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Diffraction and one-phonon inelastic scattering of a thermal energy helium atomic beam are evalu-
ated in the situation that the target monolayer lattice is so dilated that the atomic beam penetrates to
the interlayer region between the monolayer and the substrate. The scattering is simulated by propa-
gating a wavepacket and including the effect of a feedback of the inelastic wave onto the diffracted
wave, which represents a coherent re-absorption of the created phonons. Parameters are chosen to
be representative of an observed p(1 × 1) commensurate monolayer solid of H2/NaCl(001) and a
conjectured p(1 × 1) commensurate monolayer solid of H2/KCl(001). For the latter, there are cases
where part of the incident beam is trapped in the interlayer region for times exceeding 50 ps, de-
pending on the spacing between the monolayer and the substrate and on the angle of incidence. The
feedback effect is large for cases of strong transient trapping. © 2013 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4794742]

I. INTRODUCTION

Inelastic helium atom scattering experiments have deter-
mined the energies of phonons in physically adsorbed mono-
layer solids.1, 2 The theory is relatively complex because the
processes that make a thermal energy He beam an exquisitely
surface sensitive probe require treating the scattering as a
strong coupling event.3–6 For example, the simply commen-
surate monolayer solid p(1 × 1) H2/NaCl(001) is such a cor-
rugated target that some experimental diffraction peaks are
more intense than the specular peak7 and the theory6 shows
this too. Further, that monolayer solid is so dilated that there
is only a low potential energy barrier for the He to penetrate
to the interlayer region that is between the plane of the mono-
layer molecule centers and the plane of the centers of surface
ions of the substrate and there may be paths with no barrier
for a more dilated conjectured commensurate monolayer solid
p(1 × 1) H2/KCl(001) that has not yet been observed.

We anticipated that there would be strong transient
trapping in the interlayer region for He scattering from
p(1 × 1) H2/KCl(001) and found in trial calculations that the
wavepacket scattering methodology extended stably to such
conditions. However, the strong coupling effects are enhanced
for the wave function in the interlayer region. Therefore, we
have generalized the one-phonon scattering theory to include
a feedback of the inelastic wave function onto the elastic
(diffracted) wave function, in which the created phonon is co-
herently annihilated. This provides a self-consistent (SC) de-
scription of the scattering process in the zero and one phonon
space and maintains conservation of total probability.

a)Author to whom correspondence should be addressed. Electronic mail:
flemming@kemi.dtu.dk.

We have re-visited the p(1 × 1) H2/NaCl(001) system,
because including the barrier penetration effect satisfactorily
removes a norm loss artifact in the calculations of Ref. 6,
denoted as Paper III here. There are only minor changes
from the previously calculated inelastic scattering distribu-
tions. For this system there are good models8–10 for the He–
H2 and He–NaCl interactions and experimental data7 for the
phonon spectrum. In contrast, the components of the interac-
tion model for the H2/KCl(001) are less well-determined and
the calculations there are more exploratory in character. As
yet, there are no inelastic helium atom scattering experiments
that show effects of large penetration to the interlayer region
between monolayer and substrate. This is in marked contrast
to low energy electron diffraction experiments, where inter-
ference between reflections at the monolayer and at the sub-
strate is analyzed to determine the adsorption-site geometry.11

Our previous work (Papers I–III)4–6 is in the context of
the time-dependent evolution of a scattering wave packet and
starts from the one-phonon scattering approximation of Choi
and Poe.12 The time-dependent theory exhibits the dynamic
interplay of the elastic and inelastic processes. There also
is a large body of work3 on helium atom scattering from
physically adsorbed monolayers that uses a time-independent
coupled-channel formulation. From its beginning,13 approxi-
mate solutions were constructed which conserved total prob-
ability (unitarity) and that was implemented with averaged
approximations for the Debye-Waller factor. According to
a recent example of such work,14 our self-consistent one-
phonon calculations may over-estimate the effect of one-
phonon losses; this is likely to become a large effect for
multiphonon scattering3 which we do not treat here. An-
other related effect is the phonon-assisted resonances15, 16 in
which one-phonon processes enhance selective adsorption

0021-9606/2013/138(10)/104705/10/$30.00 © 2013 American Institute of Physics138, 104705-1
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resonances in the diffracted wave. Although the cases in our
model calculation are not at the resonant condition, there
are long transient trapping times that suggest a proximity to
such effects. The role of thermal excitation of the monolayer
and dynamics of the substrate is not yet incorporated in our
work. We believe that this may be done more easily in the
time-dependent theory than in the time-independent formu-
lation but that the two approaches have an important com-
plementarity. As calculations are extended to higher energies
where multiphonon processes contribute more, semi-classical
approximations17 will play a larger role.

The organization of this paper is as follows: Sec. II sum-
marizes the theoretical components of this work, the potential
models, and the scattering theory. Section III presents the re-
sults of the calculations. Section IV contains the conclusions.
The Appendix summarizes a ray tracing (geometrical op-
tics) approximation for the penetration of He to the interlayer
region.

II. THEORY

A. Self-consistent one-phonon approximation

The Hamiltonian for scattering of an atom by the mono-
layer solid is

H = Kkin + Hph + Vc. (1)

Kkin is the kinetic energy operator of the incident (He) atom
of mass ma. Hph is the Hamiltonian of the monolayer solid
treated in the harmonic approximation and is expressed in
phonon operators by

Hph =
∑
Q,λ

¯ω(Q, λ)a+(Q, λ)a(Q, λ), (2)

with a sum over wavevectors Q in the first Brillouin zone and
polarization branches λ. The ground state of Hph is denoted
�0, with energy zero, i.e., zero-point energies are omitted. Vc

denotes the sum of the atom-monolayer and atom-substrate
potential energies. It consists of a static part Vs with all mono-
layer and substrate atoms at their equilibrium positions and a
dynamic part Vd arising from the vibrational displacements
of the monolayer atoms. Dynamic coupling of the monolayer
and substrate is neglected and Vd is approximated by V1, its
expansion to first order in monolayer atom displacements and
phonon operators:

Vd � V1 =
∑
Q,λ

ṼQ,λa
+(Q, λ) + Ṽ ∗

Q,λa(Q, λ). (3)

The time-dependent Schrödinger equation then is

ı¯
∂�

∂t
= (H0 + Hph + V1)�, (4)

with H0 = Kkin + Vs . Assuming a solution of the form
� = �0�0 + ∑

Q, λ�1(Q, λ)a+(Q, λ)�0 and project-
ing Eq. (4) onto the zero-phonon (�0) and one-phonon
(a+(Q, λ)�0) spaces gives coupled equations for the
scattered-atom wave functions �0 and �1

ı¯
∂�0

∂t
= H0�0 +

∑
Q,λ

Ṽ ∗
Q,λ�1(Q, λ) (5)

and

ı¯
∂�1(Q, λ)

∂t
= [H0 + ¯ω(Q, λ)]�1(Q, λ) + ṼQ,λ�0. (6)

There is an Eq. (6) for each (Q, λ) in the sum in Eq. (5).
Multiphonon processes are neglected and the phonon states
are those of the unperturbed monolayer. The total norm is
conserved for this set of dynamical equations:

(�0+�1, �0+�1)= (�0, �0) + (�1, �1)

=
∫

[|�0|2+
∑
Q,λ

|�1(Q, λ)|2]dxdydz = 1.

(7)

In a scattering event with initial condition �1 = 0 and the
monolayer initially in the state �0, the last term in Eq. (6)
usually acts as a source term. There are time periods where its
action is more complex and the norm of �1 does not increase
monotonically with time. The Ṽ ∗

Q,λ term in Eq. (5) represents
the feedback of the inelastic scattering onto the elastic
(diffraction) scattering and leads to a reduction in the norm
of �0 from the initial value of one. This self-consistency
represents one of the processes in the Debye-Waller factor
for diffraction intensities.3 We denote solutions of Eqs. (5)
and (6) by SC and those in which the Ṽ ∗

Q,λ term is omitted
from Eq. (5), as in Paper III, by NSC (non-self-consistent).

The lateral, r = (x, y), periodicities of the potential
energies Vs(r, z) and ṼQ,λ(r, z) are expanded in the Steele
series19 using the reciprocal lattice vectors g of the mono-
layer. The corresponding expansions of the zero-phonon and
one-phonon atom wave functions �0 and �1 are, with K the
initial parallel wavevector of the atom,

�0 =
∑

g

ψg(z, t) exp[ı(g + K) · r] (8)

and

�1(Q, λ) =
∑

g

exp[ı(K − Q + g) · r]SQ,λ(g, z, t). (9)

B. Implementation: Helium atom scattering

1. Interaction models

The interaction of the He atom with an H2 molecule is
taken to be the TSM model (Tao8 and Spelsberg-Meyer9)
without zero-point averaging, as given in Paper III. However,
in evaluating the coefficients in the Steele series, a cutoff pro-
cedure is adopted for small separations because the numerical
integration of Eqs. (5) and (6) becomes unstable for very large
potential energies. A smooth cutoff is used at separations r
less than a value rs:

V (r) = VTSM(r) × exp(−γ2[r − rs]
2), r ≤ rs . (10)

With the choices rs = 1.5 Å and γ 2 = 0.421 Å−2, the maxi-
mum of V(r) is limited to 13.1 eV and the wavepacket prop-
agates stably even when a significant amount penetrates to
the interlayer region between the monolayer and the sub-
strate. Since the He beam energies considered are in the range
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8–26 meV, this cutoff on V (r) is unlikely to give spurious
effects in the scattering calculation. The He-monolayer po-
tential is the sum of VTSM or V over a square lattice of H2

molecules with nearest-neighbor spacing Lnn = 3.96 Å [4.44
Å] for the NaCl(001) [KCl(001)] case.

The interaction of He with NaCl(001) was modeled by
Vargas and Mochán.10 In Paper III, the effective surface plane
of the NaCl is taken to be DZL = 1.2 Å below the H2

monolayer; the actual distance from the H2 monolayer to the
NaCl(001) is calculated18 to be 2.6 Å. A similar construction
for He–KCl(001) is not available, but the selective adsorption
energy levels are known7 to be very similar to those for He–
NaCl(001). As an estimate of the He–KCl(001) potential we
adopt the Vargas-Mochán model and use three values for DZL
(1.2, 2.8, and 4.0 Å). The larger values lead to transient con-
figurations with large interlayer components in both �0 and
�1 and enable us to examine trapping effects quite readily.

The potential energy surfaces are approximated by Steele
series with NVG = 25 [30] shells of reciprocal lattice vectors
for the NaCl [KCl] case and are constrained by a Lagrange
multiplier construction6 to match the direct sum evaluations
at the atop, center, and bridge sites of the unit cell for each
perpendicular distance z from the hydrogen monolayer. Con-
tour plots of the He-p(1 × 1)H2/KCl(001) potential energy in
the z = 0 plane (the plane of H2 centers) for DZL = 1.2 Å and
4.0 Å are shown for one unit cell in Fig. 1. The two plots illus-
trate that the “hole” (area with a negative potential energy) at
the center of the cell is larger for DZL = 1.2 Å than for DZL
= 4.0 Å. This arises because the attractive part of the He–KCl
potential energy at z = 0 is larger for DZL = 1.2 Å where the
KCl surface is closer. However, the effects of the z < 0 region
are larger in the scattering calculations for DZL = 4.0 Å be-
cause the larger volume of this region outweighs the effect of
the larger “hole” in the z = 0 plane for DZL = 1.2 Å.

In Paper III the closest approach of He to the p(1 × 1)H2/
NaCl(001) monolayer was z = 0.4 Å and there was a loss
of up to 1.5% in the norm of �0 because the potential en-
ergy in part of the z = 0.4 Å plane is less than the initial
beam energy Ei. The potential energy at the unit cell center at
z = 0 is 1.8 meV for the NaCl case and is in the range −5
to −13 meV, depending on DZL, for the KCl cases. The large
potential energy at z = −DZL has the effect of reducing the
loss of total norm (elastic + inelastic, Ie + Ii, Eq. (7)) to less
than 0.1%.

2. Wave packet

Equations (5) and (6) are solved with a wavepacket
propagation scheme described in Ref. 5. Penetration of the
wavepacket to the interlayer region now is included in all
the calculations. The lateral motion is represented by plane
waves, Eqs. (8) and (9), and the initial z-dependence of �0

is a Gaussian wavepacket. The values of the grid-size in the
z-direction 	z = 0.06 Å and integration time-step 	t = 0.04
fs are as before. An absorbing potential at the large-z end of
the z-grid enables long-time calculations (now 120 ps or more
when there is transient trapping) that ensure that the scattering
events go to completion and, with a determination of the He
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FIG. 1. 2D contour plots of the He-p(1 × 1)H2/KCl(001) potential energy
surface for a unit cell at z = 0, the plane of the hydrogen molecules. The H2
are at the corners of this square cell with side Lnn = 4.44 Å. (a) The contours
for DZL = 1.2 Å with a potential energy of −13.3 meV at the center. (b) The
contours for DZL = 4.0 Å with a potential energy of −5.4 meV at the center.

flux into the absorbing potential, an accurate account of the
intensity in all diffraction and inelastic scattering channels is
maintained.

The calculations are done with two initial wavepacket
widths to give a sense of the effect of the averaging over
excitation cross sections in the experiment. The width σ z of
the initial wavepacket is expressed in terms of the number
NWI of gridpoints as σz = 	z NWI/

√
2. The choices NWI

= 600 and NWI = 100 correspond to a somewhat finer or
coarser energy resolution than in the He/H2/NaCl(001) ex-
periments. The increment in total energy that arises from the
spread of the wavepacket is δE = (¯/NWI	z)2/4ma and is
2 × 10−4 meV for NWI = 600.

3. Scattering conditions

The excitation spectra of shear horizontal (SH) and lon-
gitudinal acoustic (LA) phonons are taken to be the ω(Q) fit
in Paper III to the experiments7 for p(1 × 1) H2/NaCl(001).
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Quite different scattering geometries are treated for the
NaCl and KCl cases.

The scattering for p(1 × 1) H2/NaCl(001) is evaluated for
scan curve conditions1 and a beam energy Ei = 26.5 meV as
in the experiments. The scan curve has the outgoing beam in
the plane of incidence with a fixed angle θSD (= 90.1◦ here)
between the incident and outgoing beam. In the calculations
the plane of incidence is at an angle φ �= 0◦ relative to the �M
(ŷ) axis of the monolayer and the phonon Q is in that plane.
For the φ = 0◦ case and Q in the first Brillouin zone, there
is no excitation of the SH mode.4 SH–LA pairs of scattering
events at three angles of incidence θ i and φ = 1◦ are treated
in the present work. The diffraction conditions for a pair are
the same, but the phonon excitations differ in order to satisfy
the scan curve condition.

The scattering for p(1 × 1) H2/KCl(001) is evaluated for
φ = 1◦ and several θ i for specific SH and LA phonons without
the scan curve constraint.

4. Approximating the Q-sum

The full one-phonon approximation in Eqs. (5)–(7) al-
lows for the excitation of phonons at all wavevectors Q in the
first Brillouin zone and thus, effectively, includes a continuum
of wavevectors.14 In the present work, we replace this contin-
uum by single values of Q and polarization λ so that there are
only two coupled equations, Eqs. (5) and (6), to be solved.
The strength of the coupling ṼQ,λ depends on the number N
of atoms in the monolayer as 1/

√
N , Eq. (11) of Ref. 4. This

implies that the norm of the wave function �1 for having ex-
cited a single specific phonon mode is O(1/N) and very small.
In an experiment, however, there are finite resolutions dQ in
Q and d� in the solid angle � for the final direction of the
scattered atom, so the experimental intensity includes a factor
N|Q|d|Q|d� and the 1/

√
N dependence in ṼQ,λ is compen-

sated. Our approximation of a single Q and λ and a specific
value for N is a rough way of allowing for the experimental
resolution in wavevector and solid angle. Larger values of N
correspond to higher resolution and therefore to lower inelas-
tic intensities.

We propagated the wavepacket with N = 10, to get total
inelastic norms Ii of 0.1 to 0.2, and made a few calculations
with N = 5 and N = 20 to test how results varied with this
choice. For the data presented in Table I, Ii varies approxi-
mately as 1/N, although the feedback to �0 leads to depar-
tures from an exact proportionality to 1/N at smaller N. Also,
the conservation of total norm, Eq. (7), is maintained to within
0.1%.

5. Analysis

We characterize the results of the calculations using the
elastic and inelastic norms Ie ≡ (�0, �0) and Ii ≡ (�1, �1)
and channel norms, e.g., Ii(g) ≡ (SQ, λ(g), SQ, λ(g)),

(SQ,λ(g), SQ,λ(g)) ≡
∫ ∞

−DZL

|SQ,λ(g, z, t)|2 dz. (11)

TABLE I. Effect of the value of N on the self-consistent solution with cou-
pling to only one phonon mode. Data for the p(1 × 1) H2/KCl(001) model
with Ei = 15.1 meV, θ i = 20◦, DZL = 1.2 Å, NWI = 600, and a longitudi-
nal acoustic phonon mode with Q = 0.718 Å−1 and ¯ω = 8.47 meV. Ie and
Ii are the total elastic and one-phonon inelastic norms; their sum should be
1 according to Eq. (7). The final column NIi would be independent of N if Ii

scaled as 1/N and this is nearly satisfied for N = 10 and 20.

N Ie Ii Ie + Ii NIi

5 0.84741 0.15234 0.99975 0.7617
10 0.89527 0.10447 0.99974 1.0447
20 0.94047 0.05928 0.99975 1.1856

The partial norms Ie, i(trap) of �0 and �1 in the range
−DZL ≤ z ≤ 0, defined by

Ie(trap) ≡
∫ 0

−DZL

∑
g

|ψg(z, t)|2 dz (12)

with a similar definition for Ii(trap), are used to track the size
and time evolution of the trapping in the interlayer region, as
in Fig. 2 which is discussed in Sec. III B. Factors that are
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FIG. 2. The natural logarithms of the elastic and inelastic norms trapped
between the planes of the KCl surface and the H2 monolayer, as a function of
time for the SC and NSC calculations. The norms of �0 and �1 for −DZL
< z < 0 are evaluated for θ i = 20◦, φ = 1◦, Ei = 15.1 meV, NWI = 600
(nearly a monochromatic beam), and SH phonons with (Q, ω) = (0.718 Å−1,
6.61 meV). (a) DZL = 1.2 Å. (b) DZL = 4.0 Å.
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TABLE II. Total elastic and inelastic norms Ie and Ii at angle of incidence
θ i for scattering of 26.5 meV He atoms by the p(1 × 1) H2/NaCl(001) mono-
layer as calculated6 in Paper III (NSC) and here with the self-consistent so-
lution. Ri is the ratio of the Ii for LA and SH phonons, Ii(LA)/Ii(SH). The
stated phononsa are those for which the inelastic scattering satisfies the scan
curve condition with θSD = 90.1◦. The azimuthal angle is φ = 1◦ relative to
the �M axis of the monolayer, N = 10, and NWI = 600.

θ i 46◦ 44.5◦ 37.2◦

Ie(LA) (SC) 0.7407 0.7957 0.7111
Ie(SH) (SC) 0.9056 0.8872 0.9022
Ii(SH) (SC) 0.0941 0.1125 0.0975
Ri (SC) 2.753 1.814 2.959
Ii(SH) (NSC)b,c 0.114 0.141 0.117
Ri (NSC) 3.162 2.235 3.864
Ri(SC)/Ri(NSC) 0.871 0.810 0.766

a(Q, ω) in Å−1 and meV for the SH phonons at θ i = 46◦, 44.5◦, and 37.2◦ are (0.865,
6.87), (0.6, 6.7), and (−0.6, 6.7) and for the LA phonons are (1.02, 8.27), (0.828, 8.69),
and (−0.45, 7.83).
bBy definition Ie(NSC) = 1; in practice Ie(NSC) departed from 1.00 by 0.5% at 46◦ and
1.2% at 37.2◦. Ie + Ii for the 6 SC calculations is maintained at 1.00 to within 0.04%.
cValues from the work of Paper III, obtained with N = 1, are restated here with N = 10.

applied to the channel norms to generate final elastic and in-
elastic intensities6 in Paper III, i.e., a flux factor, the thermal
average Debye-Waller factor, and an enhancement of phonon
creation by scattering from thermally excited phonons, are not
included in the present results. The SC approximation makes
the ad hoc addition of that Debye-Waller factor at least par-
tially redundant for this work. As before,5 g-channels in �0

[�1] are said to be open when the parallel kinetic energy in
that channel is less than the final atom energy in �0 [�1].

Because of the ambiguity in the choice of N for the
single-Q approximation to the ṼQ,λ coupling, we present
many of the results as ratios of norms where the prefactor
N cancels. We use the ratio of the norms of the inelastic
scattering for the LA and SH branches, Ri ≡ Ii(LA)/Ii(SH),
and the ratio of the inelastic norm in the specular (g = 0)
channel and the total inelastic norm in open channels, Ii, o,
Fi ≡ Ii(g = 0)/Ii, o. These enable us to follow trends in the
SC and NSC calculations in parallel and Fi is especially use-
ful when the NSC calculation has a long-time loss in Ii aris-
ing from norm trapped in closed channels. This arises in
DZL = 4.0 Å NSC cases for p(1 × 1)H2/KCl(001) in

Sec. III B, where Ii, o/Ii < 0.7 for times long enough that most
of Ii(SC) is in open channels, and we then use Ii, o(NSC) for
comparisons to the SC results.

III. RESULTS

A. p(1 × 1)H2/NaCl(001)

SC versions of the NSC calculations of Paper III
were performed for pairs of inelastic scattering at energy
Ei = 26.5 meV, three angles of incidence θi = 46◦, 44.5◦, and
37◦ and azimuthal angle φ = 1◦. Table II shows the results of
both versions of the calculations. The (Q, ω) of the SH and LA
phonons that satisfy the scan curve condition at these θ i are
given in a footnote to Table II. The LA norm is much larger
than the SH norm in each case, Ri > 1, and the trends with θ i

for the NSC calculation follow the SC results. However, the
feedback term in the SC calculation leads to smaller ratios Ri

and Ri(SC)/Ri(NSC) is in the range 0.77–0.87. The stronger
LA scattering has a greater reduction in the final elastic SC
norm, as shown by the values for Ie(LA) and Ie(SH) in the
first two lines of Table II. This comparison of SC and NSC
results involves two changes in the calculation: (1) the inclu-
sion of penetration of �0 and �1 to the −DZL < z < 0 region
and (2) the implementation of the self-consistency by includ-
ing the ṼQ,λ term in Eq. (6) in the calculations. In a case where
we treated the changes separately, the effect of the penetration
was to change Ii by only about 1% and it gave a small part of
the total change.

The SC calculations thus confirm the conclusions of Pa-
per III for the trends and relative magnitudes of the inelastic
scattering strengths. Including the small penetration to the in-
terlayer region between the monolayer and substrate leads to
an improved conservation of the wave function norm without
major changes in the rest of the results.

B. p(1 × 1)H2/KCl(001)

The calculations for the p(1 × 1)H2/KCl(001) model are
meant to explore what the consequences of a strong penetra-
tion to the interlayer region would be. We anticipated find-
ing transient trapping of the elastic wave function �0 in the

TABLE III. Effect of the wavepacket width NWI for the p(1 × 1) H2/KCl(001) model with Ei = 15.1 meV, N = 10, DZL = 4.0 Å, and SH mode with
(Q, ¯ω) = (0.718 Å−1, 6.61 meV). The total elastic and inelastic norms Ie and Ii, their sum, and the fractions Fi = Ii(g = 0)/Ii, o are given. SC denotes results of
the self-consistent calculations, Eqs. (5) and (6); NSC denotes results without the coupling term in Eq. (5). The SC–NSC pairs show a redistribution of strength
caused by the mixing. The effect of changing NWI is much less in the SC calculation than in the NSC one.

NWI = 600 NWI = 100

θ i 0◦ 15◦ 20◦ 0◦ 15◦ 20◦

Ie (SC) 0.93406 0.94499 0.930475 0.92625 0.94223 0.93287
Ii (SC) 6.504 × 10−2 5.340 × 10−2 6.854 × 10−2 7.301 × 10−2 5.676 × 10−2 6.619 × 10−2

Ii + Ie (SC) 0.99910 0.99840 0.99902 0.99926 0.99899 0.99906
Fi (SC) 3.92 × 10−3 1.34 × 10−2 3.67 × 10−2 3.34 × 10−3 1.69 × 10−2 2.95 × 10−2

Ii, o (NSC)a 6.505 × 10−2 0.220 0.111 0.118 0.186 0.287
Ii (NSC) 7.728 × 10−2 0.426 0.165 0.181 0.288 0.514
Fi (NSC) 4.81 × 10−3 4.22 × 10−2 4.15 × 10−2 5.41 × 10−3 8.19 × 10−2 5.60 × 10−2

aThese values are total inelastic norm in open channels.
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TABLE IV. Dependence of total inelastic scattering norm in open channels Ii, o on interlayer spacing DZL for the p(1 × 1) H2/KCl(001) model at
Ei = 15.1 meV, θ i = 20◦, N = 10, and NWI = 600. SC, NSC, and Fi notation as in Table III; Ri,o = Ii,o(LA)/Ii,o(SH). The phonon modes are the lon-
gitudinal acoustic and shear horizontal excitations at Q = 0.718 Å−1 with energies 8.47 and 6.61 meV, respectively.

SC NSC

DZL (Å) Ii, o(SH) Ri, o Fi (SH) Fi (LA) Ii, o(SH) Ri, o Fi (SH) Fi (LA)

1.2 0.0686 1.53 0.0133 0.0055 0.0978 1.49 0.0135 0.0188
2.8 0.0800 2.25 0.0477 0.103 0.0894 2.40 0.0046 0.0967
4.0 0.0679 1.81 0.0359 0.0755 0.111 5.88 0.0415 0.127

interlayer region and that the time scale for the escape
would be long. The first calculations were with the (NSC)
wavepacket propagation used in Paper III and showed trap-
ping of �0 that persisted 50–100 ps for the DZL = 2.8 and 4.0
Å cases. However, the inelastic wave function �1 had a large
component in the interlayer region that mostly did not escape
to large z, as shown by the evolution of the open-channel norm
Ii, o. At θ i = 15◦ and 20◦, much of the inelastic norm simply
“disappeared” as time increased and the last term in Eq. (6)
then acted more as a “sink” than a “source.” This observation
led us to the present self-consistent theory that includes the
coupling term in the �0 propagation. The transient trapping
involves a strong mixing of the �0 and �1 components of the
total wave function because the coupling terms are large in the
interlayer region. This results in a reduction of the inelastic
norm and the mixing modifies the distribution over channels
in �0.

The scattering for p(1 × 1) H2/KCl(001) was evaluated
for two examples of one-phonon creation events, a SH phonon
of (Q, ω) = (0.718 Å−1, 6.61 meV) and a LA phonon of
(Q, ω) = (0.718 Å−1, 8.47 meV). These are phonons from
the spectrum7 of p(1 × 1) H2/NaCl(001); the experimen-
tal data for the SH event at Ei = 15.1 meV were shown in
Paper III. Most of the calculations were for initial energy
Ei = 15.1 meV and trends were followed as a function of the
angle of incidence θ i, effective interlayer spacing DZL, and
wavepacket width NWI .

Table III shows that the total inelastic norm in the
SC solution, Ii(SC), changes by about 10% as NWI is
increased at three angles θ i. This is very different from the

NSC results Ii (NSC), where the changes with NWI are
much larger. [These comparisons are sensitive to whether
the closed-channel contributions are included. The NSC
ratios are Ii,o(NWI = 600)/Ii,o(NWI = 100){Ii(NWI

= 600)/Ii(NWI = 100)} = 1.18{1.48} at θ i = 15◦ and 0.33
{0.39} at θ i = 20◦.] The mixing in the interlayer region
reduces the sensitivity to NWI in the SC calculations. At
long times, 80–100 ps after the turning-point time of the
wavepacket [when the expectation value (�0, z�0)/(�0, �0)
is minimum], more than 90% of Ii is in open channels for the
SC solution but only 55%–65% is in open channels for the
NSC one.

Examples from a series of calculations to explore the de-
pendence on the interlayer width DZL are given in Table IV
for θ i = 20◦. The relative strength of the LA excitation to the
SH excitation, Ri, is larger for larger values of DZL in the NSC
calculations. This monotonic behavior is not found in the SC
calculations, for which Ri is largest at DZL = 2.8 Å. We use
Fi, the fraction of Ii, o that is in the specular channel, to ex-
amine how the distribution over channels changes in the SC
solution. A comparison of the SC and NSC columns for DZL
= 2.8 Å shows large changes in the ratios; the trends with
DZL are quite uneven though. The feedback reduces the total
inelastic norm; Ii(SH) is smaller for SC than for NSC. There
also is a large effect on the trapped norms, as shown in Fig. 2.

We made a few calculations at other incident ener-
gies to show the generality of the trapping and of the self-
consistent mixing of �0 and �1 in the interlayer region.
Some results are given in Table V. For a low incident energy
Ei = 10 meV, comparable to the energy 8.47 meV of the

TABLE V. Inelastic scattering results at energies Ei = 10 meV (LA excitation) and Ei = 26.5 meV (SH excitation), phonon modes as in Table IV. H2/KCl(001)
model for θ i = 20◦, N = 10, and NWI = 600. Comparisons of SC and NSC calculations at two times t long after the turning-point time (19.5 ps at 10 meV
and 11.8 ps at 26.5 meV).

Ei = 10 meV, LA Ei = 26.5 meV, SH

SC NSC SC NSC

t(ps) 120 180 120 180 50 98 50 98

Ii 6.20 × 10−2 6.15 × 10−2 7.58 × 10−2 7.77 × 10−2 0.148 0.141 0.950 1.043
Ii (closed)a 6.54 × 10−4 1.06 × 10−4 7.29 × 10−3 8.84 × 10−3 9.09 × 10−3 1.26 × 10−3 7.15 × 10−2 7.54 × 10−2

Ie (trap)b 7.24 × 10−4 1.50 × 10−4 1.97 × 10−3 1.38 × 10−3 5.84 × 10−3 3.72 × 10−4 4.05 × 10−3 2.77 × 10−4

Ii(trap)b 7.66 × 10−4 1.10 × 10−4 7.98 × 10−3 9.17 × 10−3 1.23 × 10−2 8.11 × 10−4 0.185 9.98 × 10−2

Ii(g = 0) 1.40 × 10−2 1.41 × 10−2 1.85 × 10−2 1.88 × 10−2 2.45 × 10−3 2.46 × 10−3 1.45 × 10−2 1.50 × 10−2

Fi 0.229 0.229 0.270 0.272 1.77 × 10−2 1.76 × 10−2 1.65 × 10−2 1.55 × 10−2

aIi(closed) = Ii − Ii, o is the partial norm of �1 in closed channels, those with parallel kinetic energy greater than the final energy of the atom Ef = Ei − ¯ω(Q).
bPartial norms of �0 and �1 in the range −DZL < z < 0, i.e., in the interlayer region.
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TABLE VI. Trends of the inelastic scattering for the p(1 × 1) H2/KCl(001) model at Ei = 15.1 meV, with
N = 10 and NWI = 600, except as noted. SC solutions for SH and LA excitations as in Table IV. The norm of
total inelastic scattering in open channels Ii, o and that in the specular channel g = 0 are given.

SH LA

DZL Å θ i Ii, o Ii(g = 0) Ii, o Ii(g = 0)

1.2 0◦ 0.1328 4.14 × 10−5 0.1317 1.02 × 10−3

20◦a 6.86 × 10−2 9.10 × 10−4 0.1045 5.72 × 10−4

2.8 0◦b 8.64 × 10−2 3.50 × 10−4 9.50 × 10−2 1.48 × 10−2

20◦ 8.00 × 10−2 3.82 × 10−3 0.180 1.86 × 10−2

4.0 0◦ 6.41 × 10−2 2.51 × 10−4 8.94 × 10−2 1.28 × 10−2

15◦ 5.07 × 10−2 6.79 × 10−4 9.97 × 10−2 5.45 × 10−3

20◦ 6.79 × 10−2 2.49 × 10−3 0.1220 9.22 × 10−3

aFor the H2/NaCl(001) model at these scattering conditions the SH values are 4.72 × 10−2 and 4.75 × 10−4, respectively.
bNWI = 100 for this case.

created LA phonon, a large fraction ≈0.25 of Ii, o is in the
specular channel. The persistence of Ii(trap) is much greater
for the NSC calculation than for the SC one, as shown both by
the amount in closed channels Ii(closed) and by that specifi-
cally trapped in the interlayer region Ii(trap), Fig. 3. The time
dependence for Ii(trap) of the LA phonon in Fig. 3 is sim-
ilar to that of the SH phonon in Fig. 2(b). The persistence
of Ii(trap) is also much greater in the NSC calculation at
Ei = 26.5 meV. At that energy, Ii(NSC) is close to 1, which
shows a clear failure to maintain a reasonable account of the
total norm.

In addition to determining the trapped norms of �0 and
�1, we have analyzed the trapped probability density as a
function of time and distance from the H2 monolayer. We
evaluate |�0|2 in several z-planes for −DZL < z < 0 and then
calculate the average positions 〈x〉 and 〈y〉 and their variances
σ x and σ y as a function of time in these planes. Figure 4 has
examples of contour plots of the |�0|2 in the planes z = −1.0
Å and z = −2.44 Å, evaluated 20 ps after the turning-point
time of the wavepacket in an SC calculation with Ei = 15.1
meV, θ i = 15◦, NWI = 600, DZL = 4.0 Å, and creation of
SH phonons with (Q, ω) = (0.718 Å−1, 6.61 meV). The con-
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FIG. 3. The natural logarithms of the trapped elastic and inelastic norms,
defined as in Fig. 2, as a function of time for the SC and NSC calculations.
The scattering event has θ i = 20◦, φ = 1◦, Ei = 10.0 meV, NWI = 600,
DZL = 4.0 Å, and LA phonons with (Q, ω) = (0.718 Å−1, 8.47 meV).

tour plots largely reflect the symmetry of the square cell. The
lateral extent of |�0|2 near the H2 layer, Fig. 4(a) (z = −1.0),
is smaller than further away, Fig. 4(b) (z = −2.44), due to the
short-range repulsive interaction of He with H2 at the unit cell
corners. Figure 5 shows the average positions 〈x〉, 〈y〉 and their
variances σ x and σ y in the plane z = −1.90 Å as a function
of time. The large variances demonstrate that the probability
density is spread widely over the plane; if the distributions
were uniform, the variance would be Lnn/
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FIG. 4. 2D contour plots of |�0|2 in the interlayer region from an SC cal-
culation for a scattering event with Ei = 15.1 meV, θ i = 15◦, NWI = 600,
DZL = 4.0 Å, and SH phonons with (Q, ω) = (0.718 Å−1, 6.61 meV). Eval-
uated in two planes at 20 ps after the turning point time of the wavepacket,
with trapped elastic norm about 50% of its maximum value. (a) z = −1.0 Å.
(b) z = −2.44 Å.
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FIG. 5. The average positions in the x and y directions, 〈x〉, 〈y〉, and their
variances (error bars) as function of time in the plane z = −1.90 Å, eval-
uated with |�0|2 of the same scattering event as in Fig. 4. Also shown are
the average position in the z direction, 〈z〉, calculated for |�0|2 on the inter-
val −DZL < z < 0 and the trapped elastic norm (right ordinate axis) to set
the time relative to the evolution of the scattering event. The turning-point
time is at 15.32 ps and the trapped elastic (inelastic) norm is maximum at
18.8 (19.6) ps.

the KCl case) and this is the scale shown in the figure. Also
shown are the average 〈z〉 and trapped elastic norm for −DZL
< z < 0 to show the relation of the time-dependence of the
other averages to the evolution of the scattering event. The
averages and their variances have little time dependence, al-
though the total trapped norm decreases from 0.08 at its maxi-
mum to 0.03 at the largest time in the figure. A rather uniform
distribution is established early in the scattering event and is
maintained even when Ie(trap) has decayed to 1/3 of its max-
imum value. After a transient period, 〈z〉 is practically time-
independent. We interpret these data as showing that multi-
ple scattering of the He atom between the substrate and the
hydrogen layer effectively establishes a stationary distribu-
tion with a normalization that follows Ie(trap). However, the
variances σ x and σ y depend on DZL and are smaller for DZL
= 1.2 and 2.8 Å (not shown) than for the 4.0 Å case shown
here, which is consistent with the distributions in Fig. 4.

Our original goal was to examine the effects of pene-
tration of the He atom to the interlayer region. In Table VI
we give our best estimate for trends of the inelastic scatter-
ing with DZL and θ i. The relative strength of total LA inelas-
tic scattering to that of the SH, Ri, increases with increasing
thickness of the interlayer region mostly because of an in-
crease in the absolute strength for the LA.

IV. CONCLUSIONS

We conclude that the effects of interlayer trapping are
seriously overestimated without the self-consistent solution.
This is another manifestation of the strong-coupling scatter-
ing of thermal energy He atoms. The portion of the wave
function that penetrates to the interlayer region experiences
strong elastic and inelastic scattering. However, the trapping
keeps the inelastic wave there long enough that the coupling
to the phonons restores much of the lost energy and trans-

forms much of this part of the inelastic wave back to the elas-
tic component. The final inelastic strength remains large, but
is not as large as estimated without allowing for the feedback,
and the distribution over elastic channels is much changed by
the penetration and trapping.

The self-consistent solutions reported here are based on
a serious simplification of the formalism, to only one phonon
excitation (one Q and polarization). To do calculations with
a sampling of 25 or so points in the Brillouin zone will re-
quire considerably more computational resources than we
now have, but this extension does seem feasible in the light
of the expanding capabilities of parallel computation for such
a problem and work is in progress.

The problem of combining diffractive and inelastic scat-
tering in an internally consistent theory is of long standing
and is particularly difficult when both types of scattering are
strong. This is the situation here, with a target that is highly
corrugated to the extent that the He atoms may penetrate it.
The energy ranges we treat are intermediate between very
low energies, where one-phonon losses would suffice to trap
the incoming atom,20 and higher energies, where multiphonon
processes dominate the inelastic scattering. Perhaps surpris-
ingly, we find that the self-consistent formulation of the one-
phonon inelastic scattering moderates the sensitivity of the
calculations to details such as the width of the wave packet.
The next stages in the development of the theory should give
new insights into the scattering effects that are summarized in
empirical Debye-Waller factors.

APPENDIX: GEOMETRICAL OPTICS APPROXIMATION

As a guide to interpreting the penetration of the elastic
wave function �0 to the space between the monolayer and
the substrate, we construct a geometrical optics approxima-
tion for the propagation of rays incident on the potential en-
ergy surface from above (positive z). Determining which rays
are able to pass through the “hole” in the z = 0 plane, allow-
ing for multiple reflections, gives the transmitting fraction of
the unit cell as a function of incident angle θ i. This fraction
decreases monotonically as θ i increases. The trapped norm
Ie(trap) in the wavepacket calculation has more complex de-
pendence on θ i. However its maximum has a large decrease
from 0◦ to 43◦ and 75◦, in qualitative agreement with the ray
tracing results. This is remarkable because the calculation of
the transmitted rays does not include such effects as the mul-
tiple scattering of rays in the interlayer region, details of the
potential energy surface there, and the role of attractive forces
on the atom at z > 0.

The ray tracing is done in a mid-plane at y = Lnn/2
of the square unit cell illustrated in Fig. 1. The x − z sur-
face of potential energy equal to the incident atom energy
Ei is constructed, using Ei = 15.1 meV and DZL = 1.2 and
4.0 Å for H2/KCl(001) and 26.5 meV and DZL = 1.2 Å for
H2/NaCl(001). Then rays incident at angle θ i relative to ẑ at
a specified position x are traced through successive geomet-
ric reflections (angle of incidence at the surface equal to an-
gle of reflection) to determine whether they are transmitted
“down” through the z = 0 plane or are reflected “up” away
from the surface. Up to 8 successive reflections at the surface
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FIG. 6. Examples of ray tracing in which the incident ray is reflected without
reaching z = 0 and in which it reaches the z = 0 plane after multiple reflec-
tions (“transmitted”). Angle of incidence θ i = 43◦ and first contact of ray
with reflecting surface is x0/Lnn. The arrows denote the direction of the ray.
H2/KCl(001) model with Lnn = 4.44 Å, DZL = 4.0 Å, and Ei = 15.1 meV.
(a) Reflection, x0/Lnn = 0.8110. (b) Transmission, x0/Lnn = 0.81094. The
edge xe of the transmitting strip is at xe/Lnn � 0.811.

are evaluated for a given incident ray and this is enough to
assign the ray as transmitted or reflected and determine the
edges xe of the transmitting strip to ±0.001Lnn. Two exam-
ples are shown in Fig. 6. For the angle of incidence shown
there, θ = 43◦, the edge of the transmitting strip is at xe/Lnn

� 0.811. Rays with impact position farther from the “hole”
are reflected while those closer to the “hole” are transmit-
ted. We present the result for the transmitting width 	xe(θ ) in
Fig. 7 in the form of the ratio wr = 	xe(θ )/	xe(0).

As a measure of the amount of wavepacket transmitted
in the scattering calculations, we follow the trapped elastic
norm as a function of time and use the maximum value. This
depends on the potential energy surface at z < 0, the inelastic
scattering (SH or LA), and the width NWI as well as on θ , so
we compare trends within one series set by DZL, NWI , and
the phonon. Results for the ratio ww between the maximum
trapped elastic norm at θ i and the maximum trapped norm at
θ = 0◦ are plotted in Fig. 7. There are two KCl series and
one NaCl series of angles θ i. There is qualitative agreement
between the trends for wr and ww in the three series. The ray
tracing ratios decrease monotonically to very small values as
θ i increases while the wavepacket ratios have an intermediate
maximum at 15◦−20◦ for the KCl series and then decrease
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FIG. 7. The ratio ww of the maximum trapped elastic norm for wavepacket
incident at θ to that at θ = 0◦ and the ratio wr of the ray-tracing transmitted
fraction at θ to that at θ = 0◦. SC calculations for the specified event. (a)
KCl, Ei = 15.1 meV, NWI = 600, φ = 1◦, and SH phonon (0.718 Å−1, 6.61
meV). (b) NaCl, Ei = 26.5 meV, NWI = 600 φ = 1◦, and SH phonons as
in Table II for 37.2◦, 44.5◦, and 46◦. For the other angles, SH phonon with
(0.685 Å−1, 6.87 meV). For θ = 75◦ all ray tracing results gave zero which
is difficult to see in the graph because the points are on top of each other.

more sharply than in the ray-tracing. We note that the ray
tracing results in most cases are larger than the wavepacket re-
sults probably because the ray tracing does not include effects
such as impedance mismatching that arise in wave propaga-
tion. There are large quantitative differences with the ratios
obtained from the NSC calculations (NWI = 100, KCl(001)
cases) where maxima of 1.3–1.7 are found; i.e., the NSC ap-
proximation is misleading also for this aspect of the trapping.
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