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Determination of the minimum size of a statistical representative volume element

from a fibre reinforced composite based on point pattern statistics
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Abstract

In a previous study, Trias et al. [1] determined the minimum size of a statistical representative volume element (SRVE) of
a unidirectional fibre reinforced composite primarily based on numerical analyses of the stress/strain field. In continuation
to this, the present study determines the minimum size of a SRVE based on a statistical analysis on the spatial statistics of
the fibre packing patterns found in genuine laminates, and those generated numerically using a microstructure generator.

Keywords: 2. 2D quantitative analysis, 2. Scanning electron microscopy (SEM), 3. Fibre reinforced composites, 3.
Glass fibre, 5. Monte Carlo simulation

In order to numerically investigate mechanical proper-
ties and damage evolution of fibre reinforced composites,
statistical representative volume elements (SRVE’s) are
widely used, see e.g. [1, 2, 3] for a general presentation.
The size of the SRVE is fundamental since it must be large
enough to catch the correct stress/strain fields and spa-
tial statistics of the fibre packing pattern. At the same
time, the SRVE must be as small as possible to minimize
the computational effort in a finite element context. For
transverse cross-sections of unidirectional fibre reinforced
composites, limited information is available regarding the
minimum size of the SRVE; however, Trias et al. [1] have
determined the minimum SRVE size based on different me-
chanical analyses (e.g. stress/strain field, effective proper-
ties, and energy) of generated microstructures made of a
carbon/epoxy system. In order to replicate the evaluation
parameters considered with reasonable reliability, the min-
imum side length obtained is L = 50r for a square shaped
SRVE with uniform fibre radius r. They did not consider
any comparisons to actual microstructures found in gen-
uine composite laminates, and as continuation of the work
of Trias et al., the present study determines the minimum
size of a SRVE with non-uniform fibre radii distribution
considering only the spatial point pattern statistics. For
varying size of the square shaped SRVE, a comparison is
made between the fibre packing patterns found in genuine
composite laminates, and that produced numerically using
a microstructure generator. The fibre packing pattern of
3 different unidirectional composite laminates with vary-
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ing fibre volume fraction (FVF) is analysed using digital
image analysis. The laminates (glass fibres/polyester ma-
trix) are manufactured using the VARTM process, and mi-
crographs of the microstructure are captured from trans-
verse cross-sections using a SEM. The fibre architecture
is mapped by the circular Hough transformation, which
yields the fibre location and the individual fibre radii [4].
The obtained fibre radii statistics (mean, standard de-
viation, and skewness) from the analysed laminates are:
rmean = 8.59µm, rstd = 0.74µm, and rskew = 0.35µm.
These fibre radii statistics are used as input to a numer-
ical microstructure generator to replicate the fibre archi-
tecture. The microstructure generator is inspired by the
work of Melro et al. [2] and is based on a hard-core gen-
erator with a sophisticated stirring criteria to ensure the
fibre packing, especially for fibre volume fractions above
60%. The fibre stirring criteria is a combination of a com-
paction step of the closest fibre neighbours and the shortest
path thorugh all fibres. Fibre allocation for fibre volume
fractions above 60% is ensured using a sub-domain alloca-
tion based on the area of the largest Delaunay triangles.
By comparison between genuine laminates and generated
microstructures, it is found that the numerical microstruc-
ture generator is capable of producing statistically similar
fibre architectures with respect to the point pattern, and
thus it is suitable for numerical generation of SRVE’s [5].
These two tools are used in the present to study the min-
imum size of the SRVE that can be used to replicate the
spatial statistics of the composite microstructure. 5 dif-
ferent sizes of the square shaped SRVE (L × L, varying
from L = 300 − 700µm) are simulated, and selected mi-
crostructural parameters are used to evaluate the consis-
tency. For each size of the SRVE, different FVF’s are gen-
erated matching those found in the laminates. 5 different
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microsturctures are generated for each FVF to identify in-
dividual variations. The microstructural characterisation
parameters are: the number of neighbours per fibre, the
nearest neighbour distance, the number of contact points
per fibre, and the local FVF (fibre area in relation to the
area of the associated Voronoi cell), see e.g. [5]. These pa-
rameters are described by the mean value obtained from
the different analyses. The spatial point pattern is eval-
uated for a single FVF using a second order statistical
analysis based on the Ripley K-function, K(h), and the
pair distribution function, g(h) [5, 6, 7, 8]. The second
order statistics are presented as the deviation from com-
plete spatial randomness (CSR) in terms of the expres-
sions L(h) =

√

K(h)/π − h and g(h) − 1, which for the
case of CSR yields L(h) = g(h) − 1 = 0 [5, 6, 8]. Fibre
centres are used as input for the determination of the sec-
ond order statistics. The fibre volume fractions obtained
in the laminates are [60.4 65.4 70.2]%, and the simulated
microstructures are chosen to be with FVF = [60 65 70]%.
The number of neighbours per fibre, the nearest neigh-
bour distance, the number of contact points per fibre, and
the local FVF are presented in Fig. 1 for the different
sizes of the SRVE. For each FVF presented, the respec-
tive property is normalised with the associated value from
the corresponding laminate. This means that an identical
replication of the microstructure is obtained for the prop-
erties equal to unity. From Fig. 1 it is observed that the
number of neighbours per fibre, the nearest neighbour dis-
tance, the number of contact points per fibre, and the local
FVF are all unaffected by the size of the SRVE; nonethe-
less, there is a larger individual scatter for smaller sizes
of the SRVE (larger magnitude of the errorbar). Fig 2
shows the deviation between the requested and obtained
FVF from the microstructure generator. It is noticed from
Fig. 2 that a smaller SRVE size and lower requested FVF
imply a larger deviation in the obtained FVF in the sim-
ulations. Furthermore, there seems to be an asymtotic
behaviour for L ≥ 600µm. Therefore, in order to obtain
the least deviation on the required FVF, and to reduce
individual scattering, the side length should be minimum
L = 600µm. The second order statistics are presented
in Fig. 3 for a selected FVF, namely FVF = 65%. It is
observed from Fig. 3 that the functions show characteris-
tic peaks in multiples of the mean fibre diameter plus the
communal fibre-to-fibre distance. This means an increased
probability of clustering for these distances. For increas-
ing values of h, the packing pattern tends towards CSR
with L(h) = g(h) − 1 = 0. It is noted from Fig. 3 that
the packing pattern of the laminate follows a CSR pattern
if h & 60µm ≃ 7rmean. This means that the size of the
SRVE must be larger than 7rmean in order to replicate the
CSR pattern. This observation is in accordance with Zan-
genberg & Brøndsted, [5]. For the smaller side lengths of
the SRVE, the second order statistics cannot be replicated
due to the low amount of fibres, which is reflected in the
deviating patterns, especially distinct for L < 600µm, see
also magnification in Fig. 3(a). For L < 600µm the func-

tions seem to drift away from the laminate data, and by
inspection and comparison to the genuine laminate, it is
found that the deviation is reduced for L ≥ 600µm. There-
fore, L ≥ 600µm appears to be a suitable minimum side
length for the SRVE. If the fibre radii distribution is as-
sumed to follow a normal behaviour, then the 99+% of the
distribution is covered within the range of rmean ± 3rstd.
Since the larger radii imply a more difficult fibre allocation
in the simulations, an equivalent radius, req , accounting for
the non-uniformity of the radii distribution, is proposed
as: req = rmean + 3rstd. Trias et al. [1] found that a nor-
malised side length equal to δ = L/r = 50 for a square
shaped SRVE with uniform fibre radius, r, would be suffi-
cient to replicate the correct stress/strain field. Using this
notation with the equivalent radius and L = 600µm, it is
found that δ = L/req = 56 is sufficient for the spatial point
pattern statistics to be satisfied. Following the conclusion
from Trias et al., it is noticed that for this value of δ the
stress and strain fields will also be satisfied. Therefore,
the spatial point pattern statistic of the fibre microstruc-
ture can be replicated for approximately the same size of
the SRVE. In summary, the minimum size of a SRVE of
a transverse cross-section from a unidirectional fibre rein-
forced composite with non-uniform fibre radii distribution
is investigated using point pattern statistics. Numerical
microstructures are generated for different sizes of the vol-
ume element, and the resulting fibre packing pattern is
compared to that found in genuine composite laminates.
For side lengths of the square shaped SRVE L > 600µm
all considered evaluation parameters are met. Introducing
an equivalent fibre radius req = rmean + 3rstd, the point
pattern statistics are replicated for δ = L/req = 56. This
value corresponds to the studies by Trias et al. [1] consid-
ering numerically generated SRVE’s and the mechanical
performance.
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Figure 1: Differences between the fibre packing pattern for a numerically generated SRVE and composite laminates. The SRVE is square
shaped with side length L. Results are normalised with the value obtained from the respective composite laminate with the same FVF, and
the error bar reflects the minimum/maximum value obtained in the simulation. (a) Number of neighbours. (b) Nearest neighbour distance.
(c) Number of contact points per fibre. (d) Local FVF.
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Figure 2: Deviation in the requested and obtained fibre volume frac-
tion from the numerical microstructure generator.
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Figure 3: Second order statistics of composite architecture from genuine laminates and simulated microstructures. Results are shown for FVF
= 65%. The SRVE is square shaped with side length L. (a) The L-function. (b) Pair distribution function.
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