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frames having either Gabor or wavelet structure. In order to calculate the coefficients
in the series expansion, a dual frame is needed. The purpose of the present paper is
to provide constructions of dual pairs of frames in the setting of the Hilbert space of
periodic functions L%(0, 27r). The frames constructed are given explicitly as trigonometric

Keywords: polynomials, which allows for an efficient calculation of the coefficients in the series
Periodic frames expansions. The generality of the setup covers periodic frames of various types, including
Gabor frames nonstationary wavelet systems, Gabor systems and certain hybrids of them.

Wavelet frames © 2012 Elsevier Inc. All rights reserved.

Dual pairs of frames
Trigonometric polynomials

1. Introduction

Time-frequency representations play a fundamental role in many practical applications as they provide localized infor-
mation of signals in time and frequency domains. Series representations in terms of frames capture such information at
prescribed discrete points in the time-frequency plane. Gabor frames and wavelet frames are leading examples of frames
from the perspective of time-frequency analysis, and both of them have their respective strengths, see for instance [3,7-9,
15,20]. Technically, the series expansion provided by a frame requires knowledge of a dual frame, either for the synthesis or
the analysis of the given signal. Therefore simultaneous constructions of a frame and a corresponding dual with desirable
properties is a key issue. In addition, many signals of practical interest can be considered as periodic. Apart from signals
that are inherently periodic, all signals resulting from experiments with a finite duration can in principle be modeled as
periodic signals, see for example [18]. This motivates the current paper on periodic frames.

The purpose of this paper is to construct explicitly given frames and dual pairs of frames in L%(0,2), the Hilbert
space of 2m-periodic functions on R that are square-integrable over (0, 2m). The frames will be given as a collection of
translates of a set of functions. Under suitable conditions we will also derive explicit expressions for associated dual frames.
As concrete examples, we obtain frame constructions of Gabor type and wavelet type, as well as a certain hybrid of these.
The practical relevance of the results is explained in the context of signal processing. More details on the premise of the
paper will appear later in the introduction.

An outline of the paper is as follows. In the rest of this introduction we present a few basic definitions and facts
about frames. We also give an example that motivates the theoretical results to follow. Then, in Section 2 we present
sufficient conditions for a sequence of translates of a collection of functions in L%(0,27) to be a Bessel sequence or a
frame. In Section 3 we demonstrate how to explicitly construct dual pairs of frames. These dual pairs are frames comprised
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of trigonometric polynomials, which facilitate efficient analysis of periodic functions. The theoretical results are followed
by various concrete examples, dealing with, e.g., Gabor analysis, stationary as well as nonstationary wavelet analysis, and
various hybrids of these. The generating functions of these trigonometric polynomial frames have desirable properties such
as being real-valued and symmetric, and possessing good time-frequency localization.

We now describe the setting of our study. Let I denote a subset of the integers Z, let {Ly}xe; be any countable sequence
of positive integers, and define associated translation operators Ty acting on L2(0, 277) by

2
Ty f(x) := f( - L_) (1.1)
k
Note that composing Ty with itself leads to
2wl
T,ff(x):f(x—7>, teZ, (12)

and so, T,f"f(x) =f(x—-2m)= f(x), ie, T,f" equals the identity operator. For each k € I we will apply the operators T,‘f toa

,,,,,

so we will briefly recall a few standard results and facts about frames. We say that the collection {T’flﬁk}kel,(:(jﬁmlk_l in
L2(0, 27r) forms a frame for L2(0, 27r) if there exist positive constants A, B such that

L—1

AIFIZ< S ST TEw) < BIFIR £ €120, 27). (13)

kel £=0

,,,,,

is said to be a Bessel sequence and B its bound. Two collections {T]f‘//k}kel,ezo
form a pair of dual frames if both collections are Bessel sequences and

oo Lp—1 @M UL e YkITkel £=0,...,

L—1

F=Y Y (f Tew)Tivn.  felL(0.2m). (1.4)

kel ¢=0

It is well known that if {T{Vi}ker e=0

.....

oo Lp—1 @8 4 ¥kIkel £=0,...,

The setup in the form of {T,f Yilkel,e=o,....1,—1 €ncompasses periodic frames of various types. Different choices of {Ly}ker,
giving translation operators Ty of different shifts as defined in (1.1), determine the frame systems on hand. In particular,
if I =7, Ly =D for some positive integer D and v = e*yyg, then Ty = To for all k, and by (1.2), {Tlflffk}kez’[=0
can be written as {e27k¢/Pelk Tlyoh 7 oo p_q which is a Gabor system generated by o, up to the constant factors
e~27ik¢/D On the other hand, if I = NU {0} and Ly = D¥ for some integer D > 2, then T; amounts to shifting by %—ﬁ and
{T,f Vi}k>0,¢0,..,pk—1 IS @ nonstationary wavelet system.

Let us motivate the constructions to follow from the perspective of signal processing. Here, and in the rest of the paper,
the Fourier coefficients for a function f € L%(0,27) are denoted by

2
?(n) = 1 / f(x)e"™dx, neZ.
2
0

,,,,,

,,,,,

the frame coefficient

(F.Town) =Y FTim) =Y Fnyyn(me*™ /b (15)
nez nez
forkel, £=0,...,L, — 1. This can be evaluated efficiently as each T,fdfk is a trigonometric polynomial and so (1.5) is a

finite sum. When explicit expressions for fﬁ;; k € I, are available (which is the case in this paper), the signal f can be readily
recovered from the reconstruction formula (1.4).

While the frame coefficients (f, T,fxpk), kel, £=0,...,L,— 1, can be evaluated efficiently, one also needs to address
whether they provide an effective time-frequency analysis of f. The following example highlights some of the issues in-
volved in this.
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Example 1.1. Let H be a function in L%(0, 27r) which is well localized in time (for instance, a Dirichlet kernel or a Fejér
kernel), and consider the signal f € L2(0,27) defined by

f ) :=cos(n1x)H(x — x1) 4+ cos(n1x)H(x — x3) 4+ cos(nyx)H(x — x1) 4+ cos(nyx)H(x — x2) (1.6)

for some distinct ny,ny € NU {0} and xq, x2 € [0, 277). The signal f comprises four components of the form

Jrs(x) = cos(nyx)H (x — Xs),

a function that is localized in frequency around n = +n, and localized in time around x = x;. A trigonometric polynomial
T,fl//k that returns a large value of |{ f;s, Tlf Y )|, while giving relatively small values for the other components.

In (1.6), if ny and ny as well as x; and x; are sufficiently far apart, then the analysis of f provided by (1.5) would
successfully resolve the different components of f when @ and vy are translated by appropriate constant amounts in
frequency and time domains respectively. This is the typical setup of Gabor analysis, see Example 3.1.

If ny and ny are large values, then f is a high frequency signal which has rapid changes in time. In this case, for the
analysis (1.5), it is natural to employ a finer shift T,fl//k given by a larger value of L. On the other hand, if ny and n, are
small values, then f is a low frequency signal, and it suffices to take a smaller value of L, amounting to a coarser shift
T,fl//k. This is precisely the flexibility provided by wavelet analysis where L, = DX for some integer D > 2, see Example 3.2.

In the typical wavelet setup, the length of the support of ﬁ often grows rapidly in multiples of D¥ as k increases. So
when n; and n; are large values but near to each other, they may both end up in the same support of @ for some large
value of k. This can be avoided if the support of fb\k expands at a less rapid rate as k increases. On the other hand, when
x1 and x, in (1.6) are close to each other, we should utilize a fine shift T,fz/fk, given by a large value of Ly, to resolve the
components localized at these points in time. The balancing of these desirable features is incorporated into the construction
of Example 3.3, which attempts to combine the strengths of Gabor analysis and wavelet analysis.

Previous work on periodic frames in the literature includes [13,14] in which periodic wavelet frames are obtained from
multiresolution analyses, and [5] where pairs of oblique duals are constructed for finite-dimensional spaces of periodic
functions. On the other hand, for the space L?(R), explicit pairs of dual Gabor frames are constructed in [4,6] (with cor-
responding results for dual wavelet frames reported in [19]) and [16,17]. Here we focus on the space L2(0,27), and we
adapt, unify and further develop these ideas to construct pairs of trigonometric polynomial frames. Some of our extensions
are made possible only by the periodic setting on hand, i.e., corresponding results for LZ(R) are not available.

In contrast to [4,19], our approach is based on a general nonstationary setup where different values of k may correspond
to rather different functions v and parameters L. It also does not assume the multiresolution analysis framework in [13,
14], which typically takes L, = D¥ for some integer D > 2.

2. Bessel sequences and frames of the form {T ,f Yidkel, t=o,...,L;—1

We first present a general sufficient condition for a system of functions of the form {T,‘fwk}ke,lzowlk_l to be a Bessel

sequence or form a frame for L%(0,2;r). Similar results are known for Gabor systems and wavelet systems in LZ(R) (see
[2,3]). While our proof adapts appropriately the main ideas in establishing [3, Theorem 11.2.3] on wavelet frames for L2(R)
to the space L2(0, 27r), the nonstationary setting on hand gives a general result that is applicable to periodic Gabor systems,
periodic wavelet systems, as well as other periodic systems of interest. This proof is provided in Appendix A.

Theorem 2.1. Consider functions {}xe; C L%(0, 277), let {Ly }ker be a sequence of positive integers, and assume that

Bi=sup ) LY [yamin(n+ Lig)| < oo. (2.1)

nez kel qez

A:zgg(ZLk}@(n)F— > ZL,<|@(nm<n+qu>|>>o, (22)

kel qeZ\{0} kel

For Ly = DX for some integer D > 2, another sufficient condition for {Tlfwk}k>o,l:0,_ka_l to be a Bessel sequence can
be found in [12, Theorem 4.1].
information about how an appropriate dual frame can be obtained. In the next section we will construct pairs of dual
frames explicitly, and in that context the Bessel condition will play an important role. For this reason we now state some
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easily accessible conditions, based on Theorem 2.1, for {T,f Vklkel,e=o,..L,—1 to be a Bessel sequence. Here, and in the rest of
the paper, we put

Sk = supp ¥, (2.3)
i.e., Sk is the set of all n € Z for which @(n) # 0. We will subsequently assume that i, is a trigonometric polynomial,

meaning that Sy is a finite set.

Corollary 2.1. Consider functions {y }xe; C L?(0, 27) and a sequence {Ly }xe; f positive integers, and assume the following:

(i) Foreachk € I, the set Sy is contained in an interval of length strictly less than ] L for some | € N;
(ii) There exists a constant C > 0 such that

|@\k(ﬂ)| < \/LL—k kel,neZ;

(iii) There exists a number K € N such that each n € Z belongs to at most K of the sets Sk.

Proof. Fix n € Z. Assume that n € Sy for k € {kq, k2, ..., k;}, where kq,...,k, €I; by assumption p < K. Then

J—1
YLy e+ Lpl= Y > (VL) (VL [Vr® + Lig) )

kel qeZ ketky, ...k} g=—J+1

— 2
<K@j=n( sw Jilfm))
€l,ne

<KC*2J-1).

The result now follows from Theorem 2.1. O

We will now use Corollary 2.1 to check the Bessel condition for some special classes of functions. In Section 3 we return
to these examples and construct dual pairs of frames. Our first example leads to a system of functions with Gabor structure.

Example 2.1. Let g be a nontrivial, bounded, and real-valued function on R with support in an interval [M, N] for some
M, N € Z, M < N. For the sequence {Li}rc; in Corollary 2.1, take I =Z and L, = D for some positive integer D. We define a
family of trigonometric polynomials

V) = Yrme™, ke, (2.4)
nez
by
Vr(n) := g("T_Dk), nez. (2.5)
Then for k€ Z, £=0,...,D — 1, using (1.2), (2.4) and (2.5), a calculation gives
T,flﬂk(x) — e 2mike/D gikiy, (x _ %) _ e—Zﬂikl/Deiklewa(X)' (2.6)
—2mike/D

Thus, up to the constant factors e , we are dealing with a Gabor system generated by the function .
Checking the conditions of Corollary 2.1, we see that (i) clearly holds because by (2.5), the set Sy is contained in an
interval of length N — M which is independent of k. Since g is bounded and Ly = D, (ii) is also satisfied. Finally, it follows

AAAAA

In Example 2.1 which leads to Gabor frames, the size of the support of @ is independent of k. The next example shows
how to construct Bessel sequences consisting of trigonometric polynomials such that the support of v, grows exponentially
with k, which sets the scene for wavelet frames.
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Example 2.2. Let g be a nontrivial, bounded, and real-valued function on R with support in an interval [M, N] for some
M,NeR, M <N. Let  =NU {0}, and consider the sequence {Ly}r>o given by Ly = D for some integer D > 2. Choose any
integer ko > 0 and define a family of trigonometric polynomials

V) =Y Prme™, k=0,1,..., (2.7)
nez
by
Th(0) = ——5
k k.ko>
Dk
and, for n#0,
0, ifk=0,...,ko—1,
— g(logn(lnl)) il —
OES B, itk =ko. (2.8)
g(IOgD< _,:’_H(O ))+g(10gD( l( ’(O )) .
Vo , ifk>kp.

Then the functions @ are real-valued and symmetric on Z; and this gives generators v that are real-valued and symmetric.
In order to check condition (i) in Corollary 2.1, it is clearly enough to consider k > ko. Then it is only possible that

Y(n) #0 if

n| n|
MglogD<m <N or M<logp = <N, (2.9)

i.e, if
DM—k+k0 < |n| < DN—k+ko or DM+k—k0 < |n| < DN-‘rk—kg. (2-10)

Thus the support of ¥ is contained in an interval of length DN*k—ko _ (_pN+k—koy = 2 pN—ko pk which is strictly less than
JD¥ with J =2DN—* 4 1. The condition (ii) in Corollary 2.1 is trivially satisfied. .
On the other hand, given any n € Z\{0} it follows from (2.9) that it is only possible that v (n) # 0 if

<logp(Inl) = (—k+ko) <N or M <logp(In|) — (k—ko) <N

This holds for at most N — M + 1 values of k, so condition (iii) in Corollary 2.1 is satisfied. Thus { Tk Vidk>0,e=0
Bessel sequence.

.....

In our third example, supp@ is the union of two disjoint sets of constant cardinality that move farther apart as k
increases. This provides the setup for constructing pairs of dual trigonometric frames which are hybrids of Gabor and
wavelet systems.

Example 2.3. Let g be a nontrivial, bounded, and real-valued function on R with support in an interval [M, N] for some
M,N € Z, M < N. With the index set I =N U {0}, let {L;}x>o be a sequence of positive integers. We now fix some integer
ko > 0 and define a family of trigonometric polynomials v, k=0, 1, ..., of the form (2.7) by

0, ifk=0,...,ko—1,
Yy = { 4 if k =ko. (211)
g(n—k+ko)+gn+k— ko) ;
I if k > ko,

for neZ.
The assumption (iii) in Corollary 2.1 is satisfied with K =N — M + 1. Due to the assumption that g is bounded, we can
choose a constant C > 0 such that |g(x)| < C for all x € R; by the choice of v (n) in (2.11) this implies that

VL] <2C, k>0, neZ,

i.e., condition (ii) in Corollary 2.1 is satisfied. Finally, note that if only one of the terms g(n — k + ko) and g(n + k — ko)
appeared in (2.11) for k > kg, then the set S, would be contained in a translate of the interval [M, N] of length N — M
which is strictly less than JLy with ] = N — M + 1. Thus, by Corollary 2.1 we can conclude that if ¥y is modified to just
contain one of these terms for k > kg, then we have a Bessel sequence. This means that the sequence {T,f Yidk>0,e=0, ..., L1
generated by our v, as defined in (2.11) can be considered as a sum of two Bessel sequences, and therefore it is a Bessel
sequence itself.
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3. Dual pairs of trigonometric polynomial frames

The purpose of thls section is to provide a construction of pairs of dual trlgonometrlc polynomlal frames

..........

others perlodlc Gabor frames and perlodlc Wavelet frames In the entire section, we will assume that the mdex set I is

either I =NU{0} or I =Z. As in (2.3), we let S denote the support of @

Theorem 3.1. Let {y }xe; be a collection of trigonometric polynomials with real-valued Fourier coefficients, and consider any sequence

{Li}ker of positive integers. Assume that the following conditions are satisfied:

(i) There exists a constant P € N such that Sy N Sgy, =@ forv > P andallk € I;
(ii) The collection {T{ Wi }ker ¢—o....1,—1 forms a Bessel sequence;
k > seens b
(iii) Foranyn € Z,

1= VL
kel
(iv) Foranyk eI,
P—1
Pk = max{|n —m| ‘ neSg, me U Sk+v ¢ < Lk.
v=0

Fork eI, let {E{ be defined by

P-1
= P 2 —
Yr(n) := E VLY@, neZ.
VI Y

If{T,fl%}keu =0,...I,—1 is also a Bessel sequence, then the functions {T VYklkel,e=o,...,L,—1 and {T,‘fﬁ}ke,,g:o

dual frames for L2(0, 27).

,,,,,

(3.1)

1,—1 form a pair of

Proof. Fix n € Z. It follows from assumption (i) that n € Sy can only hold for finitely many k € I. Choose k; as the smallest

integer such that n € Sy, ; then, if n € Sy for some k, we have

kef{kn,kn+1,...,kp+P —1}.

Using (iii), a standard but rather involved argument via induction on P shows that

<k"§ ]f Wn))

k=K
\/ Lkn+1 2\/ L’ n+P—-1 ——
= Ly, Wkn (m |:1//I<n n) + —— Wk,,+1 n+---+ <7%"#—1 (m
— [ 2/ L2 —— 2/ Lyyyp—1  ——
+ Ligy11 Vi1 (n)[wknﬂ () + Y= )+ Y g e ()
Liy+1 v L1

4+ Ly p—1 ¥y P—1 () [k p—1 (M ]

Collecting the terms via finite sums and adding zeros leads to

Liy v ¥ty 4v (n)i|
7 ; v

+ Liy+1¥kp+1 (1) |:1//kn+l n + —=

1= L, ¥, (0) [%(n) +

m Z Vv l<n+1+v‘l’kn+l+v(n)i|
n+

+ Ly P—1Vky+-P— 1(”)|:WI<H+P 1) + ——

\/7 Z\/ Liy+P—14v¥ky+P— 1+v(n)i|
kn+P—1

For any k € I, @(n) is defined by (3.1); using that @(n) =0 for k ¢ {kn,...,kn + P — 1}, the above calculation shows that



0. Christensen, S.S. Goh / Appl. Comput. Harmon. Anal. 33 (2012) 315-329 321

kn+P—1

1= Y L =3 Ldem ). (32)

k=kn kel

Employing the notation in (A.2) and (A.3) in the proof of Theorem 2.1 and a similar one with (h, T,ff[;,;) =
ZLk ! B (r)e? it/ we have that for all trigonometric polynomials f, h,

Ly—1 Lg—11Lg—1 Lyg—1
ST T = Y > @(e?™ i ST fi(re2mire/b
£=0 =0 j=0 r=0
Lg—1L— Ly—1 Ly—
=y Z @) Z XUt = Z Fe(DB)-
j=0 r=0

Then applying (A.3) gives

Ly—1 Ly—1

D o(f. Ty . TEUR) = Li > (Z FG+ Lo + LkP)) (Zﬁ(j + LG + qu)>
=0 j=0 “peZ qez
Ly—1 R -
=L Y Y FU+Lp)Ve(+Lep) DG+ Lep + L) ¥l + Lep + Lig)
j=0 pezZ qeZ
=Y TG YR+ L) P + Lig)
nez qeZ
— L Z[?(n)@(n)ﬁ(_n)fk(n) + 3 Todmhm + LgPrm + qu)]. (33)
nez qeZ\{0}

In this expression the second term quz\{o} f(n)f/f.;(n)ﬁ(n + qu)ﬁ(n + Lyq) actually vanishes for all k € I. If n ¢ Sy, this is
trivial; and if n € Sy, then for any q € Z \ {0} we have |n — (n + Lxq)| = Lklq| = Lk, which by assumption (iv) implies that

n+Lyq ¢ Ufj;a Sk+v and thus n + Lyq ¢ supp IF/ka
Hence, considering the sum over k € I of the terms in (3.3) and using (3.2), we arrive at

Ly—1
SN T T = 3 L S T dmamem = 3 Famha) = (£.h).
kel ¢=0 kel nez nez

From here, since both the collections {T,f Yilkel,e=o,...,L,—1 and {Tlfl:[;-];}kel,g:o ,,,,, 1,—1 are Bessel sequences, a standard duality
argument implies that they form a pair of dual frames for L?(0,2). O

Note that in order to apply Theorem 3.1, we need to check the assumptions (i) to (iv) as well as that the functions
{Tlff/;;(}keu —o0,...I,—1 form a Bessel sequence. In the following corollaries, we provide several ways of satisfying this, either
in terms of conditions on the sequence {Ly}xe; or by appropriate conditions that imply (i) to (iv) and the Bessel condition
simultaneously.

Corollary 3.1. In the special case where Ly = D for some positive integer D, the assumptions (i) to (iv) in Theorem 3.1 produce a dual
frame {T’fWk}ke[,[:() ,,,,, p_1 from the functions v, defined by

P-1
V) =P +2 > Yy (). nel. (3.4)
v=1

Proof. Note that, as a finite linear combination of Bessel sequences, {T,ft%}keuzgwp_l is a Bessel sequence. Thus the
result follows from Theorem 3.1. O

Corollary 3.2. In the special case where I = N U {0} and Ly = Dk for some integer D > 2, the assumptions (i) to (iv) in Theorem 3.1
yield a dual frame {T,f Vilk>0,0o0,... pk—1 generated by the functions v given by

P-1

ﬁ(n) = @\k(n)—l—ZZ\/ﬁm(n), nez. (3.5)

v=1
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Proof. For v=1,..., P — 1, observe that {T,‘<Z Vk+v}k>0,0—0,...pk—1 1S @ Bessel sequence. This is because
oo DK-1 5 oo Dk—1 5
Yo A Tl =0 D I T v
k=0 £=0 k=0 ¢=0
) Dk+v 1 0o DK—1 ,
Z Z f Tk+u¢k+v Z Z ! f, T,’(W)\
k=0 1=0 K=V |=0
oo D¥-1 5
<D 2 I Tewd)l”s
k=0 =0

and {T{ Vk}k>0,0=0,.. pk—1 1S @ Bessel sequence. The rest of the proof is the same as in the proof of Corollary 3.1. O

Corollaries 3.1 and 3.2 deal with special values of L. For the general case, our strategy is first to construct v, that satisfy
the assumptions in Corollary 2.1 and then consider the extra assumptions in Theorem 3.1. As observed in the following
corollary, for general values of Ly, it is possible to impose a stronger condition in one of these assumptions and hereby
ensure that {Tk 1/fk}k€, ¢=0,....1,—1 automatically is a Bessel sequence.

Corollary 3.3. With {y;}xe; and {L}kes as in Theorem 3.1, suppose that the assumptions (ii) and (iii) in Corollary 2.1 and (i) and (iii)
in Theorem 3.1 hold. In addition, assume that for any k € I,

P—1
= max{ln—ml ‘n,me U SHV} < L. (3.6)
v=0

Proof. Note that the assumption (3.6) implies condition (i) in Corollary 2.1 as well as condition (iv) in Theorem 3.1. Then
by Corollary 2.1, {T,fl//k}kel’(:() ,,,,, L,—1 is a Bessel sequence. The result will follow from Theorem 3.1 once we establish that
{T,f{/;(}ke,ﬂq:o ,,,,, 1,—1 is also a Bessel sequence.

To this end, we apply Corollary 2.1 to the functions {f/ka}ke,. Indeed, for k € I, we define 51 1= supp ﬁ Then (3.1) implies
that S, C US;& Sk+v, and by (3.6), Sk is contained in an interval of length strictly less than L. Using condition (ii) in
Corollary 2.1, we obtain from (3.1) that

- . (2P 1)C
[ )| < [P |+ —= Z Ve [ ()] < . nez.
Now, for a fixed n € Z, condition (iii) in Corollary 2.1 implies that n € Sy only for k € {k1,kz,...,k,}, where ky, ...k, €l

and p < K. Take any k e {k1,...,ky,}. By (i) in Theorem 3.1, SkﬂUf}L& SK+V_(Z)forK k+ P ork < k—2P+1 Thus Si

intersects at most (k + P —1) — (k — 2P +2) + 1 =3P — 2 sets of the form Uv o0 Skc4v. Since SK C UU 0 Si+v, it follows
that Sy intersects at most 3P — 2 of the sets Se. This in turn shows that n lies in at most K(3P — 2) of the sets Se as
m < K. Hence we conclude from Corollary 2.1 that {T wk}kE, ¢=0,...[,—1 is a Bessel sequence. O

With these results in place, we are ready to construct various general classes of dual pairs of trigonometric polynomial
frames. As the following examples will demonstrate, a key issue turns out to be various partition of unity conditions.

Example 3.1. We continue the analysis of the setup in Example 2.1 with some minor adjustments in order to adapt to the
assumptions of Theorem 3.1. First, we further assume that )", ., g(k) = 1. This can always be achieved by multiplying g
with a nonzero constant, provided that Y, _, g(k) # 0. Note that this assumption implies that

Zg(x—k):l, XeZ. (3.7)
keZ
Second, we also assume that the number D and the length of the interval [M, N] are related by

D >2(N — M). (3.8)

Checking conditions (i) to (iv) in Theorem 3.1, we note that for ke Z and v > 1, Sy S {M +k,...,N+k} and Sy, C
{(M+k+v,....,N+k+v}. Then Sy NSysy =0 if N+k<M+k+v,ie,ifv>N-— MSo()holdsw1thP N—M+1.
Condition (ii) has already been established in Example 2.1.
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Using (2.5) and (3.7), for every n € Z,

Y VD =) gm—k =1,

keZ keZ

which is condition (iii). In view of (J'—) Sk1v € (M +k, ..., N +k+ P — 1}, we see that py in (iv) satisfies

Pk<S(N+k+P—-1)—(M+k)y=2(N—-M) <D,

where (3.8) gives the final inequality. _
Hence, we may apply Corollary 3.1 to construct a pair of dual periodic Gabor frames. In particular, for i} defined from
—~

its Fourier coefficients vy, as in (2.4), it follows from a calculation via (3.4) and (2.5) that

N-M

~ . 1 . L~

Yie(x) =™y —_<g(n>+2§ g(n—v))el"xze”‘"wo(x»
nez D v=1

So forkeZ, £=0,...,D —1, using (1.2),

~ . G~ 2/ . . ~
T]fl//k(x) — efzJle[/DelkaO (X _ 5 ) — e*Zﬂ'lkf/DelkXTlwa(x)’ (3.9)

which also has the Gabor structure. As (2.6) and (3.9) have the same constant factors e=27¢/D the frame expansion (1.4)
reduces to the Gabor expansion

D-1

F=Y 3 (f.e*Tipole® Tipo,  fel?(0.2m).

keZ €=0

Note that our construction of dual Gabor frames for L2(0,27) in Example 3.1 originates from the frequency domain,
while the approach for Gabor systems in L%(R) in [4] takes place in the time domain. As the frequency domain for L%(0, 27)
is the integers Z, we only require condition (3.7), which, as we have discussed, can be satisfied after a simple modification
of the function g. On the other hand, the construction for L%(R) requires a partition of unity over the real line R that is
more complicated to satisfy.

Next, we use Corollary 3.2 to construct pairs of dual periodic wavelet frames.

Example 3.2. We continue the analysis of the functions v} in Example 2.2, with the extra assumption that g satisfies the
partition of unity condition

Zg(x—k):l, xeR.

keZ
We will also assume that kg is a positive integer satisfying

ko > N +logp (DN"M 4 1). (3.10)

(The reason for this choice of kg will be revealed later in the example.) Note that in contrast to the situation in Example 3.1,
see (3.7), we now need the partition of unity to hold for all x € R. This is more restrictive, but it is satisfied, e.g., for any
B-spline or any scaling function. We will verify conditions (i) to (iv) in Theorem 3.1 and then apply Corollary 3.2. First
note that (2.10) shows that ﬂ might consist of two “bumps” on the positive axis and two bumps on the negative axis. If
N —k+ko <0, ie, if k > N + ko, there will be only one bump on each of the positive axis and the negative axis.

We now check condition (i) in Theorem 3.1. To this end, let |-] denote the floor function, and let P = [N — M + 1]. If
k > ko, then for v > P > N — M, we have DN~(k+V)tko o pM—k+tko apng pN+k—ko o pM+k+v)—ko Applying both (2.10) directly
as well as (2.10) with k + v in place of k, we see that Sy N Sk, =¢. In addition, by (2.8), %;(n) 0 only if DM < |n| < DVN.
For v > P > N—M, we have DN=” < DM and DN < DM+, which show that Sy, N Sg,1v = . As Sy =0 for k=0,..., ko —1,
condition (i) in Theorem 3.1 holds for all k > 0.

Condition (ii) in Theorem 3.1 has already been verified in Example 2.2. Using that logD(%) =logp (In|) —«, the definition

of the functions ¥y shows that for n #0,

S VDT = g(logp(n) + 3 (808 (1) + (k — ko)) + &(logp (In) — k — ko))
= Zg(logD(|n|) —K)=1.

K€EZL

Thus condition (iii) in Theorem 3.1 is satisfied for n # 0. Clearly, it is satisfied for n = 0 as well.
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In order to verify condition (iv) in Theorem 3.1, we note that the largest number in US;& Sk+v 1s not more than

DN+I<+P717I<O — DN+k+LN7M+lJ717k0 < DN+k+N7M7I<0 — D2N7M+I<7I<0_
The minimal number in Sy is not less than —DN+k—%o_Thus
Ok < D2N—M+k—k0 _ (_DN+k—k0) _ Dk(DZN—M—kO + DN—ko)
< = )

For condition (iv) in Theorem 3.1 to hold, it suffices to have D2N—M—ko 4 pN—ko — 1 which is equivalent to (3.10), as assumed
wavelet frames for L2(0, 277).

Concrete constructions based on the above can easily be realized by taking the function g to be a centered B-spline
supported on [—N, N]. As an illustration, we set

1,2 13,4, 9 ¢ 3 1
X +35x+3, if —3<x<—3,
2,3 e 1 1
—X°+ 3, if —7<x<3,
g =Bs=1 " 1 o 2 (3.11)
FX°—3x+3, if3<x<3,
0, otherwise.
Then g is nonnegative, bounded, real-valued, and supported on [—3, 3], i.e, M=—3 and N = 3. We take the dilation factor

D to be 2. Thus we can let P = [N — M + 1] =4, and take ko > N +1log,@N"M + 1) = 3 + log, 9, eg., ko = 5. With this
choice, @ only has one bump on each of the positive and negative axes if k > N + ko = %

Fig. 1 shows the plots of v and @ defined by (3.11) and (2.8) for D =2 and k = 8, and the corresponding {/?L and ﬁ
from (3.5).

L%(0, 27r) with only one generator v for each level k. This is in contrast to the approaches based on multiresolution anal-
yses in [13,14]: typically, for a dilation factor D > 2, a periodic wavelet frame constructed from a multiresolution analysis
would have at least D — 1 generators at each level.

Returning to more general values of Ly, we now employ Corollary 3.3 to obtain explicit pairs of periodic frames that are
hybrids of Gabor and wavelet types.

Example 3.3. We continue further the setup in Example 2.3 with a few minor modifications. As in Example 3.1, if
> kez (k) # 0, by multiplying g with a nonzero constant, we can ensure that (3.7) holds. In addition, we assume that
for an appropriate integer ko > 0,

3(N—M)+2k <L, k>ko. (312)

This is possible, e.g., if we assume that L, — 2k — oo as k — oco. We now verify the conditions in Corollary 3.3.
As conditions (ii) and (iii) in Corollary 2.1 have already been verified in Example 2.3, to apply Corollary 3.3, it remains
to check conditions (i) and (iii) in Theorem 3.1 and the inequality (3.6). Note that supp ¥, < {M, ..., N}, and for k > ko,

supp@g{M—(k—ko),...,N—(k—kg)}U{M+k—k0,...,N+I<—k0}
C{M—(k—ko)....,N+k—ko}. (313)
It follows that for v > 1,
Skpv S{M = (k+v —ko),....N—(k+v—ko)} U{M+k+v—ko,...,N+k+v—ko}.

Consequently, Sy N Sk =B if N+k—ko<M-+k+v—koand N— (k+v —ko) <M — (k—kp), ie,if v=N—-M+1. So
condition (i) in Theorem 3.1 is satisfied with P = N — M + 1. Also, for each n € Z,

Y VL =gm+ Y (s—k+ko)+gn+k—ko))=> gn—i)=1,
k=0 k=ko+1 KEZ

where (3.7) is applied in the last equality. Thus condition (iii) in Theorem 3.1 is satisfied.
In order to check (3.6), we note that the largest element in Uf;& Sk+y is at most N +k+ N — M — ko and that the

minimal element in US;S Sk+v is at least M — (k+ N — M — ko). Thus, for o in (3.6), we have
ok KN+k+N—-M—ko— (M—(k+N—M—ko))=3(N—M)+2(k —ko) <3(N—M) +2k.

As a result, choosing ko such that (3.12) holds, the inequality (3.6) is satisfied. Hence, by Corollary 3.3, this setup leads to
pairs of dual periodic frames that are hybrids of Gabor frames and wavelet frames.
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Fig. 1. Plots of vy (top left) and @\k (top right) defined by (3.11) and (2.8) for D =2, ko =5 and k =8, and the corresponding {ﬁ (bottom left) and ﬁ
(bottom right) from (3.5) as in Example 3.2.

In a special case the setup in Example 3.3 can be tailored to a construction of real-valued and symmetric frame genera-
tors .

Example 3.4. Employing the setup in Example 3.3, we impose the additional assumptions that g is continuous, symmetric,
and supported on [—N, N] for some N > 1. This is in line with our aim of constructing frame generators v that are
real-valued and symmetric, which amounts to the requirement that the functions @ are real-valued and symmetric on Z.
For a fixed positive integer kg, defining ﬂ(n) as in (2.11), we now check that for every k it holds that @(n) is real-
valued and that fk\k(—n) = ﬂ(n) for all n € Z. We note that for k = kg, these statements are obvious because g(—x) = g(x).

Next, consider any k > k. Then, for any n € Z,
- g(-n—k+ko)+g(-n+k—ko) gn+k—ko)+gn—k+ky) —~
Yr(—n) = = = Y (n).
Ly Ly
Since g is continuous and supported on [—N, N], we have g(—N) = g(N) = 0. Thus suppfﬁ?o C{-N+1,...,N—1}, and
it follows from (3.13) that for k > ko,
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supp ¥, € [-N+1—(k—ko),....N—1+k—ko}.
Consequently, we can take P in Theorem 3.1 as P=(N—1)—(—N+1)+1=2N—1.
As an illustration of this construction, for any positive integer N, we take

tan 75 cos 7%, if —N<x<N,

g(x) = (3.14)

0, otherwise.

Then g is nonnegative, continuous, real-valued, symmetric, and supported on [—N, N]. By a straightforward calculation,

N N—-1

km km b
oS — = oS — = cot —,

2N 2N 4N
k=—N k=—N+1

which shows that »"; ., g(k) = 1. Thus, (3.7) holds. For the sequence {Li}r>0, we put Li =k2. Then we can find an appro-
priate ko for which

6(N—1)+2k <k?, k=ko. (3.15)

This gives (3.12).
Based on the function g in (3.14), the trigonometric polynomial vy obtained from (2.11) achieves optimal time-

localization in the following sense. In [1], time-localization of a function f in L?(0,27) with Y nez ?(n)?(n—}— 1) #0 is
measured by its angular variance defined by

_ CaeslF P ~ 15 0eg Ff @+ DI

| ez fM fn+1)2
It is shown in [10,11] that among all h € L?(0, 27r) with suppﬁ: {-N+1,...,N—1},

Ag(f)? (3.16)

Ag(h)? = Ag (Y, )%,

i.e., the minimum angular variance is attained by y,. Using this fact and the definition (3.16), a calculation then shows
that for each k > ko + N, v} gives the minimum angular variance among all f whose Fourier coefficients are of the form

T(n) :/ﬁ(n —k + ko) —i—ﬁ(n +k—ko), nez,
where h € L2(0, 27r) with supph = {-N+1,...,N —1}. .
Taking N =5, (3.15) holds for all k > 7, so we choose ko; 7. Fig. 2 shows the plots of v and vy defined by (3.14) and
(211) for N=5 and k =12, and the corresponding {5;; and vy from (3.1).

We end the paper with a comment on application of the constructed dual periodic frames to practical problems.
Certain applications involve thresholding, such as during denoising and deconvolution, or require visualization of the time-
frequency plane. In these instances, the frame coefficients (f, T,fv/k) given by (1.5) have to be compared over all k € I

which equals |||, changes as k varies. Thus, in order to obtain a meaningful analysis of f, the frame coefficients (f, T,fwk)

need to be normalized during the processing. The calibration can be achieved via dividing (f, T,fl//k) by ||¥|l. Note that
this is just a practical measure for processing in applications. After the required analysis, we would still apply (1.4) to the
original coefficients (f, Tlf Yy) for the synthesis of f.
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Appendix A. Proof of Theorem 2.1

To show that {T,flﬁk}kgl,[:(),m,]_k_] is a Bessel sequence with bound B, it suffices to establish that the inequality

Li—1

SN T < BIFIP

kel ¢=0



0. Christensen, S.S. Goh / Appl. Comput. Harmon. Anal. 33 (2012) 315-329

-20

- —_——r T T—

-3 -2 -1 0 1 2 3

0.012

0.010

0.098
0.0061
0.009

0.002

0.16
0.14
0.121
0.10
3.08:
we
0.04—-
[ ]

0.02 1
L]

327

“30 20

Fig. 2. Plots of v (top left) and f//\k (top right) defined by (3.14) and (2.11) for L, =k?, N =5, kg =7 and k = 12, and the corresponding (/ka (bottom left)

and ﬁ (bottom right) from (3.1) as in Example 3.4.

holds for all f in a dense subspace of L2(0, 277); we will consider the subspace formed by all trigonometric polynomials.

By the same arguments as in the first part of the proof of [12, Theorem 4.1],

kal kal 2
SOSTHE T =31 S DTG+ Lp PG+ Lp)| -
kel ¢=0 kel j=0 'peZ

Indeed, as we have seen already in (1.5), we can write

) Ly—1 By
(F. Tiwn) =Y Fyyn e ™ /M =3 = @ (j)e? I/,
nez j=0

where @ is the Ly-periodic sequence defined by

(A1)

(A2)
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@)=Y FG+Lp G +Lp). j=0... L—1 (A3)
DEZ

now the expression in (A.1) is obtained by applying the inverse finite Fourier transform to &, followed by an application of
Parseval’s identity.

Now it follows from (A.1) that

Ly—1 Lg—1
SO T =Y L Y S TG+ L)Y+ Lep) Y TG+ L) e + L)
kel ¢=0 kel j=0 peZ qeZ
Lk_lA -
=Y LYy Y FU+Lp¥G+Lp) Y FG+ LoV + L) (A4)
kel pEeZ j=0 qeZ

Note that with the exception of the sum over k, all the above summations are finite sums as f is a trigonometric polynomial.
The Lg-periodicity of &} implies that for every j=0,...,L;y—1 and p € Z,

&G+ Lep) =@ =Y F(G+ L) ¥l + Leg);
qezZ

thus (A.4) can be rewritten as

Ly—1 Ly—1
SOSTHA T =D 0 >0 Y TG+ LG+ Lep) Y F(G+ Lep) + L) Ve (G + Lep) + L)
kel ¢=0 kel pEZ j=0 qeZ
=Y LY Foum Y Fn+ L) Pem + Lg). (A5)
kel nez qeZ

We shall now interchange the infinite sum over k with some of the other sums in (A.5). This can be justified by replacing
all the terms in (A.5) by their absolute values and following the arguments below. Interchanging the sums in (A.5), we have

L1 _ A
SN =30 ST L > Ty T+ Ly v + Lig)
kel ¢=0 qeZ kel nez
=Y LY TodmFmvm+ Y 3 LY Fovm o+ La)yx® + L)
kel nez qeZ\{0} kel nez
=Y [T > L gam|* +R. (A6)
nez kel

where

Ri= Y D LY Fym)fn+ L) Pem+ L)

qeZ\{0} kel nez

Applying the Cauchy-Schwarz inequality twice, we have

RIS L Y Y |Ff 0+ La)dumPin+ Lg)|

kel qeZ\{0} neZ

. e e 1/2 . . e 1/2
< Y (Z|f(n)|2|wk(n)wk(n+qu)|) (Zlf(n+qu)lzlwk(n)wk(nﬂkq)l)
}

kel qeZ\{0} “neZ nez
R . . 1/2 . . . 1/2
<2Lk< 3 Z|f(n>|2|w,<<n>wk<n+qu)\> ( 3 Zmn+qu>\2!wk<n>wk<n+qu>\> )
kel qeZ\{0} neZ qeZ\{0} neZ

Observe that by the substitution m =n + Lyq for each fixed q € Z\{0},
~ 2|~ — -~ 2~ —
S F o+ ng | Pmvna+ L= Y > [F )| [drm — Lig)grm)|
qeZ\{0} neZ qeZ\{0} meZ

= > 3 [T’ [P + Leq)

qeZ\{0} meZ

’
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therefore (A.7) implies that
-~ 2~ —
RIS L Y D [Fo| [ vmyn® + Lg)|. (A8)
kel qeZ\{0} neZ

Applying this estimate to (A.6), we obtain

L1
SOSTHE i) < DTS Llmm ) + YT Y ne Y [dmdie + L)l
kel ¢=0 nez kel nez kel qeZ\{0}
=T > LS [Frem v + L.
nez kel qez

Hence, it follows from (2.1) that

L1
SN TR <BY [Fa [ = BIfI2,
kel ¢=0 nez

If (2.2) also holds, let again f be a trigonometric polynomial. Then by (A.6) and (A.8),

L—1
SN T = TP wm ) =Y n S S [T [mvim + L)
kel ¢=0 nez kel kel qeZ\{0} neZ
N Z|7(”>|2(Z Ll ® = >0 3 Ll + Lw)!)
nez kel qeZ\{0} kel
>AY [Fo* = AlfI2.
nez

Since this holds for all trigonometric polynomials f, we conclude that {T,fg[/k}kel’@:o,“‘lkq is a frame for L2(0,2) with
bounds A, B.
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