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Chemi:::iil'y Department 

lIn a previous publication ) a number of experimental data were pre­

sented, showing the gas-separation ability of a series of Ranque-Hilsch 

vortex tubes. It was concluded that the driving force behind the observed 

effects is the centrifugal field. In the present paper this result is used for 

the calculation of the separation potential of the tubes from estimated tan­
2gential-velocity distributions ). A simple model of the secondary flows in 

the tubes is shown to provide a basis for a quite accurate reproduction of 

most of the gas-separation results obtained previously. 
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1. Introduction 

Gas separation in a series of vortex tubes has been studied previous­

ly1). Rather complex results were obtained, which, however, showed r~­

gularities that permitted a fairly satisfactory qualitative interpretation. In 

the following an attempt will be made to reproduce both qualitatively and 

quantitatively the gas-separation results obtained in ref. 1 from estimated 

tangential-velocity distributions determined in ref. 2 on the basis of wall ­

pressure measurements. 

2. Nomenclature 

"cold" End of tube adjacent to jet. 

"hot" End of tube away from jet. 

D Diameter of tuue. 

: Diameters of cold and hot orifice respectively. 

1 1 
r h =]' dh ; r p = ~ D. 

Radius of maximum tangential velocity, vr 
Radius of inner cylinder with reversed flow (fig. 5). 

z Length of tube. o
 

Lengths of the two separating surfaces (fig. 3).
 

v. Inlet velocity.
J 

b Velocity reduction at jet.
 

v Tangential velocity.
 

v
 p 
n n	 : Exponent in assumed power law for v, v ~ r. For r < r f, 

n = 1; for r > r f' -1 <n <+ 1. 

m	 : Exponent in assumed power law for the radial distribution 

of axial flow; m = log (6 / (1- 0 ))/ log (dh / d ) . 
0 0 c 

N Concentration in mole fraction of the lighter component. 

Concentration of inlet flow. 

N' : Average concentration of flow in body of tube. o 
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Nand N h wc w : Concentrations of flow in end-wall boundary layers. 

N 
c 

and Nh : Concentrations of cold and hot stream respectively. 

dN Nc - Nh . 

N~ and Nh Conc entraHons of cold and hot exit stream" excluding direct 

flow from boundary layers. 

L : Inlet-flow volume in moles per time unit. 

Land L h wc w Flow volumes in er:d-wall boundary layers directly to exit 

(fig. 3). 

L' Flow volume in body of tube, L' = L-L wc - L h. w 

Flow volume in inner cylinder with reversed flow (fig. 5). 

5 : Flow fraction through hot exit (fig. 3). 

51 (6 L-L . )/LI . wn 

(1-8 1
) ((1-6)L-L )/L!.

WI,;' 

6 and 6' : 6 and 8' with open valves at both ends. 
o 0 

LXL~ h 
= for 6 < tl . = for 6>8 (fig. 5).

o ' oL' + L K L' + L K
h c C h 

Rates of diffusional separation or separative exchange in 

radial direction per cm tube length (fig. 3): 

DfP AM 2 
u = 2 It 1rT 1tT" v N(l-N). 

Coefficient of diffusion 

Molecular weight difference. 

: Gas constant. 

T : Absolute temperature. 

3. The Secondary- Flow Pattern 

It was concluded in ref. 1 that, in spite of the complexity of the re­

sults, the vortex tube acts essentially as a centrifuge, i. e. that pressure 

diffusion is responsible for at least the major part of the separation. The 

results were explained on the basis that axial flows play an important role 

in establishing the net gas-separation effect, i. e. the effect measured at 
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the outlets, and that the main region of separation is within a rather narrow 

cylinder about as wide as the larger of the two orifices. 

In ref. I, fig. 11, it was postulated that the separating region con­

stituted a so-called con-current column, in the case concerned in principle 

two adjacent annular regions with axial flow in the same direction and sepa­

rated by a cylindrical surface through which the separative exchange took 

place. Here, on the other hand, it will be assumed that the separating re­

gion is in principle a counter-current column, i. e. it consists of two adja­

cent annular regions with separative exchange across the boundary, but here 

with the flows in opposite directions (see fig. 1). The maximum possible 

gas separation is not much different in the two cases, but the counter-current 

concept is used here because it appears to be more in line with flow visuali­

zation experiments (see below) and, equally important, because it has been 

impossible to develop a satisfactory flow model on the basis of the con-cur­

rent concept. 

It is assumed that back diffusion plays but a minor role. This is pos­

Sible, as indicated by Cohen:3), because the flow volume pel' second through 

the tube is very large. Therefore the separative diffusion at any point in the 

tube is a function of the centr:.£",g.:ll field only, an assumption which consider­

ably simplifies the mathematical treatment and makes it easy to identify the 

regions of the tube that contribute to any extent to the net gas-separation ef­

fect measured between the two outlets. 

The numerical results obtained in this way are in agreement, as re­

gards order of magnitude, with the theoretical maximum separation obtain­

able from the tube, as measured in terms of separative work3) and with due 
4regard to the turbulence in the tube ). 

According to fig. 1, the secondary flows in the tube, especially the 

aXial, play an important role in the creation of the separation effect. During 

the last few years a number of features of this flow pattern have been in­

vestigated, in particular the redistribution flow at intermediate radii. There 

is now sample evidence, especially from flow visualization experiments 5- 9) 

that such flows are easily established, if not always present. Theoretical 

calculations7,10-12) have shown that they are caused by the ejection of mass 

flow from the end-wall boundary layers; however, only the completely sym­

metrical situation has been considered. This is unfortunate since in that 

case no net gas-separation effect of the type discussed here can arise. Ex­

tension of the theory to cover the present case would meet with considerable 

difficulty since any flow pattern encountered in practice is determined by the 

balancing of a number of factors that are undoubtedly very sensitive to 
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changes in the end-waH boundary layers. A quantitative treatment from 

first principles is thercion: out of the question at present. This being so, 

it might be worth while! instead to find the most probable flow patterns com­

patible with the experimental separation results referred to above. This. 

approach might pro\7J.de useful insight into the working mechanism of the 

vortex tube. In fact this seems to be possible, mainly because a long series 
1

of experimental results \',rith varied parameters ) has shown regularities 

that leave very little room for variation in the interpretation of the separa­

tion data, not to mention the fact that the appearance of a net separation ef­

fect of a particular sign in itself restricts the number of possible flow pat­

terns considerably, as indicated above.. 

As a basic requirement and in agreement with theory and flow visual­

ization experiments, it ~s assuDlf'd that ejection from the end walls takes 

place near or at the exit r~ldius, gi'Iing rise to annular layers of axial flow 

with a high degree of rni.:::i.l:; v:itllin [he layers, but less between them. 

I 

It follows that the basic sr ...:undary-Dow pattern in the vortex tubes 

under investigation may be depicted as shown in fig. 2, which also indicates 

the type of vortex tube employc 0. Jlere (the ratio of the flows through the two 

exits can be changed to any '.'~':~le by means of two valves downstream of the 

exit dUcts). The Dl:l:-3S fl;;W in the boundary layers is divided at the orifice, 

one fraction passing directly .Lnto the exit duct. 

i The most impQrtant cha.nge in the results of refs. 8 and 9 to fit the 

present situation with -WiO exits is that the stagnation point at the centre may! 
~. 

t have any positic~l along the axis; in fact this is a major point in the hypo­

I thesis develored bela'l/.
I 

I 
~ The examples fl'O.G1 fig. 2 are shown a.gain in fig. 3 with separating 

surfaces (fig. 1) included. 

According to the simplified picture described above, no other region 

in the main body of the tube can contribute to the separation. Experiments 

with exits at the periphery (see ref. 1) have, however, shown that the flow 

volume carried along the peripheral wall has undergone a small change in 

concentration, probably on entering the tube through the nozzle. 

4. Separation at e =e 
c 

It is quile eas.,: tu show frOll"1 mass-balance considerations that, with 

the notations of fig. ~~, the net conc.:ntration changes in the two exit streams 

are 
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and 
N _ N = _ (N _ N ) (1 - 6) (2)
hoc a e 

where the L's are moles of flow per time unit and the N's are mole fractions 

of the lighter component; u and U are the net transfers of the lighter com­h c 
ponent inward per cm tube length. 

The net transfer, u, is proportional to the centripetal acceleration 

and to the radius at which the gas separation takes place, i. e. u is propor­

tional to the square of the tangential velocity. Thus the first two terms in 

the expression have opposite signs, and the two separating regions z and c 
zh actually compete with each other. On top of this there is a small con­

tribution to the gas-sp.paration effect from that part of the end-wall flows 

which passes directly into the exit Jucts; N h - N can be estimated from w 0
 

the experiments in ref. 1 referred to above.
I 
i The ratio of the two net transfers, uc/uh , depends on the relative 

I widths of the two orifices, Gut '5ince the tangential velocity has a maximum 
t 

at a relatively small radius, this relationship is not simple.t 
I Fig. 3 refers to the situation with unrestricted flow through the exit 

~ ducts, i. e. with the downstream valves open. From the a~ove considera­

I 
tions it is clear that lh~· sign and elagnituc1e of the net separation effect ac­

tually measured depend on several parameters under these conditions. In 

agreement with this it is found experimentally tk~t separation effects dN of 

I 

both signs do in fa\. c occur when both valves are open (see ref. 1, fig. 6; 

I the broken line tentatively drawn In that figure may be taken to indicate that 

the stagnation point near the axis in fig. 3 of the present paper is closest to 

the narrower orifice, since, according to the flow picture in fig. 3, this will 

tend to produce a heavier flow fraction through the narrower than through 

the wider exit duct). 

The sensitivity of the net gas-separation effect to changes in tube 

parameters was clearly brought out in some separation experiments in which 

the surfaces of the end walls of the vortex tube were made uneven by placing 

small lumps of glue near the exit radius (see fig. 4). In similar experiments 

by Ross 9) the effect of using a stepped end-wall surface has been investigated. 

He concluded that it leads to an increase in boundary-layer flow at the end 

wall in question, which Dow is discharged at the step. 
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In the present experiments.. conducted with tubes with orifices as 

shown in fig. 4, it was found that the sign of the net gas-separation effect 

is dependent on the end-wall surfaces in such a way that an uneven cold end 

wall (fig. 4a) produces a large positive effect, i. e. a heavier hot stream. 

than cold.. while an uneven hot end wall produces a fairly large negative ef­

fect," i. e. a heavier cold stream than hot. Furthermore, with both end 

w~lls smooth or uneven, the separation effects are in between. These re­

sults become intelligible if an increase in flow ejection near an exit radius 

is accompanied by changes in the fl0W pattern of the type shown schematical­

ly in fig. 4. It should be noted that the ratio of hot gas to cold did not change 

as a result of these modifications. 

I 

Similar experiments were conducted with a tube with large orifices, 

but in these cases the results were not so clear-cut, probably because the 

disturbance created by the uneven end walls had a profound effect on the 

tangential velocity also; at any rate the ratio of hot gas to cold was fotuld 

to change appreciably. 

The results obtained in ref. 1 (fig. 8) with tubes in which a thin­

t walled, coaxial tube was substituted for one of the orifices (as in a cyclone) 

I undoubtedly have a similar e~planation rather than that offered in ref. 1 

I since the tube will enhance the axial flow along the i.nner tube away from 

the end wall. As a matter of fact the curves in ref. 1, fig. 8.. are very

I similar to the gas-separation curves obtained with uneven end walls (un­

published results). 

i 5. Separation at e. 6 o 

If one of the valves downstream of the exit ducts is partly closed, a 

new situation arises. The resulting pressure increase in the exit duct will 

first affect the outflow along the centre axis because of the radial pressure 

gradient; in fact it may conceivably stop it altogether without reducing the 

outflow at the periphery appreciably. 

This applies to tubes with fairly narrow orifices.. as discussed in 

ref. 2. In tubes with wider orifices there is the possibility that the centre 

flow goes into instead of out of the tube. 

With the centre flow through one exit stopped. the turning point of 

the flow in the corresponding cylinder may have moved to the exit or even 

further, according to the rate at which the rotation is dissipat~d in the duct. 

Experiments with a wire across an exit duct near the orifice (of 2 mm di­
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ameter) gave little change in the gas-separation curve, indicating that the 

exit ducts do not playa vital part in its creation. The simplest pattern that 

may result under these conditions is indicated in fig. 5. 

It is seen that, if this picture is correct, a new separating surface 

has been created. The flow model described below is based on this pos­

sibility. Its merit is, if nothing else, that with it a surprisingly close cor­

relation between calculated and experimental separation effects is obtained. 

Disregarding for a moment Land L h of fig. 5, we may obtain wc w 
the following expressions. using ino.ss-balance considerations: 1. Q < 6 ' 

0 

fig. 5b, where 6 is the hot flow fraction obtained with open valves: 
0 

(3) 

L K 
K c

where e = ---- and
 
L' + L .K


h c 

2.6 > 6 • fig. 5a: 

I
o 

KKK
(1-6' ) U ( N' - N') = 8'u z -(1-8')uh z h - 8 u z -(1-6)u Zc ' (4)c 0 c c c c 

I
; 
J 

K.K x
where a = L / (L~ + L h ) .h 

i At 81 = 5' (i e 5 =e ) UK = o·o • • 0 ' 
1 

(1-a' )L' (N' - N') = 51 U Z - (I-a' ) uhz ' as before. (5 ) o co occ 0 h 

The following crude approximations are now made: (1). With a 

decrease in flow volume through an exit tube caused by the closing of a 

valve, the outflow through that exit within a cylinder dependent on the de­

gree of closing is stopped and reversed, while outside this region the out­

flows through the exits are not affected. The radius of the cylinder in 

question is identified with r)[ of fig. 5. (2). The reversed flow is iden­

tified with L K for 8' < 8' and with L )[ for 51 > ~r • 
coo 

A rough estimate of r)[ may be made in the following way: 

Momentum considerations indicate that about equal volumes of flow 

are carried a way within cylinders of equai radius through the two exit ducts 

when the pressures downstream, i. e. outside the tube, are equal. It follows 

h
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that in tubes with unequal exit-duct radii the flow ratio (hot to cold), in the 

case of unrestricted flows, is an indicator of the radial distribution of the 

flow volume through the wider duct. A simple power law being assumed to 

exist, namely Lr:>O r m , where L is the flow volume carried within the . r 
cylinder r so that m = log(80/(1-50))!log(rh/rc)' m is found from experi­

ments to be typically 3 to 4, a result that would appear very reasonable. 

It follows that rK~ L K 11m . 

A generalization of the ahove assumptions that permits L to be a 

function of 5, as is the case in tubes with narrow orifices, runs as follows: 

For 6' <6' o 

K
6 = (9' o - 9')/e'

0 
and 

In the second equation the overall mole fraction 6 has been used in­

stead of 6'; the distinction is not great. In a similar way we have for 5' 6' o 

The above assumption leads to the difficulty that it is hardly realistic 

that L; and L: in figs. 5 a and b increase all the way up to 9' = 1 or down 

to 6' = 0, respectively. Since the values of m are typically fairly large, 

this problem will, however, be of minor importance, for ..J.K will quickly 

approach U (in eq. (4)) or uh (in eq. {3} so that aK in the limit disappearsc 
from the equations. 

It is seen that N' - Nt is positive at least near at = 0 and negative
C 0 

at least near 6' = 1. At 6' = 0 and 9' = 1 

(1 - a' )L'(N~ - N~) = O. 

Introduction of the expressions for 8K into eqs. 3 and 4 leads to 

(9' < e~) fig. 5b: (1-6')L'(N~-N~) = 9'(u z + uhzh + -J- (uK-uh)zh) (6)c c 
o 

and 

1 K(8' > 8'0) fig. 5a: (l-a')LI(N~-N~) =-(l-Q')(~zc + '"h~ + ~(u -Uc)zc)' (7) 
o 
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Finally, 

and 

(9) 

6. Parameters 

The majority of the parameters in these equations are deducible 

from experimental data. The most important of them, the transfer quanti­

ties, are found from the equ8tion 

v 
2 N(l-N) . 

I
, 

t Here D is the coefficient of diffusion, 6 M the difference in mole­

cular weight between the two components, R the gas constant, T the absoluteI	 
f 

temperature, and v the tangential velocity. As discussed in ref. 2, the
I radial distribution of the tangential velocity v may be written as proportional 

nf	 to r where n, in the outer part of the vortex tube, is a constant between -1 

and + 1 and, near the centre, a constant close to + 1 (a forced vortex), with 

a sharp transition between the two regions. The v to be used in a given 

case is found in the following way: The measured value of the total flow 

volume through the tube gives the jet velocity. the data from ref. 2, table 1. 

provide a reasonable value for the velocity reduction taking place at the jet, 

and from the same table n is found. Finally the radius r f at which the n­

transition takes place is calculated from a simple interpolation formula 

r f = 2/3((1 - 8)rc + er h ). and with this information v at any radius may be 

calculated. Some variation in these parameters can, however, be permitted 

on account of the limited accuracy of the velocity determinations. 

Little is known of Land L h' the parts of the end-wall boundarywe w 
flows that pass directly into the exit ducts. A strong proof of their existence 

is found in the results of ref. I, fig. 9, which shows that normally there is 

very little correlation between the temperature effect and the gas separa­

tion effect; if otherwise the flow picture used above is correct, there is 

little other possibility of explaining this lack of correlation than to ascribe 

it to the effect of a considerable L or L .
Wh wc 
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The order of magnitude of N No is known from the 1l4_exit
ll 

ex­
wh 

­

periments described in ref. 1, fig. 7. The same experiments indicate that
 

N - N may be of the same order of magnitude and. somewhat surprising­
wc 0 

ly, even of the same sign. 

7. Discussion 

A parameter study of. the p!'eceding equations is shown in figs. 6 to 

10; figs. 6 to 8 are based solely on the experimental flow data described 

above - though a small wall flow is included in order to make the solutions 

fiIli teo Fig. 9 shows the effect of changing the end- wall flows and their con­

centration relative to the main flow, and fig. 10 shows the effect of changing 

m, the parameter which according to the theory determines the radial di­

stribution of the axial flow through the orifices; the figure also shows the 

effect of changing the position p: the stagnation point along the axis. In figs. 

11-13 the best fit to some experimental curves is sought, the parameter 

values being kept within limits compatible with the accuracy of the flow dy­

namics data. 

Comparison of the figures with the results of ref. 1 immediately 

shows that the basic pattern of the curves is reproduced very well; for one 

thing there is a maximum value of separation at a relatively small hot flow 

fraction 9 and a lIIIlinimum" value at a higher 9, where, as always, a positive 

effect means that the hot stream is heavier than the cold, while the opposite 

is indicated by a negative effect. 

Furthermore fig. 6 shows that the dependence of the separation pat­

I tern on the ratio of the orifice diameters, dh/ dc' is reproduced both with 

I regard to the displacement of the point of inversion towards higher 9 with 

increasing ~/dc and with regard to the ratio of the numerical values of theI 
maximum and minimum, which is seen also to increase with increasing 9 

(d. ref. 1, figs. 2 to 4 and 10}, see also fig. 1l. 

These results may now be interpreted in terms of the model. With 

unrestricted flow through the orifices (9 = 9 ) there are two regions of the o 
tube which give rise to gas-separation effects, but they oppose one another 

so that a medium net separation effect is produced. The increased pressure 

on the axis resulting from the partial closing of one or the other exit produces 

a new separating surface. This surface will move away from the axis as the 

hot flow fraction decreases or increases, that is to say, sooner or later it 

will dominate the picture so that finally the whole tube co-operates in pro­
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ducing an effect of one or the other sign; thus the slope of the separation 

curve is negative on both sides of 8 • The return to zero effect at low and 
0 

high 8 is caused by the admixture of wall flow, which gains in importance 

under these conditions. 
The change in the relative lnagnitudes of the maximum and minimum 

with changing d / d reflects the fact that the addition of a relatively light
h c 

flow fraction along the axis to one or the other exit stream will have the 

greatest effect on the smallest flow volume, i. e. (for 60 > 1/2) when 8<60 , 

while in addition the end-wall flow masks the development of the third sepa­

rating surface when, for 8 > 1/2, 8 approaches one. 
0 

Fig. 7 reproduces the result, referred to in ref. 1, that the width of 

the orifices as compared with the tube diameter has an effect on the numeri­

cal values of the maximllm and minimum in that (1) these increase with de­

creasing orifice diameters until a certain point below which there may be 

some reduction, and (2) the maximum and minimum become steeper with 

decreasing orifice diameterti. The results in ref. 2 have shown that the 

radius of maximum tangential velocity moves inward with decreasing orifices 

and that at the same time this velocity increases so that the rate of sepa­

rative exchange also Increasc~: leading to a better separation. On the other 

hand, with sufficiently narrow orifices the jet velocity drops below sonic 

(see ref. 2) and the peripheral velocity decreases correspondingly, so that 

a maximum in separation ability occurs at some medium-size orifice radii. 

The decrease in flow volume which accompanies the jet velocity reduction 

will, however, somewhat oppose the corresponding reduction in the concen­

tration difference. 

With narrow orifices the tangen.lal velocity greatly decreases when 

one or the other valve is closed; this may explain why the maximum and 

minimum become steeper the narrower the orifices. 

Fig. 8 reproduces the result referred to in ref. 1 (see e. g. fig. 5) 

that the tube length has a profound effect on the separation curve. The fact 

that the best separation is f01md in relatively short tubes is to be attributed 

to the change in the velocity profile shown in ref. 2 to take place with in­

creasing tube length. The extreme cases are not very accurately deter­

mined, and, as seen from a comparison of fig. 8 with fig. 13, a somewhat 

smaller value for n. perhaps negative, is more likely in the longest tube. 

As discussed in ref. 2, the flow in this tube is highly three-dimensional, 

and the n-value selected for the curve in fig. 8 is only an average value 

Which may have little importance for that region of the tube in which the 

dominating separation takes place. 
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;Fig. 9 shows how the direct end-wall flows may modify the separa­

tion picture, modifications which are similar to the diversity of patterns 

found in the experimental separation curves (see ref. 1 and figs. 11 to 13). 

;Fig. 10 shows that, for a given dh/d ratio, both ill and zc/zh mo~fyc 
the shape of the separation curve. The way in which this happens is, how­

ever, only in qualitative agreement with experiment (see figs. 11-13): Ac­

cording to the theoretical flow picture a proper m may be selected and zc/ zh 

adjusted so that a correct separ3tion occurs at e = 9 • This is indeed pos­
0 

sible to some extent, but, as seen in figs. 11-13, the correct ratio between 

the numerical values of the maximum and minimum cannot be reproduced; 

the ratio changes too rapidly with changing dh / d as compared with experi­c 
ment. This discrepancy may be connected with the fact that the model as­

sumes perfect mixing within each annular layer, a condition that may not be 

fulfilled in thick layers. This failure constitutes the limitation of the model; 

in all other respects it i~ thought to reproduce the main features of the ex­

perimental separation patterns quite satisfactorily (see figs. 11-13). 

It will be seen from figs. 11 to 13 that also the order of magnitude 

of the calculated separation effects is in agreement with the experimental 

values, while at the same tli:ut:: the adjusted parameters do not deviate more 

than reasonable from the parameter values determined in ref. 2. This re­

sult is further tested in fig. 14, where a nwnber of experimental maximum 

and minimum values are compared with the corresponding calculated values. 

It is here assumed that the separation takes place at that cylinder surface 

at which the tangential velocity is at a maximum (i. e. at v = vf) and that the 

whole of the tube length co-operates in producing the effect. 

The results in fig. 14 are seen to differ by a factor of less than 3 

from the experimental values. The low efficiency of the tube at large r f/ r p 

(large orifices) may indicate that the axial flows in these cases are different 

from what has been assumed here. 

Similar calculations have been carried out for a number of vortex 

tubes with 6 mm diameter on the basis of the flow data obtained with the 10 

mm tubes in ref. 2, and it has been found that the calculated values are in 

general somewhat too small (a factor of two to six) as compared with the 
1

experimental ones. The same applies to the 13]' em long tubes. 
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b(= 0.25), n(= - 0.5) as in experiments; m = 4; L = L h = 
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c 
D = 10 mm; Zo =6 em; d =dh; b =0.3; otherwise as in fig. 6.c 
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£: is the measured difference in oxygen content between the
 

outgoing streams in per cent (v/v) absolute.
 


