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Abstract

Numerical tables of products of tensor (Racah) operators, R : m(J),
and Stevens operators, OT(J), working within a J-multiplet are give'n as a
function of X = J(J+1). Examples of the use of the tables, such as the cal-
culation of commutation relations and thermal averages, are given., All
values of £ and m up tc six are included.
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INTRODUCTION

1) is well established in the theory of
solid state physics. Most directly of course in the theory of magnetic

The use of spin Hamiltonians

phenomena - but also in other problems, the statistics of which can be
eimulated by a spin system. An example is structural phase change
phenomenaz)

In work of this nature it is most convenient - except in the simplest
cases - to use tensor operators having general transfocrmation properties,
rather that to use the spin component operators. Tensor {Racah) operators

R, m? transform under rotation of the frame of coordinators as
»

5T Yim- (1)
3)

where Y em is a spherical harmonic
related to the tesseral harmonicsl ) .
The rather tedious and lengthy calculation of products of these operators

. The Stevens operators, OT, are

frequently occurs and for this reason we have compiled numerical tables of
the most commonly met products. The products may occur in the calcu-
lation of time derivatives of tensor operators in systems in which the

Hamiltonian is a sum of tensor operators H= ¥ a R ,
p 2", m' R'l m' R’l m'
R =1 IR a, ,R (2)
fm IF{ tm °® 2'm' T2'm'
z'm'

The products may also appear in the evaluation of thermal averages

Tr {Rg"m exp(- B z a0ym! Rg'm')} . (3)
L'm!

A number of properties of the tensor operators (rotations, expansions
in angular momentum components and Bose operators and the relation be-
tween Racah and Stevens operators) was recently discussed in detail by
Danielsen and Lindg&rd”, and we shall refer to these reports for details,

The present report gives the basic definitions in section 2 and examples
on how and when to use the tables in section 3. Finally are presented the
tables of the products, Rf,m Rg'm' and OT(c) 013' (c) and 0’;1(8) Of,l'(s)
for L up to 6, and the results for ¢ up 6 only.
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2. DEFINITIONS

2.1. Tensor Operators

The tensor (Racah) operators are defined by their transformation
properties. Only non-commuting operators working within a J-multiplet
are considered.

4x
le transforms as vm Yun .

The tensor operators R tm 3aT€ often denoted am.
Tables in terms of angular momentum components are given in ref. 4.

The simplest are for example

1

~
"

0,0

-~
I
'
oll=
L

(4)

~
"
L=

_ oL
Ri,a= *§7

_ + .
J = Jy - 1Jy .
The formula for the product of two non-commuting tensor operators
was calculated by Danielsen and Lindgird‘”. In terms of 6-j and 3-j sym-

bols it is given as

L
e ) L, 4+8.+L
_ 17 %2
Rllml Rlzmz - Z, (-1)
M=-L L=]% -4, |
L1 29 L
. (2L+1) . 1'(:!,l g,zL,J)( (-I)M RLM , (5)
m’mz-M
where
oL QGlIR, 113 <allr, 1] 3
1% ) )
(4, L,L,J) = g } ! 2 (6)

JIJ IR ITI)
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The dependence of J is contained in f(l]lzl.., J)i.e. in the 6-j symbol
and the reduced matrix elements

.1
QIR I3 g i - (7)

Since all tensor operators can be expressed in terms of the length,
YI(3+1), and the components, J,. of the angular momentum, J, we can
express f(!.' z.zL, J) as a polynomial in X = J(J + 1). The coefficients to
this polynomial are found numerically (double precision) by solving a system
of linear equations for a number of values of J. Having the polynomial
expression for f(l1 L, J ) it is simple to calculate the product. In order to
reduce the volume of the tables we have only listed a number of products
from which others can be obtained by using the following symmetry proper-

ties.

2.2. Symmetry Properties

Because of the invariance of the 6-j symbol with respect to interchange
of columns we have

f(g, L,LJ) = (1, ¢, LJ) ) (8)

The 3-j symbol has the following symmetry properties",

(:., P ;) . 1) 1 HetL (12 1y L) _ ( 2 ‘IL)- (9)

m, m,- m2m1 -M -m,-m, M

Using these we can obtain from R"l m, Rlzmz
-'
R R + R R (10)
hmy Tpmy Lm, 4ymy
-'
4 Rl R

The commutator between two tensor operators is given by
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L 4t Lo+ 2 +L

T Ml
(Rym+ Ry = (1) -1)
R MZL L= lg-zzl

L
. (2L + 1) 1(2, zzL,J)C\] 2 l:‘)(-1)1"‘ R -
1Mo

The commutator is zero if 1!.l + 9,2 + L is even.

2.3. Stevens Operators

The Stevens operators are re.ated to the tensor operators as follows

m _ 1 y2p+ 1 1 _y)
Oz(c) = —m V3 (R!.] -m ¥ (-1) le)
L
m 1 22+ 1 1 m
O, (s) = = (R -(-1)" R
L m 4n V5 £, -m Lm
K!. V2 1
0 | 1’ 2+ 1 0 -
Oz(c) = o T Rzo , Ol(s) 0,
2

where KT are the normalization coefficients of the tesseral harmonies,
which are specified in table 3, last page. The Stevens operators are labelled
by ¢ or s according to the cosine and gine character. The products of the
Stevens operators can be obtained from those of the tensor operators., How-
ever, for convenience a number of Stevens operator products are given in
table 2.

3. APPLICATIONS AND EXAMPLES

3.1, Calculation of Commutation Relations and Ei%xations of Motion

Let us consider the simplest example, table 1:

By Ry o -Ry o By 7 Ry (15)
which, according to section 2 eq. (4), is the same as
"R CAP o REI \16)



From table 2 we have
0} (c) Of(c) - O%c) Ol(e) = -i O(s) , (17)

which in angular momentum components is

[J

Jo 3, ] = -iJ (18)

From these, the commutation relation between higher order operators
can be derived in a straight-forward, but tedious way. By using the tables
and the symmetry relations (8), (9) and (10) this is greatly faciliated. In
table 2 i is denoted by a ";",

Simply the commutator is twice the terms with odd £-sums.

Let us as an example consider a magnetic crystal with planar (xz)
anisotropy described by the Hamiltonian (z is the quantization axis)

H= - z 23'r3'j . 'J’j+r + D 2(3.1}? -.J(J+1))j (19)

ir

= ¥ (gl gitr _ gl gitr _ g j*tr
‘}: 23, {Ry,4 Ry, Ry, Ry ; - Ry | Ry}
ir

where J r is the Heisenberg exchange interaction to the r'th neighbour and

D is the single ion anisotropy constant.

We shall use the tables to derive the equations of motion for R” and
R’ 1 which may be used in a Green's function theory for the excitation
spectrum®), For simplicity we note that ¥3/2 = 0,86603 and Y6/5 = 0.48990
and find

]+ r_ ]+ r}

|
ix R}, zz.r {R ,o

(21)
+ DY3/2 {B}, + RJZ' N,



cy B = - 3 J r
1h Ry ZZJr{Rl,-l Ri. - Ko By o

(22)

- DVY3/2 {RJZ‘ + R'}?. FRE
We notice that new tensor operators appear, 1i.e, Rl o and Rz.t 1 The
equations are usually solved by decoupling the higher order terms. We can
use the tables to arrive at suitable forms to decouple. Consider the single
ion anisotropy terms: using the multiplication table for Rl i R] o and R, oRl -1
we find the exact relation

case 1:

I 1 1
V3/2(Ry; + Ry ;) = g {R;; (R - 3) +®R -9 R } . (23)
Using this form we can decouple (21) and (22) by taking the average
(R, ) = (J,)- This corresponds to the random phase approximation.
However, it is easy to find other exact relations. Using R2 oRl 1 and

R22R1 -1 we find by eliminating R31
case 2:

V3/2 (R, + R, ;) = {R); [Ry -VE Ry, - (X-3/4)]

(24)
+[R, - V6 Ry 5 - (X-3/4) ] RL_]}

In this form we can decouple (21) and (22) in terms of (R, ), <R20)
and Re(R2 tz) , where

(Ry) = 53¢3%) - X) and VERe(R, +,) = 3 (3" 2+ 3% 2.

It is clear that in both forms the influence of the anisotropy vanishes,
as it should for J = 1/2,

Using the standard technique for diagonalizing (21), (22) by Fourier
transformation we find the excitation spectrum in the two approximations
(one atom per unit cell, ferromagnet with planar anisotropy):

~

ha = 2 (J,) V 3,39 @, - Tyt 5D £(T)), (26)

Tl i s b i
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where in the random phase approximation (23)

case \:

() = Q) -1/2H ), (27)

and in the second order approximation (24) and (25)

case 2;

- 2 +2 -2 4 3
(1) = (30> KT+ 0™ j2 - wx+ 2}/ Q). (28)
This completes our example. Other cases can be treated similarly,

3. 2. Thermodynamic Averages

Dalton and Rimmers) compiled tables of traces of spin operators and
listed a number of examples for which they could be used. The present
work has very much the same area of applicability - in fact in most cases
it is preferable to use tensor operators rather than spin operators.

In general, we have the partition function for a system described by

- . 7)
the Hamiltonian H "/,

H = z am Rgm (29)
g, m
Z = Tr{e"pH}, B=-E-1T-.

B

Any thermodynamic function can be obtained from Z by differentiation,
The thermodynamic average of an operator Rzm is then

(R = Tr R, e PH) 7 | (30)

which may be evaluated at high temperatures by expanding expanding
exp(-pH). The tables can then be used to reduce the products‘ of operators,
Another example is the calculation of correlation functions

(R, R (40)

im g'm'> ’

which can be reduced to single operator averages. These often occur in

the derivatives of Z, say d/ da, ,Z.
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In general the expectation value of a tensor operator can be evaluated

using the expression for the matrix element within the J-multiplet:

1)

2)

3)

1)

5)

6)
)

: J 2J
= - J‘m' .
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Table 3

Coefficients relating Stevens operators to Racah operators
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