed gradient m(x) will point towards the origin, while the direction n(zx)

points away from the origin. For Definition 5.1, (n(x),Vlogm(z)) = [V (o) (n(x),m(x)). Even

m(x)

if Assumption 5.2 holds, Equation (13) might not be true. E.g. 7(x) ﬁ, x € R. m(z) =
—n(z) |Vr] so that (n(z),m(z)) = ~1. (n(z),Vilegr(z)) = — 25 so0 Jm (n(x),Vilogm(z)) = 0.
(00

Proposition 5.1. If the target density © on R? is normal (i.e. N(u,X), ¥ is positive definite),
then m is strongly decreasing and lighter-than-exponentially tailed.

Proof: Without loss of generalization, assume that u = 0.

d
Since 7(x) = (\/%) ‘El#l/g exp(—z 27 12/2),

r —Xlx LD Yy
0o = (. oot ) = st

Since ¥ is a real symmetric and positive definite matrix, suppose that ¥ = AT DA where A is
orthogonal, and D is diagonal with positive diagonal elements. Hence,

'Y 1y B yD™ 1y B Zle ?/?d;1 > min (dfl)
x| [t D-1y| d 4 _ = a1
||| ‘ yl | Yl \/Zi:l yZQ Zi:1 d; 2yi2 max( i )
where y = Ax.
|Vr(x)| /= - 1o rD
n(x), Vlogw(x)) = —, = - —o0.
e w@) A\l = ol i
So, the result holds. O
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We now consider target densities with exponential tails. We shall show under some conditions
that for target densities exponentially tailed on R?, adaptive Metropolis algorithm is ergodic.

Definition 5.2 (Exponential tail). The density function f(-) on R? is exponentially tailed if it is
a positive, continuously differentiable function on RY, and

limsup (n(z), Vlog f(z)) < 0. (14)

|z|—o0

Remark 5.3. There exists 8 > 0 such that for x sufficiently large,

(n(x), Vlog f(x)) = (n(z),n(Vf(x))) [Vlog f(z)| < —0.
Further, if 0 < — (n(x),n(Vf(x))) <1, then |Vlog f(x)| > 5.

Before giving our result, we state Lemma 4.2 in [12].

Lemma 5.2. Let x and z be two distinct points in RY, and let € = n(x — z). If

(€, m(y)) #0

for all y on the line from x to z, then z does not belong to {y eR: w(y) = 71'(:0)}

Assumption 5.5. Suppose the target density w is exponentially tailed and strongly decreasing
(Assumption 5.2), and each proposal distribution Q~(-,-) for~y € Y is symmetric (Assumption 5.4).
Define my := — limsup|g| .o (n(x), m(z)) and 1z := —limsupjy|_. (n(x), Vlog 7(z)).

Assume that there are € € (0,m1), B € (0,7m2), §, and A with 0 < % < < A < oo such that for any
sequence {(xn,Vn)} with |z,| — +oo and {y,} C Y, 3 subsequence {(xn,,Vn,)} with |z,,| — oo
such that

lim 21 o (2Ialdz) > 5 (15)

k—oo {z:af |6<a<A, gesd—1, ‘f—n(:vnk)‘<e/3} 6(6 - 1) ’
where ST be the unit hypersphere in R%, and a€ represents the scalar multiple of the vector ¢ € RY
by a € R.

Remark 5.4. Since the integral in Equation (15) depends on the direction n(z) of z, not on the
length |x|. The criteria in the assumption is equivalent to

3

D (16)

inf

12| ¢y (2) pa(dz) >
(u,y)€SI=IxY /{za§ |6<a<A,£€S91, [E—ul<e/3} K

Lemma 5.3. Suppose that the target density w is exponentially tailed and smooth enough with
m = —Hmsupy . (n(z),m(x)) and 1z == —limsupjy|_o (n(x), Vlog m(x)); the proposal family
{Qy()}, ey is symmetric; there is a function q~(2) == g(|z[), ¢ (-) : X — R* and g(-) : RT — RT,
such that there is M > 0, for |z| > M, q(z) > ¢~ (2) for v € V.

If there are € € (0,m1) and 77% VM <§ <A such that

d—1
2

(d— 1) d—1 1\ & 3
T BTQ( . 2)/5 o)t > (17)

where r := £v/36 — €2, and the incomplete beta function By(c, ) := [5 t*71(1 — )P~ dt, then
Assumption 5.5 holds.
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Proof: For u € §471,

A
2] g2 paldz) = /5 gty dt / w(dE).

/[zaf |§<a<A, EeSd-1, |§—u|<e/3} {EESd*1 : \f—u|<e/3}

where w(-) denotes the surface measure on S9!,

By the symmetry of u € S%~!, let u = e4. So, the projection from the piece {¢ € St : |¢ — u| < ¢/3}
of the hypersphere S?~! to the subspace R%~! generated by the first d— 1 coordinates is d— 1 hyper-
ball V4=1(0,r) with the center 0 and the radius 7 = £v/36 — €2. Define f(z) = \/1 — 2+ +22).

\/le( ) \/ 1+ |Vf|2d2:1 M 'dZd_l
(d-Drz

0
:<d—1>”%1/’" ", - )72 Bz(d_l 1)
NS Jo VI () \T2 )

w ({5 eS8 g~ < 6/3})

Hence,
d—1
(d—r =z d—1 1\ &
2] 9(|z))pa(dz) = B> = g(t)t?dt. (18)
/{za§|5§a§A,§€Sd1, |§—u|<e/3} QF(dLQI) " 2 2 5
Therefore, the result holds. O

Consider the test function Vs(z) = er~%(x) for some ¢ > 0 and s € (0,1) such that V(z) > 1.
By some algebras,

™ (x)

Pu@/E = f () o ehmats) +

/R(:c)—:c (1 - 7T(;f(;ft)Z) " ﬂlwlsf(;t)Z)) ay(2)pa(dz).

From Proposition 3 in RR [18], we have P,Vy(z)/Vi(x) < r(s)Vs(x) where r(s) := 1 +s(1—s)/s71.

Proposition 5.4 (Exponential tail). Suppose that the target density 7 is exponentially tailed, reg-
ular (Assumption 5.1), and strongly decreasing (Assumption 5.2). Consider an adaptive Metropolis
algorithm (Assumption 5.4) with the proposal family {Q(-, ')}wey of which each proposal density
is locally positive (Assumption 5.3). If Assumption 5.5 holds, then Containment holds.

Proof: Consider the measurable function V(x) := er%(x) for s € (0,1). By Assumption 5.1,

V(z) > 1 for some constant ¢, and for any compact set C' C X, sup,cc V(z) < oo so that
. PV Pyn—*
SUp,ecyey PV (7) < oo. Since q/(g) = Zr:(x(;t)

. P —
lim SUP|z|—o00 SUPyey Zr:(g) <l

and Proposition 2.3, it is sufficient to show that

Assume that lim supj,| . Sup,cy P;%(Sg) > 1. So, there exists a sequence {(xy,v,)} with |z,| —

oo and {7y,} C Y such that lim,, Prnm*(@n) >,

5 (2n)
From Assumption 5.5, there exist € € (0,71), 8 € (0,m2) (11 and 7y are defined in the assumption), 9,
and A such that there exists a subsequence {z, } with limy_. |2y,| = 0o such that the properties
P"/nkﬂ-is(xnk)
—hE— > 1.

in the assumption are satisfied, and limy_, T )
"k

10

CRiSM Paper No. 09-15, www.warwick.ac.uk/go/crism



We denote the cones by

O(n,) i= Cp, = {xnk —af|§<a<A €€ S8 € —n(zn)| < 6/3} . (19)
Denote the set of points of C),, rotated 180° degrees about x,, by

C"(n) : Chy = {m + a8 [ 6 <a <A €€ 8T | = nlan,)| < €/3}. (20)

There exists N1 > 0 such that Yk > Ny, |x,,| > 2A. So, for y € Cy,, UCy, (ie. y = xp, £ a§ for
some ¢ € S9! and some a € (§,A)), |y| > |75, | — A > A so that

[n(y) = n(en,)| <€ = nlen,)| < €/3.

From Definition 5.2, there exists K; > 0 such that |z| > K, (n(z),Vlegn(z)) < —3. So, there
exists Ny € Nt for k > Na, |2y, | > K;.

From Assumption 5.2, there exists Ko > K;j such that |z| > Ks, (n(z),m(x)) < —e. So, there
exists N3 € Nt, for k > N3, Cp,, UCh C {z € R?: |2z| > K}, so that (n(y),m(y)) < —e, for
yeCp U C’};k.

Then, for £ > N1V NV N3 and y € C,,, UC],

ng?

(&, m(y)) = (€ = n(wn,),my)) + (n(zn,) —n(y), m(y)) + (n(y),m(y)) < —¢/3, (21)

and
(n(y), Vlog 7(y))

(n(y), m(y))

[Viogm(y)| = > 0. (22)

Hence, by Lemma 5.2,
Cp, N {y eRY: n(y) = W(xnk)} =0 and C;, N {y eR?:7(y) = W(xnk)} = 0.
For y =z, —a& € Cy,,

m(y) = 7(2n,)
= /0 (n(en, —18) + & = n(wn,) +n(2n,) = n(x = 1), n(Vr(x — 1)) [V (x — t€)| dt

< (—e+e/3+e/3)/0a|V7r(x—t§)|dtg0.

So, Cp,, C A(xp,,). By similar technique, C}, C R(wp,,).
Consider the test function Vi(z) = 77%(z). We have

Py Vi(n)/Val(tn,) = / Lo w(2)y ()praldz) +
k {an*xnk}u{cﬁk*xnk} k k
Ly 5(2)g0n (2)paldz),
/{an—xnk}‘m{cgk—xnk} k k
where (en. )
%, z € Alxn,) — Tn,,,
L, o(z) =94 Tt R (23)
1— W(x’:lk) + k z € R(xy,) — Tn,, -

ﬂ.l—s(xnk) )
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For z = af € C}, — xp,, by Definition 5.2, Equations (21) and (22),
(6, V108 (i, + 1)) = (€, m(ny +1€)) [V log w(ny +1€)] < —€f/3.
So, by Assumption 5.5,

W(Can +Z) _ elogﬂ(xnkJrz)flogﬂ(xnk) —e O\Z\<§,Vlog7r(;rnk+t§)>dt < efﬁe\z\/S < efﬁeé/S <e 1
(@) N N N

Similarly, for z = —a§ € C,, — xy,,

M@)o —Bel2l/3 < -1
T(Tn, +2) -

Since t!7% — t is an increasing function on [0, 1/¢] for s € (0, 1),

Ixnk,S(z)Q'ynk (2)pa(dz)

[{an —xnk}u{Czk—wnk}

7 (2, )
— — Tk d
/an am, Ws(xnk + Z) q"/nk (Z)Md( Z) +

T(Tp, + 2 =52, + 2
/ (1— (T, )+ 155 . )> Gy, (2)11a(d2)
Cr, —ny, T(2n,) T (@)
< / eI g, (2)padz) + / (1 — e Plel8 4 e O=I3E13) g (2)pq(de).
an—;rnk C,le—;rnk

Since supe(o,1) (1—t+t7%) <14s(1— SV <14 se” 145 0< I, o(2) <14 se1+5,

N

c Iwnk,S(z)ank (2)pa(dz)

/{C”k —Tny }Cn{Cgk —Tng, }

< (L4sem ) Qyy ({Cop =2, 3" NG, — 20, }) -
Define Ko y(t) == [o(p)_s e 2l (2)pa(dz) = Jor@)—e e 2, (2)pa(dz), and
Hy (0, 5) := Koy (s0) + Koy (0) — Koy (0) + Koy (1 = 5)0) + (1 + SeiHs) (1 =2K.4(0). (24)

So,
Py Valn) [Va(n,) < Hayy o (B€/3,5)

Thus, by simple algebra, we have that

Hxnk Ing (56/37 0) = ]'7

aHa:n Yn (ﬁ€/3,0) 1 /36
k aks = € (]- - 2Kxnk g, (O)) — ? Ln |Z| q’ynk (Z)Hd(dz) —+

Kk Tng
(e

T e Gpatz)
an —Tny,

< B [ e, Gule)

Crny—2ny,
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The cone C,, — x,, is only dependent on the unit vector n(z,,) and the angle degree e.

From Assumption 5.5,
. OHz, ~n (Be/3,0)
lim sup ik

< 0.
k—o0 ds

So, there exists s € (0,1) such that limy_.o Py, Vi(2n,)/Vs(2n,) < 1, which leads to contradiction.

By Proposition 2.3, Containment holds. U

Theorem 5.5. Under the conditions described either in Proposition 5.4, if Diminishing Adaptation
holds then the adaptive Metropolis algorithm is ergodic.

Proof: By Theorem 2.1, the result holds. O

When a target density is lighter-than-exponentially tailed, it is also exponentially tailed. Here
we present one relatively relaxed assumption for target with lighter-than-exponentially tailed den-
sity. For Assumption 5.5, we need to find two finite positive value § and A greater than %
However, for density lighter-than-exponentially tailed, 8 can be arbitrary large positive value even

infinity so 0 can be taken as arbitrarily small positive value even zero.

Assumption 5.6. Suppose the target demsity w is lighter-than-exponentially tailed and strongly
decreasing (Assumption 5.2), and each proposal distribution Q(-,-) for v € Y is symmetric (As-
sumption 5.4). Define 1 := —limsup, . (n(z), m(x)).

Assume that there are € € (0,m), 0 < § < A < oo such that for any sequence {(xn,vn)} with
|z,| — 400 and {y,} C Y, 3 subsequence {(n,,Vn,)} with |zy, | — oo such that

lim inf

Gy, (2)10a(dz) > 0, (25)
k—o0 f[za§5<a<A,§€Sd1, ’f—n(:vnk)’<e/3} T

where ST be the unit hypersphere in RY, and af represents the scalar multiple of the vector € € R?
by a € R.

Remark 5.5. Since the integral in Equation (25) depends on the direction n(z) of z, not on the

length |x|. The criteria in the assumption is equivalent to

inf

¢y (2)pa(dz) > 0. (26)
(u,y)€S4=1xY [{zaf |§<a<A, £eSd—1, \E—u\<e/3} K

Lemma 5.6. Suppose that the target density w is lighter-than-exponentially tailed, and strongly
decreasing (Assumption 5.2). Consider an adaptive Metropolis algorithm (Assumption 5.4) with the
proposal family {Q-(-, ')}we)}' Suppose further that there exists M > 0 such that for |z| > M, there
exists a positive function ¢~ (-) such that for any v € Y, qy(2)1(|z] > M) > ¢~ (2)1(|z| > M) > 0.
Then Assumption 5.6 holds.

Proof: Let 6 = M.
J) 0, (2)1ald2)
{z:af | §<a<oo,£eSd-1 \E—u\<e/3}
> Q ({ag | M <a<oo,&e 8 )e—ul< 6/3}) >0,

So, Assumption 5.6 holds. O
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Theorem 5.7 (Lighter-than-exponential tail). Suppose that the target density  is lighter-than-
exponentially tailed, regular (Assumption 5.1), and strongly decreasing (Assumption 5.2). Consider
an adaptive Metropolis algorithm (Assumption 5.4) with the proposal family {Q~(-, ')}wey of which
each proposal density is locally positive (Assumption 5.3). If Assumption 5.6 and Diminishing
Adaptation holds, then the algorithm is ergodic.

Proof: Consider the measurable function V(x) := er%(x) for s € (0,1). By Assumption 5.1,

V(z) > 1 for some constant ¢, and for any compact set C' C X, sup,cc V(x) < oo so that
. PV Pyr=s
SUp,ecyey PV (7) < oo. Since q/(f;) = Z:S(x()m)

. P _
lim sup ;|00 SUP, ey ;TS(S) <L

and Proposition 2.3, it is sufficient to show that

Assume that lim supj, . Sup,cy P;%;x(f) > 1. So, there exists a sequence {(xy,v,)} with |z,| —

oo and {7y,} C Y such that lim,, %(;ES") > 1.

From Assumption 5.6, there exists € € (0,7), 0 < § < A < oo such that there exists a subsequence
{(xny,Yn,,)} with klim |zn,| = oo such that the properties in the assumption are satisfied, and
— 00

> 1.

k—oo T °(ng)
Since 7 is lighter-than-exponentially tailed, for any 3 > 0, there exists K > 0 such that |z| > K,
(n(x),Vlegm(x)) < —B. Using the similar technique in the proof of Proposition 5.4, for sufficiently

3
large k(5), § > =5,

M@ +2)  pelal/3 < VB for 5 € CT — 1, and
W(xnk) N B " .
@) el < B s e O —
Ty +2) . s

where C,,, and Cy, ~are defined in Equations (19) and (20), and depend on ¢ and A.

Consider the sequence 3; with lliril Bj = 400. So, there is a subsequence {(xy, ,Vn, )} such that
J—+0o0 J J

the above equations hold. However,

/ el By (2)ua(dz) < eV,
C"kj —Tny J

/C 6—(1—s)ﬁj6\2\/3q%kj (2)pa(dz) < e==VBi

nk], - nkj
Hence,

]i)nolo Kxnkj ”Y"kj (Sﬂje/g) = 07 and ]ll)n;.lo Kxnkj ”Y"kj ((]‘ - 8)/3.76/3) = 07
where K (-) is defined in the proof of Proposition 5.4.
So,

lim P, Vs(acnkj)/Vs(xnk) <14 se 1 — (14 2se” %) liminf K,
J

J—00 J—00

0).

nkj ”Y"kj (

From Assumption 5.6, for some s € (0,1), lim;_ P Vg(xnkj)/\/;(xnk) < 1. Therefore, by

Tny, .
k]

Proposition 2.3, Containment holds. By Theorem 2.1, the result holds. ]
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Here we discuss two examples. The first one (Example 5.8) is from RR [20] where the proposal
density is a fixed distribution of two multivariate normal distributions, one with fixed small variance,
another using the estimate of empirical covariance matrix from historical information as its variance.
It is a slight variant of the famous adaptive Metropolis algorithm of Haario et al. [11]. In the
example, the target density has lighter-than-exponential tails. The second (Example 5.11) concerns
with target densities with truly exponential tails.

Example 5.8. Consider a d-dimensional target distribution m(-) which is regular, strongly de-
creasing and lighter-than-exponentially tailed. We perform a Metropolis algorithm with proposal
distribution given at the n'" iteration by Qn(x,-) = N(z,(0.1)21;/d) for n < 2d; For n > 2d,

Qn(, ) = (1 —0)N(x,(2.38)%%,/d) + 6N (z,(0.1)%1,4/d), Y, is positive definite, (27)
T N(w, (0.1)215/d), ¥, is not positive definite,

for some fixed 0 € (0,1), and the empirical covariance matriz

(Z XX — (n+ )X, X, ) , (28)

where X, = n+-1 Soio X, is the current modified empirical estimate of the covariance structure of
the target distribution based on the run so far.

Remark 5.6. The proposal N(z,(2.38)2X/d) is optimal in a particular large-dimensional context,
see [17] and [19]. Thus the proposal N(z, (2.38)2%,,/d) is an effort to approximate this.

Remark 5.7. Commonly, the iterative form of Equation (28) is more useful,

-1 1 _
B = o1 + — = (X = Xamt) (X = Xt

(29)

Proposition 5.9. Consider an adaptive Metropolis algorithm (Assumption 5.4) with the proposal
family {Q(-, ')}wey of which each proposal density is locally positive (Assumption 5.3).

Suppose that the target density 7 is exponentially tailed, reqular (Assumption 5.1), and strongly
decreasing (Assumption 5.2).

If Assumption 5.5 is satisfied and the algorithm’s adaptive scheme is defined as that in Exam-
ple 5.8, then Diminishing Adaptation holds.

Proof: From Proposition 5.4, the family {P,},cy is simultaneously strongly aperiodically geo-
metrically ergodic with the test function V(z) = e¢r~*(x) for some s € (0,1) and some ¢ > 0. So,
it is sufficient to check that both ||%,, — ¥,_1[,, and |X,, — X,,_1| converge to zero in probability
where ||-||,, is matrix norm.

By some algebras,

En_znfl

_ L o xTo ZXXT 2n-lv X7 —L(XYT +X XT)
 op41mn nn—|—1 nelBn-1 T T (et n=1%n )
Hence,

HE — Xn— 1HM T

1 T 1 T 2|l

= n+1 [perd HM Z?OXX +EHanan71HM+ (30)
X
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To prove ¥, — X, _1 converges to zero in probability, it is sufficient to check that HXnXT;r H e
Lyl X EHYLHM and ‘Xnyz,l + X
Since limsup (n(z), Vlog 7(z)) < 0, there exist some K > 0 and some (3 > 0 such that

|z|—o0

i o e bounded in probability.

sup (n(z), Vleg7(x)) < —p.
|z|>K

—s .
For |z| > K, W < —f where r > 1 and y = ru, ie. (%) > 98" v Taking

—s r—
g € R? with |zg| = K, V(z) = en%(x0) (%) > cae® 7ol for x = rag, r > 1, and
a = inf 77%(y) > 0, because of Assumption 5.1. If r > 2 then =% > 0.5. Therefore, as |z| is

lyl<K
extremely large Viz) > |z
Since || X, X, HM = supu! X, X, u < sup |ul? | Xn|* < |Xal?

lul=1 ul=1

is bounded in probabil-

ity.
Obviously,

1 n—1
~> XX/
i=0

1 n—1
<z 2|,
M =0
Then, for K > 0,
1 n—1
P (E > |xixT
=0
We know that sup,, E[V (X,)] < co (See Theorem 18 in [21]). Hence,

in | probability.
|X"| = n%tl > ieo |Xil- So,

y >K> < ——ZE [HXXT ] < ——ZE [|X| } supE[V(X ).

1Ny n—1 v T
n Zi:o XZXZ

is bounded
M

1 1
Kn

P(|X,| > K) <

|7n| is bounded in probability. Hence, _”_17;[71“1\/1 is bounded in probability.
Finally,

_T —
HXan—l S XX

< 2[X,| [ X
M

—T J—
nX 1+ Xno

Therefore, i u is bounded in probability. O
Theorem 5.10. The algorithm of Example 5.8 is ergodic.
Proof: Obviously, the proposal densities has uniformly lower bound function. From the proof of

Lemma 5.6, Assumption 5.6 holds. By Theorem 5.7 and Proposition 5.9, the adaptive Metropolis
algorithm is ergodic. O
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Example 5.11. Consider the standard multivariate double exponential distribution m(z) = cexp(—A|z|)
on R% where A > 0. We perform a Metropolis algorithm with proposal distribution in the family
{Qy()}, ¢y at the nt" iteration where

Qn(z,) = Unif (Vd(x, A)) , n < 2d, or ¥, is nonsingular,
T (1 - 0)N(2,(2.38)28,/d) + 0Unif (Vi(x,A)), n>2d, and ¥, is singular,

(31)
for 6 € (0,1), Unif (V4(xz,A)) is an uniform distribution on the hyperball V% (z, A) with the center
x and the radius A, and ¥, is as defined in Equation (28). The problem is: how to choose A such
that the adaptive Metropolis algorithm is ergodic?

Proposition 5.12. There exists a large enough A > 0 such that the adaptive Metropolis algorithm
of Example 5.11 is ergodic.

Proof: We compute that Vr(z) = —An(z)m(x). So, (n(x), Vlegn(x)) = —X and (n(x), m(x)) =
—1. So, the target density is regular, exponentially tailed, and strongly decreasing. Obviously, each
proposal density is locally positive. Now, let us check Assumption 5.5 by using Lemma 5.3. Because

Adr
Vol(Vi(z,A)) = ————,
dr'(5+1)
the function ¢(¢) defined in Lemma 5.3 is equal to m. The parameters 7; and 7y defined

in Lemma 5.3 are respectively A and 1. Now, fix any € € (0,1) and any & € (},00). The left hand
side of Equation (17) is

d— 1)1 d—1 1\ & d(d — 1) d—1 1 g+
S < = 2) | stortar - ST BT P < = 2) A <1 Adﬂ) ,

where B(z,y) and B,(x,y) are beta function and incomplete beta function, r is a function of €

defined in Lemma 5.3.

Once fixed € and 9, the first two terms in the right hand side of the above equation is fixed. Then,

as A goes to infinity, the whole equation tends to infinity. So, there exists a large enough A > 0

such that Equation (17) holds. By Lemma 5.3, Assumption 5.5 holds. Then, by Proposition 5.4,

Containment, holds. By Proposition 5.9, Diminishing Adaptation holds. By Theorem 2.1, the
adaptive Metropolis algorithm is ergodic. O

5.2 Target densities with heavy tails

Now, we consider a particular class of target densities with tails which are heavier than exponential.
It was previously shown by Fort and Moulines [7] that the Metropolis algorithm converges at any
polynomial rate when proposal distribution is compact supported and the log density decreases
hyperbolically at infinity, log7(z) ~ — |z|*, for 0 < s < 1, as |z| — oo.

Definition 5.3 (Hyperbolic tail). The density function f(-) is twice continuously differentiable,
and there exist 0 < m < 1 and some finite positive constants d;, D;, i = 1,2 such that for large
enough |x|,

0 <dolz|™ < —log f(x) < Dy |z|™;

0 <dy|a|™"" <|Vlog f(x)| < Dy |2[™"

0<dylz|™?< |VZlog f(z)| < D, |lz|™ 2.
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Assumption 5.7 (Proposal’s Uniform Compact Support). There exists a M > 0 such that for any
yeYand |z| > M, ¢, (2) =0.

Say that the proposal family has Uniform Upper Bound density if there is a positive func-
tion ¢T(-) with [¢*(2)pa(dz) < oo, such that for any v € Y, ¢4(-) < ¢*(:). Denote Q*(dz) =
g (2)pa(dz).

Theorem 5.13. Suppose that the target density m is hyperbolically tailed, regular (Assumption 5.1),
and strongly decreasing (Assumption 5.2). Consider an adaptive Metropolis algorithm (Assump-
tion 5.4) with the proposal family {Q’Y(V')}yey of which each proposal density is locally positive

(Assumption 5.3), and has Uniform Upper Bound function and Uniform Compact Support (As-
sumption 5.7). If Diminishing Adaptation holds, the adaptive algorithm is ergodic.

Proof: From Assumptions 5.1, 5.4, and 5.7, each P, is ergodic to 7. By the definition of
Uniform Upper Bounded density, we can first find D > 0 such that f\$\> p @ (x)dr < 1 and then

let ¢*(x) = q*(x) for |z| > D, and define ¢*(z) for |z| < D as necessary to make ¢* have integral
1. Then ¢* is a density, and ¢,(z) < ¢*(z) for all v and all |z| > D. Denote Q*(dz) = ¢*(z)pa(dz).
Since ¢, has uniform bounded support, we can assume ¢* with bounded support.

We consider the test function Vi(z) = (—logm(x))*:

PyVs(x) = Vs(z) = / Vs(z + 2)a(z,z + 2) + Vs(2)(1 — a2, 2 + 2))] ¢, (2) naldy) — Vi()

< /Z<D [Vi(z + 2)a(z, @ + 2) + V() (1 — alz, 2 + 2))] (g5 — ¢*) (2)pa(dy) +
P*Vy(z) — Vs(w)
< Q*(]z| = D)Vi(z) +
/Z<D Vs(z + 2) = Vi(z)] a(z, x4+ 2) (¢y — ¢7) (2)pa(dz) +
P*Vy(x) — Vi(z).
On the other hand, VV(z) = sV;_1VVj(z). Letting

R(s,2,2) = V(e + 2) - Va() — sVio1(2) (VVi(2), ),

sup  |R(s,z,2)| 2| < sup  |[VPVi(2)]
|2| <M NG~ |z| <M N6~

< s sup Vio(2)

< (s = DVVi(2)VVi(2)" + Vi(2) V21 (2)].
|z| <M N6~

Since the target density is hyperbolic tailed,

2—sm

lim sup |z sup  |R(s,z,2)| 2| < oo, (32)
|z|—o00 |2| <M NS~

So, by Assumption 5.7,

[ R < [ R Gl = ().

|z|<DAM
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By the symmetry of ¢,(-) and ¢*(-),

Hence,

Thus, taking s < (2 —m)/m,
limsup sup lim Vs(x + 2) = Vi(z)] a(z,x + 2) (¢4 — q%) (2)pa(dz) = 0.
|z| =00 ¥€Y P00 Jiz|<D
Since 0, < M where 9, is defined in Assumption 5.7, letting that D goes to infinity,
lim Q7(|2| > D)Va(x) = 0.
D—oo
Therefore,
PyVi(x) = Vi(x) < P*Vi(x) = Vi().

Since the proposal distribution Q* satisfies the property in Assumption 5.7, P* is ergodic, converg-
ing to w. By Proposition 2.4, Containment holds. Hence, by Theorem 2.1, the adaptive Metropolis
algorithm is ergodic. O

6 Adaptive Metropolis-within-Gibbs Algorithms

We now consider so-called Metropolis-within-Gibbs algorithms, which update each of the d
coordinates separately according to its own Metropolis algorithm.
For v € ), let (Piy,...,P4,) be any collection of Markov kernels on the state space X' =
Xi % -+ x X; C R% The adaptive random scan hybrid sampler for the collection is the sampler
Prs,, defined by
Prsyi=d  (Pry+ -+ Pysy),

where each P, arises from a symmetric random-walk Metropolis algorithm on the ith coordinate
with the proposal distribution Q;.(x,dy) = ¢;~(z,y)u(dy). We require various assumptions.

Assumption 6.1 (Local Positivity). There exist §; > 0 and €; , > 0 such that
Giy(2) 2 €ipy, for |2] < 0iy. (33)

Assumption 6.2 (Symmetry). For each coordinate i, q; (x,x + ze;) = qi~(x,x — z€;) = g ~(2)
for v € Y where e; is the unit vector of the coordinate 1.

The transition kernels P;.,7 € {1,...,d}, on (Rd,B (Rd)) are defined as follows: for = =
(.’/Ul,...,.ilfd) ERd, A=A; x--- XAdEB(Rd), z €R,

Py (z,A) = Hk;&i 6, (Ak) fAifxi oz, T + z€;)qi (7)) p(d2)
+5£E(A) f (1 - Oé(.il?, T+ zez)) Qi,"/('z):u(dz)a
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where A; —z; :={z e R,x; + 2z € A;} and a(x,x + ze;) := 1A w Let A(z,i) and R(x,i) be
the acceptance region and potential rejection region respectively in the ith direction:

A(z,i) ={z € R:7m(z + ze;) > mw(x)},
R(z,i) ={z € R:7m(zx+ z¢;) < m(x)}.

For adaptive Metropolis-within-Gibbs algorithms, we mainly adapt the method of Fort et al. [9].
First, we restate Proposition 2 in Fort et al. [9]:

Proposition 6.1. Under Assumptions 5.4 and 5.1, let Vi(x) = 7 °(x) for s € (0,1). For all
z € R?,
P Vila) < 1(9)Vi(a), (34)

where
r(s) =1+ s(1—s) /571,

It can also be shown that

Py Vi(z) o
W = /I(z,x,z,s)qm(z)u(dz),

where
T :Ej .
1 . (w(xﬂ-i-z ez)> ’ z € A(:):,z), (35)
2,L,1,8) 1= A\ L-s
1-= f(ﬁffz) + (ﬂ(f(;)q)) , 2 € R(z,i).

Assumption 6.3. There is an 3 > 0 and a ¢ such that 1/ < § < A < oo, for any sequence
(27,47) with lim; = |27| = 400 and {7} C YV, we may extract a subsequence (%7,37) with the
property that, for some i € {1,...,d}, we have for all z € [9, A],

. 7(27) . (@ + sign(F )zez)
lim . < exp(—0z) and lim < exp(—02); 36
i om(@7 — sign(z])ze;) p(=52) J m(z7) < exp(=fz) (36)
Moreover,
A d
li f f i 5 dz) > ——. 37
it [ s () > 5y @7

Remark 6.1. Equation (36) means that on each coordinate, the tail of the target density = decays
exponentially. Equation (37) represents the relationship of the first moment of proposal density
and the decaying rate of the target density tails. The property in Equation (37) is equivalent to

A
d
inf inf ; d S
vlgyie{lf,l...,d}/(; i (2)ldz) > Ble —1)

These two equations are not difficult to check, see Examples 6.4 and 6.6. Furthermore, there are
some similarities between this assumption and Assumption 5.5.

Adapting the procedure of Theorem 3 in Fort et al. [9], we have the following result for adaptive
Metropolis-within-Gibbs algorithms applied to exponentially tailed target distributions.
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Theorem 6.2 (Exponential tail). Suppose that the target density 7 is reqular (Assumption 5.1).
Consider a random-walk based Metropolis-within-Gibbs algorithm with the family of proposal dis-
tributions {Qi~ (-, ") }i=1,. d:vey where all proposal densities are symmetric (Assumption 6.2) and
locally positive (Assumption 6.1). If Assumption 6.3 holds, the adaptive algorithm with Diminishing
Adaptation is ergodic.

Proof: Assume that for any s € (0,1), lim sup,| o Sup,ecy Prs,yVs(2)/Vs(x) > 1. Then, there
exists a sequence pair {(27,49)} with lim; o [#7| — oo and {7/} C€ Y such that
limj o0 Prs o, Vs () /Vs(25) = 1. o o
Under Assumption 6.3, we may extract from the sequence (z7,47) a subsequence (Z7,47) such
that for some ¢ € {1,...,d}, Equations (36) and (37) are satisfied. Without loss of generality,
assume sign(z]) = 1. Let J(6,A) = [-A, =] U [§, A]. Tt is easy to prove that
1i§n R(#,i) N J(6,A) = [6,A] and li]m A(F i) N J(6,A) = [-A, —0)].

1-s

So, since u' ~* — w is an increasing function on [0,1/e] for s € (0,1), by Assumption 6.3,

/ (2, i, 8)q,50 (2)(dz)
J(8,A)

T (5@3) ®
- —— | @7 (2)uldz) +
/{A(:?:f,z‘)mJ(é,A)} <7T(:cJ + Zei)> Kot (2)u(dz)

; 1-s .
T (27 + ze;) (& + ze;)
! Con () T | 4 d
/{R(ij,i)ﬂJ(é,A)} * ( m(%7) ) 7 () i 5 (z)u(dz)
< Kisi(85) + Kigi(0) + Kigi (B(1 = 9)) = Ki55(8)

where K - ( f5v1/,6 e "*q; 4(z)u(dz). Hence,

P 5 Va(#) Vs (&)
= é(KW (85) + Ki35(0) + Koy (01 — 5)) — Ky 50 (8) + r(s)(1 — 2, 5, (0)) + - L s)
se”1ts
< Tre 7 (d = 2K;5(0)) + %(Ki,aj (Bs) + K; 5 (0) + K; 5 (B(1 — 8)) — K; 5(8))
= H;5(8,s)

where Hi, (8, s) = M2 (d = 2K (0)) + §(Kin (85) + Kiy (0) + Kiy (B(1 = ) = Ki(8)).
By simple algebra, we know the following things:

8H i
T (5,0) = (d— 2K, ﬁ/ 2553 (2)u(d2) +5/ ve2q, (=) ()

< dfe—p1—1/e) /5 250 (2)pld2).
By Assumption 6.3,

OH, =
limsupa—mj(ﬂ, 0) <0
s

J—00

Therefore, limsup; H; 5;(3,s) < 1 for some s € (0,1), which leads to a contradiction. O
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Continuing Assumption 6.3, whenever the coordinate tails of a target density decay lighter-
than-exponentially, i.e. 8 in Assumption 6.3 is equal to infinity, the § can be arbitrarily small
positive value even zero, and the A can be arbitrarily large positive value even infinity. Moreover,
the left hand side of Equation (37) is obviously great than zero, because each proposal has density
and the density is symmetric. Hence, we have the following assumption and result.

Assumption 6.4. There ezist0 < § < A < 0o such that for any sequence (z7,~7) with lim; 0| 2’| =
+o0o and {77} € YV, we may extract a subsequence (¥7,57) with the property that, for some i €
{1,...,d} and all z € (0, 00),

7 7+ sign(i))ze;
i TE) g g i RO siE)ze) (38)
j=o0 (37 — sign(T])ze;) j—oo ()
Moreover,
A
hjrggfie{il?f.,d}/é ;5 (z)p(dz) > 0. (39)

Theorem 6.3 (Lighter-than-exponential tails). Suppose that the target density m is reqular (As-
sumption 5.1). Consider a random-walk based Metropolis-within-Gibbs algorithm with the family of
proposal distributions {Q;~(,-)}i=1,... d&yey where all proposal densities are symmetric (Assump-
tion 6.2) and locally positive (Assumption 6.1). If Assumption 6.4 holds, the adaptive algorithm
with Diminishing Adaptation is ergodic.

Proof: Assume that for any s € (0,1), imsup|,| o Sup,ecy Prs,yVs(2)/Vs(x) > 1. Then, there
exists a sequence pair {(27,49)} with lim; o [#7| — oo and {7/} C€ Y such that
imj oo Prsy, Vs()/Vs(zj) = 1. o

Consider 3; T +00. From Assumption 6.4, we may extract from the sequence (z7,+7) a subse-
quence (Z7,47) such that for all z € (0, c0),

i g
1) g g TS
(&7 — sign(z!)ze;) j—00 m(27)

Hence,
jlggo K;7i(Bjs) =0, and ]11)120 K;7i(B;(1—35)) =0,

where K;,(t) is defined in the proof of Theorem 6.2.
So,

1 9 —14+s
S liminf K, 55 (0).

lim Prg s Vs(27)/Ve(37) < 1+ se7 1 —
j 00 ' d j—oo

As s goes to zero, se” ¢ goes to zero. By Equation (39), for s € (0,1), limj_.o Prg 55 Vs(27)/Vs(37) <
1. By Proposition 2.3, Containment holds. By Theorem 2.1, the result holds. U

Example 6.4. We consider the mized Gaussian density on R?. Define
m(z) = Bexp(—(af +23)) + (1 = B)exp(—(af + 2¥ad + 23)),
where B € [0,1]. Consider random-walk based adaptive Metropolis-within-Gibbs algorithm with

proposal family Q; (-, -) where on each coordinate, the proposal density is normal, and their minimal
variance is € > 0. Assume that Diminishing Adaptation is satisfied.
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Proposition 6.5. The algorithm of FExample 6.4 is ergodic.

Proof: We have that

Viloan(a) _ es(—led o)) + (ka0 — Bl trdr v ad)
—271 a () ’ o
Voloan(a) _ esp(—led +od) + (Ltad)( — B+t ad) 1y
219 N () 7 o

Clearly, V;logm(z)/(—2x;) is positive bounded. So, Equation (38) is satisfied. The target density
is lighter-than-exponentially tailed on each coordinate.

(e 9]

(—22/2)dz

o0

z 2 10 2 z z
exp(—z“/20%)dz = 0/ exp
/e V2ro? (=="/207) /o V2 V2

Since, all density has minimal variance €, Equation (39) holds. Thus, by Theorem 6.3, the algorithm
is ergodic. O

exp(—22/2)dz > e/
1

Finally, we consider the target density of Example 8 in [9], a mixture of two exponential distri-
butions.

Example 6.6. For some a > 1, define
7(x) x 0.5e~|71lalw2l 4 g 5e—alzil=lzz] x = (x1,T2).

Consider random-walk based adaptive Metropolis-within-Gibbs algorithm with proposal family Q; (-, -)
where on each coordinate i, the proposal distribution is a mized distribution of Uniform(—b,b) and
N(O,O'Z-Q) respectively with weights € and 1 — €. Assume that Diminishing Adaptation is satisfied.
Then, for sufficient large b > 0, the adaptive algorithm is ergodic.

Proposition 6.7. For sufficiently large b > 0, the algorithm of Example 6.6 is ergodic.

Proof: It is sufficient to check Containment. The 3 defined in Assumption 6.3 is a. It is easy
to check that Equations (36) holds.
62)
Zds =
/ 7 4b

Let 6 =1 € (0,a). So, we only need to take suitable b such that

e(b? — §?) 2
> .
4b ale —1)

Then Equation (37) holds so Assumption 6.3 holds. O

7 Conclusions and Discussions

For adaptive Metropolis and adaptive Metropolis-within-Gibbs algorithms, we provide some con-
ditions only related to properties of the target density and the proposal family. Under these
conditions, the adaptive algorithms converge in the fast sense (simultaneously strongly aperiodi-
cally geometrically ergodic). Generally speaking, target densities is required to be regular, strongly
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decreasing, and at least exponentially tailed. However, for adaptive Metropolis-within-Gibbs algo-
rithms, the target density is only required to be exponentially tailed on the direction of coordinates,
and strong decrease is not needed. For truly exponentially tailed target densities, we found that
ergodicity of adaptive algorithms is related to the dimensions of the state space. Especially, for
adaptive Metropolis algorithms, if proposal densities have uniform lower bound function, then
ergodicity of algorithms is connected to the d* moment of the function on some hypercone on R¢.

Recently, there also is some results about this topic, see Saksman and Vihola [23]. They show
that if the target density is regular, strongly decreasing, and strongly lighter-than-exponentially
tailed (limsup|,|_q (n(z), Vlegm(z)) / |z|P~! = —oo for some p > 1) which is used to keep the
convexity of outside manifold contour of target densities, then SLLN for symmetric random-walk
based adaptive Metropolis algorithms holds. Compared with our results, although our conditions
do not require that the target density is strongly lighter-than-exponentially tailed, one restriction
on proposal density is needed. On the other hand, RR [21] give one example (Example 24) that
shows that for some adaptive chain, SLLN does not hold, but ergodicity of the chain holds.

Jarner and Hansen [12] show that if target density is lighter-than-exponential tailed and strongly
decreasing then random-walk-based Metropolis algorithm is geometrically ergodic. The technique in
Proposition 5.4 can be also applied to MCMC. So, even if target density is exponentially tailed under
some moment condition similar as Equation (15), any random-walk-based Metropolis algorithm is
still geometrically ergodic. Careful readers may mention that our symmetry assumption (¢(z,y) =
q(z—y) = q(y—=x)) is different from the assumption (¢(z,y) = ¢(|z — y|)) of Jarner and Hansen [12].
Our assumption generalizes theirs.
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