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CONDITIONING AN ADDITIVE FUNCTIONAL OF A MARKOV
CHAIN TO STAY NON-NEGATIVE I:SURVIVAL FOR A LONG TIME ‘!

Saul D. Jacka, University of Warwick
Zorana Lazic, University of Warwick
Jon Warren, University of Warwick

Abstract

Let (X¢)i>0 be a continuous-time irreducible Markov chain on a finite statespace E,
let v be a map v: F — R\{0} and let (¢;)i>0 be an additive functional defined by
Y = fot v(Xs)ds. We consider the cases where the process ();>¢ is oscillating and where
(¢1)i>0 has a negative drift. In each of the cases we condition the process (X, ¢1)i>0 on
the event that (y;);>0 stays non-negative until time 7" and prove weak convergence of
the conditioned process as T" — oc.

1 Introduction

The problem of conditioning a stochastic process to stay forever in a certain region has
been extensively studied in the literature. Many authors have addressed essentially the
same problem by conditioning a process with a possibly finite lifetime to live forever.
An interesting case is when the event that the process remains in some region is of zero
probability, or in terms of the lifetime of the process restricted to the region, when the
process has a finite lifetime with probability one. In that case the process cannot be
conditioned to stay in the region forever in the standard way. Instead, this condtioning
can be approximated by conditioning the process to stay in the region for a large time.

There are many well-known examples of such conditionings in which weak conver-
gence of the approximating process occurs. For instance, Knight (1969) showed that
the standard Brownian motion conditioned not to cross zero for a large time converges
weakly to a three-dimensional Bessel process; Iglehart (1974) considered a general ran-
dom walk conditioned to stay non-negative for a large time and showed that it converges
weakly; Pinsky (1985) showed that under certain conditions, a homogeneous diffusion
on R? conditioned to remain in an open connected bounded region for a large time
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converges weakly to a homogeneous diffusion; Jacka and Roberts (1988) proved weak
convergence of an Ito diffusion conditioned to remain in an interval (a,b) until a large
time.

However, weak convergence of the approximations does not always occur. There are
counterexamples in which a process conditioned to stay in a region for a large time does
not converge at all or it does converge but to a dishonest limit. Bertoin and Doney
(1994) and Jacka and Warren (2002) gave examples of such processes.

This paper is concerned with another example of conditioning a process to stay in
a region. We consider a finite statespace continuous time Markov chain (X};);>o and an
associated fluctuating additive functional (¢;)¢>9. The aim is to condition the Markov
process (X¢, ¢1)i>0 on the event that the fluctuating functional stays non-negative.

There are three possible cases of the behaviour of the process (¢;):>0, in two of which,
when it oscillates and when it drifts to —oo, the event that it stays non-negative is of
zero probability. We are interested in performing conditioning in these two cases.

A similar question has been discussed in Bertoin and Doney (1994) for a real-valued
random walk. It has been shown there that, under certain conditions, an oscillating
random walk or a random walk with a negative drift, conditioned to stay non-negative
for large time converges weakly to an honest limit which is an h-transform of the original
random walk killed when it hits zero. This work presents the analogous result for the
process (X¢, ¥t)>0-

The organisation of the paper is as follows: the exact formulation of the problem
and the main results are given in Section 2, the notation and preliminary results used
in the proofs of the main theorems are given in Section 3, the proof of the result in the
oscillating case is given is Section 4 and the proof of the result in the negative drift case
is given in Section 5.

2 The problem and main results

Let (X)i>0 be an irreducible honest Markov chain on a finite statespace E. Let v be a
map v: E — R\{0} and suppose that both ET =v"1(0,00) and £~ =v"'(—00,0) are
non-empty.

Define the process (¢¢)i>0 by

t
Yy = +/ v(Xs)ds, ¢ eR.
0
Let, for any y € R, B = (E x (y,+00)) U (E* x {y}) and let Hy = inf{t > 0 :

¢y < 0}. The aim is to condition the process (X;, ¢;)i>0 starting in Ef on the event
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There are three possible cases depending on the behavoiur of the process (¢¢)i>o0-
When the process (¢;)i>o drifts to +o00, the event { Hy = +o00} is of positive probablity
which implies that conditioning the process (X, ¢¢)i>0 on it can be performed in the
standard way. However, when the process ()i oscillates or drifts to —oo, the event
{Hy = 400} is of zero probability and conditioning (X, ¢¢)¢>0 on it cannot be performed
in the standard way. We concentrate on these two latter cases and define conditioning
(X4, @1)i>0 on {Hy = 00} as the limit as 7' — oo of conditioning (X, ¢;)i>0 on {Hy >
t}.

Let P, denote the law of the process (Xi, ¢;);>0 starting at (e, ) and let E )

denote the expectation operator associated with P ). Let Pg; X T > 0, denote the
law of the process (X, ¢;)i>0, starting at (e, p) € Ey, conditioned on { Hy > T'}, and let
Pg;ﬂ 7, t >0, be the restriction of Pg;) to Fi, where (Fi)i>o is the natural filtration
of (Xi)i>0. We are interested in weak convergence of (P((Z?D) |7 )1>0 as T — +o00.

Let @ denote the conservative irreducible @Q-matrix of the process (Xt):>o and let
V be the diagonal matrix diag(v(e)). Let V7'QT = I'G be the unique Wiener-Hopf
factorisation of the matrix V~'Q (see Barlow et al. (1980) or refer to Lemma 3.4
below). Let J, J; and J; be the matrices

(00 w00 w00

and let a matrix I's be given by I'y = JT'J.
Now we state our main result in the oscillating case.

Theorem 2.1 Suppose that the process (¢;)i>o oscillates. Then, for fized (e,p) € Ef
and t > 0, the measures (P((Z;)L']-‘t)’fzo converge weakly as T — oo to a probability

measure P(ZT@)| 7, defined by

Eieoy (1A (X, ) T{t < Ho} )
he(e, ¢) ’

where h.(e,y) is a positive harmonic function for the process (X, pi)i>0 given by
he(e,y) = e ¥V QITyr(e), (e,y) € E xR, and V7'Qr = 1.

o
Pl

Let By be the point at which the Perron-Frobenius eigenvalue a(f3) of the matrix
(Q — BV) attains its global minimum (see Lemma 3.9 below). Let oy = a(fy) and go
be the Perron-Frobenius eigenvalue and right eigenvector, respectively, of the matrix
(Q — BoV) and let Gy be the diagonal matrix diag(go(e)). Let Q° be the E x E matrix
with entries

Q%e, €)= Gy Q — apl — BoV)Gole, €), e,e € E. (2.1)

3
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As we shall see later, the matrix Q° is a conservative irreducible Q-matrix (see Lemma
3.11 below). Let (V'Q)IY = I'’G° be the unique Wiener-Hopf factorization of the
matrix V1Q" and let T'Y = JTYJ. Now we can state our main result in the negative
drift case.

Theorem 2.2 Suppose that the process (¢i)i>o drifts to —oco. For fized (e, @), (¢/,¢') €

Ef and t > 0, if all non-zero eigenvalues of the matriz V='Q° are simple and if
. Pe/’ n(Ho>T—t) . (T)
limp 4 w—H>:m exists, then the measures (Pe S0)| 7 )r>0 converge weakly as T —

00 to a probability measure P |]-‘t which s defined by

Elep) (1 (A)hyo ( Xy, g, 0)I{E < H0}>
hTo(e, ©, t) !

where the function h.o(e,y,t) is positive and space-time harmonic for the process
(X1, 00)iz0 and is given by hyo(e,y,t) = e e Gy e ¥V L LTG0(e), (e,y,1) €
E xR x [0,4+00), and V1Q%° = 1.

P (A) =

(es)

t>0, Ae F,

Note that P and P ) are h-transforms of the transition kernel for the process
(Xt, ©t)t>0 kllled When the process (1)e>0 crosses zero.

3 Notation and preliminary results

The purpose of this section is to introduce notation and recall some results and prove
some others which are needed for the proofs in the subsequent two sections. The proofs
are fairly straightforward and are included for the sake of completeness.

Lemma 3.1 Let Q) be an irreducible essentially non-negative matriz, V a diagonal mat-
riz and 5 € R. Then the matriz (QQ — 5V') is also an irreducible essentially non-negative
matriz.

Proof: The proof follows directly from the definition of an irreducible essentially non-
negative matrix (see Seneta (1981)). O

The following three lemmas were proved in Barlow et al. (1980). We state them
here in the notation we are going to use.

Lemma 3.2 For fized a > 0, there exists a unique pair (IL7,I17), where 11T is an
E~ x ET matriz and 1T, is an Et X E~ matriz, and there exist Q-matrices GL and G,
on E* x ET and E~ x E~, respectively, such that, if

I 11 ([ GY 0
Fa_<H;f I) and Ga—<0 —G‘)’

4
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then T, is invertible and T, V1(Q — al) Ty = G,. Moreover, I} and 11, are strictly
substochastic.

We recall that the subspace £, y € R, is given by Ef = (Ex(y, +00)) U (ETx{y}).
Let E,, y € R, be the subspace E, = (E x (—00,y)) U (£~ x {y}). Let H,, y € R, be
the first crossing time of the level y by the process (p;);>0 defined by

[ inf{t>0:¢ <y} if (X, 01)e0 starts in Ef
Yol inf{t >0 >yt i (X, )0 starts in B

Lemma 3.3 Let a > 0 be fixed. Then

Eeoy(e o I{ Xy, =¢'}) = IIf(e,¢), (e,¢') € E= x ET,
Eeoy(e o I{ Xy, =€'}) = 10 (e, €), (e,¢) € BT x E~,
E(&O)(e_"‘HyI{XHy =e'}) = eyGZ(e, e), (e,e') e ET x ET, y>0,
Eeole ™ vI{Xy  =¢'}) evCa (e, e'), (e,)e E-x E~, y>0.

Lemma 3.4 There exists a unique pair (ITT,117), where I is an E~ x ET matriz and
II~ is an ET x E= matriz, and there exist Q-matrices GT on ET x E* and G~ on
E= x £~ such that

(V'Q)T =T G, (3.2)

I II- G+ 0
F_<H+ I) and G—(O —G)'

Moreover, 1Tt and II~ are substochastic and

where

P(e,o)(XHo = 6,) = H+(e,e’), (6, el) € E- x Ef,
Peoy(Xuy,=¢€¢) =TI (e¢), (e,€') € ET X E™,
Peoy(Xu, =€) = eyG+(e,e’), (e,e')e ET x ET, y >0,
Peoy(Xu_,=¢) = evS (e, €), (e,ye B~ xE~, y>0.

Lemmas 3.2 and 3.4 are said to yield the Wiener-Hopf factorizations of the matrices
VHQ — al), a >0, and V~1Q, respectively.

The statements in the following lemma can easily be deduced from Lemmas 3.2 -
3.4, thus we omit their proofs.

Lemma 3.5 (i) The matrices I and 11~ are positive.

(11) If at least one of the matrices IIT and 11~ is strictly substochastic then the matrices
(I —TI"107), (I —=TO"1I7) and T are invertible and

L (- (I - )
b= <—H+(I I ([T > '
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(11i) The matrices GT and G~ are irreducible Q-matrices.
(iv) G* (G~ ) is conservative iff IIT (11" ) is stochastic.
(v) limg 0T =T.

(vi) For any y > 0 and (e,) € Ef NE,, or any y < 0 and (e,p) € Ey NE},
P(e7@)(XHy = e’,Hy < HO) >0 and 0 < P(EM)(Hy < Ho) < 1.

(vii) For any (e,¢) € Ef and €’ € E~, or any (e,¢) € Ey and ¢’ € EY, P ,)(Xn, =
e/, Hy < 400) > 0.

(viii) For any (e,p) € E xR and T > 0, Py (Hy >T) > 0.

We introduce vector notation that will be in use in the sequel. For any vector g

on E, let g* and g~ denote its restrictions to ET and E~ respectively. We write the
+

column vector g as g = <g > and the row vector g as p = (put po).

It follows from Lemmas 3.2 - 3.4 (see Barlow et al. (1980)) that the matrix V=1(Q —
al) cannot have strictly imaginary eigenvalues and there exists a basis B(«a/) in the space
of all vectors on F such that if g(«) is in B(«), then

(V7HQ — aI) = Ma) I)"g(a) =0, (3-3)

for some eigenvalue A(a) of V71(Q — al) and some k¥ € N. The number of vectors in
the basis B(«) associated with the same eigenvalue is equal to the algebraic multiplicity
of that eigenvalue. Let N(«) and P(«) be the sets of vectors g(«) € B(a) associated
with eigenvalues with positive and with negative real parts, respectively.

Then,

sle) €M@ = g() = (L0 ) ot € Pla) = gt = (M9 )

The set N(«) (respectively P(a)) contains exactly |E*| (respectively E~) vectors
and the vectors gt () (respectively g~ (a)) for all g(a) € N(a) (respectively P(«))
form a basis in the space of all vectors on E*t (respectively E~). The eigenvalues of
V=HQ — al) with strictly negative (respectively positive) real part coincide with the
eigenvalues of G} (respectively —G.,).

The Wiener-Hopf factorization (3.2) of the matrix V1@ implies that

G+ +:a+ iff V*l f+ =« er
f f Q H+f+ H+f+

A T (3.5)
G-g~ = —Bg iff VIQ (Hg:" > =3 (Hg;" >

6
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Let o, j = 1,...,n, be the eigenvalues (not necessarily distinct) of the matrix G,
and —[0, k = 1,...,m, be the eigenvalues (not necessarily distinct) of the matrix G~.
By Lemma 3.5 (iii) G* and G~ are irreducible Q-matrices, which implies that

s = lrgaé Re(aj) <0 and — Bin = 12%& Re(—0) = — 1I§r}clgnm Re(Bx) <0
are simple eigenvalues of GT and G, respectively. Hence, it follows from (3.5) that
all eigenvalues of V1@ with negative (respectively positive) real part coincide with the
eigenvalues of G (respectively —G7).

By Jordan normal form theory there exists a basis B in the space of all vectors on F
such that there exist exactly n = |E™| vectors { f1, fa2, ..., fo} in B such that each vector
fi, 7 =1,...,nis associated with an eigenvalue «; of V'@ for which Re(«;) <0, and
that there exist exactly m = |E~| vectors {g1, ga,...,gm} in B such that each vector
gr, k =1,...,m, is associated with an eigenvalue 3, of V~'Q with Re(8;) > 0. The
vectors {fi", for ..., fF} form a basis A" in the space of all vectors on E*. and the
vectors {g;,95 ,---,9,} form a basis P~ in the space of all vectors on E~.

Let fiae and gmn be the eigenvectors of the matrix V1 associated with its eigen-
values gz and Bpin, respectively. Then, ff —and g,. are the Perron-Frobenius
eigenvectors of the matrices G* and G, respectively.

Lemma 3.6 (i) The vectors fuar and gmi are the only positive eigenvectors of the
matriz V1Q.

(i) There are no non-negative vectors on Et (E~) which are linearly independent of
the vector fntax (gr_mn)

Proof: (i) Let f be a positive eigenvector of the matrix V=1Q. Then, by (3.5), either f*
is an eigenvector of G* or f~ is an eigenvector of G~. The only positive eigenvectors of

G* and G~ are f,} . and g,..,, respectively. Hence,

ntaa: Higr:zm
f: (HJrfntax) :fmaa: or f: ( g;”n ) = Gmin-

Since, by Lemma 3.5 (i), the matrices II™ and II~ are positive, we have that fa
and ¢,,;, are positive which completes the proof.
(i) Let f* be a non-negative vector on E* independent of ff . Since Nt =

{f5, foh -, £} is a basis in the space of all vectors on ET, the vector f* has a
decomposition
fr= Z & j+’
ff #fhae
for some coefficients a;, 7 =1,...,n.
7
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Let fle/t+ he the left Perron-Frobenius eigenvector of Gt. Then fleft+etGh —

maxr max

etmaest flefttand flelbt fF =0 for all fF # f..,j=1,...,n. Thus, for any t >0,

max max

left,4+ tGT _ 2 : left,+ tG+ _ § : left _
frszjzcr+e f+_ frrit]zcx—i_ f] - CL ea] frrf(]zcm+fj—~__0
F#fhan £ # o

left,+

but that is a contradiction because f* and f'/t* are non-negative and fle/tte!G" f+ —

emazt fleft.d £+ = (). Therefore, the vectors f* and f7, are not linearly independent.
[
Let a matrix F(y), y € R, be defined by

- Jy e¥e = evC J, y >0
Fly) = { Jo eV = e¥C ], y < 0.

Then

Lemma 3.7 For any e, ¢’ € E,
P(E#P)(XHO = 6/7 Hy < +OO) =T F<_90)(67 6/)7 2 7é 0,
0 II™
Preoy(Xa, =€, Hy < +00) = (I = T'y)(e,€) = <H+ 0 ) (e,€).

Proof: The lemma follows directly from the definition of the matrices I', T's and F(¢p).

O

Let G be the infinitesimal generator of the process (Xi, ¢1)i>0 and let Dg denote its
domain. Let a function f(e,¢) on E x R be continuously differentiable in ¢. Then
f S Dg and

65 = (Q+ Vo) (3.6

where
Qf<€7 @, t) = Ze’eE Q(e? e/>f(ela SD)
Ville,p,t) = Viee)glle,v).

Similarly, let A be the infinitesimal generator of the process (Xi, ¢, t)i>0 and let
D4 denote its domain. Let a function f(e,¢,t) on E x R x [0,+00) be continuously
differentiable in ¢ and t. Then f € D4 and

Af:(@+v83+§t)f (3.7)
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The behaviour of the process (p;)i>0 is determined by the matrices @ and V. More
precisely,

(p1)iso drifts to oo iff pV1 >0 iff Gt is conservative, G~ is not conservative,

(pt)e>o oscillates  iff pV1=0 iff GT and G~ are conservative,

(p1)e>0 drifts to —oo iff pV1 <0 iff G~ is conservative, Gt is not conservative.
(3.8)

Let fi = fmee and g1 = gmin be the eigenvectors of V1@ associated with the
eigenvalues a,,q, and B, respectively. Then, in the positive drift case, fju: = 1 #
Jmin, and in the negative drift case, gmin = 1 # finaz, and in both cases the basis B
in the space of all vectors on E is equal to {f;,j =1,....n, gr,k =1,...,m}. In the
oscillating case, fmaz = gmin = 1 and the equation V~'Qx = 1 has a solution. If r is a
solution, then, by Jordan normal form theory, r is linearly independent from the vectors
{fi,i=1....n, g, k=1,...om}and B={1,7,f;,7=2,....n, gp,k =2,...,m} is
a basis in the space of all vectors on F.

The following lemmas are concerned with the Perron-Frobenius eigenvalue of the
matrix (Q — BV). For any § € R, let a(f) be the Perron-Frobenius eigenvalue of
the matrix (Q — BV) and let u'*/*(3) and u"9"(3) be the associated left and right
eigenvectors such that ||u'*/*(3)|| = ||u"9"(5)|| = 1 in some norm in the space R¥. A
striking property of the eigenvalue a((3) is that it is a convex function of 3.

Lemma 3.8 Let § € R and let a3) be the Perron-Frobenius eigenvalue of the matric
(Q — BV). Then, a(f) is a convex function of 5 and therefore continuous. It attains its
global minimum and has two zeros, Qe < 0 and B, = 0, not necessarily distinct.

Proof: Let r(A) denote the Perron-Frobenius eigenvalue of an essentially non-negative
matrix A. Since @ is essentially non-negative it follows from Cohen (1981) that for any
r,y € Rand any ¢, 0 <t < 1,

r(1-6)(Q—-2V)+t(@Q@—-yV)) <1 —t) r(Q—zV)+tr(Q—yV). (3.9)

Hence, a(f3) is a convex function and therefore continuous.

Let |3] be sufficiently large. Then some rows of (@ — SV) are non-negative which
implies that there does not exists a positive vector f such that (Q — V) f < 0. Hence,
by the Perron-Frobenius theorem, a(3) > 0 for sufficiently large |f3|.

Suppose that a(3) = 0. Then there exists a positive vector f such that (Q—pV)f =
0. Since, by Lemma 3.6 (i), there exist exactly two eigenvalues of V1Q, tinae and Boin
(not necessarily distinct), whose associated eigenvectors are positive, it follows that a,q,
and [, are the only zeros of «(f3).

Therefore, the function (/) is continuous, for || sufficiently large it is positive and
it has either one or two zeros. All of these together imply that a(/3) attains its minimum.

O
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Lemma 3.9 Let a(f3) be the Perron-Frobenius eigenvalue and let u'*’*(3) and u"9"(3)
be the unit Perron-Frobenius left and right eigenvectors of the matriz (QQ — V). Then
a(B) is a differentiable function of B and

do B uleft(ﬁ) \% uright(ﬁ)
@(ﬁ) - ulezft(ﬂ) um’ght(ﬁ) )

In addition, there is a unique By € (Qmazx, Bmin) Such that ‘;—g(ﬁo) =0 and ap = a(fo)
is the global minimum of the function «(B) and that

doy <0, if B< o
%(6) =0, if B="/o
> 07 Zfﬁ > 507

Proof: By multiplying the equality

(Q—=BV) ™™ (3 +h) —h V u"" (3 + h)
= (a(B+h) — a(B) w" (B +h) + a(F) u" (B + h),
uleft

by % and by letting h — 0, we obtain that «(f3) is a differentiable function of j.
By Lemma 3.8 it is also convex and attains its minimum. Hence, there exists unique (3,
such that «(fy) is the global minimum of «(f3) and that Z—g(ﬁo) = 0. By Lemma 3.8,
a() has two zeros, e, < 0 and S, > 0. Hence, By € (Qmaz, Bmin) When tmaze 7 Bmin
and 60 = Qmaz = ﬁmm when Omaz = ﬁmin'

It remains to show that a(f) is strictly monotone on (—oo, 5] and [Gy, +00), Let
a(f) be the Perron-Frobenius eigenvalue of the matrix (Q — gV).

(i) Suppose that Gy = 0. Then a(fy) = 0 and therefore a(3) > 0. By Lemma 3.6
(i), for @ > 0, the only positive eigenvectors of V="1(Q — al) are fee() and gnin(a)
which are associated with the eigenvalues ayuqq(a) and [, (@), respectively. Hence,
for fixed a > ayp, there exist only two values of 3, par(a) and S (a), such that « is
the Perron-Frobenius eigenvalue of (Q — 5V'). Since apae(a) < 0 and Bin(a) > 0, it
follows that a() is strictly monotone on both intervals (—oo, 0] and [0, +00).

(ii) Let now 3y € R and let

Qo =Q — BV — apl.

The matrix @)y is essentially non-negative and, by Lemma 3.1, irreducible, and so is
the matrix (Qo — fV) for any f € R. Let () be the Perron-Frobenius eigenvalue
of (Qo — BV). Then ay(B) = a(B + fo) — ap. Since «a(f) attains its global minimum
at 5 = [, it follows that ap(f) attains its global minimum zero at § = 0. Therefore,
by (i), ap(f) is strictly monotone on (—oo, 0] and [0, +00), which implies that «(f3) is
strictly monotone on (—oo, B] and [5Gy, +00). O

10
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The sign of the unique argument 3, of the global minimum of the function «(f3),
whose existence has been proved in the previous lemma, is found to depend on the
behaviour of the process (¢;):>0. Namely,

Lemma 3.10

In the positive drift case By >0 and ag < 0.
In the oscillating case Bo=0 and oy =0.
In the negative drift case Bo <0 and ap <O0.

Proof: In the drift cases, Qunar # Bmin and therefore, by Lemma 3.9, By € (maz, Bmin)-
In the positive drift case, by (3.8), amae = 0 and S, > 0, and therefore Gy > 0. In
the negative drift case, by (3.8), Gmin = 0 and ynq, < 0, and therefore Gy < 0. Since in
both cases the function () has two distinct zeros, its global minimum « is negative.

Finally, in the oscillating case, by (3.8), Qmaz = Bmin = 0 and then fy = 0. Thus,
the function «(f3) has exactly one zero at § = 0 and, since by Lemma 3.8, it attains
a global minimum, it follows that (/) attains its global minimum at 3, = 0 and that
Qp = Oé(ﬁo) =0. [

Lemma 3.11 The matriz Q° given by (2.1) is a conservative irreducible Q-matriz. In
addition, if p° is a vector on E such that i°Q° = 0 then u°V1 = 0.

Proof: Since the matrices I and V' are diagonal and the vector g is positive, the matrix
Q" is essentially non-negative. In addition, Q1 = 0.

By Lemma 3.1, the matrix (Q — ool — BV is irreducible which implies that the
matrix e!@-0l=AV) ig positive for all t > 0. Since the vector g, is positive, it follows
from the definition of Q° that e'@” is positive for all ¢ > 0 and that the matrix QO is
irreducible.

Let g)/* be the left Perron-Frobenius eigenvector of the matrix (Q — 3,V) and let
110 be a vector on E with entries 1°(e) = gi’*(e)go(e), e € E. Then p°Q° = 0 and by
Lemmas 3.9 and 3.10 z°V1 = 0. Since any vector v which satisfies vQ° = 0 is a constant
multiple of 1%, the proof of the lemma is complete. O

We recall the matrix Gy = diag(go). Since the vector gq is positive, the matrix Gy is
invertible.

Lemma 3.12 For a > 0, let
VHQ—-al) Ty =T4 Gy and V Q" —al) T =T° G?,
be the Wiener-Hopf factorisations of V" Q—al) and V1(Q°—al), respectively. Then,

G =Gyt (Go— Bol) G, and T . =Gy' Ty G, a>0.

a—ap a—ap
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Proof: By the definition of Q° and by the Wiener-Hopf factorization of V~1(Q — al),
a > 0, given in Lemma 3.2,

VHQ — (v — o)) = (G 'ToGo) (G ' (Ga — Bol)Go) (G T, Gy). (3.10)
Let G (respectively Gy ) be the restriction of Gy to Et x E* (respectively E~ x E7).
Then,

e _ ((G)7HGL — Al)Gg 0
GG unen = ( 0 (G376 + DGy )
Suppose that (G3)"HGE — Bo])Gy and (Gy) (G, + Bo])Gy are Q-matrices. Then,
by Lemma 3.2, (3.10) is the the Wiener-Hopf factorization of V~1(Q° — (o — ) [) for
a > 0, and by the uniqueness of the Wiener-Hopf factorization

GO = Gal (Ga — ﬁo]) Go, o = Gal I, Go, a > 0.

a—ag a—ag

Therefore, all we have to prove is that (G3) " (GE — BoI)Ga and (Gy ) NG + Bol)Gy
are (Q-matrices.

Let the function h be defined by h(e, p,t) = e~ ! e=%0¥ gy(e). Then h is continuously
differentiable in ¢ and ¢, and, by (3.7), it is in the domain of the infinitesimal generator .A
of the process (X, ¢, t);>0 and Ah = 0. It follows that the process (h(Xinm,, Pinm,, t A
H,))>0 is a positive martingale. By Fatou’s lemma,

E(e,cp) (efaoHyefﬁoﬁoHy g0<XHy)> < 67:3090 g()(e),

and because gy is positive, for a > «y,

Eleio) (¢ 90(Xn,)) < Biey (€ go(Xn,)) € e go(e). (3.11)

By Lemma 3.3, for ¢ = 0 and y > 0,

P " engg-&-
e " gole) > Eie,0) (67& ! QO(XHy)) = (H+ yG$0 +> )
ae gO

which implies that ev(Ga =) gt < g+ Hence, because
e¥(GE—Po)

+ +
. 9o — 9

lim . L = (G;r - 50)937
y—0 Yy

Gt — By)gd < 0 and therefore, because (G )~! is positive
( a g[) ) 0 p )
(G HGE = BD)G1T = (GF) HGE = Bol)gg <0

and (G§) UG — Bol)G{ is a Q-matrix. It can be proved in the same way that
(Gy) MGy — BoI)Gy is a Q-matrix. O

12

CRiSM Paper No. 05-4, www.warwick.ac.uk/go/crism



Theorem 3.1 For a > 0, Let apee(@) and Bin(a) be the eigenvalues of the matriz
V=HQ — oI) with mazimal negative and minimal positive real parts, respectively, and
let fmaz(@) and gmi () be their associated eigenvectors, respectively.

Then, in the oscillating case, there exists € > 0 such that, for 0 < a < €, and some
constants d,, n =2,3,... and ¢ > 0,

a%+d204+d30(%+...:—

1
Wmaz (@) = v T
ﬁmm(a)

N|w

o2 +dox — dsa? + ... = ——— oz + @mm(a%),

1
Cavr eI

and |Omaz(02)| < ¢ a and |Opin(a2)| < ¢ a.
The vectors fmar(a) and gmin(a) can be chosen to be

1 1 1 1 1
a)=1—-—ao*r+avnut+..=1——a2r+= a2
fmam( ) \/W 2 \/W maz( )
(@) =1+———af rtawt...=1+—— af r+ (o)
min(Q) = ————azr+awyt...= ——— az r+ Zm(a?),
g V=uVr ? —uVr
where VIQr = 1, and |Emas(a?)] < « v and |Epim(a?)| < « w for some positive

vectors v and w on E.

In the negative drift case, there exists € > 0 such that, for 0 < a < € and some
constants a, and b,, n € N,

Omae () = Qmaz + a1+ a20® + ... and  Bpin(a) = bia + bya® +bza® + . . .|
and the vectors fpaz() and gmin(a) can be chosen to be
finaz(Q) = frnae +avy + vy + ... and  gmin(a) =1+ aw; + o’wy + .. .,

where v,, and wy,, n € N, are some constant vectors.
The analogous result follows in the positive drift case.

Proof: The eigenvalues of V~1(Q — al) converge to the eigenvalues of V71Q as o — 0.
Thus, @maez(@) = Qnae and Gpin (@) — Brin as a — 0.

In the drift cases, by (3.8), Amaz # Bmin- Hence, aypae and B, are simple eigenvalues
of V71Q which implies that, for sufficiently small & > 0, @z (@) and B (@), and also
fmaz(@) and gmin(@), can be represented by convergent power series (see Wilkinson
(1965)). In addition, in the positive drift case, e = 0 and fe: = 1 and in the
negative drift case (,,;, = 0 and ¢,,;, = 1. Therefore, the part of the theorem for the
drift cases is proved.

13
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In the oscillating case, by (3.8), zero is an eigenvalue of the matrix V—1Q with
algebraic multiplicity two. Hence, there exists € > 0 such that for 0 < |a| < ¢ there
exist two eigenvalues of V~1(Q — o) which converge to zero as a — 0, and those are
Omaz (@) and B (a). In addition, one of the following is valid:

either
Omaz () = a0 + aga® + aza® + . ..

Bnin(@) = bia + baa® + bsa® + ... (3:12)
for some constants a, by, k € N, or
Qaz (@) = dia? + dyc + dgoz% + ...
1 3 (3.13)
Bmin(a) = —dya2 + dya — dga2 + .. .,
for some constants di, k € N. We shall show that (3.12) is not possible.
For any o > 0,

Since by Lemma 3.1, the matrix (Q — qa,V) is irreducible and essentially non-
negative and the vector f..(a) is positive, it follows that « is the Perron-Frobenius
eigenvalue of (Q) — e (a)V'). Similarly, « is the Perron-Frobenius eigenvalue of (@ —

Let # € R and consider the matrix () — fV) and its Perron-Frobenius eigenvalue
a(f) and eigenvector u(3). The eigenvalue a(3) is simple and it converges to a simple
eigenvalue of the matrix @ as  — 0. Thus, for || < ¢,

a(f)=cy+cif+ B+ ...

u(f) =14 Boy + FPog+ ..., (8.15)

for some constants ¢, k € NU {0} and some vectors vg, k € N, on E.

Suppose that the process (g:):>0 oscillates. By Lemmas 3.9 and 3.10 the eigenvalue
a(() attains its global minimum 0 at 3 = 0. Hence, a(0) = Z—Z(O) = 0, which gives that
co = ¢1 = 0, and therefore

alf) =Bt + 3B Feafpt ... (3.16)
By substituting a() and u(3) into the equation
(Q = BV)u(B) = a(B)u(B)
and by equating terms in 3 and (3 on each side of the previous equation, we obtain
V7iQu =1 Quy — Vv = col. (3.17)

It follows that ¢y # 0 (if co = 0 then V~1Quy = v; which is by Jordan matrix theory
not possible since 0 is the eigenvalue of V~1Q with algebraic multiplicity 2).

14
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Suppose that (3.12) is true. Then, it follows from (3.12) and (3.14) that, for |a| < ¢,

o = a(amaac) = C Cv?mw(a) + c3 ai%aa:(a) + ...
= c(ma+ad’+.. )" +alaatan®+.) 4.
= cyaia® +const.a’® + ...,

which is not possible for every |a| < e. Hence, (3.12) is not true and thus (3.13) holds.

Substituting aa.(a) and B, («) from (3.13) into (3.16) gives d? = é By Lemmas
3.9 and 3.10, «(0) = 0 is the minimum of the function «(f) which implies that «(3) > 0
for all 8 € R, and, by (3.16), that ¢ > 0. By multiplying second equality in (3.17)
by p from the left, we obtain (because ul = 1), c; = :% = —puVwvy. Therefore, the
statement in the theorem follows from (3.13) and (3.15). O

4 The oscillating case: Proof of Theorem 2.1

We start by looking at limp_, | o P((g’?o)(A) for A € F;. By Lemma 3.5 (viii), the events

{Hy > T}, T > 0, are of positive probability. Thus, for 0 < ¢ < T and A € F,

Ee) (f(A)P<Xt,@t)(Ho >T —t)I{H, > t})
P(e,so)(HO >T)

P (A) = Pegy(A | Hy > T) =

0 (4.18)

Plor oy (Ho>T—t)
Ple o) (Ho>T)
haviour of the function ¢ — P ) (Ho > t).

In the oscillating case, by (3.8) and Lemma 3.5 (iv), zero is an eigenvalue of V~1Q
with algebraic multiplicity two and geometric multiplicity one. Therefore, there exists
a vector 7 such that V~'Qr = 1. Since the choice of such vector is not relevant in the
presented work, we shall always refer to it as if it was fixed.

Let p be the invariant measure of the process (X;)>o.

First we show that limp_, exists by looking at the asymptotic be-

Lemma 4.1 For any (e, ¢) € E,

1 1 _
(i) Pogy(Hy>t) ~ = —— 72 (e 'QLTyr(e)),  t— oo,

n AVT

(ii) he(e,p) = —e YV QL Tyr > 0.

Proof: (i) The statement is proved by applying Tauberian theorems to the Laplace
_ efozH
transform W of Py (Hy > t). By Lemmas 3.2 and 3.3, for @ > 0 and
(e,) € Eq,
—aH —pVH(Q-al —pV 1
L= Bep(e ™) _ _pv-1ql —raJ21(e A A

« o a

Todol(e). (4.19)

15
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Let Bnin(a) be the eigenvalue of V=1(Q — al) with minimal positive real part and
let gmin(c) be its associated eigenvector. Then, by (3.4), I g,.. () = g . (a) and by
substituting g, («) from Theorem 3.1 we obtain, for sufficiently small «

1t — Ha_l_ B 1 Oéié (7‘+ H*r*) n 1 aié(Hf H,)r,
a - /=uVr V—uVr “
1 1 1 1
ZZt (ad)+ S II0 = (ad). 4.20
_l_ o mln(a2) + o o mln(a2) ( )

By Theorem 3.1, £ =f. (a?) is bounded, and by Lemma 3.5 (v), II; — II" — 0 as

1
a — 0. Thus, it follows from (4.20) that
1t =111~ 1
Ta ~ BVam a2 (rt —1I7r7), a— 0. (4.21)

1—T,Jsl JE Ty T -
—JZ: o and Ji[or = " e ,
o 0 0

Since

it follows that
ewv_lQl - I, /1 1

a v
The function a — e=#V ' (@=a)) ig analytic for all a and by Lemma 3.5 (v), Ty — T,

as @ — 0. Hence, the second term on the right-hand side of (4.19) is bounded for small
a > 0. Therefore, for any (e, p) € E x (0, 400),

_1 Lyt
a"2 e ¥V QJ1F27“, a— 0.

1 — B (e7oHo 1 _
QIG ) ~ a2 eV IQJlfgr(e), a — 0.

a V=ivr

The assertion in the lemma now follows from the Tauberian theorem (see Feller
(1971) part 2, XIIL.5),
(ii) We give only the sketch of the proof. For the details see Najdanovic (2003) or

refer to Jacka et al. (2005).
For any y € R, let the matrices A, and C, be the components of the matrix e vV e

given by
e WV TR A, B,
¢y Dy )

o1 A (T+ — H_T’_)
PV Q — @
e J1F27” = <C r )) .
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The proof of the lemma consists of showing first that the vector A,(r* —II"r~) has
a constant sign and that that the vector C,(r* — II"r~) has the same constant sign,
which implies that the function h, has a constant sign. Then we deduce from (i) that
h, must be negative.

By ordinary matrix algebra and equalities e¥V ' @r = r + y1 and II"1~ = 1%, it can
be shown that, for any ¢,y € R, the vector A, (r* —II"r~) satisfies the equality

(A%,(Ay - H‘Cy)‘lA;1> A (rt —TI777) = A (rt — TT7r0).

In addition, it can be shown that the matrix A, (A, —TI-C,) "' AZ", ¢ # y, is positive
and that its Perron-Frobenius eigenvalue is 1. Then, the last equality implies that the
vector A, (rt —II7r7) is its Perron-Frobenius eigenvector, and therefore has a constant
sign.

Furthermore, it can be shown that the matrix (]@A;l is positive. Hence, because
Co(rt =TI7r7) = C,LAY Ay(rt —T17r7) and because Ay (r* —II777) has a constant
sign, we deduce that the vector Cy,(r™ — II"r~) has the same constant sign. Thus, the
function h, has a constant sign, and since P (Hy > t) > 0, it follows from (i) that
the function h, is negative. O

For the proof of Theorem 2.1 we need two more lemmas.

Lemma 4.2 (i) Let {f,,n € N} and f be non-negative random variables on a probability
space (2, F, P) such that Ef, = Ef =1, where expectation is taken with respect to the
probability measure P. If f, — f a.s. as n — +oo, then f, — f in L'(Q,F,P) as
n — +00.

(i1) Let {P,,n € N} and P be probability measures on a measurable space (Q, F) such
that, for any A € F, P,(A) — P(A) as n — +oo. Then the measures {P,,n € N}
converge weakly to P on F.

Proof: (i) Since {f,,n € N} and f are non-negative and Ef, = Ef = 1, the functions
{fn(w),n € N} and f(w), w € €, are densities with respect to the measure P. In
addition, f, — f a.s. asn — +oo and so f,, — f in probability as n — +oo. Therefore,
by Theorem 2.2. from Jacka, Roberts (1997), f, — f in L'(Q, F, P) as n — +oo.

(ii) Let for any A € F, P,(A) — P(A) as n — 4o00. Then, by the definition of strong
convergence in Jacka et.al (1997), the measures {P,,n € N} converge strongly to P
which, by Theorem 2.1. in Jacka et.al (1997), implies that the measures {P,,n € N}
converge weakly to P. OJ

Lemma 4.3 The function h,(e, ) is harmonic for the process (Xt, ¢+ )i>0 and the process
{he (X3, 00)I{t < Ho},t > 0} is a martingale under P ).
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Proof: The function h, is continuously differentiable in ¢ which by (3.6) implies that
h, is in the domain of the infinitesimal generator G of the process (X, ¢)i>0 and that
Gh, = 0. Hence, the function h,(e, ) is harmonic for the process (Xi, ¢1)i>0 and the
process (h.(X¢, ¢¢))e=0 is a local martingale under P y. It follows that the process
(he (Xinry, Penmy) = he( Xy, @) I{t < Ho})i>o is also a local martingale under P (the
equality of the processes is valid because h,(Xg,, pn,) = 0 if the process (X¢, ¥1)i>0
starts in £ ). Since the process {h,(X;, p;)I{t < Hy},t > 0} is bounded on every finite
interval, it follows that it is a martingale under P ). O

Proof of Theorem 2.1: By Lemmas 4.1 (ii) and 4.3, the function h, (e, ) is positive
and harmonic for the process (Xi, ¢¢)i>0. Therefore, the measure P(wa) is well-defined.
For fixed (e, ) € Ef and t > 0, and any T' > 0, let Zr be a random variable defined
by
T — P(Xt,%)(HO >T — t)
=
Plew)(Hy >T)

Then, by Lemmas 4.1, 4.2 and 4.3 the random variables Zr converge in L'(Q, F, P ))

as T — 400 to the random variable %I{t < Hy} . Therefore, by (4.18), for fixed
t>0and A e F,

I{t<Hy}.

. T .
Jim PO (A) = lim B (1(4) Zr)
h'r(Xt7 th)

= Blei (1) L5 < Ho} ) = P (4),

which, by Lemma 4.2 (ii), implies that the measures (P((GT;)\ 7, )y>0 converge weakly to

P(}ng)b:t as T — oo. O

5 The negative drift case: Proof of Theorem 2.2
We start again by looking at limp_, | P((il)(A) for A € F;. As in the oscillating case,
Pl oy (Ho>T—t)

P(W,)(HO>T)

We recall that 3y denotes the point at which the Perron-Frobenius eigenvalue a(/3)
of the matrix (Q — SV) attains its global minimum (see Lemma 3.9), that ap = a(fp)
and gy denote the Perron-Frobenius eigenvalue and right eigenvector, respectively, of
the matrix (@ — 5yV) and that G denotes the diagonal matrix diag(go(e)). We recall
the F x E matrix Q is given by (2.1) as

Qe ¢) = G (Q — aol — BoV)Gole, €).

we need to find limp_

18
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By Lemma 3.11 the matrix QV is a conservative irreducible Q-matrix. Let (V1Q)I° =
'GP be the unique Wiener-Hopf factorization of the matrix V~!Q" and let ') = JT°J.
Our aim is to prove

Lemma 5.1

(i) hole, o, t) = —e " % Goe V'@ 119 0(e) > 0, (e,¢,t) € EF x [0, +00),

.. P Py oy (Ho>T—t) . e h.o(e ¢ t)
(19) if limp_ o %—HPT) exists it is equal to m.

For the proof of the lemma we will need some auxiliary lemmas. For a > 0
let V7HQ" — al)TY = TYGY be the unique Wiener-Hopf factorisation of the matrix
VHQ" — o) and for fixed (e,¢) € E x R, let a function L. ) (a), @ > ap, be defined
by

1 — 6—5()%0 G e—tpV_l(QO—(a—ao)I) o G_1J 1
Lie)(@) = - - acao 70 727 5. (5.22)
By Lemmas 3.3 and 3.12, for a > 0,
1— eV QN 11— Epg(e o) ©
Liepy () = ” = ( ‘2 = / € Plopy(Hy > t) dt.
0
(5.23)

Lemma 5.2 For any (e, ) € Ef, the function L. () is analytic for Re(a) > aq.

Proof: By the definition in Lemma 3.3, the matrices IT} and IT, are analytic for Re(a) >
0. Hence, the matrix I', is analytic for Re(a) > 0 and therefore, by Lemma 3.12 the
matrix T'_, is analytic for Re(a) > ag. It follows that the numerator of L. )(a) in

(5.22) is analytic for Re(a) > ap and since
e PP Goe#V (@ raolp0 Gl g1 = eV IO 1 = 1,

the numerator of L ,)(c) is equal to zero for v = 0. Therefore, L. () is analytic for
Re(a) > ay. O

We note that the objects (e.g. vectors and matrices) with the superscript © are
associated with the matrix Q" and are defined in the same way as their counterparts
associated with the matrix Q).

Lemma 5.3 Let all non-zero eigenvalues of the matriz V=1Q" be simple. Then, for
some non-zero constant c,

(1) (T°_, —T9 Gytdhl ~ ¢ (a— 040)% S0 a — ag,

a—ap

(1) Liep) () = Liey(an) ~ ¢ (o — 040)% e PeGy e L T90e), o — ay.
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Proof: (i) Let g~ be a non-negative vector on £~. Then

g = Zak o
k=1

for some constants ai, k = 1,...m, where the vectors gg’_, k =1,...m, form a basis
in the space of all vectors on E~ and are associated with the eigenvalues of the matrix
G%~. By Lemma 3.6 (ii), the constant @, which corresponds to gfj;;n = 17 in the
previous linear combination is not zero. Thus,

007" = Qo T 17+ > 0 T g (5.24)
0,— 4 0,—
Ik igmin
By (3.8) and Lemma 3.11, the matrices Q° and V' define the oscillating case. There-
fore, by (4.21),
1 1
T 1 ~—————az (" =-11""7), a—0. (5.25)

/= 10V 10
We also need the behaviour of Hg;_g,g’*, kE=1,...m, g,g’* # gg,;;L. Since by as-

sumption all non-zero eigenvalues of the matrix V~1Q are simple, it can be shown (see
Wilkinson (1965)) that there exist vectors vy ,, n € N, on E such that

[o¢]
Hg”gg’* — 1‘[07*92’* = Z o (v,jyn — Hg”v,;n) (5.26)
n=1

From (5.24), (5.25) and (5.26), and because by Lemma 3.5 (v), 112~ — %~ as
a— 0,

NG

Ho’f - _Hovf T~ _arn—m o
P’ g =
which proves ().
(ii) By the definition of L (),

Lie)(@) = Lie,p) (o)
_ (a—ag)(1 - e PGy eV IOGT L)

(r%t — 11007, a— 0,

a o
B ap(e P2 Gy, (e—wVfl(QO—(oc—ao)) — e—soV*QO)FOGalJﬂ)
a O
oGy eI~ 1G5l
«
e PGy (e VTl — VNI, — TGy Ll
5 :
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The function o — e ®V (@"~(@=0)) ig analytic for all o which implies that
e=?V Q" (ama0)) _ o=eVT'Q" tends to zero as o — ag. Hence, by (i) and the last
equality, (i) is valid. O

Lemma 5.4 For fized (e,p) € Ef, the function L.y (o + ap), a > 0, is the Laplace
transform of e=** P, ,)(Ho > t).

Proof: By (5.23) L) (a), o > 0, is a Laplace transform and therefore, by Theorem
la in Feller (1971) part 2, XIII.4, completely monotone for « > 0. In addition, by
Lemma 5.2, L) (c) is analytic for v > ap. Since the analytic continuation of a com-
pletely monotone function is completely monotone, it follows that L. .)(c) is completely
monotone for a > agp and therefore it is a Laplace transform of some measure on [0, +00).
By the uniqueness of the inverse of the Laplace transform it follows from (5.23) that
Loy (o + ag) for oo > 0 is the Laplace transform of e=** P .y (Hy > t). O

Proof of Lemma 5.1: (i) By Lemma 4.1 (i), the vector —e~#V"@"J;T'9r0 is positive
for any ¢ € R. Since the matrix Gq is positive by its definition, it follows that the
function h,o(e, ¢, t) is positive for any (e, p,t) € Ef x [0, +00).

(ii) By Lemma 5.4, L(e’wgwao) — L(e’ﬁ(ao) is the Laplace transform of the monotone
function

t
t— / efaosp(e#,)(Ho > S) ds — L(&(p)(Oco).
0
Therefore, by the Tauberian theorem (see Feller (1971) part 2, XIIL5),

I'(z)

as t — +o0. Then, for fixed (e, p), (¢/,¢') € Ey,

t
/ efaosp(e#’) (HO > S) ds — L(e,go) (Oéo) ~ tféefﬁoﬂﬁGo e*QOV—lonlrg'ro(@),
0

) fOT—t e_aosp(e’,@')(HO > 3) ds — L(e/,go/)(ao) e—ﬁogolGO e—cp/v—lonlr(z)T0<€/)
1m = — .
T—+o0 fOT G*O‘OSP(&(P)(HQ > S) ds — L(ew)(ao) e~ PGy eV IQ Jlrgro(e)

The statement in the lemma is now proved since, by L’Hopital’s rule,

Jo e P gy (Hy > 5) ds — Ler ()

P on(Hy >T —1t
lim =9 —¢ (750)( 0 )

T—oo fOT e3P ) (Ho > s) ds — L) () T—too Pleg)(Hy>T)

aot

if the latter limit exists. O

Lemma 5.5 The function h,o is space-time harmonic for the process (Xt, ¢t)i>0 and
the process {h,o(Xy, o, t)I{t < Ho},t > 0} is a martingale under P ).
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Proof: The function h,o is continuously differentiable in ¢ and ¢ which by (3.7) implies
that it is in the domain of the infinitesimal generator A of the process (X, ¢;)i>0 and
that Ah,0 = 0. Hence, the function h,o(e, ,t) is space-time harmonic for the process
(X, @1)e>0 and the process (hyo(Xy, @4, t))i>0 is a local martingale under P . It follows
that the process (hyo(Xiamy, Cinmgst A Ho) = hpo(Xe, @1, t)I{t < Hp})i>o is also a local
martingale under P ). Since the process h,o(Xy, ¢, t)I{t < Ho})¢>o is bounded on
every finite interval, it follows that it is a martingale under P ). O

Proof of Theorem 2.2: By Lemmas 5.1 (i) and 5.5, the function h,o(e, ¢, t) is
positive and space-time harmonic for the process (X, ¢;)i>0. Therefore, the measure

P(}:;) is well-defined.

For fixed (e,p) € Ef and t > 0 and any T > 0, let Zr be a random variable defined
by
_ P(Xt,<Pt)<H0 >T — t)

Z
! P(e,so)<H0 > T)

I{t<Hy}.

Then, by Lemmas 5.1, 4.2 (i) and 5.5 the random variables Zr converge to %I{t <

Hy} in LY(Q, F, P,,)) as T — +oo. Therefore, by (4.18), for fixed ¢t > 0 and A € F,

lim PP (A)= lim B, (I(A) ZT> — p

T—+00 (es) T—+o00 (es)

(4),

which, by Lemma 4.2 (ii), implies that the measures (P((ET;)| 7 )y>0 converge weakly to

h
P(efp)|ft as T — oo. O
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