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1. INTRODUCTION

It has been known for almost forty years that an electron beam
penetrating throughout a plasma between two short-circuited
conductive plates and completely neutralized is nonoscillatory
unstable [1]. This so-called Pierce instability results from
the interaction of the electrons in the beam (giving rise to
the beam current), with the current in the external circuit
maintaining the same potential at the two plates. The Pierce
instability in such systems acts as a current-limiting mech-
anism. The virtual cathode creation [4] is also governed by the
Pierce instability. Recently [2,3], the double-layer formation
was attributed to the instability although experiments on the
electron-beam-excited double layers [5,6] have been performed
for more than a decade.

However, the complete physical picture of the Pierce instability,
especially with respect to the real physical conditions under
which double layers are formed, has not yet been obtained. The
presence of the external magnetic fields and the finite trans-
verse dimensions of the beam can alter the plasma dispersion
characteristics significantly. Apart from that, the saturation
mechanism of the instability and the transition from a multiwave-
length field in long systems (with the length of several wave -
lengths of the Pierce field) to the double layer, which is a
single peak of the electric field, has not yet been clarified.

This article has been prepared in connection with the current
experiments on double layers produced by an electron beam at
Rise Q-machine. This electron beam was of a dizmeter much less
than the longitudial characteristic length (the distance of the
double layer from the cathode), ana could be regarded neither
as infinitely wide [3], nor as wide as the plasma penetrated

by it [5,7]. This paper consists of two parts: In the first

the Pierce instability in a transversely bounded beam-plasma
system will be discussed, and in the second the nonlinear stage



in the development of the instability will be investigated. The

possible saturation mechanisms and final state will also be ana-
lyzed in this part.

2. PIERCE INSTABILITY OF FINITE-WIDTH BEAM-PLASMA SYSTEMS

The presence of the boundaries in the beam-plasma systems gives
rise to nev eigenmodes of the oscillations, namely the surface
wave modes [8,9], and to new mechanisms of energy transfer lead-
ing to instabilities [10]. The surface waves are confined to a
narrow layer around the boundary, exponentially decreasing with
distance from it.

2.1. Basic equations

We consider a plasma slab occupying the space (0 < x < 2a) pen-
etrated by an electron team of the same width with velocity, u,
parallel to the z-axis. The plasma and beam are assumed to be
homogeneous; "peO'“beo are the electron plasma- and beam den-
sities, respectively. The system is completely neutralizd by
the plasma ions with the density Ppi, (= e, + "Peo)' The slab
is surrounded by quiet plasma, extending to x = t =; the elec-
tron and ion densities are “seo and “sior respectively, and
equal tc each other. The external magnetic field, B,, is
oriented along the z-axis.

We shall use the standard set of linearized hydrodynamic equa-
tions, describing a cold, collisionless plasma, the same assump-
tion as in [1,7] and [11] to some extent. Assuming all the vari-
ables to be proportional to e-i(wt -kx°x-kz°z),

+» e + » > > »
= i(w-kzu) vpe = ;(B+vbexso+uxb)



»> e + » *
-iw-v, = ;ﬁs+v¢xno)
>
=i(w-kz u) * npe = ~Npe ° V-V,
o
>
-iﬂ'l‘ln = -nm . v.v° (1)

a = pe, pi, se, si

Where the subscripts pe, pi, se, and si correspond to the
plasma electrons and ions, and the surrounding electrons and
ions, respectively. Introducing (1) to the Maxwell equation:

1 >
— . o . - < = ¥ -
‘o(ee Npe + €@ * Npe + €¢ * Npe + € * Npj) ((1-11¢el])E)

0 ¢ x < 2a (2)

1
—tee'nge + & - ngg) = V(1-11eI1E)
(o]

x> 2a

We obtain the expression for the dielectric tensor:

Nx
€1+¢y i(ea+42) - =— - @
Rz
Nx
flel] = =i(e+92' €1+ i;— ] (3)
z
o (] e3




the components of which for 0 ¢ x < 2a (in the beam) are:

vZe “de  “Bi
¢ =1- 202  o2.02 o2
(w-k,u) -Qe wé-qg N
e =1 - “ge Re _ '%e“e
(u-kgu) ((w-kyu)2-02)  w(w2-22)
2 2
“be “pg 1
€3 =1- 2" 2 T2
(u-kzu) - »
kju “ge
.4'2 .

@ (--kzu)z-ng

k. u 'ge 1]
$2 = ’ 202
™ (u-kzu)((u-kzu) -Rg)

and for x < 0, x > 2a (in the surrounding plasma):

2 2
ey = 1 Yge Ygi

' - -
mz-ng mz

2
se e

n(w2-a2)

e3 = 1 -

¢1 = ¢92=0

With the standard notation, uwg; being the plasma frequency of the
particle species a, and Rq, the electron gyrofrequency. For the
sake of simplicity, the ion gyrofrequency was assumed equal to
zero, implying either a weak magnetic field, By, or a relatively
thin beam, with 2a of the order less than the ion Lamor radius

(this last assumption is in agreement with the experimental con-
ditions at the Rise Q-machine).



-9 -
The boundary conditions describes the beam injection at z = 0:

Vhe (2 =0) =0
(6)

Npe (2 =0) =0

the existance of two perfectly conducting plates at x = 0 and
x = L3

By (x =0) = By (x = L) =By (x =0) =Ey (x =L} =0 (7)

and the short circuiting of the two plates through the outer
circuit yields the result:

Ey, - dz = 0 8
Z,z (8)

In the contrast with [1-3, 11] we cannot strictly assume the
vave field to be purely electrostatic, although we shall adopt
the assumption:

cl;[ » 1 (9)
@

because the electrostatic, or quasi-electrostatic, waves alone
cannot satisfy boundary condition (7) in the case of trans-

versely bounded beams [12]. The equation describing the electro-
magnetic field [13]:

» +
k » (|ID|] B} =0 (10)

2 v?
Dij s k 51j - kikj - c? 'Cij

gives the wellknown dispersion relation:

det ||D]| = 0 (M
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In the region 0 < x < 2a Bgs. (10) and (11) must have one sol-
ution corresponding to the Pierce field [1, 11]. Adopting k, =

0, this solution is recovered. It has By = Ey = 0, and (10) re-
duces to the equation for the longitudinal (electrostatic) waves.

kz't3'Bz=o (12)

which allows three modes, with kzo = 0 and k21 2 found from
e3(kg, o) = O0:

1 ohe
k = =g 2 (13)
%1,2 u( 0l +u2

1- —Pe_Pi
w2

This Pierce field will "leak®” to the quiet plasma regions x < 0,
X > 2a. However, it can be shown that it will grow exponentially
with the distance from the beam boundaries. So, it is necessary
to include as well the solution with kx#0 and with k; given by
(13). These are the electromagnetic waves, having two modes for
each choice of k;:

€2
2 = - k2 . _ L _4 )
%x1,2 %21,2 ('1 = 2“1*’1 e,“z*’z)) (14)
[ 4 .
kl
1,2 (15)
311'2 = X » Ez
21,2
*x1,2 ¢
E s § o . v B
¥1,2 z
k +
zy,2 ‘2*%2
Ez-arbitrary
Ckz

In the limit —m@8 >> 1, (14) reduces to
("]
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X2 - - K2
x1,2 2,2

Outside of the beam, four modes for each choice of k; (13) are
possible. In the limit ck;/® >> 1, these modes are:

10 electrostatic wave

Xx1,2 ° *x1,2 e 21,2 11e)
B
X,2 %,2
e, & e 1% Tl an
4 21 '2
20 electromagnetic wave
kz - - kz 18
X1,2 Z1,2 (18)
E k E k
1,2 *1,2 1,2 %1,2 €y-cs (19)
= " ’ = ik .
| 4 B €
z 21,2 z 21'2 2

The component of the Pierce field with k, = 0 will leak in the
x-direction as the "ordinary” electromagnetic wave with E, = By
= 0 and

“2
kK22 o= o <y (20)
o o2

2.2, Boundary conditions and the electric field structure

According to (13)-(20), the electric field in the region 0 < x
¢ 2a can be written in the form¢?
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P
> ~iwt (o) (o) ikz1z (o)ikzzz .
E=e (ag +a7 e +tay e ez
i -i
ikz1z (+) ikx1x -€1 (-) ikx1x €1
+ e ay e —(k, ) ||*o e —— (kg,) +
C2+ .2 1 C2+.2
1 1
1 - j
—(k + X
+ e oy e c2+’2( z2) s e c2+°2( 22)
1 1
. .
+ c.c. (21)

where a denotes arbitrary constants of integration. For reasons
of symmetry, E; (x = 0) = E; (x = 2a), and the following con-
ditions need be satisfied:

ik *a -k *a
X3,2 %1,2

(+)
a = a

(-
1,2 1

)
2 e (22)

* e

The Pierce field corresponds to the terms with the superscripts
0, and the rest is the electromagnetic surface wave.

In the free plasma region x < o, the field has the following
structure:

» -ifut] (0) kxo X »
E=c¢e B e ‘ez

(]
w

\
[

]
(™)

ik, z[ (1) =ik, x €9 (2) -ix, . x||E,-€3
+e 2 (;, e ™ 0 +8y e 3 I DL +
€
1 2
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/fE§1 i
i —-—
ix,.z[ (1) ix, . x ¢ (2) ik,.x €. -€3
re 22 B, e X2 0l +8, e x2 S
€2
1

1 1

+ c.C. (23)

Where the exponentially growing terms have been removed. The
field at x > 2a is symmetrical with this one.

The terms with the superscripts 0, 1, 2 correspond to the "leak-
ing" of the Pierce field, the potential, and the electromagnetic

surface waves, respectively.

The boundary conditions of the beam plasma boundary x = o:

Ez(0+) = E,(0-) (24)
kx
(e1+91)Ex+i(e2+42)EBy - — $1E; = €1Ex+ieBy
kz o+ 0-
together with (22) lead to:
(o) Fik °a
(t) a2 e 1,2 €2+ ¥2 €1-€3
a = [ . L
1,2 2sh(~-ik, » € €2 lIx=0-
¥1,2 sh( x1'23) k21'2 x
(o)
(1 eq,2
B1,2 =
¥1,2
€3 £2+¢2 €1=€3
V1,2 =1~ - +cth(-l|:x1 2-a)- 0 e
1 =0 ’ €1 € =0-
x k21'2 2 Ix=0

(25)
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The boundary conditions of the beam injection at z = 0 (6) and
the equipotentiality of the plates can be met for the Pierce
field [1, 11], leading to:

(o) ®
(w-k,u)?

-w? 1 1

C === =)

(N'kZU)z k21 kZZ

= A o

(A being an arbitrary real constant) and to the following dis-
persion relation:

2 ] P .
~-{w ( 1 ) 1 - 1 .e1kz1 L _ 1 .eikzz L
- 2 'k k k2 k2
(w kzu) Z, Z z4 zy
1 1 (27)
x2 k2
z1 z2

Eg. (27) has a purely imaginary solution w = ia, with a possible
marginally stable choice of system length. This length becomes

Lgt = n» JL—(n is an arbitrary integer) (28)
“be

This is true only in the simplest case of no background elec-'
trons and imobile ions [1]; otherwise [11] the system is always
nonoscillatory unstable. One can readily see that the constant
component of the Pierce field et . a°(°) ~ v2 is not present
in the marginally stable case (28)., It appears, however, if the
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system is made longcr than Lgp, in order to cancel the surplus
of Ig' E,dz. Using the expression w = iy, ¥ << min (oper S),
(21) and (23) can be simplified, yielding for 0 < x < 2a (in
the beam):

> Tt 1 (o) (o) ikz1 *Z »
E:=e-(-2-a° tay e )ez-
i -i
(o)
- — | © 1 io °r +e 1 . i 2 o
2ch(-ikx1°a) Upe? Upe
1 1
+ c.c. |, 0 € x < 2a (29)
and for x < 0 (free plasma):
> vt |1 (0) kx °xX »
E=e 5°° e © ‘e, +
-] e 2
iewgy
2 2
w w
2 si se
ube(1+ > + 3 2)
Y Y4+Qg
(o) i(k, z-x, x)
+g eay -th(-ikx;a)-e 1 1 o 0
Yow
se
2 2
2/ “si “se
e 1+ > + 3 2
Y Y +9e
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YZ
i
2
He
.
(o) i(kz{z—k,{x) Y*Qe
+Tcay -th(-iktia)~e i 2 + c,Ce
He
YZ
B
“he
2
[ ]
“he
T = 5 (30)
lﬂpl
14—
72

One can see that the z-component of the surface-wave electric
field has the same structure as the Pierce field, apart from
the exponential decay with distance from the beam boundary, x =
0. In the marginally stable case, vy = 0 (28), the boundary con-
ditions (6) - (B) are also satisfied for the surface-wave
component of the field. Extending the system slightly, con-
ditions (6)-(8) are violated. The violation of (8) will be more
important because one can see from (30), that the surface waves
component parallel to the conductive plates:

-Use'x (31)

B||(x-0,L)~sin—G—-e *Ez(x=0,L)

and (7) is still well satisfied, provided y << wge. In analogy
with the Pierce case (26) violation of (8) can be overcome by
the introduction of Eaux - an auxiliary z-oriented electric

field independent of z and with the same x~-vari tion as the
surface wave component:
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ch(-ikyg «(x-a))
* it -o’ G%O) x‘
E = e,"e . . . + c.C.
aux 2 (ﬂ-kzu)z 2 ch(- ikx1°a)
0 <x < 2a (32)

and the analogous expressions for x < 0, x > 2a. Eaqyx is not an
eigenmode, and one would expect it to propagate out of the re-
gions x = 2a, assuming its value at each thin layer (x, x+dx)
to be forced boundary condition. However, the group velocity
for electromagnetic waves with the low frequency, o = iy, is
almost equal to zero [13], and E,,x will not spread. Besides
that, its amplitude is proportional to YZ/U%e << 1, and in most
of the cases it can be neglected.

The Pierce field and x- and z-components of the surface wave
field can be described by an electric potential (see(12)-(19/)).
On the other hand, the electromagnetic y-component of the sur-
face wave is proportional to Yﬂe/uge, and can be neglected,
unless the magnetic field is very strong. The structure of this
potential is plotted in Pig. 1. One can see from (12)-(19) that
it is confined within the beam, and only a small portion ~ v/uwphe
will "teak” to the free plasma, so it can be neglected. The
characteristic length in the x-direction, iy, scales as:

X
S8he—
1x L (33)
L, a X
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Where &, is the characteristic length in the z-direction, and
for z << 2z we have Ly << %zlyx30 i.e. the potential well has
much steeper "walls”™ in the transverse than in the longitudinal
direction.

From the results above it can be concluded that the presence of
the beam boundaries and the external magnetic field do not af-
fect the stability of the system. The z-component of the wave
field is the same as in the one-dimensional case [1]. Apart from
its x-dependence, the growth-rate governed by (8) is the same.

3. THE NONLINEAR STAGE AND SATURATION OF THE PIERCE INSTABILITY

It as been proposed [3,4] that the virtual cathode and/or double
layer represent the final (saturated) stage of the growth of the
(negative) potential well of the Pierce field (29). However, the
actual mechanism of the transition from the linear to saturated
regime has been unclarified. The authors of [14] claim that in
the process of forming the electron and ion holes the front of
the beam, being strongly unstable, gives rise to partic'e trap-
Ping during the transition time. This occurs before the beam
front has reached the other end of the system. These phenomena,
supposed to be connected with the formation of double layers,
can exist only in the kinetic regime. In the case of penetration
of the heavy ion background by an electron beam, which is
treated here, the characteristic time of the leectric potential
growth 1/y, is much larger than the beam transition time [1],
and the hydrodynamic description is applied. Besides that, it
will be shown below that the group velocities of the linear

and the nonlinear response are less than or equal to the beam
velocity. As the conditions in front of the wave front do not
affect the wave, the physics of the process is the same during
the transition time and after the beam front has reached the
other boundary. Thus, no special treatment of the transient
phenomena is necessary [18]. The nonlinear development of the
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instability and the saturated state were treated in [15, 16].
The authors of [15] recognise the saturation mechanism in beam
deceleration, treating the weak nonlinear case (retaining the
guadratic nonlinear terms only). Their analysis is somewhat in-
sufficient, because only slightly supercritical systems of the
length:

Ty
L=Lo+6 , Lo=—, &< L¢
“he
are regarded, However, the suppression of the wave field at the
distance x > Lo, leading to the double layer and/or virtual
cathode formation (being a single potential jump) is left out.

In this section, electron beam deceleration caused by build up
of the electric potential is calculated, taking into account
second-order nonlinearities. The nonlinear development of the
potential is obtained regarding the interaction of the perturbed
(Qecelerated) beam with the plasma, in the next step of the cal-
culations. Por the sake of simplicity, the condition (8)

L
S Eedz = 0
o

is not taken into account, i.e. the far boundary is assumed to
be free.

3.1. Deceleration of the beam

Following [1,15,16] we shall use the hydrodynamical description
of the cold, collisionless plasma, consisting of heavy ions pen-
etrated by an electron beam of infinite width, injected at z =
0, with velocity u, along the z-axis, and of desity, nbeo. The

equation for the first- and second-order perturbations, i.e, the
linear and the lowest order nonlinear response in the quasi-
electrostatic limit are:
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vy vy vy e
—_—+ vi— + vog— = —E,
at 3z 9z n
any v, ng any vy
it 3z 3z 9z 9z
9B, eny
—_—F — (34)
9z €o
vy Vo w2 e vy
+ vy + vo = —E2 -~ Vj—
it 9z 9z m z
any dva ang ny Vo 3
+ no + vo + Vg=—— + Q= = =~ —=— (nqvy)
it 9z 9z 9z 9z 9z
9E; enj
_— —— (35)
at €5

Where v,, no are the beam velocity and density, while subcripts
1, 2 correspond to the first- and second-order perturbations,
respectively.

In the first approximation, assuming:

Ng = nbeo' Vo = U (36)
Eqg. (34) with boundary conditions (6)-(8) give the linear
Pierce field:

-iWot ao iko'z
E1 =e (-2—+u1 e ) + c.Co
ko ==l 0g+upe)
woz A

M IRV Bl v (37)

do 8 - 2
(wo-kou) (o]
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A being an arbitrary real constant. The frequency, s, is purely
imaginary, found from the dispersion relation (27).

Substituting (36) and (37) in (35) and applying the Laplace
transformation in time and space, with the initial and boundary
values:

v2(t=0) = v2(2=0) = na(t=0) = ny(2=0) = 0 (38)
we obtain:

ikee(w, k) *Ey = Koo +E,(2=0) (39)

vwhere ¢ = 1 - (uzbe)/((u-ku)z) and Jy; is the nonlinear current

[17]:

m o= i(wt-kz) v
INL = - —ciw(1-¢) JJ atdzee oV ——
e oo 9z
(40)
w = i(uwt-kz) enyvy
+ » JJ dtdzre .
w-ku oo £o

The second-order perturbations of the velocity and the electron
density, using (35) and (39), can be expressed in the form:

e 1 w=-ku
V] = ol 4 32(2-0) -
m (u\-ku)z-uge ( k

m P i(ut-kz) av'l
- =+ f(w~ku) S/ dtdz-e Vy— +
e 00 9z

(41)

+ J] 4tdzre .
oo €o

we i(wt-kz) enqvy )
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‘o 1
2
Ny ® — o . E,(220) -
2 e ( w=-ku) z-ﬂge ( “be”"2

m o i(et-kz) vy
- ik + — « w2, fI dtaz-e . v
e 0o oz

(42)

- ik * i(w-ku) « ff dtdz-e .
00 o

ow i(wt-kz) en1v1)

Using the expression (37) for the first-order electric field,
assuming the frequency to be purely imaginary (w, = iy), we

obtain:
o= i(wt-kz) vy
If dtazee s V)— =
00 F H

e 2 -ikg 1 ay 1 a9 ao*
= (;? . . . . 3(- - ) 4
u-2u° k-ko qo-kou ", uo*
(43)
1 012 1 oy
+ . > * . + c.c.
k-2ko (wo—kou) k-(ko-kof) qo-kou
L i(wt-kz) enyvy
Jf dtdz-e . . =
oo ¢o

e whe kg 1 1 ay oy
P p— . 5 e . 31 ._‘_ -—..) +
m w—2wo (wo-kou) k—ko 2 "5 N

(44)

1 a,2 1 la 412
+ 4 - L4 + C.C,
k- 2ko Wo"kou k-( ko"ko. ) { Uo-kou ) » }
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Consequently, the nonlinear current Jy, is purely growing, with
twice the growth rate of the first-order field. In order to
satisfy the boundary condition, the constant of integration

B2 (2=0, t) will have the same time variation, i.e. Ep (2=0) ~
(w20 ) -1

It can be seen from (41)-(44) that the second-order perturbation
can be expressed as:

(n) i(2upt-kp, 2)
Ex(z,t) =L By - e (45)
n

Where the summaration is performed over all possible wave num-
bers. There are five possible modes:

ky =0

ky = Ko-ko* = & - &

Ky = kg = 1 (iveup,) (46)
kg = 2ko

ks = k(20)) = & (2iv+m,)

with the analogous complex-conjugates.

One can see that all the modes (45) have the group velocity
equal to u, except the third one, whose group velocity is ;u.
The first two modes have no z-oscillatory character, and the
corresponding terms of va(2z,t), n2(z,t) can be recognized as the
perturbations of the beam velocity and density, respectively,
while the other terms are higher space harmonics. Integrating
(41) and (42) and adopting B2 (2=0) in agreement with boundary
conditions (38), the perturbation of the beam velocity and den-
sity can be written in the form:

(o) e lagl 2yt -2
va. * u'2(2'-- --—-—-)2 ‘e * (e Yz/u-l)

B Utope
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(47)
(o) 2y 2 e la1l y2 2yt -2yz/u
Ny, =np, ° (=) - (21-- )- e (e ~1)
o - ] u-ube

One can see that the density perturbation is negligably small.
The surplus of electrons, obtained by the beam deceleration is
"stored™ as the Pierce field related density perturbation rather
than becoming "free” background electrons. The perturbed beam
velocity profile is plotted in Fig. 2.

a B A & = -
.
v

4
+

e
es |

Z/U

Pig. 2. Velocity profile, (vg)/(u), versus the distance from the
beam inlet, z¢:(wpe)/(u). The growth rate is taken to be vy =
4.10°2,4 .. The dashed line corresponds to the unperturbed

beam, while the solid line is for t-tgy = -0.25,
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3.2. Nonlinear development

The destortion of the Pierce field due to the nonlinearities can
be investigated further by introducing the perturbed beam-
related quantities (47) into the initial set of equations (34).
The perturbation of the beam density will be neglected, and the
z-variation of the beam velocity:

(o) 2v(t-ty) -2yz/u
vo = urvy = ufive @)
(48)
1 ’ faql
to = - — an(2n/7 ¢S —)
Y R UcWpe

will be assumed weak compared with the variation of the Pierce
field. In the case of the weak nonlinearity, the field should be
much different than the unperturbed one, which behaves as

e~YZ/u , sin(w,ez/u), while v, varies like e~ (2vz)/(u) | apng
above WKB assumption is valid, provided y << wpe. Neglecting

the terms: (3vy)/(23z), (32v°)/(322), the equation for the elec-
tron density reduces to:

2 2 2
9 n, 9 n1 23 n1 avo 3n1 2
5 *+ 2v, Vo o —— t UMy =
2 29t 322 it oz
(49)
anj
= voz___
9z

Using the Laplace transformation in z (with nq (2=0)=0) and
introducing the new variable, t = eY(t=to), Eq. (49) can be
written in the form:

32n1 an voz an,
212 at v212 32

z=(
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1
— o (Yy+2iku+2ikus-f-12)
Yt

e~
"

1
Q= = ((iku)2+wd +2iku(v+iku) +E12 + (iku)2§212)

-2Yz/u

which is further simplified to:

d%u

+ x%(1)°0 =H (51)
a1

%IP@t

U = nqee

(y+2iku) /2y iku&t?2y
= nqet e

2

Y 5 dg

B c— 2+-—+2l—ik +-Y- —_—
12:2 [“'be gt &
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Voz 3!‘!1 "i'fp'df
- e

R =
1212 9z

z=0,t

The solution of (51) can be expressed in terms of the confluent
hypergeometric functions. Note that in the case:

2v(t-ty) -2vz /u
1°E(z2=2,) = (e (e -1)= 1)

(48) leads to the negative beam velocity:
vol(z) < 0 for z > 2z,

i.e. the adopted perturbation method is applicable only if
1°£(2) < 1 (2 < 2p).

Consequently, Eg. (51) can be simplified by neglecting the
terms proportional to (d&)/(dz) - 12 and the higher-order
terms (being much less than unity in the region of validity
of (51). The simple solution is then obtained:

U = CqUq + CoU2 -

T drt'eH-U3 Tt  dr’ «H-Uj
-UqJ + Uy /S (52)
o dup; du, o dus 4auy
Uy—=-Up— Uy—=-Up—
dgt' ar’ dt* 4r'

Where Uq, Uy are two linearly independent solutions of the
homogeneous equation corresponding to (51):

1,.
U1,2 = 7 (y=2iwp ) /2y (53)
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Returning to the original function, ny, and the variable t, we
have:

‘ —i(ke¢(t)-uvpe-t)
nqy(t,k) = e .

1 t Iny itke{t*)-u, t')

. (C1(k) + « rattw 2(z,t)—| v e be )

z=0,t"*
—i(k-¢(t)+upet)
+e .

1 t an i(ko(t")+u t")

. (Ez(k) - J dt'-voz(z,t)'——l e “be )

2iwbe - 3z

z=0,t’

o(t) = t+——rce *(e

2y

1 2y(t-tg) -2yz/u
uo( ° -1)) (54)

The constants of integration C;, C, can be found from the initial
conditions. For t + - », expression (54) should coincide with the
unperturbed Pierce field (37), which leads to:

* *
€5 Yt kyaq ko a4
k) = —= e o - (55)
k-ky  k+kg
1
ko =] ;(iY'*wbe)

Comparing (55) and (54) in the limit t + - «, one readily
obtains:

1 o
k 8 eooeee ¢ aes
C1(k) xg e koa1
1 £o
Cp(k) = = = ky'ayt (56)

k+ko* e
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Finally, the electric potential can be calculated using:

ikz
1 dk-e enj ¢
¢(z,t) = I 2 . - — - ¢ (2=0)) (57)
27 Ck k € 9z
z=0
with the boundary conditions:
¢(2z=0) = 0
aé e u2 3n1
— = — * 2 L ] ———
92 £ W 9z
2=0 ° be z=0

The potential (57) can be split into two parts: the contribution
of the poles k = ko and k = ko* (which are inherent in ny)
leads to a component with a wave-like z-variation:

ué(z) 2y(t-ty,)
iko(z- e e ° )
Yt ia 2y
¢1(z,t) = e * — c e (58)
ko

and the contribution of the second-order pole, k2 = 0, giving a

time-oscillating responce proportional to elwpet, which is
not of interest, and a timegrowing one:

e 1 ny

’o(z't)z—c———-' uzo—-

2
€ Whe 9z

z=(0

Whe t iny
$i—— o at' .+ v 2(z,t) —
2 —~o °z

z=(

fupe(t-t')
e o (Z=9(t)+e(t'))| + c.c. (59)

The boundary value of the derivative of the density perturbation
(n4)/(32) I z=20,t, which enters (59) can readily be found from
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3n<| 1 ikz
— 2 — [ dk «e -ik-nﬂt,k) ‘
3z 27 Ck
z=0,t 2=0
= — f dkeikee . (—- . +
2' Ck e k-ko
2 . .
u t an i(-ivy+ku —wp )t
+ .5 oae— - e be )+
z=0,t
+ C.C.
1 €o Yt
EEE A o A g kga1 + CeCe (60)
2 e

-’. > $ ¢ -
.
v v L v

N

Fig. 3. Potential ¢1(z,t) in arbitrary units versus the dis-
tance z.(wpe)/(u). All the parameters are the same as in FPig.
2. The curves are normalized to have identical values for the
first potential minimum.
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Introducing (60) in (59) we find that ¢,(z,t) scales as
(72)/(ﬂb3)-z. It represents the nonlinear analogue to the
component a5 °* 2z in the linear case (37); in most of the cases
it can be neglected, being small compared with ¢y. The po-~
tential ¢1(z,t) (58) is plotted in Pig. 3. One can see that

in the case of a beam that is almost stopped (solid line), the
wave structure of the potential is retained, but it is more
heavily damped at larger distances from the beam inlet which is
at z = 0. This damping is due to the increase of the imaginary
part of the effective wave number in the region z << u/2v.
Expanding £(z) into series, the wave number in this region can
be expressed as:

kegfglz << ;;) 2 Ko(l + e ) (61)

(at larger values of z, kegg(Z) = ko). This leads to the enhance-
ment of the potential near z = 0, and also to a certain “compres-
sion" due to the decrease of the wavelength. If the far boundary
was kept fixed the condition (8) 9 E.dz = 0, would be violated

by the effects of the wave conpregsion, forcing the system deeper
into the unstable regime. The subseqguent increase of the growth
rate, Y, gives ~ise to the reduction of the characteristic decay
length u/Y, leading to the further suppression of the poten-

tial at the larger values of z.

The above results are obtained by assuming immobile ions. This
assumption is valid on a time scale short compared with the
characteristic ion motion time. On a longer time scale, however,
the potential in Pig. 3 may be deformed by the effects of par-
ticle trapping. Por instance, the trapping of ions in the poten-
tial minimum nearest to z = 0 could broaden this potential well
and eventually lead to the formation of a stationary double
layer, as was observed in (3].
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