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Abstract

A tensor operator formalism that in a convenient way describes the in-
ieractions of magnetic sywiems is treated. Further a creation operator and
annihilation operator formalism describing the excited states of magnetic
systems is introduced. On this background temperature laws of the magnetic
anisotropy of the heavy rare earth metals are calculated, Further is the tem-
perature dependence of the spin wave rpectrun and thereby the temperature
dependence of the spin wave energy gap of the heavy rare earth metals cal-
culated.
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1. INTRODUCTION

In the theory of magnetism the operator equivalents method s well
established. Stevens was the first to invent the operator equivalents method
in crystal field calculations and he introduced a set of operators which have
been widely used. These Stevens operators, denoted q‘“ , have the disadvan-
tage of not having systematic transformation properties under rotations of
the Irame of coordinates. Another set of operators, the Racah operators,
denoled E\k T are tensor operators and they therefore have systematic
transformation properties. Both sets of operators are expressihle as angular
momentum operators. They are treated in chapter 2 togeiher with relations
econnecting the two sets of operators.

In magnetic sygiems it is convenient to use the Holstein-Primakoff
transformation to express the angular momentum operators in Bose operators.
The angular momentum operators are tensor operators of rank one. The
Holstein-Primakoff method is a cumbersome way to calculate tensor operators
of rank higner than one in terms of Bose operators expressions. Therefore
in chapter 3 we use another method to express the Racah operators in terms
of Bose operators by formally expanding the Racah operators in a well ordered
?ose operator zeries and match the matrix el ts beiween corresponding
states.

The magnetic properiies of the heavy rare earths metals are described
by the combination of indirect exchange interaction and crystals field effects.
Because of their large orbital moments, the heavy rare earth-metals display
large magnetostriction effects, that modify the magnetic anisotropy caused by
the crystal lield. In chapter 4 we perform a spin wave calculation of the tem-
peratare dependence of the single ion anisotropy and the single ion magneto-
striction.

The anisotropy forces of the heavy rare earih metals cause the acoustic
spin wave dispersion relation not to approach zero in the long wave length
limit. This spin wave energy gap is temperature dependent. In chapter 5 the
temperature dependence of the energy gap has been deduced from the tem-
perature dependence of the apin wave spectrum and in chapter 6 the tempera-
ture dependence has been ireated by means of a resonans theory,

On the basis of the microscopic calculations in chapter 4 of the tempera-~
ture dependence of the single ion anisotropy and of the single ion magneto-
striction the temperature dependence of the macroscopic anigotropy constants
of the heavy rare earths has been calculated in chapter 7. By means of
inelastic neutron scattering experiments performed at Ris@ a numerical cal-
culation of the ature d d of the macr pic anisotropy con-

stants of terbium has been carried out in chapter 8,
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2. QUANTUM MECHANICAL OPERATOR EQUIVA LENTS

2. 1. Introduction

1)
The Operator Equivalents Method was developed by Stevens ', when he

determined the matrix elements of crystal field potentials for some rare
earth ions, The eigenfunctions of a rare earth ion can conveniently be written
a8 ]41% LS JIJ ), nbeing the number of 4(-electrons, L the total orbital
angular momentum, S the iolal spin angular momentum, I =L + S the total
angular momentum and Jz the z-component of J. A direct calculation of the
matrix elements of the crystalfield potential Wc(x, y,2) requires a decompo-
sition of the eigenfunctions in determinantal product states of 4f one electron
states. This is a tedious procedure and instcad of doing so the operator
equivalents method is used. Given the crystal field potential in Cartesian
coordinates the operator equivalent of W (x y,z) is found by replacing x,y,z
by the respective Cartesian components of J" L y J z taking into account
the noncommutation of 3. J,and J . In this way an operator is formed with
the same transformation properties under rotation as the potential. The
method depends on the fact that within a manifold of states for which J is
constant there are simple relations (multiplicative factors) between the matrix
elements of the crystal field potential calculated directly and by use of the
angular momentum operators. These multiplicative factors are determined
by returning to the direct integration method using single electron wave-
functions by using fractional parentage coefficients. The Stevens method

of obtaining the operator equivalents are thus difficult, A more direct deter-
mination of the operator equivalents can be given on the basis of the tensor
operator formalism developed by Ra.cah2 .

2, 2. Racah Operator Equivalents, ()K q

A set of irreducible tensor operators are defined throuéh their trans-
formation properties, The Racah operators are irreducible tensor operators,
which means that the set of 2K + 1 operators O‘K {q=K, K-1, K-2, ....,-K)
transform under rotatmns of the frame of coordinates (through the Euler
angles a, B, v)as m times the spherical harmonics, Y K q“ '9)
namely ’

P;nokaD( »ﬂ =ZOA'," .D‘:,(cc,a,ﬂ (z1)

Qe
x)

J ia here used to denote a generalized angular momentum
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The matrix elements of the rotation operator D{e,$,y) are

. (K) .
Dy e = Cg i Dl pyiikg> = Pl WY S

wher.

dgg(/” = %
Z )Y en " osh)

(the summation is over all positive ¢ such that the factorial terms are non

360959 (K1)

(sin§)

2.3

negative).

Since the operators of total angular momentum are multiples of the
infinitesimal rotation operators, we may replace the unitary transformation
on the left by a commutator, giving for any ponent of angul
J . Edmonds®

LY

(X, 6::4] = Z 6:4' <KPI LIKg> .49
§a-K

Using the commutation relations of the components of the angular momenta
J a Ve find the original definition of the irreducible tensor operators given
by Racahz)

[ 7 Oxy) = ﬂbﬂ-ﬂ(@t 1) 6@314 2.5)

L%, Ocg] = 4 6.‘,, (2.8)

The Racah operators in terma of angular momentum operators J ., J_, Jz

can be obtained from the [J°, 0K } commutator relation if the operator

with maximum q value, namely q * l(, is known. The Om(opentor is calculated
using the Stevens equivalents method on the spherical harmonic !KK(' °)
expressed in Cartesian coordinates.
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" 3)
For the spherical harmonic IKK(O,Q) we find, Edmonds

X 2’(#1

Yo (62) = 1) 7 Plaso) s .

; q
According to Jahnke and Emde?) the associated Legendre functions Py (coee)
give for q = K

P (cos8) = 2N (iing)* (2.8)

2“1(!

Introducing Cartesian coordinates we {ind from the two relations {2.7) and
(2.8)

K
YKK(G'?,S(;’L_ ZKfﬂ “na) 4

2%
(-z Ket)! (u.’g)‘(
2" TR I3 r

. N x X +iy . . a ™
Multiplying by "?XT'I and replacing = by Jx +1i "y =J we find OKK

K
ax.x “""‘2(::,:, (1‘(’,’ (J*)K (2.9)

The operators 61( -q are obtained by means of the relation

(2.10)

r ~T
O‘I.’ = (‘1)’ 04’,’

The Racah operators have earlier been tabulated for all values of K up to
K=8by Buckmaster®) and Smith and Thornle}ﬂ and up to K = 7 by Buckmaster
et al ) In table (1) the Racah operators for all values of K up toK = 8 are
tabulated based on calculations done by Danielgen and Lindg&rds),

The matrix element of a Racah operator is determined within a system

described by a state vector which is a simultaneous eigenvector of the angular

momentum operators J and J In Dirac's braket notation the eigenvector
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is given by | I m), The matrix element within a :nanifold of given angular
momentum J is,Racah™  and Edmmds’)

¢Imi g 1Im'> = ey (2 :;;’,,)oub',.y) @1

The factorization of the matrix element of the Racah operator in a reduced
matrix element {J} RSK !]4) independent of m and a 3j-symbol containing the
m-dependence or the rotational dependence of the matrix element i a conse-
quence of the Wigner-Eckart Theorem. It should be noted that a tensor oper-
ator in general is characterized by its red ] matrix el t, here

{J "‘.O.KII 1) for the Racah operators. In appendix 1 it is shown that the reduced
matrix element is

1 + 1)}
<HBa3>= 3% kel 2.12

Numerical values of the matrix elements have been calculated by Hutchingss)
and by Birgeneaulo). Two Racah operators either commute or they do not
cormmute, If the operators are acting on different parts of the system, say
spin and orbit, they commute, If they act on the same dynamical variable,

the commutator relation is not in general zero. For two non-commuting Racah
operators the commutator relation has been calculated in appendix 2.

Ky Kpoify
[, (415 Oy ] = ZZ(" "R hage) (9 m,)
5"’3 L LA

{A'.sz J 3 <IN O tirJ Jno.,wu;)o &
[&/] i

NIy 29

(2.13)

here { } denote a Bj-symbol.
For twn commuting Racah operu..::- we immediately have

[ 6:,"'“), 65"1“1',)1 =0 (2.14)



A proper tensor algebra of the Racah operators also includ product:
scaiar products and matrix ele ts of products The' prﬁll)lcl
of two non-commuting Racah operators is defined by, Racah and Judd

(5% .Z)’:(- 5T ( i:f-q) G @00

Lol a (2.15)

and for the scalar product of two non-commuting Racah operators we have

~ya ) (o)
(Q"b':.") = (1) 21 (6%9*), (2.16)

which means that the scalar product is proportional to the zero-order tensor
product. The matrix element of the tensor product of two non-commuting

Racah operators is

<ami{ o""’*“") ) Imiy=(-1] _Z, : 2 )alﬁ“" 5" #7)
(2.17)

The entering reduced matrix element is
0!(5“’5""):' 13)= (1) fiie {l; ;z ; } an6¢;n>< Jl&,llulJ)
{2.18)

The tensor product of two commuting Racah operators is defined by

(585, L 55 By
(2.19)

and the scalar product of two commuting Racah operators turns out to be

(ﬂ"“m)-u; {2k+1 {5"‘""’} 220
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The matrix element of the tensor product of two commuting Racah operators
is
<hiaImi|
>-m kXY, o ~UG) 7 iy ) ‘l 2y

-m a m
with the reduced matrix element expressed through a 9j-symbol:

&)
"'lm (L) By,
0 'jalhtzjm)' .21

G {55 o Wisfid) =

J (2Ie1)(27%1) (201 {*‘,{J'}(J,“Ogmu;,>(J,l0‘qu‘,)

-, 22)

All 3j- and 6j-symbols are calculated numerically by Rothenberg et al 12)

2.3. Stevens Operator Equivalents, 0;](

The operator equivalents mentioned in the introduction defined by Stevens

are rclated to the Racah tensor operators in essentially the same way as the
tesgeral harmonics are related to the spherical harmonics. The Racah oper-
ators namely transform under rotations of the frame of coordinates as the
spherical harmonics, whereas the Stevens operators transform as do the
tesgeral harmonics. The Stevens operators 0;'( are expressed by the Racah
operators, Danielsen and Lindgérda)

4 1 11 (= A
OK((.) = I‘i 45 7 (Ox'_’_«r(-” 0‘,‘) {2.23)

O"(S) J(’ 4,;" T (0,,.’_ ~{-1) 0‘,’) (2.24)

° _1_ +1 A . ° - \
OK(C) = .k:‘[zf—_l' 0"’p ; OK(”' 0 (2. 25!
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Iq(are the normalization coefficients of the tesseral harmonics. The
Stevens operators expressed as angular momentum operators are given in
table (2) for all even values of K up to 8, and the lq(-coefﬁciems are given

for K up to 8 in table (3).

3. RACAH OPERATOR EQUIVALENTS EXPANDED IN BOSE OPERATORS

Until now the Racah operator equivalents have been expressed as angular
momentumn operators, table {(1}. When the operators are used for statistical
mechanical calculations in quantum mechanical angular momentum systems
such calculations are made difficult by the fact that the commutators between

angular momenta are still operators, namely

[J})J*.J-—.' J+ (3.1)
3, 77=-7" |

[357°1= 27, 3.3)

(in units of h)

The fact that the z-component of the angular momentum Jz can only take
2J +1 values ard because of the kinematical length condition J - d=33+1)
and the minimum equations (J+)2J 1. 0 and (J')2J L 0 t;gether with the
form of the cormmutation relation statistics of spin systems and thereby a
systematical perturbation theory are difficult to establish, Fogedby‘ 3). To
avoid these difficulties the angular momentum operators are transformed
into creation - and annthilation operators, (second quantization) either Bose
operators or Fermi operators that have well-established statistics, In con-
trast with the angular momentum operators the Bose and Fermi operators
obey commutation refations that result in c.numbers, namely for

Bose operators:
AR AR L,

[o;,00] = dja 5 La,001= [a],a;]=0



and for
Fermi operators:

{G,a) =du

{ta-,td = {C;,Czi =0

(where [, ] denotes commutator and { , } d

(3.5)

"y

anti tator).

3.2. Angular Momentumn to Bose Operator Transformations

1. magnetic systems where the Hamiltonian is expressible in angular
momentum operators the eigen states are in semi-classical terms described
as spin waves whereas in a quantum language the eigen states - the normal
modes - are described as magnons, Various collective modes occurring in
many-particle systems are Boson modes, and among these are the magnons,
obeying Boson commutation relations and Bose statistics.

The idea of transforming an angular momentum operator into Bose oper-
ators was first carried out by Holstein and Primak 1t ", Another transform-

ation is the Dyson - Maleev transformation which in contradistinction to the
Holstein - Primakoff transformation is non-hermitian, In the following we
are going to consider such angular momentum to Bose operator transform-
ations. The original Holstein - Primakoff transformation is

J: = J- a{a‘ - J- ﬂt_ (3.6).
7
7; = ﬁ?;“- gﬁal = /23 4-—;’?& 3.7

e ‘/1_70:/1--%3- - /2—7ﬂ:¢1-% (3.8)

The operator ﬁl is called the number operator and its eigenvalues n, are the
spin deviations of the l"h atom in the many particle system , n represents
the difference between the z-component of the angular momentum of the 1
atom and its maximum value, Thinking of the square roots of the transform-
ation as given by their Taylor expansions we have
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+ "0, o1
a, /;-_%n = [ 1-%%! g, (3.9)

- - t
Wig - PG e

. + -
for which reason the commutation relation between ‘Il and Jl turns out to be

T1=-%%-51
=23 {- %% 0,0 14 Q(1— 44 )aJ
-27“‘ +4((/1 “t"@ﬂ{"‘ 5 “‘}
=%(J1-aa)

=2% (3.11)

which agrees with the angular momentum relation (3. 3). The Holstein
- Primakoff transformation is defined in the space of vigen-functions of the oceu-
pation numbers n; = 0,1,2, ....... The subspace of functions of the occupation
numbers n; » 2J + 1 is called the non-physical space., The physical states are
those for ny = 0,14243y sevsaeenas2de

The 2J + 1 physical states may either be expressed as angular momentum

states or as deviation states, Starting with the ground state the angular
momentum states [J, m) are

13,32, 13,3-154 13,3-2%, +++ 13,3-n), +++ 13,-7> 3.10

while the deviation states | n) are
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107,11y, 12y, oo In), o0 12T41) (3.13)

with the corresponding energy eigenvalues

E, EjCE crer CEpqere (B (3.14)

3¢y

The angular momentum operators act on the eigenstates, I J, m)
2 - D, ree = .
Jelymy = m|,m) §m= 3,3-1,3-2,0- -7 (5.9

7*'3,11\) = [[(7-m)(Irm+1) |3, m+1) (3.16)
T 13, m)y = f(3+m)(F-m+1) 13, m-1> (3.17)

while the creation and annthilation operators acting on their corresponding
eigenstates give

Qtlﬂ)* fn+1 n+1) (3.18)
Q[n>= /n—,n_1> (3.19)

Because of the closure of the Holstein - Primakoff transformation via the
square roots they are expanded as a finite series in powers of the occupation
numbers, This approximate second quantization method is applicable if the
average values of th:: nceupation numbers, or spin devintions are

small. For J = } the expansion is inaccurate, Tyslbli.kovI 5).

(QIC&) K 27 (3.20)

Expanding the Holstein - Primakoff square root we find:

—
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and therefore the approximate transformation formulae turn out to be
J: = 7- a{al (3.22)
+ + +
W= 27 (- &5 40,0, - 75 0040 2= ) ©-2

T = /27 (4 - F5alate, - 7 gfala,afa, - - ) 20

+

It sllould be noted that the transformation is Hermitian because (J+) = J7 and
w) =t

In the approximate second quantization method where the Holstein - Primakot
square root is expanded in powers of a; a, all higher order terms contribute
to terms of lower order in the expansion using the commutation relation
between Bose operators. A well ordering of the Holstein - Primakoff square
root, which meane that ail al+ operators come in front of all the Y operators,
involves a to the left commutation of all higher order terms.

+ a
1t is possible to carry out the well ordering of the v 1 -:ln.l expansion
of the Holstein - Primakoff transformation. We use the following relations

(afdz.)n = 0; (a:&-*”"-’& (3.25)

= @) (%)@ q,
p=o

and

-1

Z (n;:) X f = (1+X)n.1*' 1 {3.28)

f=1



-23.

We find

8% = 1+ (/15 -1 j gl
HAOF -0 -

Lol (3.27)

This expansion i exact and shows the correction terms from all order in
1/J. Now the angutar momentum operators are tensor operators of rank one,
To use the Holstein - Primakoff method to calculate in terms of Bose oper-
ators expressions of tensor operators of rank higher than one is very cumber-
some. To overcome this we use later in this section a different method where
we formally expand the Racah operators in a well ordered Bose operator
series and require that the matrix elements between corresponding states are
equal,

In the Bose language terms with two Bose operators describe non-inter-
acting magnons and terms with more Bose operators describe interactions
between the magnons,. After the number of the Bose operators we talk of
multiscattering processes, for which reason four Bose operators describe
a two-magnon interaction,

The interaction between magnons divides into two parts: the kinematic and
the dynamic interactions., The kinematic interaction is due to non- Bose
properties of the operators which occur in the Hamiltonian, and is a conge-
quence of spin statistics, namely that the maximum number of spin deviations
that can occur at any atomic site in a many-particle system with angular
momentum J is 2J, Take as an example sping of magnitude } then clearly two
spin deviations cannot reside at the same site, and the interaction that pre-
vents this from occurring, the kinematic interaction, is a repulsive one. The
dynamie interaction arises because ‘t costs less energy for a spin to suffer a
deviation if the spins with which it directly interacts have algo undergone
deviations from their fully aligned state; the dynamic interaction is attractive,
Marshall and Loveseyw). The terminology of kinematic and dynamic inter-
actiong was Introduced by Dyson 7 in his analysis of two spin-wave inter-
actions in the Heisenberg ferromagnet. He showed that at low temperatures
the kinematic interaction is small,
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To avoid this difficulty when doing interacting magnon calculations we
follow Dyson1 7), who says that the operators for a real spin system mly"be
associated. in some hypothetical space, with "ideal spin wave operators”,
which possess Bose properties. Nearly independent excitations are meaning-
ful only at low temperatures when the probabilities of the processes, which
are calculated by means of ideal spin waves, are equal to the probabilities
of the processes of the real system, Under these considerations, we can obtain
the Dyson - Maleev spin to Bose operator transformation, Tyablikov

J: ='J- afal (3.28)
/23 (1-3543,)a (s.29
e = V27 a{ {3.30)

The creation and annihjlation operators for Dysons ideal spin waves
obey Bose commutation relationships. But now the transformation is no

-+

%

longer a Hermman transformation as J and Jl are not adjoint, Consider as
a check the [ J1 s J1] commutator

(7,5 1= [ (-Faaa, T4 ]
27- & - [4ae, 0014,
2(7-q0a,)

2 7:" (3.31)

18
Later Oguchi ) has shown that the Dyson - Maleev transformation is
equivalent with the Holstein - Primakoff transformation,
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3.3. Racah Operator Equivalents Expanded in Bose Operators

To calculate a well ordered Bose operator expansion of the Racah oper-
ators we formally expand the Racah operators in a well ordered geries of
Bose operators and require the matrix el ts between corresponding stat
to be identical. In low temperature calculations we require correct matrix
elements between the ground state and the first excited state. It turns out that
it is only possible to match the matrix elements between two states exactly
so in perturbation theories for higher temperatures an approximate matching
of the matrix elements between the ground state and the excited states will
be more appropriate. The well ordered expansion of the Racah operators is
given by

6:4' (4:.+4{,a.’a+4,"‘,afa*aa+--- )a’ {3.32)

The coefficients are real and determined by matching the matrix elements
in the following way

A [ 4 K ¢ K
(3| o:,’ 13,3-(ae8)) = (ﬂl(‘,'.‘* 43,1 Qa "‘ua’a'm*"'}a’,"")
(3.33)
Using formula (2. 11) for the matrix element of a Racah operator and the
formula for creation and annthilation operators acting on deviation eigenstates
(3.18) and (3. 19) we find.

0" (-Jzn : J-uJMJ) <In013y =

VMT":, (A:,-m‘:_,fn(n-ﬂA:z +eoevn! ,4::" )

(3.34)

From this formula we find the expansion coefficients

K [ 1 n J K 2
A"ng n”n"" -1) (Jﬂ5u'-77 (—an g J-[rp’,

YE ] PO Nay] SO By e
('l.’ A’,o"' ln-i).“!,v * - 4',1* fA"n., )
(3.35)
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In appendix 3 it has been shown that for n = 0, n

turn out:

~ 7 K J
A;'o':?;l’f(jﬂoxll)) (-J q H) ; =0 (3.36)

2 Kk 3

AL (3 4 2 M {7 (o ¢ it
40cUI2(-7 9 74 fge1 (7 K 3

i ' (-un

= (3.37)

J kK )
~J+1 4 J=~(9+1)

tnson(37 2 (o
-} 3 J-g.

J Kk 2
R/ CY) J-ceoz)}

+
LEIEEEN

n=2 (3.38)

Instead of these cumbersome expressions for the expansion coefficients
the following have been calculated in appendix 3

(-1) (K+9)!
A"' 9‘ 2 (I:-S)' V;; ;y =0 (3.39)

[3¢  [ik-8)(Keget)
AH 430 55’,,1 2301 ‘/ _&ﬂ.}

N= (3. 40)

= 1 and n = 2 the coefficients ”

i
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-A,., r-mkonL)S. .L(, _s,g,,)],z(ml;;,

(3.41)
where the function SK is also defined
Sk = 1 _(_zl.,l_ = J(7- '/,_)(7- 1)(7-1/1) eee (J- k-t
%= 2% (27-xi 1 o

By means of these coefficient expressions and the general Bose operator
expansion of the Racah operators they are calculated for odd values of K as
well as even values of K up to K = 8, table (4). It should be noticed that

all Racah operators ar: frfinitr svnonsions in Boseoperators
included the operator: 6] 0‘62 0" 6&0 The negative valuvd vperators
are found by means of (2, 1u,. .. ... uperatur cxpansions only terms with up
to five Bose operators are written out because of the limited validity of the
spin deviation representation. Further the Stevens operators expanded in
Bose operators are calculated for all even values of K up to K = 8, tahle (5).

Finally in this section a comparison of the result of the two methods of
expanding the angular momenta in Bose operators will be carried out, From
table 1 and table 4 we find

O"= .7 =-~ /—(ﬂ.”—( 'Wt (3.43)
b (142 B Jatinas )

Therefore we find for J+, when we use

S’aJ; Sy = 27 ’/2.),' 5” J(J"/l)(J‘ 1)
L=/ [ 1+ 015 - 1),
o H/7F 1) 1)l

This expression calculated by hing matrix el ts is exactly the
same regult as the Holstein - Primakoff method gives

(3.44)
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4. THE TENIPERATURE DEPENDENCE OF THE SINGLE ION
ANISOTROPY AND THE SINGLE 10X MAGXETOSTRICTION

4.1, Single lon Anisotropy and Single lon Magnetostriction of a Ferromag-

netic Crystal with Hexagonal Symmetry

The crystal field acting on 3 pariicutas 1on depends on the anisotropic
distribution of the vther ions in the iutlice and on ‘he conduction electrons.

An additional contribution to the magneto crystalline anivotropy is caused

by the magnetostrictive coupting between the magnetic moments of the ions
and the erystal lattice. This magnetoelastic coupling accompanies the mag-
netic ordering in the crvstal, In this section we want to calculate the tempera-
ture dependence of the single ion n:agneto erystalline anisotropy and the
single ion magnetostriction of a ferromagnetic Bravais lattice with hexagonal
symmetry. The magneto crystalline anisotropy of an unstrained hexagonai
Bravais lattice in a c-axis representation is given by, Cooper, Elliott, Nettel

'
and Suhi"®’ and Goodings and Seuthern?®).

L':Z{ q:a:(t)+9; 0;(:)4-4 0‘.(¢)+ 5“ O“(u }‘: 4.1

The (:'q‘ (c) - operators are Stevens operators defined in (2. 23) - (2. 25) and
the BK- coefficients are the crystal field parameters after Elliott and
Slevenszn.

For temperatures lower than the ordering temperature T » the single
ion magneto elastic Hamiltonian of a hexagonal Bravais ldtuce is, Callen and

23)

Callenzz) and Danielsen™

X =-Z{l e &Y B ) O + (8 €M gt ) 0w
4
_'(Bdﬂedd “2 dl) 06(‘)"'( o, dl 4.16¢1) 0‘(0

7. f
+Bn( 01 4 & 0:(9)-'- &f(i,'o,‘m v E{o,'w) T

-

[ 4
+8; (£7 0"(:) + E[ 0:(6))1' B:; ( f,r04‘(¢)- f,_rO:/s))

et as r
* 0 (€70} & 0)t9))+ 85 (6¥ 0}1r 455 0]13))

(ST RTINS
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+ By (55 0flo+ 150)1) + &5 (55 010+ £ 0ts)
+ 85 (33 00~ £ 0%9) . o

The magnetostriction has b.en expanded after the irreducible strains of
the hep-lattice, Callen and Callenn)

E"’= £ln + t’,* t;z
C"t' g(tu':!! 5"')

C,r= %(cu'fﬁ)

(4.3)
:' fx,
£ = £y
f: = {n

Oa(c) are the Stevens operators and the B'® are magnetoelastic coupling

constants. The elastic energy associated with the homogeneous strains is,
Callen and Callen®?!

Xe= 560 (s%) e €3 €€+ § G (€)

+ 3TN+ + $ LD (1)) s

Omitting the non-homogeneous strains or phonon modes caures the elastic
energy to be pure classical, The C'® are the elastic constants of the group
of the irreducible straing. They are related to the five independent Cartesian
elastic constants by, Callen and Callenzz)
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o b it 05 A

C;’" = g'(Z Cpt2Cs +4C +C33)

«

€2 = 3%‘{“(11“511 Gy +33)
Cii= $Cu+bcy-feu+dCy

Cr" Z( 1=Cz)

}'ollowing Turov and Shavrov™ 24 nd Cooper” 25) we think of the magnetic
moments of the spin wave precessing sufficiently fast that the magnetoelastic
strains are unable to follow the precession. This is the frozen lattice mode}
which implies a substitution of the equilibrium values for the irreducible
strains.

Let :r be a shorthand notation for the irreducible strains of the hexagonal

magnetic lattice. We separate the Hamiltonian in a strain dependent part

j
]
]
|
i

r - . :
x(c ) and a strain independent part ”, . We set up an expression for the free
energy of the system and minimize the free energy with respect to the irre-

ducible strains € to find explicitly the irreducible equilibrium strains tr
The free energy is given by P

I(E") == KT A /}L{ (%Hf(t"))/r,r( (4.6) §

The equilibrium strains are found by minimizing the free energy:

M(t) ~ (M +dce’)
A . T g S g BtV
’a{ A (I.M(c’))/k.r }

¥
i

or

X’ :
< 938") > =0 (4.7

(U SE—
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It is not a simple task to differentiate inside a Tr-operation. The pvrmissi-
bility of doing so involves a knowledge of how the wave functions in the Tr
-operation are influenzed by the differentiation procedure.

The actual calculation of the equilibrium strains is performed by means
of (4.2) and {4.4). Expressed by the elastic constants, the magnetoelastic
coupling constants and thermal mean values of the Stevens operators we have
for the equilibrium strains (remember: a c-axis representation)

£'= F..T;}-Tc,? { (6285 - (8 “)Z Oy, +
(G- )]Gy, +
(G oS- Gaa)>_Coy, +
(G- ¢34 )Z(o‘(o) J

(4.8)
=42 1 . ]
e = Cge Cra (Cn)! { (C,, C,'; B2 )Z (0 (r.)>
o6 B )T <O,
(8- )Z (O w);
+ (CJ cu a“ )Z( o“(a> 5

(4. 9}
EN= cif { B Z( 0}, + 8, Z 0y, + &EZ@:“‘),;

+ B,” Z(Q:“’) + 8y Z(O:(U) J (4.10)
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£

RO RIRC, VS S

= 1 . r
AL RCARCDR YR R PR

E, g
£’£= g—‘ { b ;(01'(02. * ,f, é‘:( O,: @ + B‘,‘Z<OZ(¢))4,

+ Dj; Z <0“(c)>‘. } (4.12)
+

- 1 £ £ £
£ = Je{ el Y <o, + e,,,é‘]q,'(s))‘. +8% Z<°Z"’>¢

*8“52_‘(0{(9)‘.} (4.13)

From the point of view that the magnetoelastic effect for T ( Tc causes a
modification of the magnetocrystalline anisotropy we calculate the temperature
dependence of the anisotropy. We see that the magneto striction causes a
modification of the "unstrained' anisotropy terms as well as a generation of
extra anisotropy terms. The temperature dependence of the unstrained
anisotropy turns out to be, T = Tc

LHen?y=2_{80)- &) E¥ - g'emy i"a’n} Loy,

. . “r_ =a w2 (4.14)
(B> =2 {§ )-8 E - BmTen [0y
* (4.15)

<on)g y=2 (B8 0E m- BT n)onw,
_ 3 o1 =y 2 ®.16)
(el r=2_{om-Eemin)- den T [<O4od ¢

(4.17)
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or, in a shorthand notation defining effective temperature dependent crystal
field parameters, bf:(T). The transition temperature Tc is used as a refer-
ence temperature.

)= Z B Q). -
(euly= 2 By <00, (a9
<(xa.‘);>=2; Ba 0w,
(o 7= 2_ B L Oftry; a.2n

from where we find for the effective temperature dependent crystal field

parameters,

By = B(n) -8 (TIEV T - )T we
B = 87 )-8 ) - B wm

B, = 8 (T)- B mE - T ) e
BeT) = 84(r) By (NE T - BLE ) s

The extra anisotropy terms are generated by the ¢V, ¢ | g: and g:

strains, The temperature dependence of the anisotropy caused by these

irreducible strains is

Wodzry =~ 2t { BLm <0k, + B <Gfoy,
+ B0, + 0{., (1) <0F0;

+ Bz; CT)gO“' (c))‘- } (4.26)
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Ciom)ry= -> & { B (PO}, + By 1) (O,
+B2r) O}, + B TI<OHD,

+ 5;'; IO 9; } (4.27)

((oulgr= =2 Emr { B, <Oteh;+ By, <0,

+85 () LOf () + 85 (ro0f, } 1

(4.28)
{Mage> =2 Flen { Bn<0jsn; # im) <Oj 0,

BI04, + 85T LOF), }

(4.29)
The temperature dependence of the irreducible equilibrium strains is given
by the formulae (4.8) -~ (4. 13), At the critical transition temperature Tc we
find for the temperature dependence of the anisotropy

(U] 2 2 RGOV PR (4.30)
(o) >T_,c=§_é“.e;a:)<o;m>‘.,m (5.50
(M) >7;7€ =Z{: B(1.)0; ©% T, (4.32)
(e D1 Z 8 )0, 1t

The last expressions show explicitly the disappearence of the magnetoelastic
coupling at T = Tc'

(4.33)

e N i o it i
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In the temperature region T ) Tc the magmetoelastic coupling is not
effective as the magnetic moments are no longer ordered. On the other hand
the normal thermal expansion is present. The temperature dependence of the
anisotropy is therefore in this region determined by the temperature laws of
the Stevens operators as as well the temperature variation of the crystal
field parameters Blm. They depend on the lattice constnntsgof the hexagonal

)

lattice. In a point charge model calculation after Hutchings”’ we find this de-

pendence to
mn 4
7 Aar
8, (1)

V4 Lr1

Taking the value of the lattice parameter r at T = T, as reference temperature

(4.34)

we can expand the crystal field parameters from this value of the laltice
parameter. For T ) Tc and to first order in the lattice parameter

B (1) = 8)+5F ), of
but

an( Vo B 71’,_4- for which reason

4 -~ 4
3—?1" By 1)~ - (L-1) vz

B:(T) & 3;’(72)("—(1*1) .447".) {4.35)

where 8r means the change in lattice parameter measured out from the
lattice parameter value at T = T
The temperature dependence of the anisotropy in the region T ) Tc

therefore becomes:

(o> = 2 80 (1-358)<G0>; e
NCWOL Z B) (1-5L)K0@)  wm
<(&“):>-§: BT (1= FL)OD; s
() >= BRI 1-7 LROD;
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4.2. Temperature Dependence of the Stevens Operators

To find the temperature laws of the single ion anisotropy and the single
ion magnetostriction we must calculate ihe temperature dependence of the
Stevens operators. This might be carried out by means of either a molecular
tield or a spin wave calculation. Using the Boseoperator expansions of the
Stevens operators we here perform a low temperature spin wave calculation.
In appendix 5 it is shown that the Hamiltonian of the magnetic system turns

out to be

2o LT ) £ (g H)
{4.40)

As a consequence of including up to four Bose operators in the calculations

(two-magnon interactions) the characteristic coefficients of the Hamiltonian

A1+A41

+ ab (4.41)

1

are

‘41
B
i

Here the & Eo' l\Aq and A B_ terms come from a treatment of these higher
order terms in the Hartree-Fock approximation, which is a second order !
perturbation theory, while the Eo’ A _and B come from the non-interacting
part of the Hamiltonian - In appendix 4 it is shown, using a method by
Kowalska and Lindgz’lrdzs), how this Hamiltonian is diagonalized and brought
to the form :

A=1+ ; tﬁ (’;'1*2{) (4.42)

8,

E + 4aE,

n

U]

the familiar harmonic oscillator form E
where
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{’= / 4‘—/@!‘ . (4. 43)

is the dispersion relation of the interacting magnons and fi_ is the number

+ + R
operator, ﬁq = )-‘q F. Fq and F_ are creation operator and annihilation

operator of the diagonal representation that are described by the eigen-
functions |n ). The diagonal representation operators FYana Fq are con-
nected with the Bose operators a;, aq through the relations

a1'= d" * Fi (4. 44)
a$= p‘l E;"'P:.Fg

Fq, F;, F q and ¥ +q obey the Bose commutation relations

t
[Fisﬁ]g"

F F’lz 1 ' (4. 45)

1., ~4 all other commutators being zero.

To calculate the temperature dependence of the single-ion anisotropy
and the single-ion magnetostriction we set up a calculation of the temperature

dependence of the Stevens operators summed over a Bravais lattice, so
8¢, ~H/kT
H{T ok 7%}
T (e

<;o:(§))= ; 340 (4. 46)

~AfkgT
Zo (‘)> 731 ZOu)L } . gu0 -
ﬁ{,z""/"'r] ’ '

As a basis of these calculations we have performed the necessary Fourier
transformations of the Bose operators in table 8, The non-interacting part
of the Hamiltonian involves the following transformations



+ L d
lzazat = ;aies
+ +,t
5 did = 4
%: a4, = %: 4 4,

The interacting part of the hamiltonian contains the four Bose operator

expressions:

totatot 4 ta
;a,a,a&a‘ N %‘4 a! d’ qs, -8, J%,Q,d.

tnt 1 N
;ala,a,_a,; = ¥ %-‘ ,“ -z, 1, ‘;3113,,1,.;4
99
(XS 4 + .t
a,4,4a, = o
; e Gy = N z’? ,a!‘“s,ag, J;,u,_’g,,% (4.49)
2%

+ - KA +
%:ala‘ta,lq{ =¥ z ag,a.'g,_a!,ah, J’i'?;,i,o@.,

a = L
; 4a{a‘ a{ N 99 43,@!‘ %3 Q,* J;,*&, 7,1-9,

The thermal mean values of these two magnon interaction terme are decouple
by use of the Hartree-Fock approximation giving:
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r', Z Ions 00 <%%4,%,%, =
s t Z ( 2 (ﬂ, Q{)(O,‘a' >t <Qg:%: >< a’,@,)}

(4. 50)

4

N ,ﬁ«,,,,.,, K4325,45, 9 >+ <%,8,%,%, 5] =
%94 423@,4,)((_, a7y + G, _,‘)

(4.51)

1 + -
N7 259 19,9, [40;,“1.‘3:,43 Y+ {8, 8,4 4, 5 |

1’1

ue,
Z 3(<8,8, <%, 43 )+ % 8,549, 5)

(4.52)

We have only written out an even number of Bose operators as matrix elements
of an odd number of Roge operators are zero. This means that the thermal
mean values of Stevens operators 0;1(:), summed over 2 Bravais lattice, for

q add are zero, In a Bravais lattice the dispersion relation constant Bq is

real (see app(4)), which implies the mean values of the Stevens operators

0;{ (s) with q even to be zero. Therefore the only mean values being different
from zero are the following

< ‘?O,?(C)> * 0 qevenandg - 0

Lne temperature dependences are of course different whether we do a non
-interacting or a magnon-magnon interacting calculation, Below we distinguish
between these two posuibilities,

By means of the Bos¢ operator expansions of the Stevens operators,
given in table 5, a Fourier transformation and a Hartree-Fock approximation,
we find, taking magnon-magnon interactions into account, the temperature
dependence of the Stevens operators summed over a Bravais lattice,



(TOjy= 25 1- 5 T %% |
R ONCCIOTINELE ]

(T Ok =fmw{ § Z (KR <ty )
~[EIE-21h a4y + 4]

<§0;<<)>'5%V{ 1- —Z<Q~y

B 2 (143 4og))
(§0:<c))=6,—‘-’- ,%% a38,>+ (A 8,)
513482 AT 4}
ZOjy=60% ,J <4,:z, Yy + <%2, 544, 4y 0) 1

5

(Z0@)= 165N { 4-5,% PRELY,

BT (1 aalgan) |

(;0:(‘0 16Js_zlvf i Z((ﬂ Q >+<Q,g,>)
(Lo STAT qaptaigpya)

Yo Yy=60% L *
< ;O‘ “')"60/3: v m{‘gv,ac,’ OSTYCX RN Y
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< ;o;m) = 1285 { 1- ;”‘_;, z;_?a;a’>
3 ,,.Z(Z@,a,,xa,a y*<%a ,7(@'4’:)}
<§O:cc)>=32,-‘%y{;}z (¢2,8>+<84,5)
i (1R 3 TS ey a0l

(T = 240 Z(<a’a. NGy ) +439.8,5<Ay )

(4.53)

Two characteristic functions A M({T) and b(T) are defined to bring the tem-
perature laws of the Steven operators summed over a Bravais lattice on a
more closed form, A& M(T) is connected with the relative magnetization m(T)

through the relation

m(T) = Lun 1= aMT) (4.54)
M{o) ‘
where M(T) is the magnetization at temperature T and M(o) the magnetization
at T = 0, The b{T) function accounts for the ellipticity or the non-circular
spin pressesion about the direction of magnetization, therefore it is a result
of the non-cylindrical anisotropy. 8 M(T) and h(T) are defined through the

relations

1 ¢
AM(T) = 5—’72’ <a,¢1)
- = i
A = _w; <qa)

As already mentioned the B_-coefficient of the diagonal energy expression
is real for a Bravais lattice. This means that we have as well for a Bravais
lattice

L) ol 244’4; (4. 554)

(4.55)



- 42 -

Substituting the characteristic functions & M(T) and b(T) we find:
2

<L0%) =-2$,N{4—JAN(T)+§=;'; (2aMm*+ ,Jtr,:)}

1
(G0 =2s n A {15/ [/2-3)samm |

. e

(T 0Ny =B8N {1~ 0aMir)+ 4 si;(zmam,m;‘)}

7

3

<;0:(¢))-1zfrts.f! M‘LT){1'-’,%{}*@--}{]341‘“7}}
<Y ohery=125N/5 w b

£
<;o;«, y= 1650 { 1-21 aMer)+ "2 s} (2amrs Aer)?) }
<§O‘z“) ?-32—%”‘0} { 1-5,/%-’,‘-:[64-/%-.,5 ]34"(1-)}

2
O“)=1205' N‘(rl

&Gy fé‘ v A
CLONery= 12854 { 1-36aMir)+ 5} (2 amcrfe Ky’ j

[

2 LY 3 $
<;O,cc)>= 64 -',t;i: VA {1- S"/;:-—‘::[ m[-‘.,‘z-;i] 34M(r)}
sts

<§0,"cc;>= woﬁumz o

Stevens operators with q) 4 do not get coniributions in a theory involving
only two-magnon interactions treated in the Hartree-Fock apnroximation,
These rather complicated cxpressions might be analysed in different ways
making it possible 10 compare with simpler, but well-known theories.

a L it
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tn the infinite spin limit J = the different J.dependent covfficients are

examined.

and the temperature laws then become
4 ;0;«)) = ZS.N{ 1-34MT) + JaM(T) s };‘(T) ’}
<ZOofna2sfm Wb 1-§amin)
O3S 83N { 1-0 atun) + 5amm*+ i A }
<;O:l¢))= 12%”‘(1)(1-'{4”;1’)) 4.57)
<Z Oy xusHfE v 4’
(;0:“))3 165N { 1-21aMcr) + 210 8 Mir)+ 105 4)*

eoyx 32 5% -3 M
<Gz 32 Bt wda)(1-3 amc )

SI

<Z04)x 120 7”:% n baj?

<L 0jr ) 128 5p¥{ 1- arncry+ 630amer s oss K’ }
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<LOjryZ 64388 N fur) (1- § aM))
2

2
<Z0j)ys 480 isi'm(n
4

To proceed we set up a Tayior series with
x = A M(T) and use thot m(T) = 1 - 8 M(T}

(g = foens ML 2

3
«=3 : (1-4»1(1-))3: 1-3aM(T) + 3aMM % -+ 2 ma)
®
a4=1: (1-Amr))”= 1~ 108MI)+ $5aMir)*~ o2 = mar)
«z21: (1-gmm)¥= 1- 21amr)4 208ma)t o = men®!

€=36: {1—4mr))'“= 1- 364mr)+6304mr)i...-mcr)"
(4.58)

The temperature laws of the infinite spin limit are therefore only to second

order in A M(T) and b{T) by use of the Taylor expansions written as:

guo

< E O:(c) ye 6,2”5,( ,m‘r)l(lkﬂ)/z' (1+ 41’)

KOcH)E K(Kke1)=2)/16|

(4.59)
explicitly for K = 2, 4,6 and 8

(Loen* 2SN s> (14 furh)
(;0;(‘)) x 85,,4/»»;(1)”-( 1+,{q-)z)45/2
(ZI:O:(C)) x 16 M mur)*L (1#‘(7')1)”5

( :Z Opeeryx 12850 mr)® (10 4rfy’”

Bt i B e B e i i i
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g2
< ;O:(O) 2 exmsx Vié Ar) ma)“"’)/§] (4. 60
3

explicitly for K = 2,4,8 and 8
(ZOj@y 2 25,5 ¥ A puvel
a
0%y~ 12 515 2
<1£ ) =1 = N ATy )

2

S 0X(e)y x 32 S15¢ g
4 < 06(¢)>_ f_,_' NAT)mim)
14

< Z Op(u)Xx 64 53¢ v 4iry s E
/s

4us

/‘(T) (4.61)

~ o
<§o:m>= G Sk == V"

explicitly for K = 4,6 and 8
< § Oy 12 S N birs?

2
c 0% X 120 SLS¢ 2
<% (<)) = 120 V:/v,écr)

KXoy x 480 i;,éfwcr) 2

The b(T) = 0 limit
If we put the parameter b(T} = O corresponding to circular spin precession
or cylindrical anisotropy alone we find the temperature law of the Stevens

operators with only q = 0 operators left,



- 46 -

( 42 Ol % €5, men) kw12 (4.62)

This is nothing else than the well-known low temperature K(K + 1)/2 law,
which has been calculated by many authors as the temperature law of the
magneto crystalline anisotropy. This power law has been calculated by
classical as well as quantum mechanical methods; see Callen and Callen27)
for a review. What the actual calculation in the infinite spin limit really
does is to show that the second order.term in this series comes exactly out,

The non-interacting limit

For finite spin values the calculation based on interacting magnons in a
Hartree-Fock approximation explicitly sets up the different iemperature laws

of the Stevens operators Oﬁ(c) for q = 0, g = 2and q =4, But even a non-inter-

acting calculation gives different temperature laws of the Stevens operators
with g = 0, g = 2. For this non-interacting limit we find for finite spin values

g=0

° ) 1
(%o,‘m) = @: Sk mer) xeniz {4.63)

$=2

( ;O:(c)) = e.:”Sx -;?’_z ,g(-,-) (4.64)

explicitly written out:

§=0
< 21:0;“)) = 25,N m(n)}

(ZG0Yy= 854Nmm)”
(Z0f0)= 16 SyNamery!

£ 4; Oy )= 128 SgNmery®

O

P
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31y = 25,/5 v Bar)

(ZO ) = 123 M&cr)
2, S

(ZGy= 22 7!;"& NAo)

<2 G- 54% 2]

the g = 4 operators are zero in the non-interacting limit as they depend on
b{T) to the second order.

On the basis of the calculated temperature laws of the Stevens operators we
we conciude that the EI , the E: » and the c: contributions to the magneto
crystalline anisotropy are zero, Actually besides the unstrained anisotropy
only the E"'l N EG" and iz strains contribute to the magnetio crystelline
anisotropy. In the approximate infinite spin limit we find for the anisotropy
and the magnetostriction, remembering the magnon-magnon interaction theory
developed only holds for low temperatures (T Tc)

(nl; = 2 Byor) 25,8 marp (14 4 r)’)

<Ufau); e ﬁ:cr)&smmm“. (1”‘0,)2)"5/2

(4. 65)

(Y Y 2 B 163, 0mens™ (14 Bery) ™
()i 2% 0

The temperature dependence of the effective crystal field parameters
given by (4,22) - (4.25) 1s expressed through the temperature variation of

the strains ™%, g®®  and &)
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E¥'tn = s {6 Bt G 250men Yoket]

+(G2 b:,','(r)- (a2 b}‘ﬁn)?s,umn (uan‘)"

o R

i
i -, '
{(GiBr- (B in)16 SmuC ) 1

(4.66)

—d 1
W2 - Cx3
£ = T eyt {((u 8y (N-=Cy g, MORSLLEY *es )

oG =285 ss,mm"’fwuf)""

(8- an s Hmas (14 4u) "

(4.67) »

= L{eimsybmmardeym 1 é;éucr) '

+5‘,_cr)32-5’—5‘3 v A)mar™y Bﬁ('r) 1253 N &m)?

sts,
+8] (1) 120 2125 v Br)? } (4.68)
fair 1209 |

The only extra anisotropy term different from zero-generated by the ¢:

-strain is according to (4. 26)

<M“‘}E,'>= - £l { By 25,V ¥ bcr amcr)?

5
+81y(ri12 ‘r-f’ wha) mun®

+ B‘;(T)JZ ‘#”,‘[lr) ﬂ"(.T) )
* 64,m 12 S'/; il B‘,,m 120 %M‘M

The remperature dependence of ¢£ is given by (4.68), (4, 69)
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§. THE SPIN WAVE SPECTRUM OF THE HFAVY
RARE EARTH METALS

5.1. Introduction

The spin wave excitations of the heavy rare earth metals are treated in
this section. We want to calculate the temperature dependence of the spin
wave dispersion relations. The temperature dependence of the spin wave
energy gap is also treated in this section.

5.2. The Hamiltonian of the Heavy Rare Earth Metals

The crystal structure of the heavy rare earth metals is the hexagonal
closed packed structure (h c p), of course with the c¢/a-ratio different from
the ideal ¢/a-ratio of V8/3. The calculations are performed in a ferromagnetic
structure and spin wave interactions are included to give renormalized ex-
pressions of the temperature dependence of the spin wave spectrum. The
Hamiltonian consists of the isotopic exchange, the single-ion anisotropy, the
single-ion magnetostriction, a term describing the effect of an externally
applied magnetic field, and the elastic energy is also included.

The Hamiltonian therefore consists of the following terms

I‘-‘ Xa+}fm‘+ ]{,.,,¢+Xh+de (5.1)

The exchange interaction between the magnetic ions of the heavy rare
earth metals is indirect. The direct overlap between the 4f-electrons, which
carry the ionic moments, is negligible, but the 4f-electrons are coupled
together quite strongly through the conduction electrons. It can be shown,

28)

see e.g. Mackintosh and Bjerrum Mpller”" ' that the indirect exchange inter-

action takes the isctropic Heisenberg form
(R -B (5. 2)
Ko = Ky = =L 4(ReoRp) 305
f ot # ‘

when §1 is thc localized spin on the site Bl and jml-‘Rl') the exchange function
that depends on the susceplibility of the conduction electrons. But the strong
spin-orbit coupling in the 4f-shell of the rare earth metals causes S not to be
a constant of motion, Projecting 3 on the total angular momentum J, wpis the
Rohr Magneton and g is the Lande factor
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7- L+$ l

-1)2=35 (5.3)
3= g (L+25) J (-1
we find

= =0 (4% BBy T
8

= —2__ ?(P 2 3.3, (5. 4)
OF

where the exchange function now is

- = 2., =
- 5.5
](@-g.)- (§-1%§ (B-Ryy) (5.5)
It should be mentoned that the isotropic Heisenberg form (5.5} only
provides as a first approximation to the exchange in the heavy rare earths a:

it has been shown by H. B, M¢ller et 3129)

portant.

that anisotropic exchange is im-

As the hexagonal closed packed structure consists of two interpenetratin

sublattices the isotrop exchange takes the form

"Z T(fa-ﬂ Je-2. 7(e,,,,,) 0

o5? m>m'
_.Z ;’(ﬁh) T (5.6)
4m

where the two first terms are intra sublattice exchange characterised by the

exchange functions ;('Rn,). ;(Rmm‘ , 1 and m being lattice sites in the twa
sublattices indexed 1 and m, The third term of the icotrop exchange is the

inter sublattice exchange characterized by the inter sublattice exchange func.

tion ; (R,.)-
I'or a hexagonal lattice, we may write the Hamiltonian for the crystal
field anisntrany in the c-representation in the for

Tom = {8,000+ 800) + 80 » 8 6], (5.7)
4
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The crystal tield acting on a particular ion, which is a result of the anisotropic
distribution of the other ions and conduction electrons, produces a splitting

of the 4f-levels. The minimization of this crystal field energy causes u pref-
crential orientation of the magnetic moments, which may be viewed classi-
cally as resulting from the action of the crystalline electric field on the
anisotropic 4f-charge distribution. The large spin-orbit coupling then ensures
that the spin, as well as the orbital moment, follow the charge distribution.
The 5 ?(-coefﬁciems are the crystal field parameters defined by Elliott and
Slevensz'.)A point charge calculation of the crystal field parameters has been
done by Danielsen2 . From group theory it can be shown that in the hep
-structure only B;, B:, Bg and B: are non-zero, (In an ideal hep-structure,
c/a =873 the Bg-parameter is zero). The O;‘{(c) operators are the Stevens
operators, defined in (2, 23) - {2.25), In some of the heavy rare earths the
axis of magnetization lies in the hexagonal or basal plan. This invoives no
problems of the isotropic exchange but for the anisotropy such a change in
orientation of the quantization axis might be treated by a rotation through the
specific Euler angles (a,B,Y) that transtorms the axis of quantization (the
c-axis) to the direction of magnetization. This rotation of the Stevens operators
are done by use of the rotation of Racah operators (2.1) and the fact that the
Stevens operators are linear combinations of Racah operators (2.23)-(2.25).
Such rotations of Stevens operators have been treated in details by Danielsen
and Lindg?ards).

On the basis of this work the general rotations of the Stevens operators
have been calculated and written out in table 6, We shall hereafter refer to
this tanle for all Stevens operator rotation problems.

hMagnetic ordering may be accompanied by a magnetostrictive strain,
which reduces the energy of the system by modifying the crystal fields. Such
a magnetoelastic effect makes an additional contribution to the magnetic
anisotropy. Thinking of the spin waves in the classical picture the precession
of the moments in a spin wave is sufficiently fast for the magneto elastic strain
to be unable to follow it; it theretore remains static. This is the frozen lattice
model proposed by Turov and Sharov“’

In addition to single-ion contributions to the magnetoelastic coupling a
two-ion coupling may also be active. This effect has not together with tne
anigotropic exchange been treated in the actual case, as it requires a more
eiaborate theory of tensor operators including rotations of tensor opsrator
products, The single-ion magnetuelastic Hamiltonian is here set up on the
basis of the irreducible stralns of the hep-lattice and a group theoretical
consideration of the symmetry of the hexagonal lattice done by Danielsen
The irreducible strains of the hcp-lattice are given in (4.3).

23)
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Hong == 2 (B 6%+ B35 €%) 051cr+ (B € B30 ) 04
<
+HE e, B3 O5cr+ By €' B €%°) 0§)
+ 8% (£ 0}y + s70%s)+ 032 (5,0} r+ T 0}w))
+ 88 (67 0k0r+ 670 is))+ 8] (6] 0Ma-610(5))
+ 8y, (67 0k~ £F Glesi)t B, (£50%0+E50s))
* 8, (€50 g50)(s) » By (E50)0) +£0cs))

{ -
+ 85 (ffO:( o= &'z‘ o s)) L (5.8)

The B'® are phenomenological magnetoelastic coupling constants and the
irreducible strains are taken as their equilibrium values because of the frozen
lattice approximation. They have been calculated in section (4) while the
coupling constants within the limitations of the point charge model of the
crystal field have been calculated by Danielsenzg). The effect of an external
applied magnetic field H contributes with a term in the Hamiltonian

¥ = —?/40; H-7, (5.9)

where g is the Lande factor and u g the Bohr magneton. The elastic energy
associated with the homogeneous strains ig Callen and Callen

I“t = Zicf:(tt")z-r Cj‘z_ Eq,fz-,l - _z! C;Z (zd,l)l
r 7 (f,’)z-r(i{)") *r }_"Ct((i'l)lf (i,‘_)") (5.10)

s .
The c¢'” are the elastic constants which are rulated to the five independent
Cartesian elastic constants given in (4, 5)
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5.3. The Temperature Dependence of the Spin Wave Spectrum of the Heavy
Rare Earth Metals

The contribution from the different terms of the Hamiltonian to the spin
wave ispersion relation has been treated in details in appendix 7. Taking
into account magnon-magnon interactions the complete Hamiltonian is brought
into the form

K= Loty = Ko +dam + Hme + K g (5.1

with
L= B+ ) { 2K (Gac +acal)t 3 AL byt + bl )
+3(88 tutiy +82°a101)+2(82 by +BY )

+Cx axb: +Cn b,d;} (5. 12}

and
B= 05+ 4 Fohelaltraal) - Fan? (6 bab)
v} (68800, < B 1 a8 b st

+4Cx Qu by, +4Cx by Oy + aDc Qn b vaD} l;:a:}

or in a closed form (5.13)

X Ao+ 1S 0l )+ EAE (bt
+ (B v BT r HOBS bob + BB

*e‘ akb: + e‘"éga: fADKa,b_,‘ * 43:6:: a:j

(5.14)
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+
s l.'; sre magnon operators of one sublattice indexed "a" and by, hxnrc
»
magnon operators of the other sublattice indexed "'b". The dispersion cons

take up contributions from all terms of the Hamiltonian., They are given
through the relations

‘.c EotaE, = z.(.u)f L(On) * 1 (me)+ o (ee) {s. 1!
o= Ateadi= g o)+ ofniam) + A tme) + A lLee) 5.1

04:,' A:"'A‘: = J:(a) *J:(Mt) +dxtme) -nll:(lu) (5.1

D Betabon B (o) + B (am) + B (me) 5. 18
3:‘- 9:‘:45:': B ‘;u)f 3;2-!) + 3:.(4'") (5.19
Be=p' radl = B e)+ Batam) + ﬂ: (me) 5.20
3:" 0:.*40:' 'J:;uhz:(au) J:’?ud (5.2
€ = Cuvale= Bulan) (5.2
e = C:"dd = €y () (5.2
o= adx(s) .24
aDi= a2k () (5.21

The following relations hold for the dispersion constants, as the hep-lattice
built up from two interpenetrating Bravais sublattices.
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a ] i
AK = A. (5. 26)

a L (5.27)
B“ = ak
» 5. 28
Cx = C,‘ (5. 28)
AD, = O.Q: (5. 29)
K

The complete expressions of the dispersion constants are set up helow, The
renormalization has been treated in the Hartree Fock approximation by means
of table 9. The structure is ferromagnetic with the moments lying in the
hexagonal or basal plane. This is the structure of Tb and Dy.

The digpersion constants of the exchange

E, () = —A/(','(oﬂ}”(o)) 5,(5,+1) (5.30)
aboles) = ;';/z:_(ilm](&-&w(ﬁ-s,)(;(sn;(&) )*
(<4yay> + b, ) +
30 2 Ao a2 -5) ()
(<40, )t 0> < b 3 O3> ) =
2. (%-M)ﬂ&xéﬁ,b‘p -

Z; (5-V%) ﬂfa)‘,( b;qk,) =
2



s
-3 ) Jl (2 k<A by NOLRTINRY
‘ﬁzﬂ-@ )]?53)’(2@-',“-)“’:,“.,) +CAy k} ¢0,8.)
‘5;‘ ORI AT RRTA NS 13, LV TC R
g, 1
‘52;(51-@)(27’(&) b, b< by o)+ Tt b X8
-r',gz Tlo) <040 3<H, by>
‘5;&7'(5-5)(@25,,% b ) 4 By 34 b))
22 LICCASIRTAN))

z,,Lzu. V5 e 7«.;) e o)
J(<a, a . <>+ € b:,#;"%‘ql

(5.31)

Agte) = S, ( flo)- 7(5)+]’(o) ) (5.32)

44:1@ = f,kzz{;m * il - 4(8,V5,){ FikgHF)) <An, 8
+2(5,-/§X]'5)'<b:fl.«l)+ 7’(5)(&,;5..,))

+ F'IDK b:,,b,,) _)l (5. 33)
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A:(u) - -i,(f(ﬂ*’lﬂ*rﬂ) {5.34)

o= §T e Pl s-des- s ok i b
» 205 TR (Fo0%B80> + Flraca by

+ Foncaiag) | (5.35)
mt_(u)-,{.;{ [26s-m)(Foen T ) - F-sl<acals
+ 205-15) Pl s &5 | (5.36)

28, (o= 52;—.{ [268-75)( Joa » ) - P01 <A 400
+205,-5) 7'(x9 <‘_?.,b.‘,>_} (5.37)
aBigen= {205 N ok )Tt B >
+2(5-15) PUaI<e > | (5.38)

o8 Lanr= $ {120 P+ yua)- T05-5)1Cby k>
|t Fler<eayf o
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Cutan) = = FE0°S, (5. 40)

4G (2)= ,,,Z{Z(S, Is‘,);(k,)’(<a.§a,)+<b,"b(,>)
+ ;(Ki'”z)(ag'bx') } . (5.41)

C:(a) = - 7 (K)3, (5.42)

aCE ()= 0 | 205-0%) Fle) (€ Qx> + < by bed)

+ r(’.‘t‘gz)'( b:-,‘lx') } (5.43
aDogen=y )_{ (5751 W' @l at >+ <kl L))
+ Flia-ka) > | (5.44)
aDxgaef= 2 ) Flh) (A, v+ <y, b))
+ Pliern* <ag b ) (5.4

The dispersion constants of the anisotropy (two sublattices, a and b)

Eotam) = N{-8; 5 (1+ 7+ 385, (1+5 )
-(53‘ 6‘ Co)&)s‘(f‘* )j (5. 46)
4 . 0
aButam)= (30 + B 0,5 - 105 (56, ofosn) )
120 (< eter lgaed + by by < by >)

*
- 2/\/;’ ((Q,,’q*’) + (b:'b,,,))}



3% (0 (B - 2)- s R 352
s B85+ 8% séa) (6452 - )
LIV (R i+ @e i)
- L (helelaly gl dhond, e o)
4 (T4 - $r6-Gusin) L )
{-3Z (ol Bl + Q> <242
B> b5 4 ¢ bi by 2¢ b.,k,))}

(5.47)

Ag(am) = 383 %-ho;f +21(56; -85 co36x) % (5.48)

okl o) = (-R000 005 31 - 0510 - Bos6) ) S T 450>
SR (5 (FT-2)- n 1 E-3)

+ B8 abusie) (62 -2)ik )
. 3{ ((ﬂ;@;) < a-,Q-,)) (5.49)

K5 ton) = 383 -308, 58 +21(567 -8 b}, (.om
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s o 135 °a-m5(55‘-e:m6¢)é’)iz<h:b ?
Aln(md'(‘faz* 43 ¢ 52Ny «
5 (R (-2 ) so g % -2

G (z8reabasb) (6FE-2) R, )~
«37 (<by b >+ Cbufony) (5.51)

Bi(om) = - 38 15; +208 32 - 5O+l st .0
a8} am)= 3% (3805 (52 -2)- 156, B 352-2)
+ F (305 +afcasa) (6+152- )t )+
» 6Z<4a.)
oA (B - 15 (18- b)) 12249,

.3 g ¢ () 3¢ + -
o} (38, 5 8,2 - 105(560-8{ wsb) ‘z)zé@:ﬂq’

(5.53)
o o= S5 FVE (- 2)- w8 R - 8)
+B(78;+Bicossa) (6 + 5T - 1)~
A 5%(4261‘0
HG05-F (18-Bleesba)E) fzgfa.’;q:: |
+3 (3 65, B0y ws(58-Bfuos ) )2 T <R A0

(5.54)
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Below) = ~3815; 208 - SB Bose)E oo
st~ S5 (3805(FE-8)-ne L EE-2)
+¥(?o:+&‘cos€-<,)(6*/?-§-f—i *
» 6 Z <bgbu,>
AT~ Frt-Bassdy ) 127 <o,y
B Pa - oslon-pl) )27 <6

(5.50)
2 an)= 355 (VPR -3) -8 (37 2
+ B(387+0fios6w) (6+/ %2 -2) x
« 6 Z by
(285, -5 218;-04 aasvt)% ) 12;&; &)
~AC38 Gy - ws (o8- sy R ) 2] <,y
(5,51

The dispersion constants of the magnetostriction (two sublattices, a and b)

Eolme) = 2K (1035 )+ 8Ky S (1+8) + X5y (1+ £E)

(5. 58)
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aE w)= (100 1001 0By 3 ) LRty
-gz( 24020, Ghttng) + L0, > s 8ry >
2CB B Brprd + by ) <y bay>) ‘
T (R (- ) B (A -2
+A6 24 (6452 -5))x
x {3;:(41@(4(«2 &t >+ <) +
b (B b))+
‘IA/% (<At v+ cagy, s B b2, > +<brbnyd) §
S E AR TONE AR~ 2 | ﬁ%(@;}:@@;@b

+ a5 y%n, > < bc,é,,, ><b 6> r(b,,,b,,)(%ﬁ

{5.59)
A:(m)- - (6.7( o 52 801’.'& +336'j’"§:) (5. 60)
M )= (320 0 318 8008 5¢) 1 5 <O
I R -2) oo (345 -2

K65 (6B - £) 3T (CALA% >+ <%0 5) .60




Ame) = - (6K §Eea0 0B +236 K ) 5.62)

a4t me)= (3X3+ N2 +pa0t 30) 4 2 <bb
AR (X 2)e 562 3.1E- )
AR - 2T b))

(5.63)
Gaomey = 2 (K75 + 376 2o 16 2) (5. 60
.a:m:=-$E,(%‘m(/‘—’f~§*)+k.’6,%(§f/_ -2)
RPN -z»cZ&,an
+$(x'zr:rx:m-,,-;) 122 <lny,>

. Sen® P ¢ T T
cL (32 10032 R)+ 503 X)) 3T <o), >

(5.65)

28 e -4 [ (05 (P -2 M6 3 f/% )
% 16%(5, LI )) 6Z<0
+;\;(Jd,'zﬁ;+.7(“zoé)12;’.< X, ,,)
B (3 1002 K7 r000% ;)2 Z< Qs>

(5. 66)



B = (KGR B+ ) -
attiow) = /B8 (R (FE- 2 16 3 (3R - )
%116%(6,,/3;5&)) 6 <beby,>
+N (-134'2- S4 *'Jif JZC)’Z- ) 12 ;Z: < ‘Zxa kL.;
3302 18032 Xr 40';";41’)2%4&,1430

(5. 68)
28" =~V (K (8- 2)+ 16 2 (B2 )
AT, 4))62<b* by,>

ST ATN STP R A

i (it i 2h0% )2 ;1<b,‘,b«,>

{5.69)

f{'—‘ (520 -"-rﬂ::,z-m)' E‘Bz’: (51'203201* {'zrmz“)
{5.70)

‘K" (B#J ‘d,‘l :;ZEU;Z)*g 5:; (i’r‘ﬁzd* EIMZ*’

'E 344 (i, Méd* E{h’g&o{) (5.71)
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K= £ 00 T 0 T - 3 (6 T+ BT coshe
v =p. - or.
'116' o2 (& w0320 +5y] St 2) *145964 ( Zf %#*f{SmM)
(5.72)

i 3850 T+ B T+ 30 (Elins 20+ £ Shine 2

{5.13)
Hi= -5 BT+ 83 %)+ £ 07 (Elos 2t Ef sim20)
+ '?1- 8-: ({-’rm"“ Elbm $a) (5.74)
¥ =B (B T BT F 8,2 (§ tos 2 # £l sin2e)
- f BL ( 5_1(‘054«“ & sin ) (5.75)
K= 85 00 T alE Y BT 8T b
r - , 7, e
-8 802 (8] o5 200 v &L im ) $5 804 (E V203 4o+ B siatt)
(5. 76)

j[':= %3(5261?.1*&-226:,:)_ %(a;-blgd,f+ 8:21&,,2) Cors 6.
r ' F by 3 .
-1% 8.1(51,“524."-5:. m)"%&r’(ifmu+£{m.‘¢)

(5.77)
The dispersion ts of the Z term
E,(2ee) = -2 G s HN S (x+d) (5,+%) (5.78)
A: (Zee) = i/a,/., Sim (d+d) (5.79)

Ax (Zeh=  gpoH Sim, (o4 (5.80
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The renormalized Hamiltonian is diagonalized using the method by Lind-

gérd and Kowslsknzs) giving a dispersion relation with two branches - an
acoustical and an optical branch

Lisg = Lot (0" (BiFee $)+ hng (ks 1))

(5.81)

;
]
i
3
4

:

E being the ground state energy, huxp the optical excxtation energies and \a
h -“ the acoustical excitation energies. FK Fg and Gl& Gy are the deviation &
or nnmber operators of the optical and acoustical excitation modes. Expresseq

thruugh the dispersion constants the excitation energies are

¥ {(cﬂxﬂexl)#ﬁxf} {(ﬂx*/exi) /Exl}

(5 sz)

w,:‘ = { (dhe=1€ut)+1%! § ~{((/l~-/e.¢/)- m,(/} -4

(5.83)

To proceed in finding the temperature dependence of the dispersion re-
lation the following thermal mean values appearing in the renormalized dis-
persion constants are to be calculated

Lakay ) (Brbr> 5 QB> , <&,
+ .t
<b‘tb.ﬁ(>, <b.;(b)g>, (anz> ) g’bka:)’

{4 byyy <b-'(4k>

Ag an example

ey Dot £
Th{o Tty .
E""’M«@m[‘) 4-‘[ 1kl 1
e z o Var (5.0 |
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|n G) are the eigenfunctions of the optical modes and the accoustical modes
and EK the corresponding eigenvalues,
In appendix (8) all the thermal mean values have been calculated to:

(A = —-—r—ﬂ';*‘le“' <mey + ——--—'4"2"’:“' <miy
X
NN NI ¥ YR
ry iy | S SR
<b:bx>= L4 &z Qe > (5.86)
1€xl
ot f B y:) ‘ " |
@ (gg e gt 2 )

{5.87)

Ante> =- (25 wﬁ»f&mﬁw%‘({g *i5))

(5.88)
<b o,) gﬁi‘.‘-(a& ,(> (5.89)
16x1%
(ogb)s -&;5- <Ax &, > {5.90)
4 ¥ /fﬂ‘{"lfx e&-/&[ G
by r= ml 21! BTt 218 "7
rﬂ‘?/ﬁ;l 5 /ea[j (5.91)
T 44

(b,‘dz) fa )"A&ié%—‘-( :>_ ﬁ'/_gy</n&6>

{ ‘-d
dx‘;;/exl &-i{ﬁl J (5.92)



S N - 2

(5.93)

<Q:a«)=m—l{ f‘-m; u(‘"x)*z‘(a ;7)}

(5. 94)
where
1
<My = Wi, .05
1
<“‘2 7 = —?:-/zr—f- (5.95)

are the Bose statistic factors, that must be calculated self consistent by
means of the renormalized energies EE‘ 6 of the optical and acoustical
branches.

As a check of the thermal mean values we symbolically compute them in
"the Bravais lattice' limit which means Ck = 0 (o interlattice exchange)
and By = Eg = By =) (ng ) =(n% )

In this limit we find

(Hby= <bhbLY = Cbybgy = anbhy = 0

Che@r = (Qube> = Kbhaly=0 (5.9
and
Aiay> = 45(«"::)*%)-5 (5.98)
(@‘Q‘J-- ‘((02,‘)1-21) {5.99)
‘

%
%A i y=~ %—((‘m}+é] (5.100)



A compariscn with the formulae {A4.18) - {A4.18) sh the corr d

between the two set of calculations: In section 4 two characteristic functions
were enough to describe the temperature variation of the single-ion anisotropy.
A natural extension in comnexlon with the perature depend: of the gpin-

wave spectrum is the following set of characteristic functions.

AM(T)g = .i,—"u %(d‘h) (5.101)
AMT) g '.i"i ;<b;bk) {5.102)
b)a = 3,%‘::-“*@0 (5.103)
g(Tj:, = S'ly- E;_<a.:4:_) (5.104)
Adua)y = ;fp Z;(Qb_‘) {5.105)
‘(T): - 3:’; Z"_(é: b:) {5.106)

In proportion to sectior 4 we have here because the hep-lattice is non Bravais
that

*
{5.107)
£iTlay # 4eriy,
Besides these characteristic functions we define some intra sublaitice functions,

namely

cr =

2
<
L S I * (5. 109)
cer) wY 2;_ beay)

{Qx b: b (5.108)

o

L
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dirn) = '5;’7 ZK'_<Q,_ {s.110)
* < (s.111)
do)y = 35 % .

By means of these characteristic functions we express the temperature
variation of the renormalized dispersion constants, Putting those into the
formulae (5.82) and (5.83) we have calculated the temperature dependence of
the spin wave spectrum.

5.4, The Temperature Dependence of the Spin Wave Energy Gap of the Heavy
Rare Earth Metals

The anisotropy forces of the heavy rare earth metals cause the acoustic
dispersion relation not to approach zero in the limit q - 0, the lang wave-
length limit. From the expression of the acoustic excitation energies (5.83)
we find the energy gap

A(T)z 04 (T) - CT) (5.112)

As the dispersion constants have been calculated under influenze of
magnon magnon interactions in appendix 7 the energy gap is temperature
dependent. Based on the detailed formulae in appendix 7 we set up the follow-
ing relations for the dispersion constants

A+ Boers = odoto)+ B, (o)
+ 4 (8,1, ;) amer)
+ ,;‘(@:,K‘m’s‘)“"(r} {5.118)

and
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Ao (T)=Byir) = Al0)-B(0)
(8] R Se) aMcr)
+£‘(Q¢,X‘,S‘) Acr) (5.114)

" Here A M(T)and b{T) are characteristic functions defined as in section 4.

| The functions f,, and f, contain contributions from single ion anisoiropy as
vfll as from single ion magnetostriction. Explicitely written we find for
™

(8, Xe, S 45 {-20(15 s (8- 2)
+ 1558 (13 3 0 (3 o50-3)) 3
o o),
,wa:m(,zl'ﬁ(s.@%
*X7 50 (5 -§2) 52)
oot 4 2P0
2ol 3 kel 6+ /5 - 2 )32 3‘:}

(5.115)

and for Itb



f000 K s =4 {10 (B (P -2078)
-5 (Fo5T- 20 333i)
L (- D7) S
»aue{ o2 2
3G (BR-#)=21)
a0 22 (342 -2)r 752
N Y

{5.1186)

Thex:n coefficients are defined in the equations (5. 70) - (5,77). We
find by means of (5.113), (5.114), (5.115) and (5. 116) the temperature de-
pendent energy gap

am*= oA, 0) [ Alo) f('fn*ffn. )aMCT) ]
-Bo )] Byio) = (f-4F) amr; ]
[0 (£ 45)+ Boto) (4542 )] Aer)

+utn amn® + 54 40*
+(#,,“+4"-*Z)A”m ,‘(J‘) {5.117)
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Below we set up the energy gap of the heavy rare earths which means for low
temperatures the energy gap of a ferromagnetic structure with the moments
lying in the hexagonal planes. We find in the infinite spin limit

ar’ <3362 214(82) [ma)-mn® ]
23600 ( 5228y [ ey - mu)T |
+u100( 3£)*(B5)"[ oty to- mur) ]
+ 1764 (L) (B¢ Frosa | mens®- 25 ) ¥ ]
+36("35)l(5;£)2[ - 5"4»:.7'1 3] tos*2a
+400(3)%BL ) [ mar™- % m ] dos®2a
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e 1o ()55 ) [ murs ™ ( %‘.J'mm”] o8
+1764 { é-‘ S w)"[ "~ (£) mu, P] tas%a
-7205-‘% BB |- mr,®]
2520 2 i 288 [ m ]
o B3t e s ]

-25100&%3:32 [fmm - mnr)”]



7.
+5040 "S‘B;%:uau[mcr)"+§mtr)u]
17640 ( 3 )0 Bl st [ iz % § mm”j
“12(2) 8] [ma) s fmay? [ try2a
240 'iéi B By [meny" -3 man®] cosza
243 3%::":.@'13“ [ maie 2 mai®] tosia

+50+ 'Ei’-s:‘ B By [ mar” E o] tos 20
-4 228! By, [ s, 5 )™ ] toyha
-120 ’%’ B BT [ mun"+ dma;®] tosaa
2400 (% )/3‘ mur)- % 2 may ] sz
-zyoo[%:)"ib:z'o};[ fmm”q»;l mmrd 1] los4a,
-5‘0405" BBy [ ma®- 1 L mar®] yan
+R40 5_3';5—“/29:.361 Fma®- £ s ¥ ] osga
+2520 4% 5‘5‘ 2By [/mm 2 ] o820

~8400 5—:‘%‘ )3:@,{ { mer)?. -} mm-)‘w] 7%



-75 -

+8400 '&5? BZ E; [0"(7')1’-0- ‘;mn‘r) aJ s 4o

+1%40 (§2)'8 B, [mm*’- 8 ma?] w032a

17640 (L) BB [ - £ man?] cesia

5045"51"3: [mm -f,rrm.r;

*16'0&5'51“ B‘ az_ [’MCTJZ,'O ; miTy il

‘16'0#3‘ [Msria‘ ; m.T,

-os28 (&) A [m) 2 mer?

1417

sas2z (2)'may [mrs 2

» 1o
-240 Sii'anz_f, [ m"e L omrs

1]
1'2‘!0%3 'LM\-IJ ff"”".l’

2T 2 .
+504 ‘;—?3{1 B, [ may* e 5 mers

a
-5y "% &:b:; I ms’ -r;% mo Y

"] cos 20 codia

J@82n b

a?%fﬂ- wlbel

jastcossa,

ma” | s i

1 Cﬁszzu.

T

213“522“

Josz o

-®0 (3% )D.,, [mur) f};mm' 7Mz~¢54u

~1680 %3{‘ d;' [mu’ - ’l r»url"]au-s 200



18-
h30%3 B B); [man™ 3 m) ¥tos2 cos da
+Ié!0é§f!' a7 a% [ man™s 3Emory 3]s 2ot
-1680 %ff ) ol | Pt o B 1los%a
-3528( {-‘)‘B}; Jb,f [/ch)"“. __%531 mT) ”] A 2 m.;,(}’
‘*?HoH{é _51;1@: (4r/mcr)’)—60§f By (1rmcr;'Y)
+210'_‘§: 3 (1+ ”"‘TJ“)‘#Z'_% B:(h meT)"™ Jiosal

r
+6 % B (1 mcr)')‘ﬂlﬁ‘zoj—: B"_U"""U'J")Qh

'zo‘_f-.; By (14 nnm")cos,mn}" Bl (#rir) ")au|

238 By (1m0t} o)

+ [hio) (42 +45)+ Do) (4o -FL)] A0)
(5.118)

We have only worked out in details the terms linear in A M(T) and have by
means of those terms deduced the power law dependences of the energy gap
on the relative magnetization. To calculate the coefficient of the term linear
in b(T} in the infinite spin limit the following expressings are necessary
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(5.119)
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[ 6 .
The short hand notation of @9, B, B¢ and B is that of (4.22) - (4.25)

whereas we besides have introduced

T T =7 5.123)
El.m = Im §, (

To bring the expression of the energy gap on a shorter form we consider

the following schemes

1 12 L,= 1'(1]+1)/2-1 L,® 12(12+1)/z-1 L]+L2

2 2 2 2 4

4 4 9 9 18

6 6 20 20 40

2 4 2 9 11

2 6 2 20 22

4 6 9 20 29
1, 1, L,=1,0,+D) - & Ly= L+ ~ 3 L, +L,

2 2 3/2 3/2 3

4 4 17/2 17/2 17

6 6 39/2 79/2 39

2 4 3/2 17/2 lo

2 6 z/2 39/2 pal

4 8 17/2 39/2 28

From the numbers of the two schemes we deduce the termperature dependence
of the energy gap as a power law of the relative magnetization plus the term
linear in b(T)

S, Sl
7' =
am? Zm" ;:. l,,m, 4em, '75411-1,

[m‘r) 1(11"1)/2’1 m‘r)."(’.*’)lz-"

K1, "';)mu‘)"ufmlz.2 p—— h"”}

+ }((3 5 ) ACr) (5.124)
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This {ormula is in a very short hand notation to be able to express the
dependences of the energy gap of the relative magnetization.

We finish thig section by setting up the energy gap when only the anisotropy
parameters B; and B: are left, This is the shortest way to give a formula
that is still realistic of the heavy rare earths, From (5. 118) we find

A(T)z' =;'{36(§f )1(5;)1 [ may = mr) “]

+ﬂ£¢(§f)z(8:)z[ mer)®- 2“;rrmr)”J ot

Sz_ Sb

9
-~50+ 232 87 8} l_ fmcr)zz-p% mT) ”f &osoc(}

72 5116;) S 115(32) (8} Pros6a
+244 5, 8 8 cosba § £¢T)

(5.125)

6. THEORY OF FERROMAGNETIC RESONANS

A phenomenological macroscopic theory of ferromagnetic resonance has
been developed by Smit and Beljers>”, The ferr
quency is the frequency of the q = 0 spin wave mode of the magnetized crystal,

tic r fre-

B

The magnetic free energy ¢(T H) for constant T and H is a function of the
orientation of the magnetization vector,¢ (6,9).Let the equilibrium direction
of the magnetization vector be the { -direction, and the small angles of
deviation in two perpendicular directions @ and 9 . Then the equations of
motion of the magnetization vector M are

2F(6,9) (6.1)
e 4
3719 ?) (6.2)

-Mé =7

e = 1 S5
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7 is the gyromagnetic ratio, equal to r = ?ﬂg /R
g is the Lande'® splitting factor, . the Bohr magneton and h the Planck con-
stant,

(The equations of motion are in reality nothing else than the classical
Hamilton equations of motion for the set of conjugate variables (g ,Me . For
small deviations from the equilibrium position we may use for the free energy

the first terms of a Taylor Series

F69) = Fo+ $ (%00 02+ 2735 09 + Fpg §2) 50
|
|

In the equilibrium position we have 1.0 =0; r.= 0. The symbols used mean

T = o769} T . 2709
26

I e
Grp = 2T02 7 _ DHB9)  , _ FTFey)

02 9 lsr“ 903? b 7, 371

(6.4)

(6.5)

N (0.0
%169, |

55 )=];96+7;T7 6.7

for which reason

»

M6

1)

7(7;70 4 777?’) (6.8)

M? = T (;;0 6 +7;?7) (6.9)



Suppese the solutions of these equations vary harmonically in time with the
angular [requency @ , that is

6=6, 2"

(6.1
T=¢n“£wt
Yt ToprinM e o s

from where we immediately find the frequency

fw= 348\, %0 - (hy)* .1

From statistical mechanics we have for the free energy

1169) = - 6T &n Ta { 47 TOTVST |

Z(e,.) is the Hamiltonian of the system and (0, ) the direction of the magnet-
ization with respect to crystal axes. We find after differentiating the free
energy:

G- (2R 7. (g .10

/f;a= < a:zz’,)>+“r[< 3)’10?)> <( 1922 2>}
(6,14)
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Ty = <2200 L[S0 ((232)]

(6.15)

oH.9) am,f) er) aMaw
7'" < 9991=>kr[< ?- <3a 29
(6.16)

Using these tformulae for a system with a specified Hamiltonianx(e,,)_
(6.11) gives the q = 0 [requency.

Without taking into account magnetostriction we consider the single ion
anisotropy of a hexagonal lattice, given by (5. 7) and calculate on this basis
the temperature dependent resonans frequency. In the c-representation the
anisotropy is given by

o nd 0,0 oa®
Hom =0 _{870,¢)+8700)+ 805 () + BE O ml[
£
(6.17)
However, we want to treat the case with the magnetization lying in the
basal plane for which reason a rotation of the anisotropy must be performed.

By means of table 6 of Rotated Stevens Operators we set up a rotation of the
anisotropy through the angles 6 and ¢ . We find

Ko (8,9) =; {8[ £ (3005%-1)02(c)- 2 5iu?9 O2(c)
+ Jamowse 0)(s)] +
5.:[ 3(3505"9-3010319 +3) O;K)fiih'«'a Q;(o
~3 500 (705°9-1) Oftc)-35 858 015
+ 5500036 (70530 -3) Ogis)] +

8; [ £ (231 005 ~315 050 + 105 9-5) O
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~ B2(33 80 - 18080+ 1) 5’ D} ()
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2 (33000 -30 a9+ 5.038)) $4ic6 05151 ]
+85 [ 5 380 0)~ & (1415 ar + 15.05% +ie3°0)0u)
flsiu‘é(ffsas‘arm'a) ()
s««’o (1ri08°0; Cf s
+ f sad’s, 21°0 «30009,0515)
-2 0 w08 05
-2 5B 50+ 0. +5.08)07 55 ) 064
78| 313080010037 +358) O%(s)
m. “5(%:8 + 205%8) 0 (s)
7‘:;%.5414‘94799 93(5) - 35aed| hlamlﬂfﬁnb)tﬁl)
e Edbited.ary (- 25005 | Siasf j

(6.18)
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On the basis of this cumbersome expression the quantities (6. 14) - (6, 16),
to be put into the frequency formula (6. 11), have been calculated for @ = i.
which gives

Tos = ;{ 38 ( <020y +¢02))
~85(< 0P+ 840} + <0} w))
* 2 B 104050y +95 (B> TR Ofr) +33 <G,
1o B (24 005y »5¢02) +408(0 3¢ 0 ¥ aseq)
- é—Z{ 98,< 0ji)0)es;y + B; [ 15£0/(s) 0]¢s))
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These second derivatives of the free energy arc put into the frequency
formula with the two cases, =0 and ¢ = 30°, Omitting the summation signs
we find, keeping ihe correlation functions on closed form in the frequency

expression,
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(6.22)

The correlation functions of the Racah Operators are calculated by means of
the expression of the product of two non-commuting Racah Operators given
in (A2.8), namely the following

K, ¢ 4 KX K
0(,1,(4) DK, 1‘(1,) —Z,( 1) 3(2*3* )(1, 9:_ 7:)
439,
JKiraks 0, mlJ)OIIO:,lulJ) Ny
3337 (1)
<M, k(NI 3

(6.23)
All the necessary correlation functions are gathered in table 10 to which we
refer for numerical calculations,

7. TEMPERATURE DEPERDENCE OF MACROSCOPIC ANISOTROPY
CONSTANTS OF HEXAGONAL FERROMAGNETIC CRYSTALS

When the magnetization of a ferromagnetic single crystal is measured
as a function of an external, applied magnetic field it is found that in some
special directions - the easy directions - much smaller magnetic fields are
needed to magnetize the crystal than in other directions. So the energy of the
crysta! depends on the direction of the magnetization relative to the crystal-
axes. The free energy of the crystal accordingly contains a component, which
depends on the direction of the spontaneaus magnetization and which is minl-
mum when the magnetization is parallel or antiparallel to the easy direction.
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This part of the free energy is the macroscopic magneto crystalline anisotropy,
. : onas 3

When it is expanded after the direction cosines ; of the magnetization Birss !

has shown that for a ferromagnetic hexagonal crystal to the 6th order in o

the magneto crystalline anisotropy might be written

Fla, oy ay) = KolT) + ky(T) (d22aT ) + X(T) (d,20a})?

I3 ) Kyt T) (a2 - Sl )

oo (7. 1)

KO{T). K](T), KZ(T)’ KS(T) and K4(T) are the temperature dependent ani-
sotropy constants.

The direction cosines are expressible in spherical coordinates (8,9 ) allowing
a transformation of the free energy from dependence on the direction cosines
to a dependence on spherical coordinates. In appendix (9) it is shown that

this transformation gives the following expression of the free energy

T69) = Ko(T) + Ky(T) 5316 + ks (T) S50 +A5(r1 54300

+k‘,(r)9;;4‘9co;36¢+... {1.2)

In the section of magnetic resonance we established different connections
between the free energy of a magnelic crystal and the Hamiltonian of the
crystal. Through these relations we connect the macroscopic anisotropy
constants with the microgcopic Hamiltonian of the magnetic crystal opening
the possibility to calculate the macroscopic constants from microscopic quan-
tities, From (6,13) we find

o9 _ < oX6.¢)

50 > (7.3)

78 ) (o)
TT— = (-TT-—> (1.9
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From (7.2) we immediately find.

oF(69)

5 = Ky(T) $6626 + 2M3(T)5%4°0 543426

+38 0051070 530428 + 3 Ky(1) 5176 5120 (0369

(7.5)

-9-;%&—’ = - 6 Ky(T) s3ubf 5u b (1.6)
We want to calculate the macroscopic anisotropy constants for some heavy
rare earth metals. They have a hcp-lattice, built up from two interpenetrat-
ing hexagonal sublattices. In section (5) on spin waves in the heavy rare earths
we took the Hamiltonian to consists of isotrop exchange, single-ion anisotropy
and single ion magnetostriction besides a term coming from an externally

h

applied magnetic field. The isotrop ge is independent of the direction

of magnetization, whereas the single ion anisotropy and the single ion mag-
netostriction are direction dependent. The easy directions of the heavy rare
earths are in the basal plane, which requires a rotation of the Stevens ope-
rators in the anisotropy - and magnetostriction parts of the Hamiltonlan., Such
rotations of Stevens operators and the necessary differentiations are performed
in table 6 and table 7.

Taking into account the anisotropy part of the Hamiltonian alone we find

k() = 2:{ -287 (K 0%)+<0%e))

=58, (050> +3¢0j»>)

-%.’ o ( Oy +5¢ 0:“)>)}l (1.7
k(r) = ;{ 202 ((0pwy+4< 020> +<03 @)

*%’ 8 (3400w +20 K05y +5<0¢w) >)}l

(7.8)
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Kr) = Z_{ 62 g0+ F <O+ 3<Gcrr +4 q‘«»j
(1.9)

Kyir) = é‘_{ 1 (O +L0}) +308w) +§<o,‘m>}j

(7.10) |

Tn the magnetically ordered phase the magnetoelastic coupling
causes a distortion of the hexagonal closed packed structure

oceur accerding to the appropriate symmetry. In the frozen

lattice model we find the following macroscopic anisotropy

|
|
and other terms than those originating from the anisotropy ‘
I
constants, ‘

|

|

|
Gir= Z{<050) [- 0003 (1 7 035
1’ (@“l gt ;zi-c.z)
- 465 ( ‘c'.,rwazap £ siua 27:)] +
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+ 15

Fion'E g3 )

8y (€l iz + ] sim2g) ]+
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(7.11)
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-1, (/f_;rW44’+é_r9u;.47)J+

<O"(c)){355° a5 B

A 6’101 &)

*z%(f. 429+ T Su2p)

-3 8); (€] mag+ & bwinsg) ]+
\06(L)>[w8' 2 ('S l52)

+38, (€l mag+ E $2u 29)

-5 Ok (] irsap+ £l siusq) ]+
Ogtw) [ ¥ipe a2 gtz BB

B8 oo+ 4 (B T o Tty

m&zli @029+ f,&u,,.z?)

~% 659 (il 4P+ 4 9)_] +
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+£0{ (u)[ﬂ’a: 3"[@"‘"‘: B
(36 ¢ 3 (87 B 7)) s
+3! B (E; £l 0329+ &) 53m29)

%Z&f (EFcos 49+ & Trte) ¢

O (-3 0 3 ok T T st
2 by (£ 29 B si2g)
-4 by (£ nio+ ! 4?)]}

(7.12)
k3‘7)=4,2{<0:(C)> [‘%0‘”‘3 (BT grn2)
-3 05 (8 as20+ Elsia29)
% 0 G ssg+ Foingg) | +
40;(c)>[--’ 200 & 3 /&‘z”g/ LY
7}-’5 b (829 + ¢ [ rie2g)
us 66;. (E'wopg + 5] $3a 49)]+
<02(¢))[ @b*ﬁf?( '(""“ 5:231.1)

~B o) (E 529+ E5rig29)
* B 8y (5iove s Fousg) ]+
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+ LOf)[ wa,,+ 03 B e B
Y 0s (&1.029+ E¥53a 28)

<28 8y (¥ oA e s 47)]}
1

(7.13)

k(=D {(Opo> [h -3 (i v a e+
y;
Oy [ {a°-%2 (855 "l 5 )]+
NGy [ 8- 7 (8 fé'i”” "254'2)1”

< Ob u))[}z -3 (@“/‘"’ "'26412)]}

(7.14)
A1¢ ~depenient terms of Ki( ™, K&(I“,x and Ka(l‘) nre excluded
if only the hexagonal terms nre considered.

The temperature dependence is expressed through the thermal mean values
of the Stevens operators that have been calculated in section 4, Besides the
equilibrium strains are given as function of temperature through the Stevens
operator thermal mean values, also calculated in section 4.

In appendix 9 it is shown that the anisotropy constants defined in equation
(7. 2) are related to the anisotropy coefficients defined by the equation

716.8) = Hoom)+ Xpyr) F(058) + A, (1) K (136)

o (T) (03 8) + Yoi (T) Sin *0 CO3 69

oo (7.15)
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through the relations

J{O,D ‘T) = %5 {3§&LT} VZJ&LT)*ka"(T)) (+. 16)
. 2

J/g;xT)=-1—;(7-K1(T)+J’A3¢TJ1-JA’3(T)) (1.7
A

)/.L;LT)= i (11/(7) + /li.”(r;) ¢7.18)

Ko 11 = =3 HoiTs -

Hip(1) = Kyer) (7.20)

A review of the status of temperature dependence of the magneto crystal-
line anisotropy has been given by Callen and Cnllen27) in 1966, Since then a
number of authors have dealt with the object Brooks, Goodings and Ralphaz),
Brooksas), Brooks“). Egnmias), Brooks and Egami“). They have extended
the simple K{K+1)/2 law taking into account the non-cylindrical anisotropy
by introducing a single ellipticity parameter describing the non- circular spin
precession. They have found that the axial anisotropy {q-0) is corrected
linear by the ellipticity parameter in contrast to the result of equation (4. 59)
where we have shown that the axial anisotropy is corrected by the ellipticity
parameter squared. Besides they have not been able to set up relations for
the different non-axial anisotropy (q=2, q=4) as carried out in the equations
(4.60) and (4, 61). Finally they have not taken into account that the anisotropy
constants are linear conbinations of axial anisotropy terms as well as non-
-axial anisotropy terms as has been included in the relations (7.7)-{7.10)
and (7. 11)-(7.14).
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8. A NUMERICAL CALCULATION OF THE TEMPERATURE
DEPENDENCE OF THE MACROSCOPIC ANISOTROPY
CONSTANTS OF TERBIUM

8.1, Introduction

In this section we carry out a numerical calculation of the temperature
dependence of the macroscopic anisotropy constants of terbium based on the
formulae set up in section 4 and section 7 and inelastic neutron scattering

: : 3
experiments done by Bjerru.n-Mglier, Houmann, Nielsen and Mackintosh 7)_

8.2. The Temperature Dependence of the Stevens Operators

The temperature dependence of the Stevens operators has in section 4
been expressed by the two characteristic functions 4 M(T) and b{T). The
relative magnetization m(T) is connected with 4 M(T) through the relation

T)
m(T) = 71?0) = 1-4MCT) (8.1)

where M(T) is the magnetization at temperature T and M(0) the magnetization
at T = 0 °K. However as is seen from the calculations in appendix 6 zero

point motion is explicitely taken into account. Therefore we find the zero
point corrected, relative magnetization to
m(r) AMcr)~4M0)
MAT)= = 1- (8.2)

mo) M)
where m(0) = 1 - A M(0) is the relative magnetization at T = 0°K and AM(0) =

0.00208 for Tb. For terbium it is found that model no. 2 gives the best fit
to the experimental obtained spin wave dispersion relations at T = 4, 2°K.
The relative magnetization of Th is found to agree with the measured
magnetization curve obtained by Hegland, Legvold and Speddingsa). The
calculated and measurad curves are compared in fig. 7., The calculation of
the ellipticity parameter b(T) as a function of temperature also include zers
point motion. The temperature dependence is shown in fig. 2. The zero point
value of b(T) is b(D) = - 0, 00484,

By means of the two characteristic functions AM(T) and b(T) the tem-
perature dependence of the Stevens operators has been calculated, The results
that are shown in fig. 3, fig, 4 and fig, 5 are normalized in the following way

<O:(c>>r/< ok’mz,:o (8.3)

where the zero temperature values are
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<o;a)>T_°= 6.559 10" ; <o}m)r.°-- 3315 107!
(G, o= 5821 10° 5 <Of() =~4410 10’
{Ogeny = 1596 07 5 <O5t) = - 1609 fo0°
(O, = 2756 1075 (Ofwy, = 3858 %0

As (Ot (c) ) is proportional to b{T) squared the normaiized curve is the same
ror(Oﬁ (c)) and (Og (c)) .

8.3. The Crystal Field Parameters of Terbium

The crystal field parameters of terbium have been calculated by means
of a point charge model, Dan.lelsenza). In a notation after HutChingsg) the
crystal field parameters are given by

= A ff {

5 = 1 8.4)
£ 2 <A el

Here the & ) are the Stevens coefficients which are the proportionality coef-

ficients of the Stevens operator equivalents transformation. For terbium they
are after Elliott and Stevens

,= - 1o10 10
Oy= 1224 f0°4

8= -112 1076
(rl) denotes the mean value of the nﬂl power of the radial distance ofqthe
4f wave functions. They have been calculated by Freeman and Watson ) and
they found for terbium
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-16 cmz

<> = 0756 aw. 0.2116 1o

My= 142 au. = 04112 107 cm4

0.0349 10~“%cm®

(6= 569 au.

(1 a.u. =0.529 10_8 cm).

The Am are here found by summing over nearest and next nearest neighbours,
The crystal field parameters are therefore dependent of the lattice parameters.

1)

By means of measurements of the magnetostriction by Rhyne and Legvold
and of the lattice parameters by Darne1142) the temperature dependence of the
crystal field parameters has been calculated. These calculations are shown
in fig. 6, flg. 7, 1‘1g 8 and {ig. 9. In an ideal hexagonal closed packed struc-
ture B4, BS and BS are the only finite parameters In a hep lattice with e¢/a
different from the ideal value Y8/3 the Bz is also present. However, in ter-
bium magnetostriction is effective in the ordered region, which means for
temperature lower than 228°K, Elliott43). The magnetostrictive coupling
causes the crystal field parameters Bg, Bz, B:, Bg and Bg to be finite. This
has been shown theoretically by Danielsen” "', Besides the magnetostriction

modify the unstrained crystal field parameter Bg, BZ, Bg and Bg. At the
figures, showing the temperature dependence of the crystal field parameters,
it is seen that the magnetostriction dependent crystal field parameters vanish
at T = 228 K whereas the unstrained parameters 82' Bz, Bg and Bg are
finite in the paramegnetic region. The crystal field parameters are given in

milli electron volts.

8.4. The Macroscopic Anisotropy Coefficients of Terbium

The temperature dependent macroscopic anisotropy constants are found
from the formulae {7.11) - (7.14). The formulae (7.17) - (7,20 connect the
anisolropy constants and the anisotropy coefficients. In fig. 10, fig, 11, fig. 12
and fig. 13 the temperature dependencc of the macroscopicanisotropy coefficient
are calculatzd by means of crystal field parameiere caleulated in the point
charge approximation. The coefficients are given in milli electron volts or
in ergsfcm”, For terbium we have at T - O°K
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1 mev, atom - 5.06642 10 erge/em®

The calculated macroscopic anisotropy coefficients are at T oK
x, o(0) = 3.5461 mev/atom - 1.7966 10% ergs/cm®

%, 0(0) = -0.5989 mev/atom = -0, 3034 108 ergs/cma

-3

LT 0(0) = +9,2434 107" mev/atom = - 4.6831 10% ergs/’cm3

xg g0 = 5.1263 10°° mev/atom - 2.5972 10° ergs/cm®

The macroscopic anisotropy coefficients have been measured by dilferent
methods. 1n the following scheme we have gathered these experimental valuesy
of the anisotropy coefficients for terbium.

% x T x x . [Ret.;
L %20 4,0 6.0 4.6 T Method 10,
u'gs/cm3 ergs;/cm3 ergs,’cm3 ergs/um3 K - -
8 7 6 . .
5.65 10 4.6 10 1,.8510 4 differential 44
! torque method
5.5 10° i 2.42 108 4 | torque measure- | 45
: ment 46
31 ‘IOB 1] ferromagnetic 47
resonance
2.610% 63107 |4.410 4 | torque magnetome] 48
ter
2.7 108 105 | torque method in | 49
puised magnetic
field
2.2 106 0 | torque magnei- 50
omeier
2.9 IO6 0 torque measure- 51
ments
8 17 5 5 .
1.8 10 F3.010 -4.7 10 2.6 10 0 theoretical values

It is seen that the theoretical calculated values of L) and % g are
of right order, but the sign of LI disagree with the theoretical prediction
from the point charge calculation. The theoretical values of xg, 0a\nd xg gare
of lower order than the experimental obtained values of the anisotropy coef-
ficienls and the signof .0 disagree with the theoretical prediction.

llowever, the point charge model calculation only gives an estimate of
the crystal field parameters asthis theory neglects the contribution of the con-
duction electrons to the crystalline electric field. Therefore to make a comparison
of the theoretical calculated temperature dependence of the anisotropy coefficients

with experiments we might take the crystal field parameters as adjustable
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14, fig. 15 and fig. 16 we have, however, only scaled the

parameters. In fig.
ents with the

theoretical zero temperature values of the anisotropy coelfici
“). We find a good agreement

experimental values obtained by Feron et.al.
0 and %40 but less good

between experimental and theoretical values of %o

agreement between the [P values.

SUMMARY

By means of the operator equivalents method we have in chapter 2 cal-
culated an expression of the Racah operator, BK q with maximum q-value,
namely q=K. From this relation the complete set of Racah operators has been
generated for all values of K up to K=8. Further has the commutator relation
of two non-comimuting Racah operators been established. Finally in this
section the connection between the Stevens operators and the Racah operators
has been set up., Requiring the matrix elements between corresponding states
to be identical we have in chapter 3 calculated well ordered Bose operator
expansions of the Racah operators and of the Stevens operators. It has been
shown for tensor operators of rank one that this method of matching matrix
elements corresponds with the Holstein-Primakoff method of transforming
angular momentum operators to Buse operators. Introducing an ellipticity
parameter, b{T) that accounts for the non-circular spin precession about
the direction of magnetization the well known K(K+1}/2 low temperature law
of the magnetic anisotropy coefficients has in chapter 4 been extended by set-
ting up explicit expressions of the temperature dependence of the non-axial
anisotropy coefficients. The correspondence with the K(K+1)/2 law in the limit
b(T) = 0 has been shown. The temperature dependence of the magion energy
gap has been established by means of a spin wave calculation in chapter 5 as
well as by a calculation based on ferromagnetic resonance theory in chapter
6. The result of the spin wave calculalion has been expressed as a power law
in the relative magnetization, m(T) and a term containing the ellipticity para-
meter, b(T). The m(T)-dependence has been written out explicitely taking
into account all single jon anisotropy terms as well as all single ion magneto-
striction terms of the Hamiltonian of the heavy rare earths that have hexagonal

crystal symmetry. Using tie results from chapter 4 of the temperature de-
pendence of the Stevens operators the resonans theory caleulation of the tem-
perature dependence of the cnergy gap gives the same dependence of the re-
lative magnetization as do the spin wave calculation in chapter 5. By means

of the spin wave dispersion relation of terbium measured at 4, 2K by in-
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¢ wstic neuwiron scattering experiments we have calculated the magnetization
curve of terbium and have fcund good agreement with the experimental ob-
ained magnetization curve, Besides the relative magnetization the ellipticity
parameter of terbium has been calculated making it possible together with a
puint charge model calculation of the crystal field parameters to calculate the
temperature dependence of the macroscopic anisotropy coefficients. \We have
found, taking into account the limitations of the point charge model, a fairly
good agreement with experiments.
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APPENDICES

Appendix 1: The Reduced Matrix Element of 2 Racah Operator

The matrix element of a Racah operator within a manifold of given angular

momentum I} is
~ J-m( 7 K I ...
<Iml Oxg|am’y = (-1) (_m 3 ,,,')<Juo,,un>
(A1.1)
From this equation we find for the reduced matrix element ¢ J || SK” Iy

<Im| OkgtIm? (a1.2)

gy m (3 K J
1) (—m$m'

(T na>=

To calculate the reduced matrix element we choose special values of m, g

and m', namely

m = J
q =k
m'! = J- K

From (2.9) we know that

~ K
0 - (1) 251 #K
KK 2% K] (2k)1 (37)
using J+} Am) VT -mi@Fm+1) [dm+ 9, Edmonds®
we find

~ Cenk
<7JI0K1’7-7-/<>—‘2‘,§'!'V(1KH <73[(3"}"'/JJ-K>

o =13k /—'7277_“
=l ;/ 1 tei
25k1 (26)/ C(27-&)1

0% SKI(2K1] (2977
251 (2J-x)1

(a1.3)
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The 3j-symbol is defined by, Rothenberg et at! el

Jrdo g3 \=pylrdrm 4
(m: m, ?n;) 1) Eds_J (3""431"’21313144‘0’5)

(A 1.4)

Here we put:
121275 fa= K
Mls—J; mp= K ; MJ= I-K

7k Iy\_ [k 7 7\_, &_1_

The Vector coupling coefficient (the Clebsh-Gordan coefficient) is calculated

by the formula, Edmonds™’,

(4 frde m-fil pjagm ) =

(2401) (34) 1 (-fregaej)! Groga-m) (fem)!
{ a'na'z-d' n jy-juj Wi fasgor)! (- Jirfrrmd -m)!

Now putiing

$12K 5 2275 §=3; m=2

(27+1)(2k)! (27-x)! K1 (23)!
k! K! (23¢Kke1)! (22-K)!

= \/ (2K (27+1)1
K! (27vke1)!

(kK 73-k1k333)=
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so the 3-j symbol becomes

(3 K J )_ 0% [T27e1) (29)] (2K)]
=] K 7K/ ™ 1357 K (27+k+1)!

(27)] (2k)]

Y.
(1) KT (27+£+1)]

Now we find for the reduced matrix element:

(B> = L3710kk 17 K>

(3 & %

-1)% V k1 (267 (27)]
2%K! (27-x)/

(207 (24)7
k! (27+k+1))

<Benzy = _’_VM
R e

-1)K

(A1.5)

(A1.8)
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Appendix 2: The commutator of two non-coramuting Rucah operators

Two Racah operators acting on the same dynamic variable, i, within a
manifold of given angular momentum J do not commute, From the matrix
formulation of quantum mechanics we have for an operator acting on an
ﬂ|s> = le)( i] &1 s) . For the non-commuting Racah

eigenfunction:
(i) we set up the following relations:

operators OK‘ql(i) and OK,,qz
Dau()17m> = 2,17 m2<Im" ) Dia, 1) 13m)

Z"') (m ] m)anok,annmm')

(A2,1)

and

5/:,4,(&)].%') = 2_1Im*> CIm*| Dy, 1) Im*>
Ml‘

= Z(-,)"""(j o 7.)(3”(7,’{:‘)!/])/.7/»')
ml

-mtq, m

(A 2.2)

using {2, 11) for the matrix element of a Racah operator. Ag the operators

are both acting on the same dynamic variable we find

0;1,’(,,‘) 5‘;11(‘) [Tm>=
27-»;-»,' 2K 2V K7
4./_." -m"4, m')(-m"hm)‘

« I Oy 52035 Be, 1307 1Im*)

‘ An2.3)
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The ronm! formula combining 3j -and 6j- -symbols are now used,
Rothenberg

dt e 3 \/4 4 "z)___
"1 mq myJ\-M3 M N2

_ dsthtmem l:):ls 4§24 \foghe
Z;‘ " ' '[‘u’"){uzlg {'wﬂz"; s
{

(A24)

with the symbols

h=is=4=7 5 joeti s hekas bk
m,:—m my = 91 m,:m',- ”1’,1 5”2’”’5 ”’373

w A } J k2 7)=
‘M“’ m’ m'?m

I ks -m -r’l 24, 5(";",‘:, ) k,JJ
Z( ') 3 (2‘34’){‘113*’ ""” _%_ul

ki ks ) [ kb ks )(3 ky 7)
(A 2.5

with A= .7’4(3'”2"4?,_?(/(,1&4"3)?(27?5’,)

using the odd-permutation rule for 3j-symbols

. o )
(ﬁa;ﬁ}n)' -1t J:(g;;g'sma) and the fact that a B8j-symbol remains an

invariant under interchange of columne and at interchange of any two numbers
in the bottom row with the corresponding two numbers in the top row.
Now the total exponent is considered, namely
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2J-m'-m s et = 27-M"-m s J+/5- M s o (Ktheeky)e(2308)
1 )t:l-n‘-u'h,' 1) Kaiga ity (~4)43 (-1)28 (=g ):Hn‘(_ ph-ata®

(- l) =1 for J integer and J half integer
(- 1)2K3 =1 for K integer, and K really is integer for a Racah operator
'rom the 3j-symbol to the left in (A 2.5) we find m" = q + m' and from the
ij-symbol
( 1 K Ky
9 %9
(-nyGgrmt-m” _ yap-mt-imioqp) | gyaptay yy-2m”

) we have q + Qy + 9y = 0 for which reason

(1} " = (-l)‘q3 s (_1)q3
o (73

or m"” integer, and m" is really an integer for the Racah operators.
The resulting exponent:

27-m'-ma

“1) . 1)t (T )T

(A 2.6)

md for the two Racah operators acting on | Jm ) we therefore find

,’,'m 5.,, ) |Im)= Z(-v"""""’ (24y91) { J":;’} :,'::::

E] 3'.,1.')07 X Iy arb3) »

K
;}:(-n "0l _3,.,,,’ m)n»r;

(a2.m
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- ~ L2V RT ) [ X % k,} Lk x
. . -t 3
Oxy.() Ong ) = %,‘ ! (25+1)) 335 H,s,
'Y JIIOr.mn:v)(Jno.ImﬂJ) 0
LINBy bz
(A 2.8
where we have used that Ol( = (-1} B3 OK -ay" When forming the product
6'( BK ever\nhmg is unchanged except the 3j-symbol where we
2%a6) F1%i6)
find(K2K|K3 . (_”K +K,#K, /Ky Ky Ko
%2 % %3 \ay "z h] /

From this we immediately find the commutator relation as (-1 )Z(KIH(ZH(S" i

for the K*° integers, which they infact are for Racah operators,

[5, TRV o‘z%,‘t’] Z { e } (24541) { 79 J} ?:::2,

<7uo.-,mn7><Jl'0x,m«J> AT
4300.3(1)!3)
(A 2.9

where the reduced matrix element is given by
v, LA SO

appendix 1); (J Ay = ; :

(appendix 1): (I} B |}1) ;K{‘ﬂm—

As a check of the commutator relation calculted we now demonstrate tha:
it is consistent with the definition equations of the Racah operators
s

L'Jz,ﬁ,(,,] =9 5::,1 (€2.5)

[JI’ ’ovﬂ‘ﬁ ]

W

Voo
[KKken)- ?(31‘1)] AO,"gﬁ NCER



Case 1
A

Ky shoat0 :0g <0y v,

From the commutator relation we find

U - ™ {53 553)

o LB U< HO2> a. t
< Jlﬂgl:) Y

(A 2.10)
"2 1 i 02) 14Ky 0dd =) KKy even
The 3j-symbol gives the triangle conditions:
H-Kz-K,' 0
l-llzl'l(3 0
-lﬂ(,ﬂ(, o, -ndglnngn K: - 0, l(, o
one of there, namely 1 l(z-l(, gives as an example
a)K,-I(3=I = - one even and the other odd
b)l(z-l(,=0= bothcmg_l:boﬂlou
which means: I(2 = KS =K
Further from the 3j-symbol:
0+q2+q3=0=> 9 °-93°q
s0 we find for the commutator
4 IKK Y4 KR 500y O
[J;,O.,,]S ~2){2Kk+1) (o’.’ {JJJ}<J'01’J> OKI-’,
(A 2.11)

From Edmmd-” we have for the 3j-symbol

(; g_‘;)s(: ! 1)- {-:)“’m%ﬁmz.lz)

From appendix 1 the reduced matrix el mt
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7
LMBnad>= 'zi Q:Z_'...é’)_-‘ (a 2.1y

From (.10} we have

~1 ~
Bu-s = (00 Oy o

12
For the 6j-symbol we find from Rothenberg ):

1K K trke2d l/_@;’L’
{ 73 J} = (1) (210)1 2Klks)

2 (2041 )2K+2)
(A 2.15)
The commutator now hecomes
~ Kl 1 Net
J = («2) (2k 1 )}(-1) " e (+ } 38!
[72,Ong = w216 e D VG
1 ~
«2K fKe1)~ 1./(21:9? 1
fhert) 2K 2ke1)(2Kv2) 2V [23-9)f ~n 0‘,
=4 Ox,g (A 218

which is one the definition equations of the Racah operators,
Case 2

1”’“\”’5& :611='E'J+
;8 L,

Using these values we find for the commutator:

[-f-;: J*, Oug,] = ,Z;{ 0" 1] (201 ( 1h2 ks ){" k""} |
3

1 ".'; 277}
o S04 3>< IWDpg 13> 5" |
<l |

{217
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n-omunlnhn:x’-l(:-x
from the 3j-aymbol:

|+q!+q’ 2 u. qa- ""z*’"f‘h .q
for which reagon

~t
ng 6&1 ] 2 (-f3)(-2) (2Ke1) LIVBL0I) { 3;'; } ( ; : -;n ‘ O,,,

(A 2.18)

3)

From Edmonds™’ we find the 3j-symbol

1k « x-9 l/(x-y(xohq-z .
1 9 (1) ) = (~1) (Zxe2) (3K+1) IK (A 2.19)

and from equation (2.10) we Mind
~t "' -~
Ok,~om = 1) Oungu

The 6j-symbol and the reduced matrix element have been calculated under
case 1. Therefore the commutator becomes:

+ ) e 4 [fa3ea)7 , , kot [r27-)1
(3", Byl = vrt-2d 2k ;/-%% ot Jarar
a 2K lke1) o ] 'rizgh"q -2
'1" (2K +1)(3Ke2) « &) *2)I2ker) X
a "l)," 53",'

- Vk(ld) -!(?ﬂ) a;mu (A 2.20)

which is the definition equation of s Racah operator commutated by J’. An
analogue and straightforward calculation can be performed for the [J°, Oy J
i commutator. ’
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APPENDIX 3

The Coefficients of the Well-ordered Bose Operator Expansions of the Racah
Operators

The Racah operators are expanded in Bose operators as given by formuly
(3.32)

Ous = (Ag, +A5, @ +Af, ataaa v-+-Ja*  way

Using the idea of requiring the correct matrix elements between the ground
state and the first excited state we found in section (3. 3) for the expansion
coefficients

( !0 (- u' AM la~u' "0,1 b 44.:: :)

(A 3.2)
for n = 0 we find
K oL A IK 7
| 4,'0 & <I0cd7> () @J-#) (A 3.3)

the n = 1 coefficient turns out:

_ ~ Ik 3
Vaaum <203 (32, 4 J-au))

- <duzy (7 K 7 )

3 <J 9 1-%

a0
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(J-I QHN)
A AR

the n = 2 coefficient shall finally be calculated:

K 1 ~ 7 K J
Ae.= Vg1 <IMOnd7> (-J*z 2 3-B2)

ka)

MBekz> (-3 g

t" +? ; (7 K 7 )
IK 2 4 “Jt1 4 %)

'? (J“6x”3>(-3 1:,.3){1'*@(7 K J )J
] 3 ¢

( ) 7 kI
Hl § I-(1+1) 2 P29 70)|

A:1=K1(1ﬂ'7 7%k 7 ﬁ;T,,',T:H;J |
g t 0)
‘-717-?) ( 171)

(A 3.5)

As a starting point we calculate the coefficient

. 7K7
A{,f,= <TUOxhI> (-3 § J)
here

~ 2)¢Kt1)
CHBI> = 5% | Gt

and from Edmonds’)
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(7KJ)__(JJ k)= @)
=303/~ \3J0 V27501 (274K +1)! 3.9

: S, (A 3.7
a0 = 2% (23! K
From this the SK—funcfion is defined, namely

4 @ e e ]
Sk= 5% rT I(I- V) (3-1)(3-H2) e+ (7- &*)

(A 3.8)

Using the following recursion formula for 3j-symbolg Rothenberglz)

_V(J')-&m,-rml,”(#‘s_M1_mz) (31 4 13 )=

my M2 -Myi1

V‘Ij’ fm‘f1)(2"-m’) (1’1 P B )+

mMyrq maq 'm"

(fz# M2 1) (3-m, ) (4' da d'a)

m, myty -m,

(A 3.9)

( h 12 {3 ).:__ (- triatss ( it 42 13 )
My

my M Mg -y My



a;”‘S‘J; i;- K

m=; mye-9 5 mye J-$¢1

TKk7 7K 7
~-Ve(22-4+1) (.7 ] H)" V-3 or) tke8) (—J ¥ 7-(9—:,)

2K 7 I,“H")“'” Jx 37
74 7-;) F(27%eqy \ -7 ¢ J4-1)
(3.10)

Frum thie we find for the A: o Coefficient:

k x.i.- (ket) J

now

AHo F ¢ l0,dl]) ( =) # J-f?—:))

why

K { STHI)(Keg) 4R
Aio =3 (@ 4 4,0
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further we find

{ “Fet) (K-3¢2) (Ke¥-1) (R ¢} p X
A!.o 28-1) 2%(7- ’—;—‘)(Jj?J 4"110

(K-G0 )(K-3¢2) - (Ke1)K - (Re8~4) (K4g) 4 X
=) 1'FJ(J~;)(J -1)++« (-YE)(3-%) (Y]

on closed form

(Aa3.1)

gt (TXTV Y
A{ = LU e ~ =&
0 qr ¥ 27(k-4)! ‘@

Now we want to calculate the coefficients AK and AK and to that end we
again take the 3j-recursion formula from Rotenberg( \3 9) and now put in:

H712=7; =K

My=m-Jen=1 § My=9q; My=-Jntd

K
-Mﬂ)(ZJ-n-aﬂ) (- J 7 )=

et 4 J-n-9+4

K 7
fn(z7-nt1 )(7m g9 7 '1)
ﬂ("“”)lk'”(.],n-1 L 27 7-"

(A3,12)
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using

45 -t [EREET 4K
o 1 VZ-;J-;)I %0

we find for AR 1

4:,’! - ._[ (l?{lﬁ(i(:)"ﬂ- fll(]-a-}‘)(]-g)_/(j-1’2_’_-1)(7_;’]‘

K
l—‘-__A.l’____.

" G-8)(3-D

£ [O3)Ket) T 4 .
/2_{]__—{(» -2 4'"',-0-“—!—_“ 4,"'“.,,,,,,4"‘“]

1 f0E) vk gk
M3 NEE Y] [""”-‘ Ay, * i '4’.:* "',,,.,
1 k 1 K X
- [amdg, * ma At * Agd
(A3.13)

for n = 1 we {ind the A:] coefficient:

K X " 3 (K-3)(K+1%+1) oy _ S,
A’,{’-A"o rzg—' o 71807 +V glsi { _}:LJ

(A3.14)
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Forn = 2 we find the A§( 2 coefficient

12

ot Vsl
2(1*/3_5) 5 )

4 Kk [ (k-1)(Kke2) [ (K-2)(K+3) §4 , 1
A4,2=_’41,o{ P [ '+ (1““—'"-)]

(A3.13)

. APPENDIX 4

Diagonalization of the One Sublattice Hamiltonian

The diagonalization of a Hamiltonian bilinear in Fourier transformed Bo
operators might be carried out by the Bogoliubov equation-of-motion-method
Here an equivalent method by Kowalska and Lindg&rdzs) based upon the
theory of matrix calculus are used, The one sublattice Hamiltonian from
(4.40) is

H=1 i 2(434’421-14 aaq +5’Q’@$1~8;a;@;) (A1)

%3

Written on matrix form we find an equivalent expression of the Hamiltonian !

{

#=1 {a.’;ad{/h Bi\s{zﬂ= '}_X*ifl‘

(A4.2)
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x=[%l X {A1 314}

fuly af a
.: ; A
Now we define the transformation

r
ai-d, I-; *+ol, E‘*

a. «1 dz r i
*
:{3’ E"‘fﬂz f-i a’ !‘3:. P F1

H—f

4y f

STE R Sy

The opposite transformation is

T
(i & {‘3}
2

-,4,1-/3*4

-9 *
T ={"" P
-dr ,"31

The fact that a_ and a; obey the Bose commution relations, (BCR) gives the
following relations of the transformation congtants o, 3, Bl and B,

(a4,3)

0
——
X
*
N )
g
[
e,
»
"
=,
1™
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[a%a’; I= [(dﬁ—““’ff)s “1*@*":* Eﬂ]" )2 ey~ 4
1= LA AR I

14,2, 1= [(4 Gt £ ) (BiEy Pyt )] =it = 0

(A4.5)

The transformation matrix T fulfill according to the Bose commutator re-
=

lations the relation

' {*'-‘zj{d.*—..as_ (MR k) -(.4p.-¢.ia.)}={1o
== AR T 1 By B dirk-uss? (B ips12) o4

Because of the Bose commutator relations the transformation that diagonalizes
the Hermitian Hamilionian is non-unitar. To show this we calculate ';'+ and
see that it is different from 1“'

f_ J'* 4 -1 (A4.6)
I- {“z* (’J +1I

The eigenvalues of the Hamilionian

X 4xx= HTNTHT(TN) = £Y'EY

(A4, 7)



Written out we have

)Gt (o) ) o

We introduce a matrix E and have for the two coloum vectors u,, 4,:

{05} 5 w3} 5 a= )
Lo Yl - s e - a
o 2 t=-efea (- = )

which gives the following efgenvalue determinant equation

41 A B’*
; 4.;*;’

N +A(A4-Ay) +4A, -18)%=0

The energy is an even function of q, as it is impossible to see any difference
in the +q and -q directions,
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T 2) -

A= (A iByi?)=0

'A= I\} A;‘-”%l" = E.tq, (At.9)

The eigen vectors belonging to the eigenvalue E +q (Bq real)

{A4.10)

-’
f;/_-") (A4.11)



oy, = (4,5+ “ER Pyt FY)
(FfF -rr*f’q)

1(1’1 5’) GE?_-I*(-‘:} 'i g)[-;i—: (A4.12)

q’a*- (J'F*fd'E,)(s*F':- )
=-2-(F‘Ffr .1)
"‘ 14 ded A ? (asas
(-3t )F +(4 “)FE’( )

The Hamiltonian essed in the "new” Bose operators:

X~ % 4y (&*ﬁfgg;)ff(ﬁ‘(’g’fs;ﬁfq;

- F(HANC R 4 e 148

-3 VA (R 1)
= ; E*(I;;’f%) (At 14)
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(A4.15)

in which way the Hamiltonian hus been brought to the well-known "oscillator.
form”. A similar expression can be obtained with the other eigenvalue.

Some selected matrix elements:

(ry1agaging>
(ﬂ;l%@,‘n*) =‘£§('11,*‘}_) (Ad.17)

%(r‘%f%)—% A4.16)

<’74m;@;ln4> ‘%(ﬂqf‘{‘) (as.18)

APPENDIX 5

The Spinwave Dispersion Constants of a Hexagonal Bravais Lattice in the

c-axis Representation

With the intention of doing an explicit calculation of the temperature
dependence of the magneto crystalline anisotropy, the interactions of the
magnetic Bravais lattice is specified, We include in the Hamiltonian an isotep
exchange interaction, single-ion magneto crystalline anisotropy, single-ion
magnetostriction and the effect of an external, applied magnetic field, Then
in an interacting magnon-magnon calculation we compute the contribution
from the different parts of the Hamiltonian to the magnon dispersion

4ants
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Isotop exchange of a Bravais lattice

An intra lattice isotrop exchange interaction might be described by

&“Ei(au)gpgy (A5.1)

here | and 1! mean lattice sites of the magnetic crystal, il and '_‘1' the total
spins of the respective lattice sites and the exchange functionF(Rn,) depends
on the lattice distance Bll' = RI'RI" Doing a Bose operator expansion of the
spins we find for # ex, table 1

Kew= - $us? Flo) +‘§‘ (M) {51 [4:&4"‘4:'4' -41’4”—4,05]
+6,45)] Qo ot + 4325 42
+4¢Q¢+’4:'4¢‘+ CAXR Y|
- Q::Qa:'ae‘} (45, 2)

Making a fourler transformation, following table 8, we find for the non-inter-
acling part:

(J[’u)o =~ 1 Jio) A3+1) +)k: 15, (Fro - k) ) (A » 2l

(AS, 3)
giving the contributions to the dispersion constants
Elx)= - f‘ﬂ ](O)J(JH) (A5.4)

Agimm)m S, (o)~ (&) (45.5)
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The interacting part of the exchange Hamiltonian becomes,

(Ree), - {26,/ (ke Jo)) Fhemd} s

Ky iy xd},.x,)x,m. Q.,,Q.‘a,,a,’ !

(A5, 6}

By use of table 9 we do a Hartree-Fock decoupling of the interacting part of
the exchange Hamiltonian and we find for the contributions to the dispersion

constants:

4E (%) = zA/KZ-.{'FP) gtkukz) 2“""5.)(3;1/5.)4-](5_))} .
1y .<4%><q;ah)
-1 Zfz(-‘ "3){;“’,)4}(&)) 7('(, - )}

"p‘a
gl > <Ando

4 ; { Flors fi1-5) ~ 4015, ol Fx9) ) <@l

(85.7)

= J‘ =i - -~ +
8Ax (20 ,,KZ’{MS. ) (Fikrs fukd) ~Hor- Fuaka| il

(A5.8)
a0ki40)= f,;{ 201 Fhe 8 ))- FU61-6)) <@l
(A5, 8)

aB () § A 255 (Fubi i)~ i) <ag g,
?

(A5,10)
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Magneto Crystalline Anisotropy

in a c-axis representation the single-ion anisotropy of a hexagonal lattice

8.0%<) +8°0° %) +3°0%) + 8BS0 as,
]&q= ;{ 2V ,0,,;() 0‘(¢)+Q 0‘(0}‘: (a5.11)

qg being the crystal field parameters and O;I((c) the Stevens operators.
Doing a Bose operator expansion of the single-ion anisotropy we find, table 5

do= N(250°+85,8] + %65,87)
(6587 r805,0°+3365; a) Z_ da,
s )3 e
(A5.12)

Making a Fourier transformation of the Hamiltonian we find for the non-inter-
acting part of the anisotropy Hamiltonian, table 8§

o), = W(87255( 1432 ) +)85, (7*.5)*9{16-&(”7256))
0t ) Tl
(A5.13)

giving the following contributions to the dispersion constants


http://A5.ll
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Eslam) = W(25:8(1+2 )1 85,85 (1+ 8 ) + 65801+ 2L)
{A5.14)

- 1 o 3 o -
Ag lam) = -3 (6&31 +20$,&+ + .3365‘5‘) {a5.15)
The interacting part of single-ion anisotrupy Hamiltonian becomes, table 8

(How), = 75 (658043005, B°+ 160 36°)
f
ﬁ%"ﬁmﬂm Qe Ay,
/(3&’

(A5.16)

from where we, through a Hartree-Fock decoupling, find the contributions

to the dispersion constants, table 9:

AE,(am)=~ 5}; (65,8, +360 4,00+ 3360 &) “[ ZZ U

1
+3 2_; z( 2 <4€4«,> < Q};@) r<4,"q;: xqeq
(A5,17)

Ak (am) = z’s"; (652520 f%ngB.°+3%o&BZ)§§<¢ﬂk,>

(A5.18)

8 By (an)= 35, (6.5, 87+ 305,80+ 13605,6¢ ) 2 z Z<ak,a >

(A5.19)

aBe wd= 75 (65,8, 30 yB+3360, B)5Z-Ghrd

(A5, 20)
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Magnetostriction

In a ¢c-axis representation the single-ion magnetostriction of a hexagonal
lattice is:

Home = =2 { (6530 1°5) 010 (0K ¥4 08°E) O30
*(Ba T 03" £%) 05100+ (Y T ) O 0
M €02 & 0,’(5)}*8.{1( oy r&ro:(s))
t 8::( 500 +5700 ) - 85 ( £oj+8 0lcs)
r &: ( E.,r 0"’(()#?;’0:«’5)) + Bf, (£F0l) & 0its)
» 8 (E0jtc+ oy} B (E0fo+EX o)
+ st( iofs ffo“cs;) L (45.21)

In the further transformation to Bose operators only even-valued ¢-Stevens
operators are included, as odd-valued Stevens operators do not contribute in
a temperature calculation. In this way the c: , ¢:' , and ¢: gtrains are
excluded from the further calculations.

Hiee = N (252 (B2 85 T) +85y (B3 T4 b 5
+165, (Ba'E™s 03 E*))
» 3 [ 652085 56004 vdos, (Y it 6%
2083, 5 °6)) 2
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(BLE v o el )27 a)
=55, 63, (B5'E% 8FE) 3605, (B T+ B0 T*)
1605, (B B4 E) ‘Z@I Qe
(8l 2 (158-2 ) IS (31%-3)
ol 2 5 (6B -2)) ettt
(006215 + B 225) 7 Q{0 + et

(A5. 22)

Making a Fourier transformation and a Haitree-Fock decouling we find the

contributions from the magnetostriction to the dispersion constants, namely
CAN
Eulme)= - M[25: (83546554 (1+3,)
a4, =y o2 =
w034 (B 482 E9) 1+ )
LAY 2
+165 (8 EH;B:?{'“)(HZ;%)} (A5. 23)

Aime)= S65, (888 835+ 80, (B 5 25"
+360 (/.32’;' e 02’5’5"") S j (a5.24)
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- - 65 —r 14
Orime) = (8 51 8L 7 452 L5782

{A5. 25)

51«,1)

aGime)= £ [65(60'E" B3 t3t0s, (B £
+30608 (B3 T8 T") |- 2 2 <Alaxc>
+ 2 (23R B> + <A 45> )
'{"Lf" V(T -p) ot sl (32 - )
s.s;( "/'?: 5 }{'2%‘/“:,‘32"‘%@»7)
+3 %; <0ady> (<,&h >+ <, >)}
+{6l, 27215, raer 132, (it <ias
+ (0/;,45,) <44;§;p>

(A5. 26)

aAxme)= X (@) f} Z<a,*4¢> +

K(a’afafafa*aaq)f'z@%‘? S + <Aid>)

(A5.27)
L3 (wa)= K(@%*aa )3 uZ\“:"*
r R{@tata ¢ 2%a4) HF A0
v x(a%q-afaf, 2a44) ”% <4 x> (A5. 28)
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Appiied Magnetic Field

A magnetic field applied in the c-direction gives the following Zeemani..

contribution to the Hamiitonian of the hexagonal Bravais lattice
- - 2
H2ee e H %.74
- - 1
ok IN ~4usH 2 4%
= ~YlahN (3-2)- 7/(6/'/ 2i (Qeqc-rdeqz') (45.29)

!}

Doing a Fourier transformation we find the contributions to the dispersion-

constants

Ep(Zee)= '?/@HU(?‘%) (A5. 30)

Ak (Zee )= "?/(QH (a5.31)

APPENDIX 6

A Mode) Calculation of the Characteristic Functions a M(T) and b(T)

The temperature dependence of the Stevens operators has been expressed
through the two characteristic functions 4 M(T) and b(T). & M(T) is connected
with the relative magnetization and b{T) takes into account the noncircular
spin precession about the direction of magnetization, They are according to
(4. 55) and appendix 4 given by

AM(T) = _WZ< 247 —,',VZ T:(wp#)- j

(A6.1)
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PRS- PRINALES DI L

Here ( nq) is the Bose factor, Eq the energy, Aq and Bq the dispersion
relation constants.
The energy is

We are now going to set up a model calculation of the two characteristic
functions 4 M(T) and b(T) taking into account the fact that the dispersion
relations are not equal in different high symmetry directions in t' . g-space.
We calculate 4 M(T) and b{T) on the basis of two models, one with quadratic
q-deperdence of the dispersion relations in both the c-direction { ¥ direction)
and in the basal plane direction (4 -direction) and another model with quad-
ratic q-dependence of the dispersion relation in the c-direction and with
linear q-dependence of the dispersion relation in the basal plane direction,

Model no. 1: Quadratic g-Dependence of the Dispersion Relations in both

c-Direction and Basal Plane Direction

The two characteristic functions are
AM(T)= ;"‘;, ;{%‘(“k?*i)'% j
o [{Blapetytis o
A =-;’7;; { %(«”’0':‘)}

7 ;)
=‘§;T‘L‘;:11?:((”’)"‘;‘)df (46.5)
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We have used the standard transformation from summation to integration

Z A (—J'R_Y)’,S di {A6.6)
3 i

where V = VcN is the volume of the crystal, Vc the volume of a unit cell and
N the number of unit cells. Further we have for the volume element

d7 = 49, A9y df: = % 49, d9, d7 (A6.7)

The dispersion relation constants are

3
‘43 =& -f-/3_,, QJ_Z A9, {A6.8)

7;,4 =7 (A6.9)
and the energy

2
éi = a+ 79 *J'mglz*' ”(1)?”4 (6.10)

From (A6, 3) and (A6, 10) we find the connexions between the dispersion

relation parameters «,f, , B, 2nd y and the energy parameters A, J‘,J.‘”

and J?),
From (A8.8) we have

Ay = arpdy
754 = T

and therefore from (A6.3)

(47 ()P = b1 eaup Gty oo




From (A6, 10) we find

L IR LI

and therefore

(8V= (237 + (3 ]9 +20 2908

We therefore have the following relations for the parameters

P = (3°)+ 22
APN'-" juu)A
a=yar ‘z
For the basal plane direction we find from (A6. 8)

04;= d-*/’a.g:
M-t

and therefore from (A6.3)

412 2 a2
(z,} = (d") - ﬁ, :‘...-' 2*(’4 %Lz fdz;’z
From (A6, 10) we find

q = J*fo‘
for which reason

(‘l;)z & 27,4 9%+ 4%

(A6.12)

(A6.13)

{AG_14)

(A6.15)

(A6.16)

(A6.17)



- 140 -

Cambining (A6, 16) and {A6. 1 7) we find the connexions
fasg {A6.18
dP 1 = Ja )

4 = I’ d[_ll {A6.19)

By means of the expressions of the dispersion relation constants and the
energy we are able to carry out analytically the basal plane direction part
of the integration of A M({T} and b(T). The c-direction part of the integration

is carried out numerically on a computer. We find for & M(T):
oy -uu
d*ﬁ;’;’h# 1 +1
AM(T)= &ll’l’}’ a f J[AvP ‘ivy‘“’.o PR (lclhr_ 1 ZJ

-$]a%.9, 49,

(A6.20)
Now we introduce the following short hand notation
3
€)= d+ ’AuQ“ (A6.21)
z) 2 ()
Q)= 4+ 9+ ?, (A6, 22)

and find

mll

1A ﬂux
AM(T) = 3'-—7{ z ?~
M
T / Gh) T (5, )a%y +T /s ] I (?.) at

° g

+7 J Col8a) T3 0% )d % + U s ] T-.l?.) 44, }

(AB.23)

»



- 141 -

The integrals Il(q.), lz(q.). la(q.) and X‘(q.) are

e,
I(%) = j G +2,97 .49, (A6.24)
o
QX
a‘
T3(%) = J m Ld? {a6.25)
-
o J 1 1 .
Iy(%) = ] G(%)r 2,92 llf:('.)*lﬁﬂ/k.r_ 1‘4‘“‘ (A6, 26)
&% 1
I, (%) = ’J G+, 92 * [(,u,j.;‘g;u,.r_i 2.4y
(A6.27)
They are found to terms linear in temperature
= L -7.4.‘3 )
L{%) ZJ_LL" (1 C.(5) ) (A6, 28)

= 2 [ g (10 2

(A8.29)

~G(W/lgT -Zfdw/&T ~ 3G /T
L% “ 7 131 ”‘j

':'%; Git) {

(A6, 30)

l,',,(?,)é‘n' 0 (A6. 31)
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The other characteristic function b{T) is found to

max g ™ax
Aa) = - 5 qu z/t)’j alﬁuf

—_— x
cz"u)'f -ZL’.L

1
*&rt. o1 AF TRT_ 3 ) %4,

ﬂu

7%, (ur)’ {Jz IT‘Q"“"* Zr)’f”?-)de. }

(A6.32)

3 »Max

Model no.

2: Quadratic q-Dependence of the Dispersion Relation in the

c-Direction and Linear g-Dependence of the Dispersion Relation
in the Basal Plane Direction

In this model we take in the basal plane direction

&
[
|

<t 9y (A6.33)
754 = r

Ly

In the c-direction we take the same expressions as in the first model

(A6, 34)

A+ JJ.QJ. (A6, 35}

Therefore 4 M(T) is still expressable through (A6, 23) but the integrals are
replaced by

q”ﬂ‘
1

I,’(Qu) = J [NTAFEXR 49 %, (A6.36)
-]

a""ﬂl

&
7 9

= S rr—————— . 7

(%) ! ATRYETH 449 (A8,37)
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-0
» 1 1
I, (= ! G(%)+2.9, {[c,a.)n‘s,_]/;.r_ ! 9,49,

{A6. 38)

-0
’ A 1
L = J c.w..mm PACT N AREE fdy

(A6. 39)

These sets of integrals are found to

, may Gt ~
1,(9,) = 2“;" X J/&q( 2 “) (AG. 40)

Qa(%,)
: (™) Gt m.,
1'9.) = 4 - L.+ &2 L1
%) = 15 R » 24
(A6, 41)
I_,'(Q,,)g 0 (A6.42)

' P ) -GuaiT ¢ 2
I (4% ﬁ%’l { Gt ¢ aclr, ¢ crot)
4
(A6. 43)

b(T) is found to

1""( ox

,‘(T’): - {Ir I(Qu}d?« "lIr r“ﬁ)d&ﬂ}

5 (w-’

(A6. 44)

The purpose of setting up two alternative models is to be able to fit the
measured dispersion relations as accurate ag possible in a concrete calcu-
lation,
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APPENDIX 7

The Spin Wz o Dispersion Constants of a Hexagonal Closed Packed Lattice

in a Basal Plane Representation

In section {5) we have set up a Hamiltonian of the heavy rare earth metals
consisting of isotrope exchange, magneto crystalline anisotropy, magneto-
striction and a term ceming from aa applied external magnetic field, Here we
want to calculate the individual contributions from the total Hamiltonian to the
spin wave dispersion relations that have two branches: An optical and an
acoustical branch. From (3.82) and (5. 83) we have for the dispersion re-

lations:

4 }
tw,f”: ((rﬂﬂ/%/) "/ZI(/} /f{(dtf-l"x/)‘ /Bxl} &

(A7.1}

% Y,
Kws {(dx=1ut)+ 18] = { (Ax~1Bcl) =Bl }

(A7.2)

The constants Ay, By and C, defined through the relation (5. 14) are the
digpersion constants. All terms of the Hamiltonian contribute to these charac-

teristic constants of the spin wave energies.



The isotrop exchange

As mentioned in eq.{5.6) the isotrop exchange interaction of the hexagonal closed packed structure - built up
fram two interpenetrating hexagonal sublattices is

== ZHRu) Iy = 2 FRom) T I~ L Fi) 2
24:,1 + la.z + X«.J

{(A1.3)
z“ 1 d’ex are squal and describe the intra of the two ) conatituting the hep-lat-
tice, 'heraa-; i the inter Jf and}{ are characterized by the exchange
ex, 3 ex, 1 ex,2
fun-tions ;

mn } md;mmm } reepectively and ? (‘Rl ) is the inter uxehange function different from the intra
exchange functienk; Using table (1} we transform the exchange interactions to Bose operator expressions. We find
ge B

P s = ,Z. Foer) [-5.'+s. (@fa+ @y -a5a, -0t ) - 232, Gy
t< 4

- Sl -

’
+(5-7%;) (a,_ll:,a,.d‘- +afalady , aalala, +4la%, ﬂ‘;)]

(A7.4)

Huz = 2 o) (=555 (b,,6,.+a., g~ By ims o B ) = b o bty b
CSAT) (B B b b 6, by bl 4 by b s bt B mbmnr)|
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By use cf the general formulae for Fourier transformation of Bose operators in table 8 we find for the non-interacting
part of the exchange

(K)o = -N(FO) +F0) I (e1)+ %{%SI (Fro)-Foiors Fror) (At + W + by, + bu 6 )
5 ) G by - 5, FrUKI*ax by |

4 . X -
= Eyle) +§E{ F3 4:(4{44(*‘2493) + ‘2"4;:’(5:5&*5*5:)“' Ckﬂgb/u-(:b,‘dt}
(A7.T)

and hence the contributions of the dispersion constants are

Etex) = ~n 2(3¢1) { Jloi+ Fio) (A7.8)

Aled= Acz) = S (Fior-1(%) «F1g) (1.9

()= =5 Flx)* . (A7.10)
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A Fourier transformation of the interacting part gives, table 8:

- - + .t
(Hor), = & %: {205-v5) Hfar+ 348} - 713~-?z)}(ﬂ,,ﬂg, g2, Jm‘,’m, +
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1 * .t
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(7Y PR
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TG4 by + F O 0,021, T Iy, 4.0, 7

7) gl f * ~
{, :Z,: 7(4{%) aqi%za%bq‘i d’f'h}%“‘l
2

Hty

(AT, 1)

{A7.12)

The Hartree-PFPock decoupling of the terms of the interacting exchange part has heen carried out to give for the dis-
persion constants:

- Lbt -


http://A7.lt

(R2™a><'z a>+ Tyt

" , b
?vcsx..v 2 2) fa-54- Remrdocnd [ (o592 ) X - (@ + W) o1t T -

o o Y , T '
(Cra gy g e <P M) (-3, 2 2 Y - <> <A oh T2 -

ty= [ ) .~¥—¥
(€8> 1a a2 wig + Prya > fer iy Yeos-ts) A -

LR
(<> 2y Ty Stnf + <0 > > (i 7)) L -

~ 148 -

.~¥ .!
(<™y o< 5T+ My > Cxp'p> 2) (L (isp-ts) T F -

AAt- b9 ™ ov+aﬂz»_€X:o§va§u (g-'s) .,..Im

Ty
[<" 7920, (Tat-%5) +<Pa > () f (-5 L 2 -

et . - _ N
GA g “QV.‘.AQG\MQV\ ,,\aﬁf% .:.%K\ﬁmmkh\?lﬁﬂ»ﬂn‘ixm.rqoﬁ_VM\“W#

(<958 0>+ I (i f s (rfg ) (st 25 ih + (0 | OF = m0°3 @



(61°Lv)

T.
NA ..Q !WV*DU«N*A?Q-I#V&GN&»MM ﬁ.ﬂl\p 5) &.A\l# wQVAul...vsv&\v >Ns- (ar)y>qQ v
n
’

(81°LV) { ™0 Mp5(28-13), 1+ (<9 V0> # <20 %> ) (W (W45 v =0w)™) v

ey

[ <> (00, (rprypac Sy 379> [(R~4mif (et +U51f :m;-fawN« =) gv

(81°Lv)

<3 Wk IE (-5 2+ <> (2R f - (T + 1 04 ) (2 .cﬁNa ) 297
<%

(s1°2¥) .M. mA:ﬂ& » (%4 +A§.3v..3§ J(Ip-*rz 4
W 0> oy + <5 [((ETE 0 ) (et - (oA 40t T T w2y
(v12) { [<™a™0y (3) + <095 ()4 ] (Sa-5)2+

Ae@.quaa\.m + Aaxcuwwv_..?km...«ﬂﬁ\«gw-aﬂ.ﬁmlo%uvW« ISSI_‘Q




The single-ion anisotropy

In segtion (4} we have treated the single-ion anisotropy of a Bravais lattice. The hep-lattice is built up from two
hexagonal Bravais lattices, for which reason the single ion magneto crystalline anigotropy is equal in the two sub-
lattices. Besides we want to deal with a hep-lattice where the magnetization is lying in the basal plane., This requires
a rotation of the anisotropy from a c-axis representation to a representation of the direction of magnetization. This
operation is done by using the general rotation expressions of the Stevens operators set up in table 6 and putting the

angle 3 = i‘- 3
iu thie C-axis representation the sublattice single-ion anisotropy is

Vo = 2 {6{0{&) + 800, +B005c)+ 66606‘(0 }1- (A7,20)
After rotating the Stevens operators the sublattice anisotropy has become:
3 =
Ko = Z{ 80 [-2000-20% ]+ B] [ §0,1+2 0} ) + 3£ Of1c)]
t
or_ 5 ne 5 A2 8
+&[- % Gr - 48 Qo - § 4lo-%2 Ok ]
+8¢[ 7508 -5 06 )+ % 0fc) - F: 001 ] cosba
(A7.21)

—6:[ :?; G'te)- fa&c) + j-Of(c)]S;'che(j{
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As shown in section (4) Stevens operators O,
therefore we only take terms consisting of an even number of Bose operators,

Again a Fourier transformation is carried out to give for the non-intéracting part, by means of table 8
(Yo )o = W[-825.(1¢ %, )+ 3808, (14 2 ) - (56’80 s 6) § (1+ % )]
+3 [ 387 & -300) $2 + 2156088 es6a) $ | Z (aka +aal )

£ [-2805, +308,’ - 15( 365+ B tos 6 ) 7 : ] > (Al ~anax)  anm

from which the contributions to the dispersion conatants are immidiately read as

Eylam)= M-805u(1+3%, )+ 380 (1+8 )= (5084 s64)S 4 (143 257 (AT.23)
4: (ami= [ 0;‘%‘300;%3 *2/(5@:‘3:{000()?,] (AT.24)
(A7.25)

ac ()= [-380057+308; ,—e& /5<;a‘+e‘m6a),3— ]

As the two sublattices are equal, the other one contributes with dispersion constants that are the same. Therefore
Eo(an) must be taken cnce more and A:(an) = A;(an) and B:(an) 2 B;(an) where "b" meana the other sublattice. A

Fourier transformation of the interacting part of the sublattice anisotropy gives

9(€) with an odd q number do not contribute in a temperature caleulation,

b £ ] Wd
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[asal a"; a:., “% -&aQaaq 1 Q,n, ;11,} (A7.28)

Daing a Hartree-Fock decoupling of the interacting anisotropy part we find the following contributiona to the diepersion
constants, by meuns of table 8
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s 27 (<O aqr Ol +< B >< B, >) |



(82°L¥)
(<> + b1 ) L6 @.2 - 5 149) (095704 92 ) 5+
(B-Bopf) B losr-(%-GafuoE) B
<> L (S0 -tos) S 5 Sa e+ J0E -] =0y
(Lz'Lv)

m«.& <1+ TG >+
2 Tuly

“e L/
T P R+ I ey ) e [ [ Rmgsa o tair) g + a1
- o - L Nl.
[[(€a%9> o> Jeoneig>  (<Homoe 1o3p) Moy ] o ¢ -
[€a99> + CT5up> +< 239G >s Hmy> | SNE-]s
* m (% -vht+9) ?wﬂs‘?.‘mt ot

(- i)+ £) % door - (-G o] S0+



tog "L v) awVMNwﬂ (o0 %9 - 565 IS0t - ﬂ.om.hww,qum-v}‘r
<> Z s (Loweorto-or) s -tutak) b

r4

A.isww.m@« ooy G 9 e e
(E-gaf+£) s -(3

- 154 -

m\vmm\& Vn«.n X =0 RV

(62°LY)

(<> +< 5" dwm (-t 9) 9500+ 020 5 +

G- E) 05 - (SR | SN 1
s@wﬁwmm (2990238 - 305 ) 504 - & Yo T + 30 -] =10}y



aBton= VS |38V (V8- )-1500 35 (358~ 2

+ﬁ{7&+&m){6+f¥‘5 2)]6Z uy
+4 | Eaor- 215 (2180-6¢ as&x) 1. /22<b.,-‘z~,>
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(A7.31)
Single-ion magnetostriction -
. o
In the thesis by Dnnielsenza‘ it has been shown in appendix 3 that the single-ion magnetostriction Hamiltonian ?'

for a hexagonal Bravais lattice in the e¢-axis representation might be expanded after the irreducible strains of the
hexagonal point group.

This Hamiltonian expressed in Racah operators might be tranaformed into Stevens operators by use of the formulae
{2.23)- (2. 2}) to give

Fan <-T{ (@80 0L+ (83 E2r4 85 20710
+($"d, " e‘ '3'~ol) 06(‘)_'_ (8:6' Edv . B:ézgdol) o“(c)
+ 8X (EX 00 +E105s))+ B, (£703c) + 8] 0}5)



Bek (E05+ EF 02 9)) + 88 (& 0jor +EL 0 1))
+8), (E1081+ £50{c)) + BE (EF0](c) +8F0js))
+85 (FE0cr+ EEO)(9) + 85 (£,00w> + EEols)

£ (zead £Ens
+ 855 (5 Q)+ 8L 0Fcs)) (a7.32)
The B'® are phenomenological magnetoelastic coupling constants, rhe irreducible strains are defined and explained

in section (4). As we are dealing with a ferromagnetic structure with the magnetic moments in the hexagonal basal

planes we again, as with the anisotropy, do a rotation operation on the Stevens operators to a representation of the
direction of magnetization, By use of table 6 with the angle p = 3

g we find

Ao = -3 {[HB2E 405 E)- 3 8L Flersans B vzt )] 0Jc)
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Here thc following restrictions have been introduced:

1)

2)

odd-valued Stevens operators have been skipped, as they do not contribute in a temperature calculation

This means that the g and ef -straine are now excluded in that way.

even-valued s-Stevens operators are not included. It has heen shown in section (4), that in a non-interacting
temperature calculation they do not contribule, They are therefore even in an interacting theory of

nigher order than the even valued Stevens operators that are left in the rotated single-ion magnetoelastic
Hamiltonian, Expressing the Stevens operators by their Bose expansions we find for the magneto striction

[J025, (142, )+ X084 (148 )+ X165, (1) ]
-3 s B4 10s fff;l 2 452 +4%)

CAORETT- SRl Y Z(ae«¢ +Qele )
+ [ t00 S W w000 8 0 1 2 4/}, 0,

= (R (V-2 )» %62 I (3 2 e x5 (6 /-2
Z(QQ&@ a/q.a.a, )+

| AP *&420 ]Z( +Q¢Q¢ Q:_[( (A7. 34)
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Proceeding Iin the same way as with the isotrop exchange and the single-~ion anisotropy we (o a Fourier trans-
formation of the magnetostriction terms finding a non-interacting - and an interacting pari;

Agelin it shall be remembered that the hep-lattice is bullt up from two interpenetrating subluitices, for which

reason the non-interacting contributions to the dispersion constants hbecome:

Eo(mae) = 21’;’5;(‘“%)1‘954, l’y"(“f)-«» 16 %.°s; (/;2_25’.' (A7, 43)
AR tme)= ~ ( 6383“% +20 3_’,“"’3” +3%Y, é‘:) = 4; (17,44

(A7, 45)

B (me)= 2(MNT, + 146 f—%lf AR %‘; ) =&

Doing a Hartree-Fock decoupling of the interacting part by means of table 9 we find the contributions to the dispersion

censtants:
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‘f/(wlb’s?dc""zo,';*‘;) 12 g(bx, by,»
+H(3K% (80 5 1 +840 ’)Z,Z,da«féi»

Applied magnetic field
Hamiltonian of the hep-lattice, built up from two interpenetrating sublattices

Applying an external magnetic field in the basal plane we have the {ollowing Zeemann contributions to the
(A7.51)

(A7.52)

xZCC = ~?Iu° %- ‘1';7‘2 -?}(b n’zg'_Jm
H= (Hy Hoy Hg)= [ Hs(ard), Hsinlirs), D)




giving for the products

L-{._J*s H, 1’+ N,‘ 7{7

(A7.53)
Hdn= H’ 7'3* HVJ':,

From the theory of rolution of Racah operators by Nanielsen and Lindg&rds) we find the expressions for the angular

momenta in the (§,n,{) coordinate system expressed by the angular momenta in the (x, y, z) coordinate system.

Jy=-stua i +ogt Ty = ssien il (G1-0,.0) vtosa & (0,,+8,.,)

a 1,1

J7= Tz = 5’0 (A7.54)

jtz A Inrbua 9y = -mq;—i(ﬁ}',- it ) S & s By +D,0 )

and we end up with, when doing a Bose operator transformation and taking only into account an even number of Bose

ooerators,

Hl. = # v (Ko o) :{eza ,-,tu“(ufd‘) (S,-Qzae] (A7, 55)
Hedme H Soin (dtd) I = i sria(oisd) ( Sq= Eoybom)
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Houe = ~4lio H $iu (i d) % (39-4,4,)
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= =284y HN S 50 o+ 5)+ LigH S [attd'}%ﬂ?é‘-#- Flap Hesia (trd) 2 éib,,,
= ~29Uug HN #uk+d) (S;+1)

+ s Wi b )T 4 (fagraeat )+ T4 (bhbn by )]

Doing a Fourier transformation we find the following contributions ‘o the dispersion constants of the spin waves of

the hcp-lattice

(A7,57)

Eol2u)=" 23/451“/ Swn (ai+d) (5,+4)

(A7.58)

A (= Gus Hisuldrd) = A (202)
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APPENDIX 8

The Characteristic Thermal Mean Values of the hcp-lattice

The renormalization calculation of the spin waves of the hexagonal closed
packed structure of the heavy rare earth metals sets up some characteristic
thermal mean values(appendix 7) through which the renormalized dispersion
constants are expressed as a function of temperature. Therefore the following
thermal mean values are calculated

LB, Lbbr>, <Alx>,<4tat>,

<bule>,<bEbxD, LAnbr>, beait>,

(AB. 1)

<Ay éﬁ>, ’4 b-t( a‘t >

The Boseoperators "a" describe the one sublattice of the hcp-lattice
and the Boseoperators ''b'' describe the other sublattice, "Mixed" thermal
mean values containing both an "a" and a ""b"" - Bose operators come from the
inter sublattice exchange part of the H;ér)xihonian of the system.

values into Bose operators that are in the diagonal representation of the s rs-

Following Kowalska and Lindgdrd we transform the thermal mean

tem. We find immediately the transformations from "'old" to "new'" Bose

operators

ax'ﬁ, Fu"m:F::"fA GR‘M:GI (A8.2)
t

R, = -m, Fer BFE-ma Gt fy .5

bk-_- CR,F‘,‘ ~Cm,"E:'-C["q 6K+Cm:€|_,t (8. 4)

br= ~(m P+ CRES Feem, Ge-cp Gl (88.5)



Fx Fx GK G are defined in connection with the diagonal Hamiltonian
Hyin g in equnnon (5.81), They obey the Bose commutation relations, The
expansion coefficients of the transformations are, Xowalska and Lindglrd

Bx (ixs 4/&1‘)%' 2“} 6 (as.6)

mg =
16l 4Bus

2
g, = { (st leI’)h'* !u} & (8. 7)
s = .
4%s
¢ = l%fl (a8.8)
8 = (o,a) (o: optic; a: acoustic)
Forming the thermal mean values of (A8.1) by of the tr form-
ations (A8.2) - (AB,5), we find
abacy ={ (PRma N>+ (P2 imiD 03>
+ (lm,l‘ﬂch‘)} (a8.9)
<bt4‘bn>= Tk <4;¢“-Qh§ {A8.10)
+ °
AR >=={ 2MP(MR> + 2ma Py (MR >
+ Mopy+ maP.‘} (Aa8.11)

< By=~{2m} f N> +2m¥ p (MY >
+ P+ m;’f’.‘} (A8.12)
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(b_:b:)ﬁ ICI’(‘!+Q:) (A8.13)
(bkb_,‘)- lei12 <G> {AB.14)

Lakbk >= €* (R% m) >~ CH(AErimyi?) < md >

+c* (ﬂz"ﬁo‘) (AB.15)
Kbaad >= C(PrImpP)ng> ~ ¢ (AIM)DNR>
+¢ (ImJ Imyp2) (A8.16)

g bes==2cemEp, gy 2omEp, <>
+ c"(n.‘ ‘-M.‘ﬁ) (48.17)

.
Condt>= -2 mp AME> 20 My Py (V>
+C(n.&-m.p.) (A8.18)

The Bose factors (n;)ud (n&) are given by

mg 1
x> = m—

(A8.19)

s - 1
<'"ﬂ ? W (As.'zo)

where the renormalized energy expressions of the optical- and acoustical
branches are from (5.82) and (5. 83)
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‘k,o = { (t/ln*lrxl)a—lgkla}vz (A8.21)
:
$ha= {M«-ie.l)‘. IBg/’}'z (A8.22)

AK' BK and CK are the dispersion constants of the hcp-lattice spin waves
calculated in appendix 7. By of {A8.6), {A8.7) and (A8. 8} we {ind the
combinations of the expansion coefficients necessary to calculate the thermat
mean values in (A8.9) - (A8.18)

a tﬁkflfl

1o +1me)? = 21 4": (A8.23)
2 A ~ 1€l

fa+ima)® = ——zi;;i— (8. 24)

Bur ) | An -1t _ 4

my+mi =

4"",9 44",@ 2 (hs.23)
B .M
2mef, = ;ﬁ" 5 2mFp = ‘2'&0 (A8.26)
»
2ma o= 2x . 2mrp = B (A8.27)
2“‘ ? 2 XN
1
Map X mp, = %5 (21:: k4 f,“) {A8, 28)
* 1 41
m:ﬁ.t ’”’fo - 1;. (‘“ * i .(As.zs)
Ax+1€e) _ Ax~1€x)
My 12 = 1My 12 = - .
my1*= 1myy v T (A8, 30)
Paz - 'f: - 7 U - Ax = 1€al (A8.31)

"‘m “5ea



Therefore we finally find the characteristic thermal mean values

{qlay> = -'—"‘;"'E'ﬁ'(m»ﬂ+-'—";”-'£i( oaded)-4

(AB.32)

+ *
4645‘(). %’ <4:‘R> (A8, 33)

G} =-[ B cHref)r B (hyed)]  wnan
<ak5.>,. - [%((":)*f)" %‘;:((”27"5 )] (AB. 35)

bl = 7:;, <axad> (a2.0
(b,, éx>r= .ﬁg (Q,,q‘> (A8.37)

L bh>= { L ""’ B2 (> +4)- w(ﬂmﬂ}

(A8, 38)

bl > {ﬁi’ﬁ'—’(@-»‘)—@——&/«'n*‘)}

(A8, 39)

8y bey= _-.{- = (‘”’7’5)’%‘(‘”*) 1)} (A8.40)

<o 4¢>= %(W*‘)JL (n>et)]

{AB. 41)
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APPENDIX 9

The Macroscopic Anisotropy Energy of a Hexagonal Ferromagnetic Crystal
In {7.1) it is shown that the free energy of a hexagonal crystal containg
an anisotropy part determined by

Floagdya )= kotr) +hyr) {32 + Kol 002) 2t
Kty (ool P by () (o) (o i vl )
oo (A9.1)

to the 6 order in the direction cosines of the magnetization. The direction

cosines are characterized by the equation
a 2
d,"+d,.+ul3 =1 (A9.2)

Now we want to transform the anisotropy energy from a dependence on the
direction cosines to a dependence on the spherical angles (0, »).
They are connected through the relations:

4 = (03 = MBM?’ {a9.3)
oy = Los/3== b Mg (A9.4)
Oy = &H‘r= cos (a9, 5)

we immedeately find

A tdledy = SO +5idP) vt =1 (as.0)

Now look at the direction cosines expreesions of the magneto crystalline
energy:

oAy = -l e 1~ o95%0 = S54,%0 (A0, 7)
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@ 2ad) (d,C o2 +a2 ) =
Siod DS P4 ) (08'P- N s’y +50ids)
= i) Losbe 9.

Us6Q = (0S4~ 5udP) (0 - Hearpsalie sin'p)

therefore we find (A9, 9)

FOR) = Ko(1) + K(T)bwed' O+ KT ) 564’8 + K31 1059006
+k:,(r)iiu‘9m6?+.. . {A9.10)

This expression defines the anisotropy constants. However, instead of expand-
ing the anisotropic free energy as in (A9, 10) it mif-tbe given as an expansion
after general surface harmonics ’In(.‘ﬂ’ Birss®’),

Tlop) = 2=Yuibe) -%%‘fnp Fen,mi89)

for which reason

flag) = ‘0730* &O’M*&O%O*‘O&O*xﬁk

(A9.12)

(A9. 1)

n omun zonal harmonics and B m-remm-crun-mm. Har-
onics of odd degree are absent becauss Y3 (X 3] =¢(’-‘.' <.
Now


http://A9.ll
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7“ = Blwp)= 1 : (as.13)

/140 = RO(wb)= % (3u’e-1) (As.14
q.{ﬂ = P’.‘wo) = ;‘{35"3% -‘”Uszefﬂ) (AS8.15)

Yo = R(s6)= i (231 608%- 45 1059 + 105 05% - 5)
(A9.16)
4= xS Rh0s6) =
'Y (l0879- S0i'P) (@3 P-1HtoSPSrei'P + 58i')
(A9.17)

where P;n {cos®) are the Legendre function.
The expansion coefficients rﬂ m are known as the anisotropy coefficisnts
in the expansion

TO0) = Koo + X B(0030) + Hoo Py (c050 ) +30 Ro(1030)

‘f){“ Ss'u‘pmlff see (A3.18)

We now calculate the ion between the anisotropy constants and the
anisotropy coefficlents, using the formulae

W20 = 1-50m40 (49.19)
590 = 1-2540 +55:¥0 (A9. 20}

580 = 1- 350 + 3550170 - 5360 (As.21)
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From (A9.14), (A9, 15) and (A9, 16) we find

'l = %{4— g_‘(mo)) (A9, 22)
510 = £( Bwso) - ¥ R wso)+}) (ro.23

sute =L (PLuse) - % B ws6)+1R(a30) %)

(A9, 24)

Putting thege values into equation (A9. 10) we find

T16,¢) = kur) [ 3- 3 R(wsel]
sk [EBless)- B Riwe)+ £]
+hy (1) |- 2 Biorn)+ R 810008 8 i)+ ]
tKy (1) Los b S1ad'D (h9.29)

Comparing with equation (A9, 18) we find the connexion

Hoo(T) = ;.;1'5 ( 35K,(1)+28 K1) +24K5(T) (A9 26)
Ap(n) = 'J% (74,(m)+ E4:(T) +&55(D) (49.27)
Hop ()= .{'{5 (1KrI18 k,(rl) (A9.28)
Holn)= - {;‘,‘ Ks(T) (49.29)

x". (-'r). Iq(.T) {A9.30)
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Table 1
Racah operator equivalents
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Table 2
Stevens operator equivalents
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Table 3
Coefficients relating Stevens operators to Racah operators
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Table 3
Racah operator equivalents expanded in Bose operators

S, = JUPUaL el

Gy - F ﬁ .--—-[ IR A ‘1] .’—E-u F:—Sl 2 X Ei:—--ﬁ--.‘...---]

oL ST P

By a,[x -{‘ "' e ﬁ; a'a’es o ]

b € 2 bl 82 ~[i[%<2“.e-,n-"—i?)]&“&-":'] i)

-,,.“:2[..!2[ ‘_';"1_.‘1 R
By - 1"; E[F‘ °]'—""

B 8, [1 .lE.'. B —‘:. o'a’an + ]

o 2 ke [;[w fo- B o

B zgﬁ"'[.. { [;F;.'i R
e B gl EZ[ E?

By B 15, oo

0B ORGSR .




- 183 -

s.-s,‘ =. R R
e B2fgb e %J - .’["‘:5":“'%’]'i‘r'ﬁg’-ﬁﬂ.-.-_....l
T

e gl E[%F,Erl—

e iui

e ~§ EF e s e

LV (B R i

&--@ %[..‘,:{u.ﬁ,-'g].'..[“[,.é},. é(,-ﬁ?,].éu E,?}_]
Y e TR R R

& .m%[.-ﬁ[q.‘%.g].-_....]

L lim% - s

%y -iﬁ%-—

B

LURA IR SO BN

- 2L 2[0 - e B o b [ i)
weom 2l B 2]
TN I R

Tur ;vzé_

iy -§EB ;f....

Ty oo

Opys o0



B sfi-Fo s Bova ]

LR O AL S O [:;|u§§ Lo 'iu,] o0 Bpem ]

Y
G- - B35 E_:[—Fli[s;fﬁ;,;. R ]

o f!_
LS *iﬁﬁ

- - mﬁ_....
i 2

Opg™ =o+

{l

ft



Table §

Stevens operator equivalents expanded in Bose operators
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Table 6
Rotated stevens operators
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Table 7
Differentiated, rotated Stevens operators
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Table 8
Fourier transforms of Bose operatorexpressions
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Two magnon interactions treated
in the Hartree-Fock approximation

I = %Z at.a:’z a alf Jk,ox.’ Kyviy
[ 1"
5k
' g
A= - 23, 2 $Oley
-2 g; (24QL0 )< AR +<1, 0L ><Ar)
2

+
AAg(f) = %% <a":a"1>

A 4
A48 = %Z‘:- Qx>
t .t ot t
xz= %4%;: (Qqq.-z@.jag,,«o- a.,@&d,’a%) JM,‘&'&.
Ky

45,)= - 12, %(w:,e;) +<Ax,>)
T
- 20 {;.z@.}.,)( <ALaty +<afn))
WRUER - PACCUMETLARY

f
AB(2) = 676" % <al,ak,>



Hy= D3 Pa-s)0h by o m,
:.”33

8Ei(4) =~ z"% F10) (< 753> < B by )

+ +
- 33 V(<o <
<@ 0} >< A b))

’ + *
- 9.2_'&;10)@.,4,,)%,,&5)
shica)= i Fi0h <>
P 1
Al )= Al,"% Floy <alay,>

2834 = 0
b, 2 ()
453(4)



' +
4(:((4J= %" % i (&'KJ) <aq’bk' >

A(xtqf= %j' % i‘(/_\’.-fz)"'a:, Q>
aDxta) = B ¥ 0014 b, >

abe4l'= ’ﬂ% ¥ kk2) <Ay, by,

¥, = 2‘% Fx) bx Ak bigba, Grney o,

9
abuts) =~ s 2 Tl <% by >

‘-"Zicm(z‘bqw@,b. >+
<b.,ﬁf¢,.»z> <byb.,>)

adn(s) = C

D 5 *+
sheis) = 3 Z 210 )

20205) = ”’%27"&)&:,“;)

48.‘(5)= 0]



200 -
ale(5)= 0
aGe(5*= %’%z;’(i’z)&aq’)
alDxs)= 0

adasi'= 7 2 T < ook

35 P i, B i,

x, x,

' +
AE(6)= —D‘Z TFlen™ Cbw,0,>

Z?(Kz) (Zsa,’a&)(‘* an> +
<ﬂ"3 "'z><d"4 -r,) )

ahn(6)= 7 Z2Fi* B>
aA2 @)= 0

* +,t
82 6)= BT 27t Al >
a5k (6)*=

a8c(5) = 0
ABes)= 0



- 201 -

alxis) = BF & 2FIRI* Andy)
aCels)*= 0
aADe(6) = 0
aDeit= %‘; V() <444

D ’ + ¢+
iy

AL ()= - D;Z ;'{K;)(Q:zbk‘)
K

- B (260 By ¢
R SARTAOINTTNY

M= B 2;2 7’5 <ag, by,)
2= 0

AB:£?)= 0

2823 = -%z 2,;2 ) (A, b,)

2Be(3m 0

NHURY



- 202 -
ACK(;)= o
4Cxl#)*= 33- ; 2§'(Ks) <05, 02,)
1
D
adxi?) = .‘.’!% 7:(!‘)1‘(@:“:')

AD,((?')* = 0

- D [ #* 1t
”3 - -A_I‘ ;‘- ;(K'I) b(’bxzb%ag’ J‘;%":’“‘

KyKy
) +
AL, (8)= -Ds % Fle)* <oy Q>

) %QZ( Zﬂ&)’%b;bx,xb: A,
+ }("1) < .x' ' ak:))

AAn(8) =

ahn(8) = 28 ;:. 27" by >
abc(8) = 0

aB@* =0

aBe(8) =0

b8 = B 2 2Fn)"C sy

2,

M‘ B P ™ AT TR T - | TIANT < T Toimen, <o Ty b



- 203 -
) ve ot
alul8) = Y 2 27" <)
ACK(G)*= 0

adui8) = o LW <EL)>

aDk(®)*= 0
X, = MZ_( 205,55)( fusads ike)) - Tty k.))
L ] l.
X
3y .a,,’akz QAxy Q.,' J;,u‘;,k;ﬂé,

ag, 9 = - 25 {40595 (Fosriixn)- Tlo)
" pmep<dla,>
- W2 {zecmGRe )~ fo

- frmlcaien @hagy

%:{ 25-5)( ;twa.)) it53)
AT R
AA“UQ)= {4(;-@{#&»;:5.;) o)

- 7"5""1)}<44r,a~‘ >

D
20%9) = K,zz;j (s-rs:)(il/.mqo.«,;); thq-ﬁ)}
A (4&"@;&,7



Table 10
Correlation functions of Racah operators
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Fig 3. The Stevens Operators
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