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1. INTRODUCTION

A numerical code for computing the ablation rate of a refuelling
pellet, clearly should exist among a few laboratories. For
various purposes, as, for example, the development of a diag-
nostic method in evaluating the pellet local ablation rate, the
calculatina of the fuel transport rate, and the possible modifi-
cation and extension of the existing neutral shielding model(l),
etc., it should be desirable to have such a computational code
at our own disposal.

This report summarizes the result of such an effort. Section 2
first gives a brief description of the neutral shielding model
relevant to the numerical analysis. This is followed by a deri-
vation of the asymptotic solution of the ablated flow. Section 3
gives a brief description of the code and the general compu-
tational results obtained. A detailed description of a typical
program is included in the appendix A. Examples of computational
results are given for a present experimental and a future large
toridal device.

2. THE MODEL

2.1, Governing equations

According to the neutral-shielding model(l)'(z) of a refuelling
pellet, the kinetic energy of the ablated flow is described by
the equation

dw _ 2w ___ 249 _ , 8
dr ~ (6-w) [A,r a% 2 r] (1)
where w = v? and § are the kinetic energy density and tempera-

ture normalized with respect to their values at the sonic radius,



r,. Similarly, r is the normalized radial coordinate; thus, at
the sonic radius, r = 1. The pellet surface is denoted by
f=rp/r..

The dimensionless input rate of the electron energy is given by

Pellar

d ]
32 = —— oME)q (2)
r m, .
2
where \'(E) = A(E)/A, is the normalized “"total energy loss cross

section”. The total energy loss cross section A(E) has two terms:
The inelastic collision term is represented by the stopping
cross section 2L(E)/E; the elastic collision is represented by
the scattering cross section, g(E). Thus

nE) =2 BEL 4 oe) ()
where

L(E) [eV-cm?] = {2.35x101% + 4x10'lE + 2.10173-2}-: (42)

3(E) [em?] = 8.8x10Y3E71-71 _ 1. 62x10"12"1-932

for E > 100 eV
= 1.13x10 14571 (4b)

for E < 100 eV ]

The parameter A,, which appeared in Eq. (1), is a constant
depending on physical parameters at the sonic radius and the
mass ablation rate G. Thus

-1
4nfBQ£Ei—)q‘r.2
kT,G

A, = m, (5)

2 ’

where fB and Q are reduction factors of the incident electron
energy flux due to the magnetic field effect and the inelastic
collision losses occurring in the ablated cloud. For simplicity,
in the original model(l) fB and Q were taken as constants;

fB ~ 0.5, Q = 0.6.



If we seek a solution of a continuously accelerated flow of the
ablatant, i.e. g¥ > 0 everywhere and the requirement at the far
downstream (g%);fz'g, we observe that from Eg. (1) the flow
downstream at a great distance must be supersonic, i.e. w > 8.

On the other hand, since we expect the temperature of the abla-
tant to be low near the pellet surface, the flow must be subsonic

there, i.e. w < 3.

At the sonic radius, since 8 = w.we must impose the condition to
make the terms in the square bracket of Eq. (1) vanish. As a
result, we obtain

‘-qtptr::\t

: y-13
Z’fBQ( Y JXT,5

[
|
o

v

(6)
Using Eq. (6) and the mass conservation equations

svr? = pdwr? =1 .
Eq. (1) can be reduced to

v
dw _ _Awo [—LQ,; -1] . (1a)
For the purpose of numerical computation, it would be more
appropriate to replace w by v = /W, the governing equations of
the ablated flow can then be written as follows:

dv _2ve  [A'q _ 1

ar - (e:v’T[ev r] ’ (7
]

B -, (8)
L

Mg -,22, (9)

de' _ L(E)] _1

ar 2**[E,A,] v (10)

ovr? =1 , (11)

P = 04 . (12)



The Mach number of the {flow is given by
M= (\r2/6)'5 . (13)

All parameters except E in the above system of equations are
normalized with respect to their values at the sonic radius. The
incident electron energy at the normalized sonic radius r =1 is
denoted by E£,; thus, E' = E/E, is the normalized electron energy.
Hotice that L(E)/E, has the dimension of a cross section, and
L(E)/E,A, is dimensionless.

The above system of equations contains two parameters, A, and
A,. They are defined as

Ay = ptAtrt/mHZ , (14)
Ay = A(E,) . (15)
Both A, and ), depend on E,, the incident electron energy at

the sonic radius. As indicated by Eq. (3) and Eqs. (4a) and
(4b), once E, is chosen, A, = A(E,) is fixed; however A,, to be
shown subsequently, varies within a limited range.

2.2. Eigenvalue of the problem

At the sonic radius of r = 1, all flow parameters and A' become

unity while %% becomes indeterminate. For a given value of E,,
this derivative

dv
[} dr r=1

as will be shown, depends on the parameter A,, which therefore
can be viewed as an eigenvalue of the problem.

From Egs. (8-10), we have at r = 1

a8 _ 5 _ (.-
ar = 2 (r-1)z , (17)



d

o = A s (18)
1,L(E,)

dE _ . .

a2 ES, (19)

whereas Zs can be determined from Eg. (7) by applying the
L'HSpital’s rule. This gives a quadratic equation in Zs; its
explicit solution is given by

_ (3= / _ o(1+Y) -
ZS = m){l +/1 2T3—__Y)—r(x. + w. l)}l (20)

_ (dr®
lb‘ = (dr )r=1 (21)

and can be written as

* A, \dE E=E, ar/ _,

= ZA‘—A’I‘—-(aE)E—E . (22)
Bt

Introducing
L(E,)
A
N, = 2'1rr—'(g§) (23)
* E=E

we may further write y, = NA, and replace the eigenvalue, A,, by

K= (1+Nyx, . (24)
The derivative ZS = (g%) now is related to X by
r=1
= (32Y (1+y) -
z, (1+Y) {1 + d/l + 2(3'Y (1 K)? . (25)

As a first requirement for Zs to be real, it is necessary that

2%%;%%1(K-1) <1 . (26)

However, if we expect a solution with g% > 0 in the e~tire flow,

zs must be positive. Furthermore, if we require the uniqueness
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of the positive root (i.e., the two real roots of zs are of

different sign) we must impose the condition that
v+l _
1+2(—3_—Y—)r(1x)>1 or K <1 .

Stated briefly, after a value of E, is assigned, according to
Eq. (23) we find that N, is fixed, the proper value of A, must
be chosen such that K is within the open interval (0,1).

2.3. Boundary conditions

In view of the low sublimation enerqgy of solid deuterium and

the expectation of the existence of a self-shielding mechanism,

the boundary conditions at the pellet surface f= rp/r, may be

written as
g{le,Eg) =0 ] (27)

?

8(A,,E,) =0 : atr=7¢. (28)

The boundary conditions at the far distance region downstream
clearly can be taken as

qiresEy) + 9 = qy/q, )

E(A\y/.E,) > E = E_/E, r' at r >r (30)

or alternatively,

dg , o dE
G T 0 g 0 forr > (31)

By specifying these boundary conditions and defining all the
derivatives in terms of the given value E, and a guessed eigen-
value i,, we may then proceed the integration from the sonic
surface inward to see whether the inner boundary conditions are
satisfied at the pellet surface. FPor a given E, the process has
to be repeated by guessing the value XA, until Eqs. (27) and (28)
are satisfied. In other words, Egs. (27) and (28) really are
used to locate the pellet surface. Similarly, we may consider
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the outer boundary conditions as a means of locating the ablated
cloud boundary.

2.4. Flow parameters at the sonic radius

Since all the flow parameters thus far were normalized with
respect to their values at the sonic radius, to obtain their
actual physical values it is necessary to determine their
corresponding values at the scnic radius first. Using the facts
that the flow is sonic, the mass is conserved, and the state of
the ablatant can be taken as an ideal gas, we have the following
three algekraic equations:

Ve = (YkT,/m )} (32)
2 >

D4VeEi = G/4m , (33)

Pe = p‘kT‘/mllz . (34)

These equations together with the two auxilliary equations:

07 Jawseterd = xr, &5 g

and

Agmy = 0,A,r, (14)
2
form a system of five equations for the eight unknowns; G, o,,
Par Tor Vor Fqr 9, and E, (recalling that both A, and 1A, depend
on E,). If we consider E,, r,, and q, as given, they can be
solved explicitly

. A,mﬂz/3[£30(v-1)q.]1/3r:/3 , (35)
A m
.2 36
Pe T Ko, (36)
mHl/3 £ .Q(v-1)gereA, 2/3
kT, = —3& [ 3 ] , (37)
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1/3
v, = [fBQ(Y'l)Q¢rtAt] , (38)
2 m
H)
By, 173 £,0(v-1)q,72/3
Yp, = (A*r*) L———Tf————{]x*. (39)

Since the factor fBQ always appears together with q,, we may
absorb it into q,. We recal that r, and E, are related to the
pellet radius rp and the unattenuated electron energy Eo lor
the plasma temperature 2kTo) by

r, = rp/f - (40)

E, = E,/E = 2 k1 /E (41)
and

ds - qo/a = [no(4wme)-%(2kTo)3/2]/§ . (42)

These expressions, Egs. (35-39), in turn can be related to the
plasma parameters n,s kTo and the pellet radius, rp. For example,
we have explicitly,

1/3 1/2 4/3
3 Ay ng (kTo) r

~17 i/ ( )
G = 8.4125x10 (vy-1) — fE . (35a)
2/3 q1/3 \

A#
~24/ 2\ ¢
Py = 3.3452x10 (K‘) = (36a)
* r
P
and
Ag12/3
_ 8.3592[, _ r *
kT, = ——;——-[(Y l)no(FB) g—] (kT,) ' (37a)

(All quantities appearing above are in C.G.S. units except for
kT, and kT, which are in eV).

On account of the dependence of A,, A,, q and f on E,, these
equations indicate that for a given pellet radius rp and the
amoient plasma condition of g and kTo, the mass ablation rate,
G, and the state of the ablatant, p, and kT,, are still undeter-
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mined. In practice, this implies that based on the expected
value of E, one must first guess a proper value of E,

(E, = ZkTO/E), and calculate f,a and E which, in turn, give a
set of calculated rp, q,r and kTo. The process is to be iterated
until the calculated values of rp, Ay’ and kTo agree reasonably
well with their initial given values.

2.5. The asymptotic solutions

From the computational results, we notice that once the ablated
flow passes beyond the sonic radius, both the electron energy
flux g and the energy E' approach their corresponding values of
the ambient plasma quickly This indicates that asymptotic
solutions of the flow parameters might exist at a sufficiently

larger value of r.
To study this possibility, we introduce a new variable

u = v?/e, (43)
or uy = M?, to replace the dependent variable 8. The system of

differential equations, Egs. (7)-(10), now takes the following
form:

dv _ 2V At _1
ar - I-u {_?SE ], (44)

v r
du [Q;Lv}ﬁ.ﬂ_u]g%-z/\' @ (45)
dq _,, La, (46)
de' n,[’é-i-ﬁli-] - (47)

Assuming that A, q, and u are slowly varying functions of r, for
r >> r,, we may put

l1-y = A(r), A'qu = B(r) , (48).
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Eq. (44) may then be written as

av _ . v _ 1
y-2yE - | (49)

As a first approximation, neglecting l/r and considering A and

B as constants, we have

i!::z

3
or v’ ~ r
dr

>l
<:Jr—-

we then may put
vir) = y(oel/? (50)

After substituting this into Eq. (49), we obtain

dy dr
= &2 (51)
B1 1.1 r
2 3 g7 - 2Aze)y :
. _ B - _of1 .1
Introducing C1 = ZK' 02 = 2<A + 6)
then
S1___ B
C A
= - Mau
6 Th ' (52)

Denoting all asymptotic values of the variables concerned by
"~", we now impose the condition that for r >> r,

C g o~
El = -6 I——%—E = conctant. (52a)
2 7=

Eq. (51) can be written as

2
3y dy .3 4r . (53)
Cl , 2r
== + Yy
€,

Carrying out the integration from ry to r, we obtain
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=< =
Cl/CZ + Y, x

3
(o)

Solving the above equation for y?, we find

3C C C

v - (Y2 (L 3o 1

YT (r ) [(C ) * Yo] <, - G4
o 2 2

If we require that y = constant for r > L, We have

3
N S R -8 (55)
Yo 1 c, N 7.7 ’
Y|
then
(-9 - (s1E ) 9
Y C2 T-u .
or
T(r) = (%-;LH) 13 (57)

From Eq. (45), when u - ﬁ, or %% = 0, we have

~a d? A'g
dr 1;1 + %
u .

Substituting Eg. (57) into (58), after rearranging the terms, we
obtain finally

}T =5/y (59)

Using Eq. (57) we eliminate V in (58) and get

v = (?,g—ﬁ‘si) /3 (60)
Similarly
=L i (%)1/33/3, (61)
u
7= ;17—{2' ) (;_3@"?)'1/3;7/3 (62)
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3. COMPUTATIONAL CODE AND GENERAL RESULTS

To faciliate numerical computations, as shown in Table I, a
change of notation was made. Notice that the dependent variable
v, 8, g, E and their derivatives are denoted by Y1, Y2, Y3, Y4
and zZ[1}, z[2], z[3], z[4] in the procedure F(X, Y, 2), they
are denoted by YY[1,1], YY[1,2], YY[1,3], YY[1l,4] and YY[2,1]/H,
YY[2,2]/H, YY[2,3]/H and YY[2,4]/H, respectively, in the inte-

gration procedure JIFSUB.

When we proceed to integrate the system of equations, Egs. (7)-
(10), from the sonic radius inward towards the pellet surface,
we expect a steep drop in the values of g and E. On the other
hand, when we integrate from the sonic radius outward, we expect
a slow rise in the values of g and E towards the ambient plasma
condition of 9, and Eo. Based on these considerations, we
adopted the DIFSUB method(3)
is because this integration procedure is essentially a predi-

to carry out the integration. This

cator-corrector method and the integration steps are self-adjust-
able.

By using the procedure RISOE/DIFSUB/A(4)
tions, Egs. (7)-(10), was integrated numerically. The boundary

, the system of equa-

condition, Eq. (31), at the far downstream region, however, was

replaced by
M= /5]y forr >r .

A program named PELREF (abbreviation for pellet refuelling) was
then written in the Algol language. The general computational
results for a range of E, (lxlo2 - 4x10* eV) are shown in Table
II. In the table, f is normalized pellet radius, i.e. £ = rp/r,
and Ty is the normalized ablated cloud boundary where the flow
Mach number is within 10™> of its asymptotic vaiue.

To display the results obtained, three different types of plot-
ting programs were also written,
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The PELREF/CURVE shows the computed results in graphic form from
the pellet surface outward to a radial distance of seven times
the sonic radius. Some typical results are shown in Fig. la and
Fig. 2a. A detailed description of the program is given in the

appendix.

PELREF/CL shows the results of the subsonic region in further
detail.

PELREF/ASYMP shows the results in the supersonic region from the
sonic radius r = 1 to a distance of r = 25 and compares the
results with the asymptotic solutions of Section 2.5. Computa-
tional results indicate that for an ablatant with specific heat
ratio y = 1.4 in the range of E, investigated, the flow para-
meters already reach their asymptotic values at a distance of
ten times the sonic radius. Typical results are shown in Fig. 1b

and Fig. 2b, respectively.
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Table I. Corresponding notations used in the analysis and in

the program.

Symbols used in the analysis Symbols used in the program
L(E) L
g (E) 5
A(E) A
E, ES
A, = A(E,) AS
A*(E) = A(E)/A, AO
L(E,) LS
g(Ey) Ss
(do/dE)E = E, DS
Ay c
N, NS
Y G
r X
v Y1, YY[i,1]
8 Y2, YYI[1,2]
q Y3, YyY[l,3]
E' Y4, YY([(1,4]
dv/dr z[1], Yy[(2,1]1/H
@e/dr z(21, vyY[2,2]/H
dgq/dr z[3], vyY(2,3]1/H
dE'/dr z[4}, YY[2,41/H
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and E/E, are 1,560 and 1.119, respectively.
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APPENDIX

Detailed description of the program PELREF/CURVE and the
accompanying procedure PELAB.
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