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ABSTRACT
In this paper a method for an implementation of a 2D ac-

tuator cylinder flow model of an Vertical Axis Wind Turbine
(VAWT) is presented. The model is implemented in a full
aeroelastic code including consideration of structural dynam-
ics, dynamic inflow, tower shadow and dynamic stall, which
is needed for a full load analysis relating to eg. certification of
a VAWT turbine. Further on, principal load cases according
to the IEC61400-1 are simulated for a fictitious 5MW VAWT
turbine in it’s simplest 2 bladed Darrieus configuration. The
IEC61400-1 load cases, originally developed for Horizontal
Axis Wind Turbines (HAWT’s), are discussed regarding the
application to VAWT’s. Further on a small section regarding
aerodynamic flow in curved motion is included.

1 INTRODUCTION
Within the last few years VAWT’s have gained renewed

interest as a potential competitive wind turbine design and
not least for off-shore applications. This is mainly due to the
basically simple concept with main features such as 1) no
yaw system; 2) stall controlled and therefore no pitch sys-
tem and a low centre of gravity which could be an advantage
for floating turbine concepts. However, the design and di-
mensioning of VAWT’s requires that a detailed aeroelastic
analysis can be performed. Also for the certification, a com-
prehensive load basis comprising fatigue as well as ultimate
loads is required. Although many parts from the aeroelas-
tic analysis and certification of HAWT’s, developed over at
least 25 years, there are also some fundamental differences
which requires a different aeroelastic modeling and possibly
also some differences in load cases for certification. The
VAWT differs fundamentally from a HAWT in the way that
the swept surface of a VAWT is fully three-dimensional ex-

tending in three directions along the main wind direction and
in the horizontal and vertical direction, whereas the swept
area of a HAWT has no significant extension in the stream-
wise direction. With atmospheric turbulent inflow to the rotor
this leads to basic differences in load characteristics. For
a MW VAWT with a maximum rotor radius of e.g. 60-80m
it means that a gust passing the front part of the rotor will
pass the rear part with a delay of several seconds depend-
ing on the mean wind speed. The influence on the overall
rotor thrust is expected to be a stronger filtering of turbu-
lence that for a HAWT of the same size. Also some of the
extreme load cases defined for VAWTt’s will have a differ-
ent impact on a VAWT and probably needs more specifica-
tion. The so called Mexican hat (extreme operating gust)
variation of the wind speed is one example which will have
less influence on the thrust force variation of a VAWT due to
the extension of the swept area in the streamwise direction.
The aeroelastic analysis requires that the aeroelastic code
is designed to model the basic aerodynamics of the VAWT
and not only for uniform, steady inflow as has mainly been
considered so far, but also for atmospheric turbulent inflow
which is necessary for design and certification of a VAWT
for big scale application. The present paper describes the
adaptation of the HAWC2 code for aeroelastic VAWT simula-
tions. This comprises the incorporation of the Actuator Cylin-
der flow model [1], [2] regarding modeling of aerodynamic
induction which will be briefly described in the paper. Next
several different load cases will be presented and the fun-
damental differences in aeroelastic response compared with
HAWT’s will be discussed.



2 INDUCTION MODELING OF VAWT’s IN HAWC2
The aerodynamic problem for vertical axis wind turbines

is quite complex and different of a horizontal axis wind tur-
bine. This is traditionally handled using double stream turbe
momentum modeling or using more complex aerodynamic
methods like vortex and CFD simulation, whereas the latter
are very computationally demanding. In this paper it is sug-
gested to reduce the flow problem by condensing the three
dimensional case to a number of 2D cylinders stacked verti-
cally. For the 2D case it is possible to find the steady state
solution in a fairly easy way using a modified linear solution
of the actuator cylinder approach. The benefits of this is a
more physical correct solution than the double stream tube
method and a very computational efficient and fast approach
compared to vortex and full CFD solutions. A drawback com-
pared to the latter mentioned methods are the neglection of
the discrete vortices from the upwind blades circulation trans-
ported downstream, affecting the downstream blades. The
impact of this is expected to be of minor importance com-
pared to the ambient turbulent inflow, which however need
validation.

2.1 Finding the 2D loads in the right coordinate sys-
tem

First step is to define the relevant coordinate systems
used in the analysis, as illustrated in Figure 1. The initial co-
ordinate system is {x,y,z}T

G, where the z is vertical downward
and y is in the default horizontal wind direction. The VAWT’s
shaft rotation vector is denoted ω . For every calculation point
along the blade a cross section forming a disc perpendicular
to ω is created. Such a cross section is shown in Figure 1
using the index A-A. The disc coordinate system {x,y,z}T

D is
created, where the transformation matrix from disc to global
coordinates is denoted TDG. In order to enable a 2D solution
of the flow problem in the disc plane, the {x,y,z}T

D is created
so the z-direction is along ω . In this plane, the x and y is ori-
ented so x is along the direction of the average wind speed.
One method of doing this could be to first generate a tem-
porary coordinate system T′

DG with the z along ω and x and
y defined orthogonal but otherwise randomly. The free wind
speed vector V∞ (obtained as an average vector over the disc
based on the previous time step) is projected to the disc

V ′
∞ = T′

DGV∞ (1)

and the angle γ between the wind speed V ′
∞ and the xD coor-

dinate is now found

γ = arctan
(

V ′
∞(2)

V ′
∞(1)

)
(2)

The final orientation of the disc coordination can then be
found by eg. a vector rotation of x,y around z in T′

DG by
the angle γ using a method inspired by Rodrigues formula.
In (3) the vector x is the vector to be rotated around n with
the angle γ . x and n are formulated in global coordinates.

xnew = n(n ·x+ cosγ(x−n(n ·x)))+ sinγ(n×x) (3)

or more simply using an extra transformation matrix.

TDG =

 cosγ sinγ 0
−sinγ cosγ 0

0 0 1

T′
DG (4)

When the TDG is found, the polar coordinate system x,y,zP
can be obtained for every calculation point in the grid based
on a rotation with the azimuth angle φ .

TPG,i =

 cosφi sinφi 0
−sinφi cosφi 0

0 0 1

TDG (5)

In this 2D plane, aerodynamic forces are calculated
based on 2D look-up tables giving the relationship between
Cl , Cd and the angle of attack α as shown in Figure 3. How-
ever, since we later need to have the aeroynamic forces in all
points around the circle, we need to find the forces in these
points as if the blade was in that position. This basically fol-
lows an assumption of infinitive number of blades well known
from classic BEM theory.

In each point the local inflow velocity in local coordinates
(VL) is found based on a relationship between the free in-
flow velocity (Vinf,G), the local induced wind speed (Vinduc,G)
and the profiles own velocity (VL,G). All vectors used, are re-
lated to the local point in focus and transformed from global
coordinates (index G) to local section coordinates (index L).
The local L coordinate system being defined with the xL axis
through the chord line and zL through the centerline of the
blade, see Figure 2.

VL = TGL(Vinf,G +Vinduc,G −VL,G) (6)

In each point the free wind speed is found by a lookup in the
turbulence box, whereas the induced wind speed is based
upon an already calculated induced velocity in a previous
time step or iteration. It is more difficult to find the profiles
own velocity as the profiles is not necessarily located at this
position. What we do know is the velocity of the blade profile
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FIGURE 1: The vawt is subdivided into a number of 2D discs,
each with calculation points around the full circumference is
defined. Notations used for the coordinate transformations
are also shown.

at its present location VS,G. Using a simple transformation
around the VAWT’s rotation axis ω we get an estimate of the
profile velocity if it had been at this location.

This is done using the Rodrigues method (3), where VS,G
is rotated around ω with the angle φL −φS.

The transformation matrix TGL is created based on the
orientation matrix for the profile TSG, where each matrix col-
umn (representing the local coordinate vectors) is rotated us-
ing Rodrigues in similar way as for the VS,G vector. The angle

y
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FIGURE 2: Illustration showing the L coordinate system.

of attack and the relative velocity Vr is now found

α = arctan
(

VL(1)
VL(2)

)
(7)

Vr =
√

VL(1)2 +VL(2)2 (8)

The lift L and drag D is found and transformed to radial and
tangential coordinates. This is done by a simple transfor-
mation of the lift and drag coefficients to polar coordinates,
where the coefficients is assembled to a vector CP.

CP = TGPTLG

−cosα sinα 0
−sinα cosα 0

0 0 1

Cd
Cl
0

 (9)

In each point the radial and tangential loadings Fr and Ft are
found.

Fr =
1
2

ρcV 2
r CP(2) (10)

Ft =
1
2

ρcV 2
r CP(1) (11)

which is used to determine the non-dimensional loading from
the VAWT on to the flow in radial and tangential direction Qr
and Qt .

Qr =
NFr

2πRρV 2
∞

(12)

Qt =
NFt

2πRρV 2
∞

(13)



which leads to

Qr =
−V 2

r CP(2)cN
4πRV 2

∞
(14)

Qt =
V 2

r CP(1)cN
4πRV 2

∞
(15)

Later in the paper, the average thrust coefficient is needed
for the 2D flow solution. This thrust coefficient is defined

CT =
T

1
2 ρAV 2

∞
(16)

where the area per length unit A corresponds to 2R
In it simplest case, where the VAWT’s blades are parallel

to the rotation vector ω , CT is found

CT =
1

2πR
∫ 2π

0 (Fn(φ)sinφ −Ft(φ)cosφ)NRdφ
1
2 ρAV 2

∞
(17)

which can be condensed to

CT =
∫ 2π

0
(Qr(φ)sinφ −Qt(φ)cosφ)dφ (18)

However, the blades are in most case not perpendicular
to the rotation axis ω and a more general expression than
(18) is written in (19).

CT =
∫ 2π

0
TGRTPG{−Qt ,−Qr,0}T dφ (19)

2.2 Solution of the 2D quasistatic flow problem
The solution of the 2D flow problem shown in section A-

A in Figure 1 is obtained using a method described in [2].
This solution is based on a modified linear solution of a so-
called actuator cylinder model, originally described in [1].
The forces on a cylinder is inserted as shown in Figure 4.

The local velocities wx and wy representing the changes
in wind speed due to the presence of the VAWT are defined

vx = 1+wx (20)
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FIGURE 3: Local blade profile and corresponding notation
used in 2D blade analysis. Top: overview of radial and tan-
gential forces on the airfoil section. Bottom: Zoom of airfoil
sections with local aerodynamic properties in a BEM analy-
sis, including relative velocity Vrel angle of attack α , Lift L and
Drag D forces.

vy = wy (21)

In 20 and 21 and in the following, all velocities are non-
dimensioned with the free velocity V∞,disc and distances with
rotor radius R

2.2.1 Linear solution
The linear solution of the actuator cylinder problem to

the actuator cylinder models was in [1] and later written in [2]
found to be

wx =− 1
2π

∫ 2π

0
Qr(φ)

−(x+ sinφ)sinφ +(y− cosφ)cosφ
(x+ sinφ)2 +(y− cosφ)2 dφ

−Qr(arccos(y))∗+Qr(−arccos(y))∗∗ (22)
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FIGURE 4: The actuator cylinder flow model with radial and
tangential loading. Note the force direction is from the VAWT
onto the flow resulting in opposite sign than Ft and Fr. Ar-
rows show typical force direction on the flow, however Qr is
defined positive outwards always.

FIGURE 5: Comparison of loading on the rotor without influ-
ence of induced velocities between the reference model used
in [2] and the present implementation in HAWC2.

wy =− 1
2π

∫ 2π

0
Qr(θ)

−(x+ sinφ)cosφ − (y− cosφ)sinφ
(x+ sinφ)2 +(y− cosφ)2 dφ

(23)

This solution represents the modified flow both out- and in-
side the VAWT, obtained through the coordinates x and y
(non-dimensioned position with the VAWT disc radius). The
term marked with ∗ in equation (22) shall only be added in-
side the cylinder whereas in the wake behind the cylinder,

both the term marked with ∗ and ∗∗ shall be added.
Assuming that the loading is piece wise linear, the equa-

tions (22) and (23) can be rewritten in discrete form

wx =
i=N

∑
i=1

Qr,i

∫ φi+
1
2 ∆φ

φi− 1
2 ∆φ

−(x+ sinφ)cosφ − (y− cosφ)sinφ
(x+ sinφ)2 +(y− cosφ)2 dφ

(24)

wy =
i=N

∑
i=1

Qr,i

∫ φi+
1
2 ∆φ

φi− 1
2 ∆φ

−(x+ sinφ)cosφ − (y− cosφ)sinφ
(x+ sinφ)2 +(y− cosφ)2 dφ

(25)
where the index i (and later also j) represents the calcu-

lation point number starting with 1 for φ = 0◦.
Since the coordinate system of the disc is always aligned

with the incoming wind direction and we only are interested
in velocities at the disc circumference, the integration expres-
sion in (24) and (25) remain constant with time and can there-
fore be calculated initially prior to the actual time simulation.

wx, j =
i=N

∑
i=1

Qr,iRwx,i, j −Q∗
r, j +Q∗

r,(N− j) (26)

wy, j =
i=N

∑
i=1

Qr,iRwy,i, j (27)

with the influence coefficients Rwx Rwy in point j influ-
enced by all the other points i = 1..N. These values are ini-
tially calculated once and for all.

Rwx, j,i =
∫ φi+

1
2 ∆φ

φi− 1
2 ∆φ

−(x+ sinφ)cosφ − (y− cosφ)sinφ
(x+ sinφ)2 +(y− cosφ)2 dφ

(28)

Rwy, j,i =
∫ φi+

1
2 ∆φ

φi− 1
2 ∆φ

−(x+ sinφ)cosφ − (y− cosφ)sinφ
(x+ sinφ)2 +(y− cosφ)2 dφ

(29)

2.2.2 Modified linear solution
The linear solution is in general in good agreement with

the full actuator cylinder model, however especially on the
downwind side of the rotor, deviations can be seen, see Fig-
ure 6.



FIGURE 6: Comparison of loading on the rotor including in-
duced velocities predicted through the linear solution.

This was addresses by Madsen [2] and a very simple
correction term was added resulting in a remarkable improve-
ment of the linear solution. The basis for the correction term
is that a uniformly loaded VAWT with the linear solution ob-
tains the following relation between thrust coefficient CT and
the induction a.

CT = 4alinear (30)

However from the classic BEM theory for horizontal axis wind
turbines (HAWT), the relation is

CT = 4a(1−a) (31)

A simple correction function (32) is suggested to be multi-
plied on the terms wx and wy found using the linear solution,
which makes the final solution in better agreement with both
the nonlinear VAWT solution as well as the solution approach
of a HAWT.

ka =
1

1−a
(32)

The induction a used in (32) is found for the disc based
on the average thrust coeffient CT as found in (19) through
a polynomial relationship between CT and a as used in the
practical BEM implementation used for HAWT’s in HAWC2
[?]. This polynomium includes the CT = 4a(1−a) as well as
the Glauert correction for a>0.5.

a = k3C3
T + k2C2

T + k1CT + k0 (33)

FIGURE 7: Comparison of axial velocity as function of az-
imuth angle.

FIGURE 8: Comparison of horizontal flow deflection angle.

with k3 = 0.0892074, k2 = 0.0544955, k1 = 0.251163 and K0 =
−0.0017077.

2.3 Time filtering of the induced velocities
As for a HAWT, it is clear that induced velocities can-

not get to a steady state equilibrium without time for this to
happen. The mass flow through the rotor is substantial and
a change in rotor loading will first cause a different balance
between thrust and induced velocities after a while.

We propose this to be modeled in similar way as for a
HAWT, where the dynamic inflow is normally modeled using



FIGURE 9: Radial load extracted as function of position on
the blade at azimuth 90 and 270◦ using the modified linear
model implemented in HAWC2.

FIGURE 10: Radial load extracted as function of position on
the blade at azimuth 90 and 270◦ using the modified linear
model implemented in HAWC2.

a low pass filtering of the calculated steady state induced ve-
locities. In the HAWC2 code, this is being done for HAWT’s
with great success using two first order filter coupled in par-
allel with weight functions as originally described in [3]. The
idea of using two first order filter functions is that one fil-
ter represents the near wake effects with a non-dimensional
time constant τ∗ of approximately 0.5 and another filter rep-
resents the far wake with a non-dimensional time constant
of 2.0. Both time constants being non-dimensional with ro-

 1.0
   0.75 0.5 0.0 0.25

FIGURE 11: Difference in angle of attack at an airfoil section
in curved motion.

tor Radius and the average wake velocity τ = τ∗ R
Vwake

. Since
we so far does not know any better, we propose a similar
approach for a VAWT and similar time constants too. The
weight of the near wake filter is 0.6 and 0.4 for the far wake
filter.

A first order filter with the time constant τ is in LaPlace
domain formulated. The raw signal is here denoted q, where
the filtered signal is noted y

y =
1

1+ sτ
q (34)

which can be formulated in discrete time domain using eg.
an indicial function formulation. The index (1) refers to one
time step earlier, assuming a constant discrete time step ∆T

y = y1 exp
(
−∆T

τ

)
+q

(
1− exp

(
−∆T

τ

))
(35)

3 A comment on airfoil sections in curved motion
An interesting effect of airfoil sections in a VAWT con-

figuration is that the individual blade sections experience a
curved inflow due to it’s own rotation velocity. For a very
slender blade on a large radius, the angle of attack is more
or less the same over the entire chord, but for a more real-
istic solidity, the angle of attack varies over the chord length.
This was treated by de Vries [4] where it was concluded that
the appropriate angle of attack is the average between α0.5
and α1.0. In HAWC2 it was chosen to use α0.75 directly as this
was in line with the approach already used for dynamic inflow
of a horizontal axis wind turbine. This is also the requirement
for using the build in dynamic stall model [5], [6].



FIGURE 12: An example of the difference in response to an extreme operating gust with and without consideration of Taylor’s
hypothesis.

FIGURE 13: Loads during normal operation at 10m/s with 20% turbulence intensity.



4 IEC load cases
Dealing with turbulent and other transient gust flow

situations the usage of Taylors hypothesis [7] may be
more important for VAWT’s than HAWT’s due to the three-
dimensional rotor extension. In this chapter especially
the extreme operating gust (EOG) is investigated with the
present IEC formulation as well as in slightly modified
form where Taylors hypothesis is used, see (36). In this
hypothesis it is assumed that the mean wind speed is much
higher that the turbulent velocity and it can reasonable be
assumed the turbulent eddies are constant and transported
with the mean wind speed. The main effect is that there is a
direct relation between time and position of the large scales
in turbulent inflow. If the extreme operating gust represents a
frontal passage it also seem appropriate that Taylor’s relation
is applied. The response is investigated for a rigid VAWT
operating at 10m/s during an EOG with a gust size Vgust of
5.28m (class IA conditions), see Figure 12. Even though the
impact of the EOG is not particularly pronounced compared
to the large load variation from the normal aerodynamic
loads, it can still be seen that the response is different when
Taylor’s hypothesis is included.

x ≃Ut (36)

V (z, t) =V (z)−0.37Vgust sin(3πt/T )(1− cos(2πt/T )) (37)

V (z,x, t)=V (z)−0.37Vgust sin(
3π(t − x/U)

T
)(1−cos(

2π(t − x/U)

T
))

(38)
The response of the turbine in turbulent inflow is shown

in Figure 13. The mean wind speed is 10m/s and the
turbulence intensity is 20%. Even though the load is still
highly deterministic due to the configuration of the VAWT
with two vertical blades (in contrast to a perhaps better
configuration with e.g. three helical shaped blades) the
impact of turbulence is highly noticeable. The non-constant
induced velocity at four selected azimuthal locations is also
shown.

5 Conclusions
In this paper a new approach to simulate the complex

flow of a VAWT has been presented with special attention

to the implementation of a 2D actuator cylinder model in a
full 3D multibody aeroelastic code for load simulation in time
domain. The model has been extended from a quasi steady
approach with a dynamic inflow model approach known from
dynamic BEM formulations of HAWT simulations. Improve-
ment of this model approach is still yet to be done, especially
regarding finding the right time constants, however initial re-
sults of full loading of a Darrieus VAWT is presented in both
fully turbulent as well as gust load cases. In the present for-
mulation of the IEC61400-1 standard, the gust load cases
are specified as function of time and height only. In this pa-
per, it is suggested to extend these gust case formulations
between time and space using Taylor’s hypothesis and the
influence of this more physical correct approach is demon-
strated for an extreme operating gust.
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