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ERRATUM

To the last semence of the text on page 2 should be added:

However, this is only true when the magnetic field lines are straight. Inthe
general case our expressions (A, 6) and (A. 7) differ from the formulas of
Simon and Thompson ((27}), and they reduce exactly to Macmahon's result
a8 shaown in the appendix.
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Abstract

The viscous stress tensor and the heat flux tensor of a collisionless
plasma immersed in a strong magnetic field are calculated by Grad's mo-
ments method. Nocontradictionis found between the expressions of the vis-
cous stress tensor obtained earlier by A. Macmahon and by A. Simon and
W. Thompson, It is shown that in the approximation considered the "longi-
tudinal” heat flux is absent.
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A rarefied plasma consisting of electrons and ions is usually de-
scribed by the kinetic equation in the self-consistent field approximation
{Vlasov plasma). However, many problems of plasma physics can be
solved by means of the more simple and descriptive hydrodynamic equa-
tions. As is known, the hydrodynamic description of ordinary neutral
gases is applicable because of the smaliness of the molecular free path.

In a collisionless plasma immersed in a strong magnetic field the
Larmor radius (more accurately, the cyclotron radius) is an analogue of
the molecular free path.

The hydrodynamic equations for a collisionless plasma immersed
in a strong magnetic field were first obtained by Chew, Goldberger and Low1 ).
They are equations of the zero-order approximation with the parameter
€= i and seem to be equivalent to the equations of ideal magnetohydro-
dynamics. Here, a is a Larmor radius, and L is a characteristic macro-
scopic lengthz). However, for solving many problems of plasma physics

the Chew-Goldberger-Low zero approximation is inadequate. In such cas
the effects of the finite Larmor radius (FLR) have to be taken into account®
These effects are expressed in terms of "magnetic viscosity" and "magnetic
heat conductivity” in the hydrodynamic equations3'

The expression for the viscous stress tensor of collisionless plasma
with anisotropic pressure was first found by W. B. Thomp-ons). 1t has, how-
ever, been noticed in the papers refs. 8 and 9 that Thompson's results were
incorrect.

A. Simon and W. B. Thompson have later corrected some errors of
the paper ref. 3 and obtained an expression for the stress tensor which, in
their opinion, differs from Macmahon's expression in ref. 8., Therefore,
according to Simon and Thompson, the results of the paper ref, 8 are in-
correct,

To make these distinctions clear, we have performed all the calcu-
lations once again in order to find the stress tensor and the hLeat fluxes in
a collisionless plasma immersed in a strong magnetic field. Our results
coincide exactly with Macmahon's, It is also shown that the expressions
for the stress tensor in the works refs. 15 and 8 are exactly the same.

* It should be noted that there are some differences between the equations
of the Chew-Goldberger-Low expansion and those of the FLR theory“).



We use Grad's method of momemlm). This method has been used

inl3 te approxi ion in ref. 11 for investigating transport proces-
ses in a pl a with collisi We ider a collisionl Pl with
anisotropic pressure. For such a pl the 13 ts approximation

in general seems to be inapplicable if there are heat fluxes along the mag-
. netic field lines.
Therefore, if there arc longitudinal heat fluzxes, the 20 momenta
approximation ought to be used.

1. A rarefied plasma is described by the Vlasov equation and Maxwell's
equations (in standard notation) as

of (F,7,1) - of e of
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Here, "a" refers to particle species and is to be summed over
values i and e for ions and electrons. (.;. repr the 1 'ltion
of all the forces except the -:-[Tr . B) force (for instance, E- = 'n%. E+ 1.
where g is an artificial gravity which approxi the magnetic field

curvature effects). From now on we will omit the subscript "a”.
According to the moments method of Grad, the distribution funetion
is expanded in Hermite polynomials as follows:

- . 1} ;= 1 1 (N N|
17,4 s 1° i.(°)+ g.l(l)(r,t) H‘:‘ )a)-o g .i!'!iNqi'!iNt";
(2)

Here and in the following, summation over the repeated indexes is
assumed,
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‘The Hermite polynomial tensors
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Tis the dimensionless peculiar velocity relative to the fluid velocity.
The first few Hermite polynomial tensors are
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Here the notation ... i_.... shows that the index i, must be omitted.
By using equations (3) it can eagily be shown that the coefficients
.(‘N) j are given by
p ey

M gyt 3.9 B | v =™
Sy B9 0TS J®i0 B, @dv e T @)

We observe that the coefficients ni(}? i, are proportional to combinations
of moments of the distribution funchion™ 1(T, ¥, t). Therefore the calculation
of ni(l.‘?. i is equivalent to the calculation of the moments of the distribu-
tion functidon.

Further we choose the function f° as a local Maxwellian distribution
with anisotropic temperature:

2 2
o (B G e

where 3(17,( =v- U(T,t) is the peculiar velocity of plasma particles;
Tt - = V14V is the flow velocity;

e BT T ost-d B, (sa)

n PG w s B

9,, 0, are "longitudinal" and "transverse" kinetic temperatures respective-
ly. In the isotropic case 9, = O‘ . As is known, the anisotropic Maxwel-
lan distribution (6} is inconsistent with the Boltzmann equation®2), But such
a distribution is probably a very good approximation in the collisionless
plasma. (About the speed of the equalization of the temperatures 6,. 0_‘
see, for example ref. 13.)

In the isotropic case the pressure p is defined by the formula p = ;
trace ?, where P is the pressure (stress) tensor:

(3)13. Py mf °1°j“;’.' ()

So it is possible to define a viscous stress tensor ¢ by the formula

P

u-pb

y* oy



provided that trace &= 0.
In the anisotropic case

Pﬂ - mfclc’ldv = p.bih’ + p‘(bu 'blhj) + R (8)
Then, provided that

trace ¢ = 0,
B {8a)
blhj'i’j =0,

= hb P, ,
Pl li i (8b)
B gldy - b By .

Sop + Zp" « trace P. "Longimd.lnﬂ" and "trapsverse” temperatures
are defined by the two equations
P
- -i'l- and § = — (8¢c)

Let us now introduce the vector of dimensionless peculiar velocity

- i v.'i“_ By - bby) + ﬁ-b’bji % v;jl < 9)
and vice versa

o " w_ig' (8 - bby) +v -.'Im bibjf GE VY {8a)
80 that

-1
Vix Vig * 8- (8b)

By using formulae (5), (3), (4), and (9) one can easily obtain
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Here 'ij igs the viscous stress tensor; Mﬁk is the heat flux tensor:

i =™ fcicjck 1dv, (11)
80 that
2
%mm-fci!i& 16 q (L1a)

is the heat flux vector,

To obtain evolution equations for the coefficients ng‘) iy it is

convenient to exchange the variables t, T,V for the variables 4,7,¢ » V-0
in the Viasov equation (1}):

ll du Duk o
Lo _ul. o= +e % - G- glert ul)bm} =0,
12)
where 3% '.r'! +0 9 ; e iz%' ; Sam - Levy-Civita symbol.

Multiplying equation (12) by ll(m i (), integrating over ¥ and
using formulae (5), (4a) and (éb), we oiun er some calculations
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Here, the notation ... \i./ see ki} -+» Shows that the indices i_, i, must
be omitted,

In the isotropic case the left-hand side of the system (13) of course
coincides with the known. oxprouionm’. The system (13) is equivalent to a
Viasov equation and represents an infinite chain of moment equations. For
practical purposes it is necessary to select a method of cutting off this chain,
By the Grad method it is possible to describe the properties of the system
by the quantities .?‘). § e provided that all the other coefficients

(‘“'”" (‘M+ 2) are equal to zero, But it does not mean,
1 iy l'“M+2,..



of course, that all the moments of the order M+1, M+2, ... are equal to
zero, In the present case, moments of the order M+1, M+2, ... are
expressed in terms of moments of the o“‘, l", eese M"h order, In practice
one usually restricts oneself by setting M = 3 so that all coefficients

n“) = -(5) = _,. = 0, In this approximation a system is agsumed to be
described completely by 20 macroscopic quantities (noments) n, u,0, %540
M. k‘ In many cases a more simple description is possible for M = 3 when
the 3 -order moments Ml)k can he expressed in terms of a heat flux vector:

Mig = § Gt gy byt ady) - (14)
In this approximation a system is described by 13 moments n, 4,8, o, §-
(For a full description of the plasma, the variables of the electromagnetic
field must of course be added.) In general, however, in our anisotropic
case the 13-moments approxﬁnnt.ion is invalid. In this approximation the
calculated tensor Mijk has the form

; 3/2 ‘
= 2 p
LT 1 iq:i bt qy byt g 85 q,[ (sf) -1 j (0 Byt byt byy) -
(14a)
This contradicis the general relation
My =29 - (14b)
It is obvious that (14a) and (14b) coincide only in the absence of longitudinal
heat flux (g, 2 q: B 20). Therefore, if there are longitudinal heat fluxes,
& Vlasov plasma in a strang magnetic iield can be described by the quantities
3 (2)
n T, &, g, o lor ag’), My for a jk ). E B

The first few moments of the Vlasov equation may be written

;—’{1+divnﬁ-0, (15}

mndE o . v P+@G+o (@ B])mn (18)
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Then, from equations {13) we obtain
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The equation for ‘i(':::) is much more complicated, and we do not
write it explicitly. To have a full set of equations we need the equation for
B. To obtin that it is necessary to use the Maxwell induction equation

-

rot B + ) + P (20)
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So the first and the third term in (20) are zero-order quantities, and
the second term is proportional to €. Therefore we obtain in the lowest-
order approximation

-—

-{!—:E-(f-ss)-ms‘ , A (21)
where T is the unit tensor; BB is the dyadic (tensor); b = .B[B.

If we introduce the electric drift velocity

- [E )

V = ¢ T . : (22)
then

rot £, = {{Bav¥+ ¥-9B.5-90]. (23)
Thus we obtain

a, ®, W, W,

T VWt heam B o - 24

lb
where it is taken into account that b, T = 0 because B3

2, Now it is possible to find explicit expressi for the vi stress
tensor ¢ and the heat flux tensor ﬁ Let us consider %t Mi as being
proportional to € Then in the left-hand side of equations for ¢ and M itis
sufficient to use only the zero-order terms (see eq. (19)). Therefore, by
using equations (17), (18) and (24) one can easily obtain

[ 1. z(r r )};‘bjbkbl -,,1- +(v:- -1) bk(bi-‘— + b, 05)
+V§:.(1-1{§:)bk ;Ebjﬂf;:-ib‘ e i .:;’h- bbby ."11‘ -
.(nu-qts)davmv:—f(;:-l)[vk% -l]‘(ts 2% ﬂi:é)”'ﬁ‘k"l ;.Vi:. J.

=8 (e, ;g) + G ng))bl. (25)
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This tion defi the P ts of the t b of (10):

™

.g) = _:"I i.u-r d;?-l) (bl')k+ bj'ik)hk‘ .

Further, in the approximation considered it is possible to assume
i~ V.

As follows from (25), in the local co-ordinate system with the z-axis
along the magnetic field lines, the components of the o tensor are

'xx"’w";‘ﬁ(:l‘;_x'#)'
xy " “yx T ;f(::x!‘ ':';x)

1 du,
"% § {";1;3"2",."',)1‘3}'

[ 1) du i.

(26)

1 z
ye "%y " T faw""’.'&) =

% " 0.

This result is exactly the same as Mncmﬂhon'sn)' 9). A. Simon and
W.B. Thompson state in their vlorkls) that the components Ouxr ©. 4
are correct, but Simon and Thompson disagree with Macmahon's results

for ¢, and ¢ and they give their formulae for these components as

xz yz'’
follows:

[ L] -
1 -, A - db
2" 0 fp--r’z”’;“ R o)y arf-
(27

+ b -v‘)T,'gf .

b}

1 .“x >
Yz " & ip.'ﬁ tpb-

At first sight these formulae seem to differ from (26). But if one reduces
formulae (27) by using equation (24), one can easily convince oneself that
expressions (26) and (27) coincide exactly (in the given local co-ordinate
system), So, actually, there is not any difference between the results of
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Macmahon and thoge of Simon and Thompson, We note that the calculated
viscous stress tensor o automatically gives an expression for ‘the coef-
ficient of the "magnetic viscosity” v = we ~18, where a is the Lar-
mor radius of charged particles. It can easily be shown that, unlike the
usual "collision" vilco-i\yg), the "magnetic vi ity is not ted with
a disgipation of energy.

To find the components of the tensor Mnk one can obtain the first-
order equation for u(z& from (13):

5 0T e RO T)R s e sy

+ ﬂ (1-1%1-)215,,%@;1 ;-:ii-%’bk -;:-i + ijbk -:%; +
T (o, B0

+ ﬂ;n(l--.t) ib(.:&-r:;‘- + bj(;%* .:_"i_:).,h‘(.:i?é-:f)i *

fr(b‘b .rl+bjbk +bb;—:l;)+

E1)
“"[F'( -biby) + r‘i(‘xk"”’k’* Txi' "ij"’i"j)]'

a3 )

3 3
”*‘jml aflh * Gt mi )

" Bhyley @
. "'m-xbl f:;-)ﬂr (1 V{L)bnbrbm(bl mjk-fblagzkfbkl(s)

» byloaf8l s bl 4 bl -}F TR PO

(28)
In the local co~ordinate system with the z-axis along the magnetic
field lines the tensor Mijk has the components, as follows from (28) and (10);
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The components MJH = M322 and M“aremain undetermined (as
in Macmahon's \vorka)). But these components define a longitudinal heat
flux vector

- TN |
Q,E“s q"!i“- o, Msn*“azz*”aaa} .

It is naturally assumed that the vector ;. is determined by the gradients -
20 (L]

1] 29
-8% N ﬁ . However, in accordance with (29), -'?‘ =z —‘?. = 0. Thus
we see that in the frame considered longitudinal heat fluxes must be absent:
q, = 0. This means that the 13 moments theory can be used in the aniso-
tropic case also (in the approximation considered).

Now let us introduce two vectors (in dyadic notation):

ol

M:D - "longitudinal” heat flux, and

al
[T

Qq4 = 5 M:(1-BB) - "transverse” heat flux,

(X T

Their transverse parts have the components
a1 . .
9 7 iMlll * Mgz Myt My °} .

a:"}imlaa i Mgy s "}-

By means of formulae (29) we obtain
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@b [eee].
(31)

- Py
q: o [B'“ll] .

Exactly the same results f-llow from the general formulae of Mac-
mahons) in the case where the distribution function is a product: f () =
Il (c‘) Iz (c.) .
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Appendix

We want here to give a more detailed and general proof that the re-
sulta cf Macmahon and those of Simon - Thompson are the same,

According to Mncmahons) the "magnetic viscous" stress tensor of
a collisionless plasma has the following components (in dyadic notation):

PP e =
AR "2‘5 (€8, + &,8,) : Pu) ,

P L -
%3 %3 =g (858, - EE,) : ),
(a.1)

2 Tyt - b IR, B3 : P+ (2p, - p,) Gady) : OB
'13 = c3l = ']6 {P‘altz) : W;)*' (Zp. - P‘ ) (;2;1) : m)} .

Here e1 H 5 °2‘ 33 are unit vectors forming a right-handed orthogonal
system, (‘5) (W)= ab,

In the local co-ordmal:l system with B = (0,0,1), €, = (1,0,0) and
'éa = (0,1, 0) eqs. (A.1) are reduced to eq. (26).

From eq. (19) one obtains in first-order approximation

. zv_;?'-(x.r ) b;b,(F) : (9%) +(V_ -l)b (b -—+b ) +
+T§_E(1-V-§.Z) (BjB-Vui+biT)-vuj)+-:;; + .:;-?- +

1 (A.2)
de, P /P,
1 ‘l / d .
* o 1? ("j‘bb)+ TTbb - P, (T)f '1) 'aTbibj

2 2
= ey ‘1(‘;"* ‘jkl‘lsi))bl

By using egs. (17) and (18) in zero-order approximation and the
definition (10) one gets
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o "_:_: JE_‘) Sty E"‘“T”d::: )l ;:_: " ’% )

) " - -
+(E_:'-1>Lbj(b~)uj+bj(3v hy; +‘F:+Ei'+ h,j(bﬁ):(vu) -
(A.3)
3 RBP4 .
- (g -bp)v 3§ - W" & by -
3 ]

. % i(:m %G * Skt By +( "‘[:_T‘-‘ -1) (g + € b b umk}_

These are the equations from which the components of the tensor @ must be

determined.
By calculating the scalar product of (A. 3) and the dyadic :2;2 we

find
2(8,%,) : V@) + BF) : 1) - 9-T =
p (821825801 % * ®21%2§ GP1 % )
= %I (o323 %; * 9k2i %a! = ? 333? 10 = % %y
where we have aken into account the relations
G-B=0 Ffea, taaeaiP1 = - (8% Bl = eg .

.= 4=z BB A o
As e,¢, eqeq + =’ I, we finally obtain

P -
2" oA 3, - 83, : ¥T) . (A.4)
In the same way, by multiplication by
3233 . 3231 =z 328 and 33'51 = ’835 , weget
B A
9537 g * g ¥y ¥ FEy): (°W : (A.5)
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ThE {&(Bazhﬁ)* p,(B): (D) + (p, - B) &, - %‘g‘ ., (A.6)

- & ] B B3 : 00 + pEB):(OM + (- BNy - &l wn

Here ’op = 3°3p ¢ by definition; o,f = 1, 2, 3.
s Tr8=0 andBdB:c= o1y = 0, we obtain from (A.5)
P oL -
og5 = 2" !t (ege, + €5¢,) : (wd) . ‘ (A.8)
Thus the components Type T39 in (A.4), (A.8) are exactly the same
as those in Macmahon's result (A.1). The components %13 % in (A. 8),
(A.7) are identical with those of Simon - 'I'I'Aompaonl in the local co-ordinate
system. By substituting Maxwell*s induction equation (24) in (A. 6) we obtain
1 - - -
n1g* 5 1,6 5): 0 + @B : B0+ (p,- B (E,D): N | . (a.9)
As in the zero-order approximation the electric drift velocity v ~0,
we see that (A, 9) does not differ from Macmahon's result {A.1).



